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Abstract. In this paper, we give an isotopy classification of 3-bridge
spheres of 3-bridge arborescent links, which are not Montesinos links. To
this end, we prove a certain refinement of a theorem of J. S. Birman and
H. M. Hilden [3] on the relation between bridge presentations of links and
Heegaard splittings of 3-manifolds. In the proof of this result, we also give
an answer to a question by K. Morimoto [23] on the classification of genus-2
Heegaard splittings of certain graph manifolds.

1. Introduction.

Bridge presentations of links are decompositions of links into two simple parts.
Since introduced by Schubert [31], bridge numbers and bridge presentations of
links have been studied in various references (for example, see 7], [16], [17], [26],
[27], [28], [30], [31] and references therein). The concept of bridge presentations
of links is also known as an analogy of a naive way of decomposing 3-manifolds,
called Heegaard splittings, via so-called double branched coverings. For exam-
ple, Birman and Hilden [3] gave some relations between bridge presentations of
links and Heegaard splittings of 3-manifolds, which contain the one-to-one corre-
spondence between 3-bridge presentations and genus-2 Heegaard splittings (up to
homeomorphism). In her previous paper [17], the author used the correspondence
and a characterization of certain manifolds with genus-2 Heegaard splittings by
Kobayashi [19] to give a classification of a class of links called arborescent links
which have 3-bridge presentations. In this paper, we refine a theorem by Birman
and Hilden [3] and arguments in [17] to give a classification of 3-bridge presen-
tations of the links classified in [17]. It is known that bridge presentations of the
unknot, 2-bridge links or torus knots are unique by [26], [27], [28], [30], [31], but
some of the links in this paper have multiple 3-bridge presentations. Not only a
classification of 3-bridge presentations of the links, we also obtain some results on
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genus-2 Heegaard splittings of certain 3-manifolds which arose in [23], by studying
bridge presentations and Heegaard splittings together.

An n-bridge sphere of a link L in S is a 2-sphere which meets L in 2n points
and cuts (83, L) into n-string trivial tangles (By,t;) and (Bg,t3). Here, an n-
string trivial tangle is a pair (B3, t) of the 3-ball B3 and n arcs properly embedded
in B3 parallel to the boundary of B3. We call a link L an n-bridge link if L
admits an n-bridge sphere and does not admit an (n — 1)-bridge sphere. Two
n-bridge spheres S; and S, of L are said to be pairwise isotopic (isotopic, in brief)
if there exists a homeomorphism f : (S%, L) — (5%, L) such that f(S;) = S2
and f is pairwise isotopic to the identity, i.e., there is a continuous family of
homeomorphisms f; : (S3,L) — (93, L) (0 <t < 1) such that fo = f and f; = id.

Recall that an arborescent link is a link obtained by closing an arborescent
tangle with a trivial tangle (see [11]), where an arborescent tangle is a 2-string
tangle possibly with loop components obtained from rational tangles by repeatedly
applying the operations in Figure 1. These links form an important family of
links which contains 2-bridge links and Montesinos links, and the double branched
covering of the 3-sphere S branched over an arborescent link is a graph manifold.
Bonahon and Siebenmann [10] gave a complete classification of arborescent links
(cf. [14]).

In [17, Theorem 1], we gave the following complete list of 3-bridge arbores-
cent links, where two links are equivalent if there exists an orientation-preserving
homeomorphism of S which carries one of the two links to the other. (The clas-
sification of the links in the list up to equivalence is also given in [17, Theorem

2.)

THEOREM 1.1. Let L be a 3-bridge arborescent link. Then one of the fol-
lowings holds.

(1) L is equivalent to the link Ly ((61/0a, B1/ah), (B2/asz, 85/ab)) in Figure 2 (1).
(2) L is equivalent to the link La((81/cn, B81/ah), (1/ao), (B2 /e, 85 /b)) in Figure

2 (2).
OO
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Figure 1.



3-bridge spheres of 3-bridge arborescent links 99

~—

(1) Li((Br/cn, B1/af), (B2 a2, Bh/ab)) (3) Ls((B1/cn, B2/ 2, B3/ az), (1/2, —n/(2n+1)))
(2) Lo((Br/an, Bi/a), (1/ ), (Ba/ a2, B5/at)

Figure 2.

(3) L is equivalent to the link Lz((B1/a1,B2/az, B3/as), (1/2,—n/(2n + 1))) in
Figure 2 (3).
(4) L is a Montesinos link L(—b; 51/aq, P2/as, Bs/as).

Here, «;, of, B;, Bi are integers such that a;,of > 1 and g.c.d.(a;, B;) =
ged.(of, ) =1 (i =1,2,3), and ag and n are integers such that |ag| > 1 and
|2n 4+ 1] > 1. In Figure 2, the circle encircling a rational number 8/a represents
the rational tangle of slope B/«.

For each ¢ = 1,2, 3, we denote by £; the family of links as in (¢) in the above
theorem. The main purpose of this paper is to give a complete classification of
the 3-bridge spheres of the links in £ U Lo U L3. We first present a complete list
of the 3-bridge spheres.

THEOREM 1.2.  Any 3-bridge sphere of a link L in L1 U Lo U L3 is isotopic
to one of the 3-bridge spheres in Figure 3. To be precise, the following hold.

(1) If L belongs to L1, then any 3-bridge sphere of L is isotopic to one of the
3-bridge spheres Sy, Sa, Ss and Sy in (1), (2), (3) and (3’) in Figure 3.

(i) If L belongs to Lo or Ls, then any 3-bridge sphere of L is isotopic to the
3-bridge sphere in (4) and (5) in Figure 3, respectively.

REMARK 1.3. In the assertion (i), the word “generic” in (1) and (2) in Fig-
ure 3 means that every link L € L£; admits the 3-bridge spheres S; and So,
respectively. On the other hand, the 3-bridge spheres S3 and Sy in (3) and
(3’) are possessed only by the links L1((1/2,—n/(2n + 1)), (B2/a2, 85/a4)) and
Li((B1/oa, By /), (1/2,—n/(2n + 1))), respectively.

In fact, the list of homeomorphism classes of 3-bridge spheres of the links in
L1 ULy U L3 is given in [17, Proposition 7]. We refine the arguments used in the
proof of [17, Theorem 1] to obtain the list of isotopy classes of 3-bridge spheres
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(3) L1((1/2, —n/(2n+1)), (B2/az, B5/ab)) (3') Li((B1/a1, B1/ad), (1/2, —n/(2n+1)))

(4) L2 (Jevo|>1)

Figure 3.

in Theorem 1.2. We also use (certain subgroups of) the mapping class groups,
obtained in [17], of the double branched coverings of S® branched along the links.

Next we give a necessary and sufficient condition for any two 3-bridge spheres
in Theorem 1.2 to be isotopic. This enables us to classify the 3-bridge spheres of
3-bridge arborescent links which are not Montesinos links. In order to state the
result, we recall a notation introduced in [17, Notation 1].

NOTATION 1.4.  For rational numbers s1,...,s, and sf,..., s,

(81y-vny80) ~ (8],...,80)
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Table 1. 3-bridge spheres for L € L;.
| | S1.% [ S S|l p]

(a-1) 102
(@2) ||, |o|1]2
(a-3) 113
(a-4) 0] 0|1
(b-1) 103
b2) |, o] 1|3
(b-3) 1|1 |4
(b-4) 0o |2
means that (s1,...,s,) = (s},...,8.) or (s),...,s}) in (Q/Z)" and > |_;s; =

Z;‘:l S{L"

THEOREM 1.5.  Two 3-bridge spheres S; and S; (3,5 € {1,2,3,4},i # j) for
a link L1((B1/oa, B /), (B2/aq, B5/ah)) are isotopic if and only if {i,j} = {1,2}
and (Bi /o, Br./al) ~ (ex/ak, €l /a),) for some k =1,2, where ey, e}, € {£1}.

From Theorems 1.2 and 1.5, we obtain Table 1, which gives the number u
of isotopy classes of 3-bridge spheres of L € £;. In Table 1, (i-j) (i € {a,b},j €
{1,2,3,4}) means that L satisfies the conditions (i) and (j) as follows.

(a) (Br/aw,Br/al) ~ (ex/ak, €./ a},) for some k = 1,2, where e, ¢}, € {£1},
(b) (Br/aw, Br./a)) # (ex/ak, €l /c)) for both k = 1,2, where ey, €}, € {£1},
(1) (81 /a1, B1/a) ~ (1/2,—n/(2n + 1)) for some n and (Bo/aa, fh/a) #
(1/2,—m/(2m + 1)) for any m,
(2) (Bh/an, B /at) # (172, —n/(2n + 1)) for any n and (Ba/as, fy/ab) ~
(1/2,—m/(2m + 1)) for some m,
(3) (Br/aw, Br/a) ~ (1/2,—n/(2n + 1)) for some n for each k = 1,2,
(4) (Br/ow, Br./ag,) # (1/2,—n/(2n + 1)) for any n for each k =1, 2.

Arguments used in the proof of Theorem 1.5 enable us to complete the table
by Morimoto [23] on the numbers of isotopy classes of genus-2 Heegaard splittings
of certain manifolds (see Remark 6.7). In particular, we obtain the following

corollary, which gives an affirmative answer to a question raised by Morimoto (see
23, p.324]).

COROLLARY 1.6.  The link L((1/2,—n/2n + 1),(1/2,—m/2m + 1)) with
[2n + 1|, 12m + 1| & {1,3} admits exactly four 3-bridge spheres up to isotopy (see
Figure 4).

Unfortunately, our methods do not work for Montesinos links. However, we
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obtain the following partial result.

THEOREM 1.7. (1) A 3-bridge nonelliptic Montesinos link admits at most

siz 3-bridge spheres, Py, ..., Ps, up to isotopy (see Figure 5).

(2) A 3-bridge elliptic Montesinos link admits a unique 3-bridge sphere up to iso-
topy.

In the remainder of the introduction, we explain our strategy. For a given 3-
bridge link L, we have a map ®, from the set of isotopy classes of 3-bridge spheres
of L to the set of isotopy classes of genus-2 Heegaard surfaces F' of the double
branched covering Ms(L), whose hyper-elliptic involutions 77 are the covering
transformation 7y,.

& : {3-bridge spheres of L}/~

— {genus-2 Heegaard surfaces F of M s.t. 7m = 71,}/~.
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It is obvious that ®j is surjective. In Section 2, we prove the following theorem
which gives a condition for ®;, to be injective, by using the results of Boileau and
Zimmermann [8].

THEOREM 1.8. Let L be a prime, unsplittable 3-bridge link.

(1) If L is not a Montesinos link, then ®y, is bijective.
(2) If L is a nonelliptic Montesinos link, then @, is at most 2-1.

REMARK 1.9. It follows from Theorem 1.7 that &y, is bijective when L is
an elliptic Montesinos link.

By the above theorem, classification of 3-bridge spheres of 3-bridge arbores-
cent links (which are not Montesinos links) is reduced to classification of genus-2
Heegaard surfaces of the double branched coverings. A refinement of the results
by Kobayashi [19] and Morimoto [23] (see [17, Theorem 5]) enables us to obtain a
complete list of genus-2 Heegaard surfaces. To obtain a classification of the genus-
2 Heegaard surfaces, we use their commutator invariants (see Section 6). The
commutator invariant turns out to be a complete invariant of genus-2 Heegaard
splittings for genus-2 graph manifolds. Namely, when given two 3-bridge spheres
of a link cannot be distinguished by the commutator invariants, we can construct
an isotopy between them. This completes the classification of 3-bridge arborescent
links, which are not Montesinos links, and their 3-bridge spheres up to isotopy.

For Montesinos links, however, the pre-images of the 3-bridge spheres P; and
Piy1 (i =1,3,5) are isotopic Heegaard surfaces, and thus we cannot distinguish the
3-bridge spheres by the methods in this paper. We also give, in Remark 7.5, certain
sufficient conditions for the 3-bridge spheres in Theorem 1.7 (1) to be mutually
isotopic. We conjecture that these conditions actually provide a necessary and
sufficient condition.

This paper is organized as follows. In Section 2, we prove Theorem 1.8 on
a relation between 3-bridge spheres and genus-2 Heegaard surfaces. In Section 3
we list all 3-bridge spheres of (non-Montesinos) arborescent links up to isotopy by
using the results of Kobayashi [19] and Morimoto [23]. This, together with the
results in Section 5, completes the proof of Theorem 1.2. In Section 4, we prove
Lemma 3.1 which is used in Section 3. In Section 5, we prove that the
exceptional links” admit a unique 3-bridge sphere up to isotopy. In Section 6, we

“ simple
use the commutator invariants of genus-2 Heegaard splittings to distinguish two

Heegaard surfaces up to isotopy. In Section 7, we give the list of 3-bridge spheres
of 3-bridge Montesinos links and some sufficient conditions for them to be isotopic.
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2. 3-bridge spheres and genus-2 Heegaard surfaces.

Let M be a closed orientable 3-manifold of Heegaard genus 2, and let
(V1,Va; F') be a genus-2 Heegaard splitting of M, i.e., V1 and V5 are genus-2 han-
dlebodies in M such that M = V; UV, and F = 9V; = 9V, = Vi NV, By [3,
Proof of Theorem 5], there is an involution 7 on M which satisfies the following
condition.

(x) 7(V;) = V; (i = 1,2) and 7|y, is equivalent to the standard involution 7 on
a standard genus-2 handlebody V' as illustrated in Figure 6. To be precise,
there is a homeomorphism v; : V; — V such that T = ¢;(7|y,)¥; * (i = 1,2).

N AN e gee YT ‘ ’

Figure 6.

For each genus-2 Heegaard splitting (V1, Va; F'), we call an involution of M
satisfying the condition (x) the hyper-elliptic involution associated with (Vi, Va; F)
(or associated with F, in brief) and denote it by 7. The strong equivalence class of
7F is uniquely determined by the isotopy class of (V1, Va; F') (see [17, Proposition
5]). Here, two involutions 7 and 7’ are said to be strongly equivalent if there exists
a homeomorphism h on M such that h7h~! = 7/ and that h is isotopic to the
identity map ids, and two Heegaard splittings (Vi, Va; F) and (Wq, Wa; G) of a
3-manifold M are said to be isotopic if there exists a self-homeomorphism f of M
such that f(F) = G and f is isotopic to the identity map idy; on M.

Let L be a 3-bridge link and let M3(L) be the double branched covering of
S3 branched over L. Let 77, be the covering transformation on My (L). If S is a
3-bridge sphere of L, its pre-image in Ms(L) is a genus-2 Heegaard surface F' such
that 7 = 77,. Moreover, the isotopy class of F' is uniquely determined by that of
S because an isotopy on (52, L) lifts to an isotopy on Mz (L). Thus we obtain the
following map @, from the set of isotopy classes of 3-bridge spheres of L to the
set of isotopy classes of genus-2 Heegaard surfaces of Ma(L), whose hyper-elliptic
involutions are 7p,.

®;, : {3-bridge spheres of L}/~

— {genus-2 Heegaard surfaces F of M s.t. 7p = 71,}/~.

It is obvious that @, is surjective. In the following, we prove Theorem 1.8
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which gives a condition for ®;, to be injective.

To prove Theorem 1.8, we use a result by Boileau and Zimmermann [8]. We
recall a few concepts introduced in [8]. Let p: M — M be the universal covering
of M = Ms(L). The group O(L) generated by all lifts of 71, to M is called the
-orbifold group of L. The quotient space M /O(L) is an orbifold with underlying
space S3 and singular set L. A link in S? is said to be sufficiently complicated if
it is prime, unsplittable and O(L) is infinite.

REMARK 2.1. The m-orbifold group O(L) of a link L is isomorphic to the
quotient group w1 (S \ L)/((m?)), where ((m?)) is the subgroup of (S \ L)
normally generated by the square of the meridian of L (cf. [8, p. 187]).

REMARK 2.2. Let L be an arborescent link. Then, since M = M5(L) admits
a reduced graph structure, M is irreducible. This implies that L is prime and
unsplittable (cf. [8, Proposition 1.1]).

We obtain the following lemma from the orbifold theorem [6], [12] and a result
of Dunbar [13].

LEMMA 2.3.  Let L be a prime, unsplittable link. If O(L) is finite, then L is
an elliptic Montesinos link.

PROOF. Let L be a prime, unsplittable link and assume that O(L) is finite.
By the equivariant sphere theorem and the branched covering theorem (see [25]),
the orbifold M/O(L) is irreducible. By the orbifold theorem [6], [12], M is geo-
metric and 77, is an isometry of M. Since w1 (M) is finite by the assumption, M is
spherical. Hence, the orbifold M /O(L) with underlying space S® and singular set
L is a spherical orbifold. By Dunbar’s classification of spherical 3-orbifolds (see
Table 7 in [13]), we see that L is an elliptic Montesinos link. O

Let v be the homomorphism from the symmetry group Sym(S%,L) =
7o Diff (S, L) of L to the outer automorphism group OutO(L) = AutO(L)/
Inn O(L) defined by lifting diffeomorphisms and isotopies from (53, L) to M: every
lifted diffeomorphism induces an automorphism of O(L) by conjugation.

PROPOSITION 2.4 ([8, Theorem 2]). Let L be a sufficiently complicated link
in S3. Then ~y : Sym(S3, L) — Out O(L) is an isomorphism.

We need the following lemma to prove Theorem 1.8.

LEMMA 2.5. Let M = My(L), 71, M, O(L) be as above, and assume that L
is sufficiently complicated. Suppose that ¢ is a self-homeomorphism of M which
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18 homotopic to the identity on M and commutes with Tr,.

(1) If M is not a Seifert fibered space such that the center of w1 (M) is an infinite
cyclic group, then there exists a lift ¢ of ¢ to M which induces by conjugation
the identity on O(L).

(2) If M is a Seifert fibered space and the center of w1 (M) is an infinite cyclic
group, then there exists a lift © of v to M which induces by conjugation the
identity or a on O(L). Here, « is the automorphism on O(L) given by

a(r) =

{x ([z.h] = 1),
oh ([, h] # 1),

where h is an element of O(L) representing a lift of a regular fiber of M.

PROOF. This is proved in [8, Proposition 4.12] under the additional assump-
tion that M is Haken. This assumption is used only to assure that M is a Seifert
fibered space if the center of its fundamental group 71 (M) is nontrivial. However,
by the affirmative answer to the Seifert fibered space conjecture [15, Corollary
8.3], the nontriviality of the center of w1 (M) implies that M is a Seifert fibered
space even if it is not Haken. O

PROOF OF THEOREM 1.8. Let S and S’ be two 3-bridge spheres for a
prime, unsplittable 3-bridge link L and set F := p~1(S) and F’ := p~1(9’),
where p is the covering projection. Assume that the Heegaard surfaces F' and F’
of M = Ms(L) are isotopic, namely, there is a homeomorphism ¢ on M sending F'
to F’ which is isotopic to the identity map. By the proof of [3, Theorem 8] (cf. the
proof of [17, Proposition 5]), we may assume that ¢ is 77-equivariant. Hence, we
have a self-homeomorphism 9 of (S, L) which sends S to S” and lifts to (.

(1) Assume that L is not a Montesinos link. Then L is sufficiently complicated
by Lemma 2.3.

If M is not a Seifert fibered space such that 71 (M) has an infinite cyclic center,
then there exists a lift @ of ¢ to M which induces by conjugation the identity map
on O(L) by Lemma 2.5 (1). Hence ¢ induces the identity map on Out(O(L)). By
Proposition 2.4, v is isotopic to the identity. Hence @, is injective.

If M is a Seifert fibered space such that 7y (M) has an infinite cyclic center,
then L is a Seifert link, namely, S\ L admits a Seifert fibration by circles (see, for
example, [8, proof of Theorem 1.3]). By [8, Corollary 1.4], O(L) has a nontrivial
center. Hence, by [8, Proposition 4.12], there exists a lift @ of ¢ to M which
induces by conjugation the identity map on O(L). As in the previous case, we see
by using Proposition 2.4 that ®r, is injective.

(2) Assume that L is a nonelliptic Montesinos link. Then L is sufficiently



3-bridge spheres of 3-bridge arborescent links 107

b
—

A
T

p
Pl P Pl Qi
N 180

i

Figure 7.

complicated by Lemma 2.3, and M is a Seifert fibered space. Note that the center
of m1 (M) is an infinite cyclic group whose generator is a regular fiber. By Lemma
2.5 (2), there exists a lift @ of ¢ to M which induces by conjugation the identity
map or «, as in Lemma 2.5 (2), on O(L). Hence, by Proposition 2.4, we have at
most two 3-bridge spheres up to isotopy for each isotopy class of genus-2 Heegaard
surfaces. O

REMARK 2.6. 'We note that the automorphism « of O(L) in the above proof
of Theorem 1.8 (2) is induced by a lift of the symmetry p of (S3, L), in Figure
7, to the universal cover M of M = Ms(L). In fact, if L is a Montesinos link
L(=b; 01 /01, B2/a,...,0:/ar) (see [17, Section 2] for notation), then O(L) =
71(93\ L)/{({m?)) has a group presentation

O(L) = {e1,¢a,....coq1, [ | oeifei ' f, (Cjcj+1)ajf'6j,016r+1fb>,

where ¢; and f are represented by the loops ¢; and f, respectively, in Figure 7
(cf. [9]). Let p be a lift of p to M, and let 15 be the automorphism of O(L)
induced by conjugation by . Then we can observe that i5(c;) = ¢;'f = e1f,
ii(cj) = (e )i e f) ™ (G=2,....,r+1)and 5(f) = (a1 f) f(cr f)~". Thus ¢

and « determine the same element of Out O(L).

3. Proof of Theorem 1.2.

We quickly recall several notations from [17]. The symbol F(3;/aq,...,
GBr/a,) with F = D, A or Mé denotes a Seifert fibered space over a disk, an
annulus or a Mobius band with singular fibers of indices 51 /a4, ..., 0;/a,. Each
boundary component of F(8/ax,...,B-/a,) has a horizontal loop which inter-
sects each regular fiber on the boundary component transversely in a single point.
See [17, Section 2] for precise definition. For a knot or a link K in a manifold,
E(K) denotes the exterior of K.

Let L be a 3-bridge arborescent link which belongs to one of the families
Ly, Lo and L3 in Theorem 1.1, and let S be a 3-bridge sphere of L. Then L is
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prime, unsplittable and is not a Montesinos link (cf. [17, Theorem 2]). Thus L
satisfies the assumption of Theorem 1.8 (1). Hence the isotopy class of S is uniquely
determined by the isotopy class of the genus-2 Heegaard surface F', obtained as the
pre-image of S, of the double branched covering M = My(L) such that the hyper-
elliptic involution 7p associated with F' is identified with the covering involution
7, on M.

Case 1: L = L((f1/a1,B1/a)), (B2/az, B5]/as)) € L.

Then by the Montesinos trick [21] (cf. [17, Proposition 7]), we see that the
double branched cover M of S% branched along L is obtained from the Seifert
fibered spaces My = D(f31 /a1, 1/a)y) and My = D(B2/as, 85/ab), by gluing them
along their boundaries by a homeomorphism so that a horizontal loop and a reg-
ular fiber of M; are identified with a regular fiber and a horizontal loop of My,
respectively. Let F; and F3 be the genus-2 Heegaard surfaces of M obtained as
the pre-images of the 3-bridge spheres S; and Ss in Figure 3, respectively. When
M; (resp. M) is homeomorphic to D(1/2,—n/2n + 1) for some integer n with
|2n 4 1| > 1, let F3 (resp. Fy) be the genus-2 Heegaard surface of M obtained as
the pre-image of the 3-bridge spheres S5 (resp. S4). Note that F} and F are the
two genus-2 Heegaard surfaces of M belonging to the family F(1) in [23] (cf. [23,
Proposition 5.2] and [17, Section 7, Case 1.1]) and that F5 and Fj are genus-2
Heegaard surfaces of M belonging to the families F(2-1) and F(2-2) in [23], re-
spectively. By [23, Section 5], we see that F is isotopic to Fy, Fy, F3 or Fy. Hence,
by Theorem 1.8, S is isotopic to S, Sz, S3 or Sy.

Case 2: L= Ly((B1/a1,81/a), (1/ap), (B2/as, B /ab)) € La.
By [17, Proposition 4] together with the fact that £1, L2 and L3 are mutually
disjoint (see [17, Theorem 2]), one of the following holds.

(i) Lisequivalent to the link Lo((—1/2,1/2),(1/n),(—1/2,1/2)) € Lo in Figure
8. In this case, L is non-simple, i.e., S® \ L contains an essential torus.

(ii) The double branched covering M = Ms(L) is a graph manifold which admits
a nontrivial torus decomposition by separating tori.

The exceptional case where the condition (i) holds is treated in Section 5,

Figure 8. n #0.
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where we show that L admits a unique 3-bridge sphere up to isotopy (Proposition
5.1). Thus we may assume that M satisfies the condition (ii).

Then the 3-manifold M and its genus-2 Heegaard surface F' satisfies the as-
sumption of [17, Proposition 7], and we see from the proposition that one of the
following conditions (a) and (b) holds.

(a) M belongs to the family M(1-b) and F satisfies the condition (F1) in [17,

Theorem 5 and Definition 1]. Namely,

(M1-b) M is obtained by gluing My = D(31/aq1, 81/a}) and My = E(K) =
Mé(1/ap), where K is a 1-bridge knot in a lens space, so that a
horizontal loop and a regular fiber of M; are identified with a regular
fiber and a horizontal loop of Ms, respectively, and

(F1)  the intersection of the torus T := OM; = M, and each handlebody
bounded by F' is a single separating essential annulus (see Figure 9
(F1)).

Moreover,

— My N F is an essential annulus saturated in the Seifert fibration of M7, and

— M> N F is a 2-holed torus which gives a 1-bridge decomposition of the 1-

bridge knot K such that M, = E(K).
(b) M belongs to the family M(4) and F satisfies the condition (F4) in [17, The-
orem 5]. Namely,

(M4) M is obtained by gluing My = D(31/a1, 81/a}y), Mo = D(B2/ s, 85/ ak)

and Ms = E(S(2ap,1)) = A(1/a), where S(2ap, 1) is the 2-bridge link
of type (2ap, 1), so that a horizontal loop and a regular fiber of M;
(i = 1,2) are identified with a regular fiber and a horizontal loop of M3,
respectively, and

(F4) the intersection of the pair of tori T := 9(M; U My) = M3 and each

handlebody bounded by F' consists of two disjoint non-parallel separat-
ing essential annuli (see Figure 9 (F4)).

DD TBCE

Figure 9.
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Moreover,
— M; N F' is an essential saturated annulus in M; (i = 1,2), and
— M3 N F is a 2-bridge sphere.

Suppose that the condition (a) holds. By [17, Lemma 9], we see that 71|z, is
equivalent to the involution ¢; in [17, Lemma 4 (2)], where (M3, Fix g1)/{g1) is the
Montesinos pair as illustrated in Figure 10 (1). Recall from [17, Remark 6] that
the lens space containing K is homeomorphic to P2(0;1/ag) = S?(ag; —1/2,1/2)
and that K is a regular fiber of P2(0;1/ag) and the meridian of K is a horizontal
loop of My = M6(1/ap). Then g1 extends to an involution, denoted by the
same symbol g, of the regular neighborhood N(K) of K in the lens space such
that (N(K),Fixg1,K)/(g1) is as illustrated in Figure 10 (2). Here, K/(g1) is
identified with the arc - in the figure. Since the meridian of K is identified with
the horizontal loop of My = M&(1/ayp), the lens space P%(0;1/ag) is the double
branched covering of S3 branched over the link L’ in Figure 11 and the image
of K by the covering projection is the arc v in Figure 11. Recall that F N M
is a 2-holed torus which gives a 1-bridge decomposition of K and that 7 = 7p
preserves My and F (cf. Figure 9 (F1)). Thus F N M, projects to a surface, say
P, in My/{g1) such that OP is a simple loop on d(N(K)/{g1)) of “slope” 0. Thus
OP bounds a disk in N(K)/(g1) intersecting  transversely in a single point. Let
P be the union of P and the disk. Then we have the following lemma, which we
prove in Section 4.

LEMMA 3.1.  Under the above setting, P is isotopic to the surface Py in
Figure 11 by an isotopy of (S3, L") preserving .

Thus P is isotopic to the disk in Figure 12 (1). On the other hand, we can see
that F'N My projects to the disk in (M, Fix 7|ar, )/(7|a, ) as illustrated in Figure
12 (2). Hence, by [17, Lemma 7], S is isotopic to the 3-bridge sphere in Figure 13
and hence we obtain the desired result.

Suppose that the condition (b) holds. Let Fy be the pre-image of the 3-bridge
sphere in Figure 3 (4). Then, by the argument in Case 4 in [17, Section 7], the

Figure 10. Figure 11.
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Heegaard surface F' obtained as the pre-image of the given bridge sphere S is
isotopic to (D}/ ®)"(Fy), the surface obtained from Fy by applying n/2-Dehn twist
along T = OM; = OM> in the direction of the regular fiber u of My (see [17,
Section 6] for the precise definition). We may assume that 7z, is equal to the
homeomorphism G in [17, Proposition 6 (3)]. Then 77 = Djj7x, by [17, Lemma
5]. Since (D,)™ # 1 whenever n # 0 by [17, Lemma 3 (1)], we see the identity
Tr = 71(= 7F,) holds only when n = 0. Hence, by Theorem 1.8, S is isotopic to
the 3-bridge sphere in Figure 3 (4).

Case 3: L= Lg((ﬂl/al,ﬁg/ag,ﬂg/a;g), (1/2, —n/(2n + 1))) c £3.

By [17, Proposition 7], M belongs to the family (M2-b) and F satisfies the
condition (F2) in [17, Theorem 5]. Namely,

(M2—b) M is obtained from Ml = D(ﬁl/al,ﬂg/ag,ﬂg/ag) and M2 = E(S(ZTL +
1,1)) 2 D(1/2,—n/(2n+1)) by gluing their boundary so that a horizontal
loop and a regular fiber of M; are identified with a regular fiber and a
horizontal loop of Ms, respectively, and

(F2)  the intersection of the torus T := OM; = 9M; and each handlebody
bounded by F' consists of two essential annuli as illustrated in Figure 9
(F2). Moreover,
— M N F consists of two disjoint essential saturated annuli in M; which
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divide M7 into three solid tori, and
— the 2-bridge knot corresponding to My is S(2n+1,1), and My N F is a
2-bridge sphere.

By [23, Theorem 4], a 2-bridge sphere of a 2-bridge knot S(2n+1, 1) is unique
up to isotopy fixing the knot. So, by [17, Lemma 6 (2)], the isotopy type of F is
uniquely determined by the isotopy type of M; N F', where the isotopy does not
necessarily fix the boundary of Mj.

In order to determine if 77 = 71, we quickly recall some notations of certain
subgroups of the mapping class groups of M and M; introduced in [17]. Let
M(M7) be the subgroup of the (orientation-preserving) mapping class group of
M; which consists of the elements preserving each singular fiber of M;. (See [17,
Section 5] for more details.) Let M(M) be the subgroup of the (orientation-
preserving) mapping class group of M which consists of the elements preserving
each M; and each singular fiber of M; (i = 1,2). Throughout this paper, we do
not distinguish between a self-homeomorphism and its isotopy class: we denote
them by the same symbol.

Recall from the condition (F2) that F N M; consists of two disjoint es-
sential saturated annuli in M; which divide M; into three solid tori. Since
My = D(B1/an, B2/as, B3/asz) by the condition (M2-b), each of the three solid tori
must contain one singular fiber. Moreover, the homeomorphism type of F'N M is
determined by the choice of the singular fiber in the solid torus whose boundary
contains the two annuli /' N M;. Thus F'N M; is homeomorphic to one of the
saturated annuli G;, G2 and G35 obtained as the pre-images of the arcs in the
base orbifold illustrated in Figure 14. To be precise, F' N M, is isotopic to f1(G;)
for some f; € M(M;) and for some i = 1,2,3. For each i = 1,2,3, let F; be a
genus-2 Heegaard surface such that F; N M; = G; and F; N M, is the 2-bridge
sphere of K. Note that we have the unique 2-bridge sphere of K up to isotopy
fixing the boundary of Ms (see [23, Theorem 4]). By [17, Lemma 6 (2)], any
genus-2 Heegaard surface F' is isotopic to f(F;) for some integer n and for some
i =1,2,3 and for some homeomorphism f € Mg(M) of M which is obtained from
some f1; € M(My) by the rule f|y, = f1 € M(My) and f|p, = id. Here, My(M)
denotes the subgroup of M(M) consisting of the elements whose restrictions to

G G2 G3

Figure 14.
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Table 2.

1 T Y

1 a’b ba?
ba 1 ba’ba
ab | a®bab 1

M, are the identity.
CLAmM 1. 7pp,) = 7F; if and only if i = j and f =1 in M(M).

ProOOF. Put 7 := 7p,. Then the hyper-elliptic involution 75, associated with
F;is 7, ar2~ (= 2%7) and y7y~ (= y7) according as i = 1,2 and 3, respectively,
and Tp(g,) is f7r, f7' Recall from [17, Proof of Theorem 2 (3)] that

M(M) = M(My) = (P3/((xy)*)) % (1) < (Bs/{(wy)*)) = (7),

where P3; and Bj are the pure 3-braid group and the 3-braid group, respectively.
Recall from [17, Claim 1 (2)] that the centralizer Z(7, M(M)) of 7 is {1, 7} & Z,.
Hence, an element f € My(M) C M(M) commutes with 7 only if f = 1.
Assume that the hyper-elliptic involution 7¢(p,) associated with f(F;) coin-
cides with 7, for some i,j € {1,2,3}. Since the involutions Tr(F;) and Tp; are
given by f(uru=!)f~! and vrv ™!, respectively, for some u,v € {1,x,y}, we have

fluru™Hf~t =vrv™t

Thus v~ fu € Mo(M) commutes with 7 in M(M). Hence, f = vu~!. Note that
the element vu~! is as in Table 2, and the only element which belongs to P; among
them is 1 since any other element changes the order of singular points. Hence, f

must be 1 and we also have i = j. O

Hence, M admits a unique genus-2 Heegaard surface whose hyper-elliptic
involution is strongly equivalent to 7. By Theorem 1.8, this implies that the
3-bridge sphere in Figure 3 (5) is the unique 3-bridge sphere of L.

4. Proof of Lemma 3.1.

Let L’ be the 3-bridge link and P a 3-bridge sphere as in Lemma 3.1. Then
P satisfies the following condition (PO0).
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(P0O) the pre-image of P is a 1-bridge torus of K.
This condition is equivalent to the following condition (see [25, Theorem 1.2]).

is a 2-bridge sphere of L', i.e., ivides (53, L) into two 2-string trivia

P0’) P isa 2-brid h f L', ie., P divides (S3, L 2 1
tangles, (B$,t1) and (B3, t2), and moreover, (B3, t;,yN B?) is as illustrated
in Figure 15 for ¢ = 1, 2.

Let D be the disk bounded by a component of L’ containing ~ in it as illustrated
in Figure 11. Let K7 be the boundary of D and let K5 be the other component
of L. Since P meets each K; in two points and since P meets v in a single point,
one of the following conditions holds.

(i) DN P contains an arc §; properly embedded in D which intersects v trans-
versely in a single point (see Figure 16 (i)), or

(ii) DN P contains an arc d2 and a loop d3, such that ds is disjoint from ~ and
that 5 intersects vy transversely in a single point (see Figure 16 (ii)).

Case (i): The condition (i) holds.

Suppose D N P contains a component, ¢, other than §;. Then ¢ is a loop
in D\ (yUé;) and hence it bounds a disk, d., in D\ (y U d;). We may assume
¢ is innermost, i.e., Int(d.) N P = 0. The loop ¢ bounds a disk, d,, in P such
that |d, N L'| < 2. If |[d, N L'| = 0, then the 2-sphere d,, U d, bounds a 3-ball in
S3\ L'. Thus P can be isotoped so that c is removed from D N P. By repeating
this deformation, we may assume that D N P does not contain a loop bounding
adisk in P\ L'. If |d. N L'| = 1, then the 2-sphere d/ U d. intersects L’ in one
point, a contradiction. If |d, N L'| = 2, then ¢ is isotopic in P\ L’ to the boundary
of a regular neighborhood of é; in P, because the disk d., is disjoint from the arc
4, C P. This loop represents the commutator aba~'b~! of the two generators a
and b of the (2-bridge) link group of L', where a and b are represented by the
meridians of K7 and K5 as in Figure 17. Since the loop bounds the disk d. in
S3\ L, we have aba='b~! = 1. This implies that the link group is a commutative
group, which is a contradiction.

Figure 15. Figure 16.
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Figure 17.

Hence, we have PN D = 6.

Cut S? along D and close it with two copies of D. Then we have a rational
tangle of slope +1/a and the image of P is a disk whose boundary has slope 0.
Since such a disk is unique up to isotopy fixing the boundary of the tangle, P can
be isotoped to the 2-sphere Py in Figure 11 by an isotopy fixing ~.

Case (ii): The condition (ii) holds.

Suppose D N P contains a component, ¢, other than 3 Ud3. By an argument
similar to that in the previous case, we may assume that ¢ does not bound a disk
in D\ (yUd2 Ud3). Then c is a separating loop in D \ «. Since c is isotopic to
K; in S?\ K, the union ¢ U K3 is equivalent to the nontrivial 2-bridge link L.
On the other hand, note that the linking number of ¢ and K5 is even and that c is
isotopic to (a longitude of) K; which cannot be parallel to a puncture of PN K,
in P\ L'. These imply that ¢ bounds a disk in P\ L’ or separates P N K; and
PN K;. In the former case, ¢ bounds a disk in 3\ L', which contradicts the fact
that ¢ U K5 is a nontrivial 2-bridge link. In the latter case, ¢ is isotopic in P\ L’
to the boundary of a regular neighborhood of 3 in P. Since do bounds a disk in
D with an arc on D, we see that c is null-homotopic in S®\ L', a contradiction.
Hence, we have PN D = §5 U d3.

Since P satisfies the condition (P0’), there is a height function h : $3 — [—1,1]
such that P, ;= h~1(¢) satisfies the condition (P0’) when —1 < ¢ < 1, and that Py,
is an arc meeting K; (¢ = 1,2) in a single point, where Ko Ny = Ky N (P41 UP_1)
(see Figure 18). Moreover, we may assume that Py = P and that the restriction
g := h|p of h to D has at most one non-degenerate singular point at every level.
Thus, for every singular value tq, g~'(to) contains a maximal point, a minimal
point or a saddle point. We represent each saddle point in g~ !(¢¢) by an arc with
endpoints on g~!(tg — €) for sufficiently small € > 0, as in Figure 19.

LEMMA 4.1. Let t be a reqular value of g(= h|p). Then g='(t) does not
contain a loop separating 0D and ~y in D.

PROOF. Recall that P, := h~1(t) satisfies the condition (P0’). Hence, DNP;
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S S R
g-1(ty~¢)
f\\ g-1(1g g 1(tp-¢)
g (tg+e) g1 (1)
Figure 18. Figure 19.

(= g71(t)) satisfies the condition (i) or (ii). In the former case, D N P; does not
contain a loop separating 9D and -, since D N P; contains a properly embedded
arc in D which intersects « in a single point. In the latter case, we also see that
D N P, does not contain a loop separating 0D and ~ by applying the argument at
the beginning of Case (ii) to the 3-bridge sphere P;. O

Let ty be a singular value of g and « an arc representing a saddle point in
g~ (to). Then the arc « is of one of the following three types (see Figure 20):

e «is of type 1 if its endpoints are on the same component of g~ (g — ), and
g~ (to + €) contains a loop on D which separates D and 7,

e « is of type 2 if its endpoints are on the same component of g1 (¢ — ¢), and
g~ (to + €) does not contain a loop on D which separates D and +, and

e « is of type 3 if its endpoints are on different components of g~1(ty — ¢).

By Lemma 4.1, we see that an arc of type 1 does not exist. Thus, any arc
representing a saddle point of P, is of type 2 or of type 3.

Put X, := g~ 1([-1,s]) for any s € [~1,1]. Since P(= P,) cuts D into two
disks and an annulus, we may assume that X is the union of the two disks, say
X} and X2. Let X! (s € (0,1]) be the component of Xy which contains X¢

type 1 type 2 type 3

Figure 20. The dashed lines give all possible types of an
arc representing a saddle point of g.
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tyte

Figure 21.

(i = 1,2). Since X; is connected, there exists a singular value sy € (0,1) and a
sufficiently small e > 0 such that X} __ # X2 _and X} X2 __. Then the arc

S0—€ so+e = so+e*
representing the saddle point in g~ !(sg) connects X! _ and X?2 Note that, at

Sp—€ Sp—€"
any singular point sj(# so), Xsl(’J-',-aUst[’)—i-a is homeomorphic to X516—EUX36—8 with
some open disks (possibly empty) in it removed. Hence, X ;0_5 is homeomorphic

to X{§ (i = 1,2) with some open disks (possibly empty) in it removed. Since the
arc representing the saddle point at ¢ = sy connects the outermost components
of 0X} _. and X2 __, which are homeomorphic to X and X3, respectively,
P, 1 satisfies the condition (i) for the previous case (see Figure 21).

Hence, by the result in Case (i), P can be isotoped to a 2-sphere Py in Figure

11 by an isotopy of (83, L') preserving ~.

5. 3-bridge spheres of the non-simple exceptional link.

In this section, we show that the exceptional 3-bridge arborescent link L in
Figure 8 admits a unique 3-bridge sphere up to isotopy.

PROPOSITION 5.1.  Let L be the link in Figure 8 for some monzero integer n.
Then any 3-bridge sphere of L is isotopic to the 3-bridge sphere Sy in Figure 22.

REMARK 5.2. Recall from [17, Proposition 4] that L is equivalent to
L2((=1/2,1/2),(1/n),(-=1/2,1/2)) or L1((-1/2,1/2—n),(-1/2,1/2—n)) accord-
ing as |n| > 1 or |n| = 1. Moreover, the 3-bridge sphere Sy of L is isotopic to the
3-bridge sphere of Lo((—1/2,1/2),(1/n),(—=1/2,1/2)) in Figure 3 (4) when |n| > 1,

3

}” /\—L\ So

L

A

Figure 22.
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and isotopic to the 3-bridge sphere S1(= S3) of L1((—1/2,1/2—n),(=1/2,1/2—n))
in Figure 3 (1) or (2) when |n| = 1.

PROOF OF PROPOSITION 5.1. Let L be the link in Figure 8 and S a 3-
bridge sphere of L. Let K; and K5 be the two parallel components of L and K3
the other component. Note that K;UK> bounds an annulus, say A, in S\ K3. Let
D; and D, be the disjoint disks in S® bounded by K; and Ko, respectively, such
that D; N A = K; and D; N K3 consists of two points for each i = 1,2 as illustrated
in Figure 23. Set P := AU Dy UD5. Then P is a 2-sphere which contains K; U K>
and intersects K5 in four points. We may assume that S intersects P transversely.
Let By and By be the 3-balls in S® bounded by P, such that (By, By N K3) and
(Bg, Bo N K3) are the tangles as illustrated in Figure 24 (1) and (2), respectively.

Since L consists of 3 components, S intersects each component of L in two
points. Hence, one of the following holds.

(A1) SN A contains properly embedded non-separating arcs §; and J in A as in
Figure 25 (i), or

(A2) SN A contains properly embedded separating arcs d5 and d4 in A as in Figure
25 (ii).

On the other hand, SN D; (i = 1,2) satisfies one of the following conditions.

(D1) SN D; contains an arc €% properly embedded in D; which separates the two
pOthS D7 N Kg.

Figure 24.
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51 O\ o2
O g

(A1) (A2)
Figure 25.

(D2) SN D; contains an arc &% properly embedded in D; which is parallel to the
boundary of D; in D; \ K3.

Case 1:  Suppose that the condition (A1) holds.
Case 1.1: Suppose that both SN Dy and S N Dy satisfy the condition (D1).

Let 1 be the loop d; Udy Uel Ue?. Then ~; bounds two disks, say A; and Ag,
in S. We can see that v, is obtained from the loop 7y in Figure 26 by applying
(half) Dehn twists along the core loop of A. Note that the linking number of ~;
and K3 is even, which implies that each A; intersects K3 in an even number of
points. Since S intersects K3 in two points, one of A; and Ay, say Ay, is disjoint
from K3 and the other meets K3 in two points.

Suppose that Int(A1)NP # @, and pick a (loop) component, cg, of Int(A;)N P
which is innermost in Ay. Since Aj is disjoint from K3, the disk d; bounded by ¢q
in Aj is also disjoint from K3. On the other hand, since ¢ is disjoint from ~q, ¢
bounds a disk, dy in P intersecting K3 in at most one point. Hence, do N K3 = ().
Since L is unsplittable, the 2-sphere d; U dy bounds a 3-ball disjoint from L. Thus
we may remove the loop component ¢y by an isotopy. By repeating this, we may
assume that Int(Aq) N P is empty. Hence, Ay C By or Ay C Bs.

Recall that (B, By N K3) and (B, B N K3) are rational tangles of “slopes”
0/1 and 1/n, respectively (see Figure 24). Since 7, is an essential loop on P\ K3
which bounds a disk Ay C By \ K3, this implies that v; is isotopic to g, and Aj
is isotopic to the disk as in Figure 27 (1).
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Figure 27.

Figure 28.

Note that Int(As) N L = Int(A3) N K3 and it consists of two points. Let ¢ be
a component of Int(As) N P. Then one of the following holds (see Figure 28 (1)).

(i) ¢ bounds a disk in Int(As) \ K3,
(ii) ¢ bounds a disk in Int(Ay) which meets K3 in a single point,
(iii) ¢ is parallel to 73 = 0A5 in Ag \ K.

On the other hand, ¢ is disjoint from K7 U K3 N1, and hence bounds a disk in
P\ (K1 U K3 U~;) which meets K3 in at most one point (see Figure 28 (2)).

Let ¢ be a loop satisfying the condition (i) which is innermost in Ag. Then
¢1 must bound a disk also in P\ (L U~;), and hence we can eliminate ¢; from
Int(Az) N P by using the 3-ball bounded by the union of the two disks bounded
by ¢;. In this way, we can eliminate all loops satisfying the condition (i).

Let ¢; be a loop satisfying the condition (ii) which is innermost in Ay. Then
¢o bounds a disk in Int(As) which meets K3 in a single point, and hence it also
bounds a disk in P\ (K; UK U~;) which meets K3 in one point. The union of the
two disks is a 2-sphere in S® which meets L in two points. Since L is prime, the
2-sphere bounds a 3-ball in $? which meets L in a trivially embedded arc. Hence,
we can eliminate ¢y from Int(As) N P, and we can eliminate all loops satisfying
the condition (ii) similarly.

Let ¢; be a loop satisfying the condition (iii). Then c3 is homotopic to the
loop 74 in S%\ L as illustrated in Figure 29. By an argument similar to that in
Case (ii) of the proof of Lemma 3.1, we can see that cg is not null-homotopic in
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Figure 29.
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S$3\ L. On the other hand, c3 bounds a disk in P\ L(C $®\ L), a contradiction.

Hence, we may assume that Int(Ag) N P is empty, that is, Ay C Bg. Since Aj

meets K3 in two points, we see that As is isotopic to the disk as in Figure 27 (2).
Therefore, S is isotopic to Sy in Figure 22.

Case 1.2:  Suppose that SND; and SN Dy satisfy (D1) and (D2), respectively.

By an argument similar to that in the previous case, together with the fol-
lowing sublemma, we can see that S N P is isotopic to the loop 3 as in Figure 30
and that S can be obtained by gluing the two disks in Figure 30 (1) and (2).

</ TTERS

— ¥

(1 2)
Figure 30.

SUBLEMMA 5.3.  The intersection S N P does not contain a loop parallel to
K; (or Kq) in P\ L.

PrROOF. Assume on the contrary that SNP does not contain a loop ¢ parallel
to K (or K3). Then the union of ¢ and K3 is equivalent to the sublink K7 N K3
of L. Since ¢U K3 is a nontrivial 2-bridge link with linking number 0 or +2, any
disk bounded by ¢ meets K3 in at least two points. Note that ¢ cuts S into two
disks. Then the above observation implies that S meets K in at least four points,
a contradiction. O

Hence, S can be isotoped to Sy.

Case 1.3:  Suppose that both SN D; and S N Dy satisfy (D2).
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Let b’ : S — [—1,1] be a height function such that S; := h’~1(¢) is a 2-sphere
which meets K; in two points for each i = 1,2,3 when —1 <t < 1, Sy = S in
particular, and S1; is an arc which meets K; in one point for each i = 1,2,3.
By applying an argument similar to that for the height function g = h|p in Case
(ii) in the proof of Lemma 3.1 to h'|p, (or A'|p,), we can see that there exists
to € (—1,1) such that Sy, isotopic to S, satisfies the assumption in Case 1.1 or
Case 1.2.

Case 2:  Suppose that the condition (A2) holds.

Note that every loop component of A NS bounds a disk in A or is isotopic
to the core loop of A. By Sublemma 6.3, any loop component of A NS cannot
be isotopic to the core loop of A. Hence, A NS consists of only loop components
bounding a disk in A. By using an argument similar to that for the “height
function” in the previous case, we see that this case can be reduced to Case 1.

This completes the proof of Proposition 5.1. g

6. Classification of 3-bridge spheres.

In this section, we prove Theorem 1.5.

Let L be a 3-bridge arborescent link and suppose that L is not a Montesinos
link. By Theorem 1.2 (ii), L admits only one 3-bridge sphere up to isotopy if
L ¢ L;. Hence, we focus on the links in £;. Recall that £; is the family of
3-bridge arborescent links in Figure 2 (1). Then, the double branched covering of
53 branched along a link in £; is a 3-manifold obtained from two Seifert fibered
spaces D(8;/a, Bi/c) (i = 1,2) over a disk by gluing their boundaries so that a
regular fiber and a horizontal loop of M, are identified with a horizontal loop and
a regular fiber of Ms, respectively.

The proof of Theorem 1.5 is based on the following fact (see [4]).

PROPOSITION 6.1.  Let ViU Vs and W1Ug Wy be genus-g Heegaard splittings
of a 3-manifold M such that F and G are isotopic. Assume that the isotopy
carries Vi to W; for i =1 or 2. Then the generating system {x1,x2,...,z4} of
w1 (M) determined by that of w1 (V1) is Nielsen equivalent to the generating system
{y1,y2,-..,yg} of m (M) determined by that of mi(W;). In particular, if g = 2
then the commutator [x1,x2) is conjugate to [y1,ya]™t.

By using this proposition, we distinguish, up to isotopy, the Heegaard surfaces
which appear in the proof of Theorem 1.2.

We need the following lemma to solve the conjugacy problems that appear in
Lemmas 6.5 and 6.6.
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LEMMA 6.2. Let M = D(B1/a1, B2/as) be a Seifert fibered space over a disk
with two exceptional fibers (a; > 1), then m (M) has a group presentation

Wl(M) = <017027h | [ijh]ac?jhﬁj(j = 172)>7

where m (OM) = {(c1ca,h). Fori=1,2, let n; be the element of w1 (M) represented
by the exceptional fiber of M with Seifert index B;/c;, namely, n; = c;”h‘si for
some y; and d; such that a;6; — Biy; = 1.

For integers a, b, ¢ and d, let

w(a,b,c,d) = {(Clcg)ahb}nl{(C1C2)chd} e m(M).

Then the followings are the only solutions of the equation w(a,b,c,d) = nfﬂ or
s

( 1 ) w(oab707 _b) =,

(i) w(£l,b, %1, —b — 2ky & Bo) =17+ when B = +1 + k1o and as = 2,

(iii) w(—=1,b,0,—b— k1 — ko) = néﬂ when B1 = —1+ k1o and Ba = £1 + kaous,
(iv) w(0,b,1,=b+ k1 + ko) = 772i1 when B1 =1+ kiay and By = F1 + kaas,

where k; is an integer (i = 1,2).

Let A x B be the free product of two nontrivial groups A and B. A word
W= gi1g2- -gn € Ax B (n > 0) is said to be of normal form if (i) ¢g; # 1, (ii)
gi€ Aorg; € B(1<i<n)and (iii) g; € Aifand only if g;y1 € B(1 <i<n-—1).
Here, n is called the length of w € A x B and denoted by |w|. Then, if a word
w=gi1gs - gn € Ax B is of normal form and n > 1, then w # 1 in Ax* B (see, for
example, [20, Ch. IV Theorem 1.2]).

To prove Lemma 6.2, we improve the argument in [24, Lemma 4.5] and [16,
Lemma 4.3] which was used to solve certain word problems in the torus knot group.

PrOOF OF LEMMA 6.2.  We describe only the proof for the case a < —1.
The other cases can be treated by similar arguments.
Consider the quotient group

m(M)/{h) = <(31 | it = 1> * <62 | 52 = 1>.
Suppose w(a, b, ¢,d) = ' or ni' in m (M). Then we have w(a,c) = ¢ or ¢
in w1 (M)/(h), where w(a,c) = (c1c2)%]*(c1c2)¢ is the element of the quotient
group represented by w(a, b, ¢, d).
Suppose ¢ > 1. Then we have
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ia,) = (') T g e ealeren) .

Thus |w(a,c)| > 1 and hence the equation has no solution.
Suppose ¢ = 0. Then we have

w(a,0) = (02710171)\11\—10271011—1.
So |w(a,0)] = 1 if and only if a = —1 and 13 = 1 (mod ay), namely, v =
1 + kjay for some integer ki, since the order of ¢y in w1 (M)/(h) is a;. Recall
that ay01 — B1y1 = 1. Thus we have 8171 = —1 (mod «1), which implies that
01 = —1 (mod «1), namely, 8; = —1 + kyay for some integer ki. In this case,
(—1,0) = ¢; ', and this implies +y, = —1 (mod az) and hence v5 = F1 + khao
for some integer k% and B2 = +1 + koas for some integer ky. Moreover, we have

w(—1,b,0,d) = 73!, which in turn implies

C;:W?*lc'l\/l*lh/b"rd'f‘élq:(sg — 1

; : -1 k) —B1k! +y2—1 Tazk; ’ .
in 71 (M). Since ¢]' ™ =" = AR and 5727 = ¢, 7 = hTP2k2 | we obtain

hﬂ:ﬁQ ky—B1ky+b+d+61F62 _ 1

and hence
d=—b— 061+ 6y + [1k] F Boks.

Since 1 = 01151 - ,81"}/1 = 041(51 - ﬂl(l + Oélkll) = 011(61 - ﬂlkll) — (71 + O[lkl), we
have 61 — 81k} = k1. Similarly, we have dy — B2k, = Fko. This implies that

d=—-b—k —ka.

Thus we obtain the solution (iii).
Suppose ¢ < —1. Then we have

(a,0) = (e e )" ey e ey e e e DI
So |w(a,0)] = 1ifand only ifa =¢c= -1, =1 (mod «1), namely, 11 = 1+ k]

for some integer K}, and —2 = 0 (mod «3). Since v; = —3; (mod ay), we have
01 = —1 (mod aq), namely, 81 = —1 + kj; for some integer k1, and we also have
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ag = 2. In this case, w(—1,—-1) = cfl, and this implies w(—1,b, —1,d) = n; " and
hence

—1 v1—1 —1 v1i—1pb+d+261
cy ¢t ey ¢t h =1

: : -1 a1 k] — Bk - - .
in 7 (M). Since ¢]* ™' =" = h7PF1 and ¢; % = ¢;** = hP2, we obtain

hPB2—261 El+b+d+261 _ 1,

and hence
d=—b—28 +26,K, — Bo.
Since 01 — B1k] = k1, we have
d=—b—2k — .

Thus we obtain the solution (ii). O
The following lemma can be proved similarly.

LEMMA 6.3. Let M = D(B1/aq, B2, 2), n; (i = 1,2) and w(a,b,c,d) as in
Lemma 6.2. Then the equation w(a,b,c,d) = 1 has no solutions (i.e., an excep-
tional fiber of M is not homotopic to a loop on OM).

LEMMA 6.4. An unknotting tunnel T of a nontrivial knot K in S® is not
homotopic to an arc on OE(K).

PROOF. If 7 is homotopic to an arc on IE(K), then it follows that the knot
group 1 (E(K)) is generated by the image of m (90E(K)), and hence 71 (E(K)) is
abelian. This contradicts the assumption that K is nontrivial. O

Recall from Theorem 1.2 (i) that a link L € £ admits at most four 3-bridge
spheres S7, So, S3 and Sy in Figure 3 up to isotopy. In the remainder of this
section, let F; (i =1,2,3,4) be the pre-image of S; in Ms(L).

The following lemma gives a necessary condition for F} and F5 to be isotopic.

LEMMA 6.5.  Let M be a manifold which belongs to M(1-a) in [17, Theorem
5], that is, M is obtained from My = D(061 /a1, B1/ah) and My = D(B2/as, 55/ ab)
by gluing their boundaries so that a regular fiber of M is identified with a horizontal
loop of My, where ay,af > 1 for i = 1,2. Let Fy and Fy be the two genus-2
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Heegaard surface of M given as above.
Suppose that (Bi/ou, B, /cl) # (erx/ouw,e/c)) for each k = 1,2, where
ek, €y, € {£1}. Then Fy and F5 are not isotopic.

PrOOF. Let U;UU; be a decomposition of M; by a saturated annulus and let
W1 UW; be a one-bridge decomposition of Ms. Put Vl1 = U, Uy, V21 = Uy UWs,,
V2 = Uy UWy and Vi = Uy UW;. Then we may assume that F; = OV} = OV
(see Figure 9 (F1), [23] and [17, Case 1 in Section 7]).

We describe the generating system of the fundamental group m (M) of M
arising from each handlebody, VjZ (i,j € {1,2}). Pick a base point xg for the
fundamental group of M on T'N Fy N Fy, where T := 0M; = OMs. Let u; and v;
be exceptional fibers of M; whose Seifert indices are 3;/a; and (3 /c, respectively.
Connect these loops to g by arcs in M; which does not meet F;. We denote the
generators of w1 (M, x) obtained from wu;, v; with the arcs above by u;, v; again.
Then we have generating systems {us, u; } for w1 (Vi1), {ve, v1} for mi (Va}), {ua,v1}
for m1 (V) and {vq,u1} for m1(V3). This can be seen by using the fact that the
1-bridge decomposition W7 U W5 of My can be chosen so that W is the regular
neighborhood in My of the graph obtained by connecting a horizontal loop and
the exceptional fiber of My of index f2/as (see Figure 31 and [17, Figure 18]).

Figure 31.

Suppose that (Bx/ak,B,/a)) # (ex/ak,€)/a)) for both k = 1,2, where
e, &) € {£1}. We prove Fy and F; are not isotopic.

Assume, on the contrary, that F; and F» are isotopic. Then, by Proposition
6.1, [ug,u1] is conjugate to [ug,v1]*! or [vg, uq]TL.

Assume that [ug,u1] is conjugate to [ug,v1]. Let fo: S' — M and f; : ST —
M be maps representing the elements [ug,u1] and [ug,v1], respectively. By the
assumption, fo and f; are freely homotopic, and hence there is a map

U:SY=R/Z) x [0,1] — M

such that W|g1, (0} = fo and ¥[g1, 13 = fi. We may assume that ¥ is transverse
to T(= OM; = OMs) and that f; '(T) consists of 4 points (i = 0,1). Note that
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the images of the 4 points by f are all equal to the base point xq of w1 (M). To be
precise, we may assume that
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Since W is transverse to T, ¥~1(T) is a 1-dimensional submanifold of S! x I.
Since T is incompressible, we may further assume that W=1(7T') consists of only
arcs. Since u; and v; (i = 1,2) cannot be homotoped into the boundary (see
Lemma 6.3), each component of ¥~1(7T) is an arc joining S* x {0} and S* x {1}.
Then, noting the intersection of ¥|g1,;3 and T', we see that the map W is as in
Figure 32 (1) or in Figure 32 (2). That is, we may assume

vt = (o]0 [L3]) o

(M) = (B,ﬂ U B,l]) x [0,1],

or

Vi

Figure 32.
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vt = { (i 2.V [0 2] 0 [5:2) e et}
U—L(My) = {<t+ ;s,s> te B,;] U [i,l},s € [0, 1]}.

Assume that the identity (1) holds. Let €; be the elements of 71 (OMj, xq)
represented by W [{;_1)/43x[0,1] (¢ = 1,2,3,4). Then

61_1U2€2 = ug € m(My), (3)
E§1U1€3 = € (M), (4)
g3 uy tey = uy b € my (M), (5)
621111_151 = 1}1_1 S 7T1(M1). (6)
By Lemma 6.2, equations (3) and (5) have solutions if and only if
e1 = =hy' (=), (7)
g3 =4 = hy* (=) (8)

for some integers ny and ng, where h; is a regular fiber of M; (i = 1,2) and ¢; is
a horizontal loop of Mj, which is identified with hy. From equation (4), we have

—ni nz __
&1 u1c” = 1.

By Lemma 6.2 (iii) and (iv), this equation has a solution if and only if

(1) ,81:71%*]{310[1,61:14*]{3/10/1, k1+ki:O, nlzlandng:o, or
(ii) 81 =14+ k1,0 = -1+ ko), k1 + Kk =0, n; =0 and ny = 1.

The first three equalities in (i) (or (ii)) together imply 81 /a1 + 1 /a) = —1/aq +
1/a) (or B1/a1 + Bi/ay = 1/a1 + (—1/a4)). Hence, by the hypothesis, there do
not exist {e;};=1,2 34 which satisfy equalities (3),...,(6). This is a contradiction.
We can also lead to a contradiction when the equation (2) holds (see Lemma
6.2, (ii), (ili) and (iv)). Hence [uz,u1] and [uz,v1] are not conjugate.
Similarly, it can be proved that [us,u;] is not conjugate to [ug,v1]~! or
[vg,u1]*!. Hence, F; and F; are not isotopic. O

The following lemma says that any two of Fy, F5, F3 and Fy cannot be isotopic
unless they are F; and F5.
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LEMMA 6.6. Let M be a manifold which belongs to M(1-a) or M(2-a) in [17,
Theorem 5], that is, M is obtained from My, My € D|2] by gluing their boundaries
so that a regular fiber of My is identified with a horizontal loop of Ms. Let {G1,G2}
be a subset of the set {Fy, Fy, F3,Fy} of genus-2 Heegaard surfaces of M, and
suppose that {G1,Gs} # {F1, Fo}. Then Gy and Gy are not isotopic.

Proor. First, suppose that G; = Fy and Gy = Fy. Then M € M(1-a), and
hence M is a union of My € D[2] and My = E(S(2n+1,1)) = D(1/2,—n/(2n+1)).

Let V{ and V4 be genus-2 handlebodies in M bounded by G;. We decompose
the handlebodies into several parts as follows (see Figure 9 (F1) and (F2)). Put
Uj = le NM; and W; := le N My, then U; UU, gives a decomposition of M; by a
saturated annulus and W7 UW5 gives the one-bridge presentation of Ms. Note that
either V2 or V2, say V2, is separated into three components by T := OM; = OMs,.
We put V12 = U3 U R and V22 = W3 UUg U Wy, where W3 U R U W3 gives
a decomposition of M7 by two parallel saturated annuli and Us U Uy gives the
two-bridge presentation of Ms.

We describe the generating system of the 7 (M) arising from each handlebody,
Vi (i,j € {1,2}). Pick a base point g for the fundamental group of M on TNG}.

Let u; and v; be the generators of 71 (M) obtained from exceptional fibers
of M; as in the proof of Lemma 6.5. Then the generating systems for 7 (V3}, x¢)
and 71 (Vy, x0) are equal to either (i) {ug,u;} and {ve,v1}, or (ii) {uz,v1} and
{va,u1 }.

Pick a point 1 € W3N Uy and z2 on Uy "W, NG5, The generating system of
71 (V2,21) is {7a71, h1} and the generating system of 71 (VZ, z1) is {u1, 7ov}75 '},
where 75 is an arc on UsNUy joining x1 to a2, 71 is an arc in R joining x5 to x1, by is
a regular fiber of M; and v} is an element of 71 (ViZ, x5) obtained from v; by taking
conjugation by an arc 7 on T joining x2 to 1. We abuse notation to denote the
loops 777 and 7o7 by the symbols 71 and 75 again. Then the generating systems
of my (M, ) arising from Vi? and Vi are {ro71, h1} and {u1, v 75 '}, respectively.

Suppose that G; and G5 are isotopic. Then, by Proposition 6.1, [u1, Tgvngl]
is conjugate to [ug,u;]T! or [vg,v1]T!. In order to show that this is impossible,
recall that 71 (M) is the free product of w1 (M;) and 71 (M>) with amalgamated
subgroup 71 (7). Thus the length of each word of 71 (M) with respect to this
structure is defined. By using Lemma 6.3, we can see that, for each of [ug,u;]*?
and [vg,v;]™!, the minimal length of words conjugate to it is 4. We can also
see by using Lemmas 6.3 and 6.4 that the minimal length of words conjugate to
[ul,Tgvngl] is 8. Hence, [ul,Tgvngl] is not conjugate to [ug, u1]! or [vg, v1]F!.
Hence, G; and G5 are not isotopic.

Similarly, it can be proved that F; or F, cannot be isotopic to Fj or Fj.

Moreover, by similar arguments, one can also prove that F5 and F are not isotopic.
O
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PROOF OF THEOREM 1.5. Suppose that (Bx/ax, 8, /a),) ~ (ex/ak, €)./,)
for some k = 1,2, where ey, e}, € {£1}. Then the two 3-bridge spheres S; and
Sy for L are isotopic by an isotopy illustrated in Figure 33. If (8 /aw, 3}, /a),) #
(ex/ag, €l /a)) for both k = 1,2, where e,¢}, € {£1}, then S; and S, are not
isotopic by Lemmas 6.5, 6.6 and Theorem 1.8. O

— —
‘
Figure 33.

REMARK 6.7. Lemmas 6.5 and 6.6 enable us to complete Table 5.2 in [23].
Except for the following cases, each number p on the table gives the exact number
of Heegaard splittings up to isotopy.

e Let M; = E(S(2n+1,1)) = D(1/2,—n/(2n+ 1)) and My = D(1/2,—1/3),
and suppose that a regular fiber of M5 is identified with a loop m1h{, where
my and hp are, respectively, a meridian and a regular fiber of M;. Then
M = MUy M, admits exactly two genus-2 Heegaard splittings up to isotopy,
one of which belongs to F(1) and the other belongs to F(2-2).

o Let My = D(1/2,-1/3) and My = E(S(2n+1,1)) = D(1/2,—n/(2n + 1)),
and suppose that a regular fiber of M; is identified with a loop mgh§, where
mo and ho are, respectively, a meridian and a regular fiber of Ms. Then
M = MUy M, admits exactly two genus-2 Heegaard splittings up to isotopy,
one of which belongs to F(1) and the other belongs to F(2-1).

Moreover, one can obtain the homeomorphism classification of 3-bridge pre-
sentations and genus-2 Heegaard splittings by considering the action of the map-
ping class group of M on the Heegaard surfaces.

7. 3-bridge spheres for Montesinos links.

In this section, we prove Theorem 1.7.

Let M = S?(eq; B1/1, B2/ a2, B3/as) be a Seifert fibered space over S? with
three exceptional fibers. To describe the results of [4], we take two exceptional
fibers n;, n; (1 <4 # j < 3) and connect them by an arc projected to a simple
arc on the base S?. A regular neighborhood V (i, j) of the graph obtained is a
handlebody of genus 2. The closure W (i, j) of the complement is also a handlebody
of genus 2 and we obtain a Heegaard surface F(i,j) = 0V (i,5) = OW (4,4) of M.
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This is called a vertical Heegaard surface.

THEOREM 7.1 ([4, Theorem 2.5]). Let M = S?(eg; 31/a1, B2/aa, B3/as3) be
a Seifert fibered space over S? with three exceptional fibers.

(A) If B; Z £1 (mod «;) for i = 1,2,3, then M admits, up to isotopy, exactly
three Heegaard surfaces of genus 2, namely F(1,2), F(2,3), F(3,1).

(B) If B; # £1 (mod «) for i = 1,2 and f3 = +1 (mod as), then M admits,
up to isotopy, exactly two Heegaard surfaces of genus 2, namely F(1,2) and
F(2,3)(= F(3,1)).

(C) If B; = £1 (mod ;) for i = 2,3, then M admits, up to isotopy, a sin-
gle Heegaard surface of genus 2, F(1,2)(= F(2,3) = F(3,1)), except when
M s one of S(—1/6a;1/2,(—a)~1/3,67/a) (a is odd), S(—1/6a;(—1)"1/3,
(—a)~1/3,371/a) and S(—1/4b;1/2,(=b)"1/4,471/a), where a > 7, b > 5
and g.c.d.(a,3) = g.c.d.(b,2) = 1. In each exceptional case M admits, up
to isotopy, a unique additional Heegaard surface of genus 2 obtained by pre-
senting M as the double branched covering of S® branched along a 3-bridge
presentation of a link in Figure 34. (See [2], [5]).

LEMMA 7.2.  The links in Figure 34 are not arborescent links.

PROOF. Suppose that a link, say L, in Figure 34 is an arborescent link.
Since L is not hyperbolic, it must be equivalent to a link in Figure 35 by [10], [14]
(cf. [17, Proposition 3]). Namely, one of the following holds.

I. L is the boundary of a single unknotted band, i.e., a torus knot or link of type
(2,n) for some n € Z.

II. L has two parallel components, each of which bounds a twice-punctured disk
properly embedded in S3 \ L.

ITI. L or its reflection is the pretzel link P(p,q,r, —1), where p,q,r > 2 and 1/p+
1/¢+1/r > 1.

However, this cannot occur since

torus knot
Ko
exceptional fiber
C1>  of order 2
L /3’“ U
A
torus knot

K3,a

@27 (b=5)
Figure 34.
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Figure 35.

a link in I of Figure 35 is either a torus knot K5, (n is odd) or a torus link
K, (nis even) which consists of two trivial components,

e a link in IT of Figure 35 consists of at least three components,

e P(2,2,n,—1) (nis odd) is a union of a torus knot K3 ,, and its core of index
n,

e P(2,2,n,—1) (n is even) has three components,

e P(2,3,3,—1) is the torus knot K3 4,

. P(2 3,4,—1) is a union of the torus knot K> 3 and its core of index 2,

e P(2, —1) is the torus knot K3 5,

. P(2 3,6, —1) consists of two components, the torus knot K» 3 and the un-
knot,

e P(2,4,4,—1) has three components,

e P(3,3,3,—1) consists of two trivial components.

Hence we obtain the desired result. O

REMARK 7.3. Let F be an exceptional Heegaard surface of a manifold M in
Theorem 7.1 (C) and 7 the hyper-elliptic involution 7 associated with F. Then
(M,Fix(7p))/7F is a links in Figure 34. Hence, for any arborescent link L, the
covering involution 77, of My(L) is not equivalent to 7g.

To prove Theorem 1.7 (2), we need the following proposition.

PROPOSITION 7.4 ([29, Theorem 4.1]).  Let L be an elliptic Montesinos link
and assume that L is not a 2-bridge link. Then the symmetry group Sym(S3, L)
is as follows according to the type of L. Here, 1; (i =1,2,3,4) is a symmetry of
(S3, L) as illustrated in Figure 36.

(i) Let L =L(b;1/2,1/2,8/a) and put m = (—=b+ 1)a+ 3.
(i-1) If g.c.d.(m,2a) = 1, then Sym(S3, L) is given by



133

3-bridge spheres of 3-bridge arborescent links

Figure 36.
’ H a>3 a=2
m# 1 (V1,v2) = Zo © Zsy (Y1,3) = Zy © D3
m =1 (V1(= o)) = Zy if o is odd, (Y1,v3) = Zo ® D3
(V1,v2) 2 Zo B Zs if a is even.

(i-2) If m is even and g.c.d.(m, ) =1, then
Sym(S°, L) = (¥1,v2) = Zo & Zo.

(i) Let L =L(b;1/2,062/3,03/3) and put m = —6b+ 3 + 2(B2 + B3). Then
if g.c.d.(m,12) =1 and m # 1,

~7 Z
Sym(s°, L) = {(1/}171/}4> 2 @ Zy

(1) 2 7o otherwise.

(iii) If L = L(b;1/2, B2/3,85/4) or L(b;1/2, B2/3,5/5), then

Sym(S3, L) = (1) & Zy.

PROOF OF THEOREM 1.7. Let L be a 3-bridge Montesinos link. Let M3(L)
be the double branched covering of S3 branched over L, and let p : My(L) — S3

be the covering projection.
(1) Suppose that L is nonelliptic, and let P; (i = 1,2,3,4,5,6) be a 3-bridge
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sphere of L in Figure 5. Then the pre-images p~1(P;), p~*(P3) and p~!(Ps) are
isotopic to F(1,2), F(2,3) and F(1,3), respectively. By Theorem 7.1 ([4, Theorem
2.5]) and Remark 7.3, these are the only genus-2 Heegaard surfaces of Ms(L) whose
hyper-elliptic involutions are strongly equivalent to 77,. On the other hand, we see
Piy1 = p(P,) for each i = 1,3,5, where p is the symmetry of (53, L) given in
Figure 7. Hence, by Theorem 1.8 and Remark 2.6, we see that L admits at most
six 3-bridge spheres Pi,...,Ps up to isotopy.

(2) Suppose that L is elliptic. Let P; be the 3-bridge sphere of L as illustrated
in Figure 5, and let P be any 3-bridge sphere of L. Set Fy := p~!(P;) and
F :=p~1(P). We note that 7/, = 7% = 1. Since Mz(L) admits a unique genus-2
Heegaard surface up to isotopy whose hyper-elliptic involution is 7, by Theorem
7.1 ([4, Theorem 2.5]) and Remark 7.3, F' is isotopic to Fj. Thus, there exists
a self-homeomorphism ¢ of Ms(L) such that p(F;) = F and ¢ is isotopic to the
identity. By the proof of [3, Theorem 8] (cf. the proof of [17, Proposition 5]), we
may assume that ¢ is 77-equivariant, where 7, is the covering transformation. So
we have a self-homeomorphism 1 of (52, L) sending P; to P. Hence, it suffices to
show that generators of the symmetry group Sym(S?, L) preserve Py up to isotopy.

We show this only when L satisfies the condition (i-1) of Proposition 7.4, where
m =1 and a > 3. (The other cases can be treated similarly.) In this case, we have
B/a=1/a+((b—-1) from (=b+1)a+ =1, and hence, L = L(b;1/2,1/2, 5/a) is
equivalent to L(0; —1/2,1/2,1/«a). Note that 1)2(P;) = P; and that we can isotope
11 (P1) to Py as illustrated in Figure 37. Hence, L admits a unique 3-bridge sphere
up to isotopy.

An isotopy between P and P; can be constructed similarly for every case.
Thus every elliptic Montesinos link admits a unique 3-bridge sphere up to isotopy.

O

REMARK 7.5. For nonelliptic Montesinos links, we give some conditions for
P;and Pj (i,j =1,...,6, 1 # j) to be isotopic by using isotopies as in the proof of
Theorem 1.7. The following table gives the conditions for each pair, where (1-k)
and (2-k) (k =1,2,3) denote the following conditions.

(1-k) Br = %1 (mod ay) (k=1,2,3),

QAQA 3 -

CCO

Figure 37.
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(2-k) ap =2 (k= 1,2,3).

Py Ps Py Ps Ps
1) or (22) 1-2) S
1) (1) P,
(22) or (23) i3) | Py
(1-3) Py
@1) or (23) | B

For example, P; and P, are isotopic if (2-1) a; = 2 or (2-2) ay = 2 holds.

Moreover, this implies, for example, P; and P; are isotopic if (i) (2-1) (or (2-2))
and (1-2) holds, (ii) (1-2) and (2-2) (or (2-3)) holds, or (iii) (1-1) and (1-3) holds.
If 5, = £1 (mod ay) for all i = 1,2,3 and b = > (8i/a) — > (£1/a;), then

P,.

.., Ps are mutually isotopic.
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