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Abstract. We derive an energy decay estimate for solutions to the
initial-boundary value problem of a semilinear wave equation in exterior do-
mains with a nonlinear localized dissipation. Our equation includes an absorb-
ing term like |u|%u, o > 0, and can be regarded as a generalized Klein-Gordon
equation at least if « is closed to 0. This observation plays an essential role in
our argument.

1. Introduction.

In this paper we consider the initial-boundary value problem of the nonlinear
wave equations of the form:

uge — Au+ p(x,up) +g(u) =0 in Q@ x RT (1.1)
w(x,0) = up(x), ue(z,0) =ui(z) and u(x,t)|oq =0 (1.2)

where € is an exterior domain in RV with a smooth, say C?, boundary 0%, that
is, O = RV /V with a compact set V in RN, p(x,v) is a function like p(z,v) =
a(z)|v]"v, 0 <r <2/(N —2)", and g(u) is a nonlinear term like g(u) = ko|u|*u,
0<a<2/(N—-2)% ky>0. When V is empty the boundary condition should
be dropped and the problem is reduced to the Cauchy problem in the whole space
RY. We also note that when N = 1 and V is not empty, then Q = (—o0,a) or
(a,0) for some a € R.

The existence and uniqueness of global solutions to the problem (1.1)—(1.2)
is standard (see, e.g., [5]), and the energy E(t) = (1/2)(|lu¢(t)|? + [[Vu(t)||?) +
Jo, G(u(t))dx is decreasing, where |- || denotes L? norm in  and G(u) = [ g(n)dn.
Here we are interested in the energy decay of the solutions when the effect of
p(x,u;) is localized near a portion of the boundary 92 and near infinity. To
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explain our problem more precisely let us consider the case p(x, us) = a(x)|us| us,
0<r<2/(N-2)" and g(u) = ko|u|*u. We set for =g € RV,

I'(zg) ={x €02 | (z —x0) - v(x) > 0}, (1.3)

where v(x) is the outward normal vector at x € 0f2, which is often used in the
boundary control theory in bounded domains (cf. Russell [26], Chen [2], Lions
[4]). V is star-shaped with respect to g if and only if T'(zg) is empty. We assume
that a(z) is a nonnegative bounded function and there exist o and a (relatively)
open set w C Q such that

P(z9) Cw and a(x) > e >0 for z € wUB(R), R> 1, (1.4)

with some ¢, where B(R) = {z € RY | |z| < R}. This is now a rather standard
assumption concerning localized dissipative term.
We also employ a stronger assumption

0N Cw and a(x) > € >0 for x €wUB(R)’, R> 1, (1.4)

where if Q = RN or V is star-shaped with respect to xy we drop the condition
0 Cw in (1.4)" and in these cases (1.4) and (1.4)" are coincide each other.

The problem admits a unique solution u(-) € C([0,00); HY()) N C1([0, 00);
L3()) for each (ug,u1) € HY(Q) x L*(Q). When p(z,u;) = a(x)u; with a(z) >
€0 > 0 on the whole domain Q and g(u) = w it is easy to show the exponential
decay:

E(t) < CE(0)e M (1.5)

with some A > 0. The estimate (1.5) still holds for the case g(u) = v + |u|%u,
0 <a<2/(N-2)"if CE(0) is replaced by Cp, where Cy denotes a constant
depending on E(0).

In [28] Zuazua treated the case: Q = RN, p(z,u;) = a(z)u; with a(z) >
€ >0, |[¢] > R > 1, and g(u) = u + |u|*u, and proved the exponential decay
(1.5) with CE(0) replaced by Cy. We note that the linear term u included in
g(u) plays an essential role in [28] and the argument is not applied to the case
g(u) = |u|*u. That is, the equation treated in [28] is a semilinear Klein-Gordon
equation with a linear localized dissipation near infinity. Subsequently, the present
author considered in [12] the Cauchy problem for the case: p(x, ut) = a(x)|ue| ue
with a(x) > €9 > 0 for |x| > R > 1 and g(u) = u, and proved the estimate



Nonlinear wave equation 853

Ci(1+t)~@=Nn/r if 0 <r<2/N
E(t) < (1.6)

Ci{log(2+t)}~N if r=2/N,

where we assumed suppu(z) Usuppui(x) C B(L), L > 1, and Cy denotes a
constant depending on ||ug||m, + ||u1]/m,. For the nonlocalized case p(z,u;) =
|ut|"us we know that (1.6) holds with Cy replaced by Cy (see [10]). Mochizuki
and Motai [7] extended the result in [10] to the case suppug(x) U suppuy(z) is
not compact and further proved for the case g(u) = 0 that

E(t) < Coflog(2+ 1)} V.

Further considerations have been done by Todorova and Yordanov [24], Todorova,
Ugtiryu and Yordanov [25] for the case p(x,u:) = |us|"us and g(u) = 0. See also
Motai [8], Nakao and Ono [21], Matsuyama [6] and Sunagawa [23] for related
topics.

Quite recently we have considered in [19] the Cauchy problem for the case
like p(z, ut) = |ue|"ug, 0 < r < 2/(N—-2)", and g(u) = |u|%u, 0 < a < 2/(N—-2)7.
The result in [19] is stated as follows:

Ci(1+1¢t)™" if n>0
E(t g{ 11 +3) (1.7)

Crlog(2+t)~N if n=0

where we set n = (o + 2)/(a+r + ar) — N. The idea in [19] is to consider the
equation as a nonlinear generalized Klein-Gordon equation. In earlier papers [13],
[20] we also considered the usual wave equation without mass term u under linear
or half-linear localized dissipations and derived some decay estimates of the energy,
but, to our knowledge, no result is known for the case of nonlinear localized case:
plx,us) = a(x)|ug|"us and g(u) = 0. Thus concerning the energy decay problem
for the equation (1.1)—(1.2) we can not regard the term g(u) as a perturbation of
the wave equation. In other words, any decay estimate of energy is not known for
the problem (1.1)—(1.2) even for small amplitude solutions.

The object of this paper is to combine the idea in [19] with the arguments in
[28], [12], [13], [20] to derive some decay estimates of the energy for the problem
(1.1)—(1.2) where p(z, u) is a nonlinear localized dissipation and g(u) is a nonlinear
absorbing term. See also [16] where the existence of global attractors is discussed
for a related problem in exterior domains. We also use some ideas in our recent
papers [11], [14], [15], [18] where the problems related to (1.1)—(1.2) in bounded
domains have been considered. Quite recently, Aloui, Ibrahim and Nakanishi [1]
have proved an exponential decay for the semilinear Klein-Gordon equation in
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a domain exterior to a star-shaped obstacle with a linear localized dissipation
p(z,u;) = a(z)u; and an arbitrary order nonlinearity g(u) = u + f(u) by use of
Morawetz space-time integral estimate. It seems difficult to apply the method in
[1] to the case where p(x,u;) is nonlinear.

2. Preliminaries.

We use only familiar function spaces, and their definitions are omitted. We
denote by || - ||, the L norm on . We set Q(R) = QN B(R). By use of a function
a(x) satisfying (1.4) or (1.4)" we make the following assumption on p(z,v).

Hyp.A. p(z,v) is measurable in z €  for any v € R and Lipschitz contin-
uous in v for a.e. x €  with p,(z,v) > 0, and satisfies:

(1)

koa(@) o"*2 < p(e, v)v < kra(a) o] 2

if [v]<1 and z€ Q(R), R>1,

with some kg, k1 > 0 and r, 0 < r < oo.
(2)

koa(z)[v[PT? < p(z,v)v < kia(z)|v[PT? if Ju| >1 and z € Q(R), R>> 1,

with some kg, k; >0 and p, 0 <p < 2/(N —2)*.
(3)

kolv|9T% < p(z,v)v < kp|v|9T? if 2 € B(R)®, R> 1,

with ko, k3 >0and 0 < ¢ < 2/(N —2)*.

A typical example is p(x,v) = a(z)|v|"v which satisfies Hyp.A with p = ¢ = .
Assume that a(xz) =0 for R—1 < |z| < R, R>> 1. Then a little more complicate
example is p(z,v) = ¢(x)a(z) min{|v|", [v|P}v + (1 — ¢(x))a(z)|v|?v where we as-
sume 0 < p < r and ¢(z) is a function such that 0 < ¢(x) << 1 with ¢(z) =0 for
|| > R, R> 1, and ¢(z) = 1 for |x| < R—1. We could divide the assumption (3)
in two cases |[v| <1 and |v] > 1 asin (1), (2). Then more general examples would
satisfy the conditions. However, to make the essential feature of the argument
clear we employ the assumption (3).

Hyp.B. g(u) is a Lipschitz continuous function on R satisfying:

(1)

d
9(0) =0, kolu|**?* < G(u) < 309(10“
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with some ko > 0 and dp, 0 < dyp < 1, where G(u fo n)dn, and
(2)
9" (w)] < Kaful®

with some ks >0 and 0 < a < 2/(N —2)*.

A typical example of g(u) is g(u) = |u|*u with 0 < o < 2/(N — 2)". Let
us define g(u) in the following way: g(u) = |u|*u if |u| < Ry, g(u) = RS P |ulfu
if Ry < |u| < Ry and g(u) = (R1/R2)® Plul®u if |u| > Ry, where a, 3 > 0 and
0 < Ry < Ry. This is another simple example. It is clear that we can consider
g(z,u) for g(u), and also we could make a more general assumption on g(u) so
that the examples g(u) = |u|%u + |u|%u, g(u) = max{|u|®, |u|®}u may be included.
However we employ Hyp.B to avoid inessential difficulties.

Throughout the paper we assume further that

supp uo(-) Usuppui(-) C B(L) (2.1)

with some L > 1. It is well known that under Hyp.A and Hyp.B the prob-
lem (1.1)-(1.2) admits a unique solution u(-) € Xsi0c = Li5.([0,00); H2) N
W,L>(]0, 00); HY)NW ([0, 00); L?) for each (ug,u1) € HyNHY x HY and further
it satisfies

suppu(t,-) C B(L +1). (2.2)

(See John [3].) By density argument we see that the problem admits a unique
solution u(-) € C([0,00); HY) N C*([0,00); L?) with [ [, p(x, u)usdzds < E(0)
for each (ug,u1) € HY x L? and (2.2) is also valid if (2.1) holds.

Our first result on energy decay reads as follows.

THEOREM 2.1.  We assume that 0 is not empty or Q@ = RN, N > 3.
Assume Hyp.A under (1.4)" with p = ¢ = 0 and Hyp.B. We assume further 0 <
a < 2/(N —1). Then, for a solution u(-) € C(]0,00); HY) N C'([0,00); L?) we
have:

Et)<Co(L)(14+t)7" if 0<a<2/(N-1) (2.3)
with v = min{2/r,2/a +1— N}, and

E(t) < Co(L)(log2+ )N if a=2/(N-1) (2.4)
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where Co(L) denotes constants depending on E(0) and L. When Q = RN, N > 3,
or V is star-shaped the above results hold with v =2/a+1— N.

REMARK 2.1.  When g(u) = kou, ko > 0, linear, the above result holds also
for « = 0. In this case we see v = 2/r, and if further r = 0, we have the usual
exponential decay F(t) < Coe~*! for some A > 0. This exponential decay estimate
is also true even if r > 0 when V is star-shaped or Q@ = RN, N > 3. If g(u) is
nonlinear and « = 0 the result is delicate (cf. [27]).

When p > 0 and/or ¢ > 0in Hyp.A, (2), the result becomes more complicated.
We set

Er(t) = = ([luee (@)1 + Ve (8) 7).

N =

THEOREM 2.2. Let N > 3 and assume Hyp.A under (1.4)" withp > 0 and/or
q > 0 and Hyp.B. We make the assumptions on a,r,p and q such that

2
_atzs (2.5)
qo +q + o
and
:min{2 a+2 . 2(2+42p— Np) 2(2+2q—Nq)}
’= rga+g+a T (N-=2p = (N-2)q
4N
. 2.6)’
“ (N-2)2+2a - Na) (26)
Then, for a solution u(-) € Xs 1. we have
E@t) <Ci(L)(14+t)77 and E1(t) < Ci(L) < o0 (2.7)

where C1(L) denotes constants depending on ||uol| g, + ||u1|lz, and L.
When we replace the condition (1.4)" by (1.4) there exists € > 0 such that if
E(0) < e, then the estimate (2.7) holds under the conditions (2.5) and

4

. 9.
~ 9t da— Na (2:6)

gl

When Q = RN or V is star-shaped above results hold with ~ replaced by
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, { a+2 2(2+2p — Np) 2(2—|—2q—Nq)}
4 = min — N, ,
go+q+ o (N =2)p (N —2)q

We note that the condition (2.6) is weaker than (2.6)’.

THEOREM 2.3. We assume N = 1,2 and 092 # ¢. Assume Hyp.A under
(1.4)" with p > 0 and/or ¢ > 0 and Hyp.B. We make the assumptions on a,r,p
and q such that

o+ 2
qo+q + o

2(4+2a— Na) . [r+2 a+2 N-1
> max{ ——— , pN min , — .
44+ 6a— Na 2r ' 2(qo+q+ ) 2
(2.8)
Then, for a solution u(-) € Xa 10 we have:
E@t) <Ci(L)(14t)7"7 and Ei(t) < Ci(L) < oo. (2.9)

When we replace (1.4)" by (1.4) there exists € > 0 such that if E(0) < e, then
the estimate (2.9) holds under the above conditions with (2.8)" replaced by

2(4+2a— Na)

2.
4+6a— Na (2.8)

When V is star-shaped we can replace v by v = a4+ 2/(qa + ¢ + o) — N and the
condition (2.8)" by

. a+2
7T atq+a
2(4 + 20 — Na) a+t2 N-1
———— =, pN mi - . 2.6
>max{ 4+6a—Na ' 7 mm{?(qa+q+a) 2 }} (26)

REMARK 2.2.  We note that the conditions in Theorems 2.2, 2.3 are satisfied
if o, p, ¢ are all small.
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REMARK 2.3. If g(u) = kou, ko > 0, linear, the estimates for E(t) in The-
orems are valid without any conditions on . The result is still valid even for
Q=RN N=12.

We use the following lemma concerning a difference inequality which is a
generalization of the inequality considered in [9].

LEMMA 2.1. Let ¢(t) be a nonincreasing continuous function defined on
[0,T) satisfying
o(t) < Zm: CH D (1 4 )0/ A4 (g(4) — gt + 1)+ 0 <t < T,
i=1
with some C; >0,0<60; <1 andr; >0,i=1,...,m. Then we have
o(t) gM(HZm:Cj/”)(Ht)—W, 0<t<T, (2.9)
i=1

where M is a constant depending only on ¢(0) and the exponent v > 0 is given by
Y= minizl,wm{(l — 91)/7"1}
When 0 < 60; <1,i=1,...,m, and 0; = 1 for some i we have, instead of
(2.9), that
(t) < M{log(2+1)} 77, (2.10)
where M depends on @(0) and C;,i =1,...,m and the exponent ¥ > 0 is given by
"~y = minizl,wm{l/ri}.

PRrROOF. For a proof of (2.9) see [17] or [19], where the case m = 2 is proved.
The general case m > 3 is essentially the same. g

3. A basic inequality for E(t).

In this section we derive a basic inequality on E(t) for a solution u(-) € X joc.
We start from the following standard identities.

d

%E(t) +/ plx, u)urde = 0, (3.1)
Q

d 2 2 2 2 2

(e, nu) + [ 7 (@)|[Vulde — [ 7 (2)|u|“de

2 . udx 2(2)p(z, up)udz = .
+/Qn (a:)g(u)uder?/QVu Vnnud +/Q17( Vp(x, ug)ud 0 (3.2
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and
%/Q(Ut(t),h(:ﬂ) -Vu(t))dr + %/QV (@) (Jue () — [Va(t)[2)da
Oh; Ou 8u 1 ou
Z/ Oz Ox; 3% §~/89h V|— 9 dS—i—/ p(x,us)h - Vudx
- / G(u)V - hdz =0, (3.3)
Q

where h(z) = (hi(x), ..., hn(x)).
These identities are derived by multiplying the equation by u;, n?(x)u and
h(z) - Vu(t), respectively. We take a function ¢(r) such that

€0 1f0§T§R+‘.’E0|
o(r) = :
eo( R+ |zo|)/r if > R+ |zl

PROPOSITION 3.1. It holds that

d
thk( )+€1E +k’/ x, ut Utdﬂj‘

/g;
§2
(zo)

for some €1 > 0, where k > 0 is a large number and we set

ou

ov

V.¢(|x—x0)(ac—xo)dx—i—/g|p(x,ut)|2dx—|—/Q(R)C \ut\de
(3.4)

Xk(t) = /Q urd(|z — zo|)(x — x0) - Vudx + kE(t) +m A uudz (3.5)

with a constant m > 0.

PROOF. The proof is rather standard (cf. [27], [13], [14], [20] etc.) and we
give an outline of it.

Combining (3.1) xk, (3.3) with n?(x) = m = const. > 0 and (3.4) with
h(z) = x — xo we have
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%/Qx(t) +k A p(x, up)ugde + (W - m) /Q |ug|2dx

(o) - FAELO gy [ L 20) TuF

+ [ matn = G0 + 6o +m [ plauuds

_1/
289

Note that by Hyp.B, (1), and ¢'(r) <0,

2

Ou v(x) - (x — z)dS. (3.6)

ov

mg(u)u — G(u)(N(r) + ¢'(r)r) =
We take m > 0, k > 1 such that

doN N -1 < <ZV€0<]€
max 5 B €0 m 5 .

Then we see that

MOV LEW | o)+ 60 2
and
4 DO

for some €; > 0, where we set [(r) =1 if r > R+ |xo| and I(r) = 0 if » < R+ |zo|.
Further, since v(z) - ¢(r)(z — x¢) < 0 for x € I'(z)° N I, we see

I8

Thus, (3.4) follows from (3.6) and (3.7). O

2

Ou (@) o(r)(zx — x0)dS.  (3.7)

v

) o) —mas < [ |2

I'(zo)
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To control the boundary integral on the right-hand side of (3.4) we consider
a vector field h € (W1>°(Q))Y such that

h=v on I(zp), h-v>0 on dQ and h(z) =0 on RN\,

where @ is an open set in R" such that I'(zg) C ©NQ C w. Then, from (3.3) we

find

oul?
o

d
ds < 2%/ uth.Vudx—i—Q/ lue ()] + |p(z, up)|?)da

+c/ u) + |Vul?)dz (3.8)

Further we introduce a function

Then we see by (3.3),

| (9uP + guuyda
QN&

d
< — n(z)*uudz + C/ (Juf® + |uel® + |p(x, u)|?) da. (3.9)
Q

w

From (3.4), (3.8) and (3.9) we obtain the following.

PROPOSITION 3.2.
d . 2 2
£Xk(f) +k [ plx,un)usdz + e [ (Juel® + |Vul® + G(u))dx
Q Q

< C’/(|ut|2—|—|u( )| )dx+0/ |ug|2d

Q(R)*

+ C’/ lp(x, up)u(t)| + |p(z, ut)|2)dac (3.10)

where we set

k() = x&(t) + C(n*u, uy) — C(h - Vu,uy).
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We note that if Q = R™ or V is star-shaped, then w = ¢, empty, and the last
two terms in the definition of X% (¢) can be dropped.

To control the L? norm of u(x,t) on Q(R) we prepare the following proposi-
tion.

PROPOSITION 3.3.  Let u(t) be a solution of (1.1)~(1.2) with E(0) < Ry.
Then, under Hyp.A with (1.4)" and Hyp.B there exist Ty > independent of Ry
such that if T > Ty, for any € > 0 we have

t+T t+T
/ / lul?dzds < CE/ (/ \p(x,ut)|2dx+/ utzdx>ds+eE(t),
t Q(R) t Q w

(3.11)

with a constant C, depending on € and Ry, where we except for the case Q = RN,
N =1,2, orV is star-shaped.

PROOF.  Similar inequalities are proved in [27], [28] and [11], [13], [20], and
we show an outline of the proof.
If the assertion is not true there exist {¢,,} and solutions {u, (¢)} such that

tn+T
/ / |, (s)|*dzds
tn Q(R)

> n/t:”+T (/w|un,t(s)|2dx+/9|p(x,un¢(t))|2>ds+6En(t), (3.12)

and E,(t) < E,(0) < Ry, where E,(t) is defined by E(t) with u(t) replaced by

un(t). We set
tn+T
/ / [y (s)|*dads = N2
tn Q(R)

and

un(' + tn)/)\n = Un(t)7 0<t<T.

If \,, does not tend to 0 we may assume A2 > ¢y > 0 for some €y > 0. Then
we see that {u, (¢ +1t,)} is bounded in L ([0, T]; Hi 10.(Q)) N W12 ([0, T]; L*(Q))
and, along a subsequence,

Up (- +1t,) — a(-) strongly in L2 ([0, T] x Q) and weakly* in L>([0,T]; Hy j0c(£2))
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and
Up (- + tn) — @ (+) weakly* in L>°([0, T]; L*(Q)).
Note that
T
/ / |ii(x, s)|*dxds > eg > 0. (3.13)
0 JoR)
Further,

T T
/ / [t i (5 + tn,)[Pdads + / / |p(z, (s + t,))|?drds — 0 as n — oo
0 Ju 0o Ja

and
9(un(tn +1)) = g(a(t)) i Lie( x [0,77) as n — oo.

Hence, the limit function @(t) € L([0,T]; Hy(Q) N L*T2(Q)) N Wh([0,T);
L? () satisfies the equation

Uy — At +g(@) =0 in Qx (0,7) (3.14)
and

t¢(x,t) =0 for (x,t) e wUQ(R) x [0,T].

When 909 C w (see (1.4)"), we can apply the unique continuation theorem due to
Ruiz [22] (cf. Zuazua [27]) to see that there exists a certain constant T > 0 such
that if T > Tp, u(z,t) = u(z) = 0 on Q(R) x [0,T], which contradicts to (3.13).

If \,, tends to 0 {v,(¢)} defined above satisfies vy, +(t)[|? + || Von (t)]|? < 2/ <
oo and very similar properties as w,(t + t,). In particular, by the assumption
lg(un)/un| < Clup|®, 0 < a<2/(N —2)", we see

glunlta +0) _ glwn)

An Un

Hence, the limit function v € L®([0,T]; Hy 1oe N H1(Q)) with v, € L=([0,T7;
L?(Q)) satisfies
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v —Av=0 in Qx(0,7T) (3.15)

and

ve(z,t) =0 for (x,t) € wUQ(R)® x [0,T].

Thus by a rather simple unique continuation theorem we see that if T > T,
ve(x,t) =0 on Q x [0, T], which implies v(z,t) = const. = 0 if 99 is not empty or
Q= RN, N > 3. This contradicts to ||v(t)|| r2(0,11x0(r)) = 1- O

Under the weaker assumption (1.4) we replace Proposition 3.3 by the follow-
ing:

PROPOSITION 3.4.  Let u(t) be a solution of (1.1)~(1.2) with E(0) < Ry,
satisfying additional condition

Juae ()] + [[Vue (8)]] < K

for some K > 0. Then, under Hyp.A with (1.4) and Hyp.B, there exist a large
To > 0 and a small 6 > 0 such that if T > Ty and E(0) < J, we have the estimate
(3.11) for any 0 < € < 1, where Ty is independent of Ry and K.

PROOF. By the same argument as above we obtain (3.14) if A2 does not
tend to 0. Under the weaker assumption I'(zg) C w (see (1.4)) it seems difficult
to apply the unique continuation theorem by Ruiz. However, under the additional
assumption we see that @(t) € Xo(T) = L=([0,T]; HoNL*T2)nWhee([0,T); Hy)N
W222([0,T); L2 () and if E(0) < § < 1 we can use a simpler unique contin-

uation theorem (see Appendix) and conclude again @(z,t) = 0 on Q(R) x [0,T],
T > Ty. Thus, we have a contradiction. O

REMARK 3.1. If a =0 we have,instead of (3.14),
v —Av+m(z,t)v =0 in (0,7) x Q

with m € L ((0,T) x Q(R)). It is delicate whether we can conclude v(z,t) = 0 on
[0,T] x Q(R) or not. When g(u) = u, linear, we see m(x,t) = 1 and the assertion
holds even for the case Q@ = RV, N =1,2.

Now, we take T,T > max{Tp,1}. Then we arrive at the following basic
inequality for E(t).

PRroPOSITION 3.5.  For T > Ty, we have
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t+T T
Xe(t+T) — Xe(t) + k/ / p(x, us)urdrds + €; / E(s)ds
t Q t

t+T
gc/ (/ |ut|2dx+/ g |2dc
¢ w Q(R)®
—|—/ |p(x,ut)|2dx—|—/ |p(x,ut)||u|dx>ds (3.16)
Q Q

where we recall

w (H)6(r) (& — z0) - Vau(t)dz + m / s (B)u(t)da
Q
+ C(nu(t), us(t)) — C(h - Vu(t), u).
We note that if V' is star-shaped, the last two terms appearing in the defini-

tion of xj(t) should be dropped. Under the weaker condition (1.4) we assume in
addition that F(0) < § < 1 and |Juu(t)]| + [|[Vu(t)] < K < .

REMARK 3.2.  When p(z,u;) = a(z)us with (1.4), linear, we can show in-
stead of (3.10),

+T +T
Xe(t+T) — () + k/ / p(x, up)urdzds + €1 / E(s)ds
¢ Q ¢

< C/tHT (/w|ut|2dx+/ga(z)|ut|2>dz, (3.10)

where {4(t) = xk(t) + [y a(@)|u(t)|?dz. From (3.10)" and the fact [ [, a(x)
Jut|?dzdt < E(0) < oo we see for a large k > 0,

/ E(t)dt < xr(0) + Cy < Cy < o0.
0
Since

S+ 0B} = B+ (1 + 0L B0 < B

we obtain

E(t) < Co(1+t)7h
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This is true for 0 < o < 2/(N —2)*, which is a new result for our semilinear wave
equation (cf. [13]).

4. Difference inequalities for E(t).
We have by (3.1),

t+T t+T
k;o/ / lug (s)| 7 2dads < / / x, ug)urdrds
Q(R)e

= E(t+T) = D(t)? (4.1)

and

t+T
/ / |ue(s)||u(s)|dzds
¢ Q(R)*
t+T 1/(q+2)
< </ / ut(s)|q+2dmd5)
¢ Q(R)°
t+T (q+1)/(a+2)
" (/ / |u(s)|(q+2)/(q+1)d:cds)
¢ Q(R)°

(a+1)/(a+2)
<o 2/(q+2>( / / |(q+2)/(’1+1)dmds)
Q(R)c

Here, by the fact suppu(t) C B(L +t),

t+T (g+1)/(q+2)
( / / |u(s)|(‘I+2)/(q+1)dxds>
t Q(R)e
t+T 1/(a+2) (qata+q)/(g+2)(a+2)
( /\u a+2d$> (/ 1dx>
B(L+t)

< C(L)(1 + t)Naatate)/(a+2)(a+2) p(py1/(at2),

(4.2)

IN

Hence we have

t+T
/ / lua(5) (o) dads
t Q(R)c

< C(L)(1 + t)Naota+a)/(a+D(e+2) )2/ (@) B/ (@D = 4, (1)2.  (4.3)
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We know from (4.3) that there exist t1 € [t,t + T/4], t2 € [t + 3T/4,t + T] such
that

/Q(R)C |(ue (t:), u(ti))|de < %Al(t)g, i=1,2. (4.4)

Thus, by Proposition 3.5 with t =t1, t + T = t3, € = €1/2 and (4.4) we have

o / " B(s)ds

ty

to
<C (/ |Ut|2d33+/ |Ut|2dx+/ |p($7ut)|2dx+/ |p(m,ut)||u|dx)ds
t1 w Q(R)c Q Q

+ 2kE(ty) + 2 Z {/ [ug (t; (z — x0) - Vu(t;)|dx

+mmvwmmmﬁ

. {/ e (t)uts) | de + C(nPu(ts), ut(ti))}

1=1,2
to
gc/ (/ |ut|2dx—|—/ |ut|2daj+/ |p(a:,ut)|2dx—|—/ |p(a:,ut)||u|dx>ds
t w Q(R)® Q Q
5
+ kE(t1)+CA1( +C Z/ g (t5) | Ju(t;) | dae (4.5)
1=1,2

for a large k > 0.
Further, if 09 # ¢ we see, by Poincare’s inequality,

GZ/'mt t)ldr < C S Jut)l|Vu(t)| < CE(t)  (46)

1=1,2 1=1,2

and if Q = RN, N > 3,

(N—2)/2N
CZ/ lug (£ )u(ts)|de < C|lug(t; {/ |u(t;)|PN/ (N = 2>dx}

1=1,2

<O Y lult)|[IVult)] < CE(t). (4.6)'

1=1,2
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Moreover,

to
3kE(t1) 3/<;E(t2)+3k/ /p(x,ut)utdacds
t1 Q

3k b2

Tl —t1 Sy

E(s)ds + 3kD(t)*

to
%1 E(s)ds + 3kD(t)? (4.7)
ty

IA

where we take further T > 3ke; . Then, we have from (4.5), (4.6) (or (4.6)") and
(4.7) that

ta

E(s)ds < C(I1 + I + Iy + D(t)* + A1 (t)?) (4.8)

t1

where we set

t+T
I :C’/ (/ |ut\2dm+/ |u,g|2dx>ds7
t w Q(R)°
T
I = C/ / |p(z, uy)|?dads
¢ Q

and

t+T
I3 = C/ / |p(x, ue)||uldzds.
¢ Q

(For the definition of A;(¢)? see (4.3).)
Further we see from (3.1) that

t+T 1 123
E(t) < E(t2) —|—/ / p(z, up)urdzds < T/ E(s)ds + D(t)?
t Q t1
and hence, recalling the definition of A;(t)?,

E(t) <C(I) + I + I3 + D(t)?)
+ C(L)(1 + t)Nlaatata)/(a+2)(e+1) p(3)2at2)/(a+2)(a+]) (4.9)
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Our task is to estimate the terms I;,7 = 1,2, 3. For this we introduce the following
notations:

(1) ={z e Ql|u(z, )| <1}, Qo(t) = {z € Q[ |u(z, )| = 1},
wi(t) = Ql(t) ﬁw, 1= 1,2,

and

Qi(t,R) :Qi(t)ﬁB(R>, 1=1,2.

Then,

t+T 2/(r+2) t+T
L < C(/ / |ut|r+2dazd$) + C/ / |ug [PH2dwds
t wi(s) t w2 (s)

t+T 2/(a+2)
4 O(L)(1 4 1N/ @+2) ( / / |ut|q+2dxds)
¢ Q(R)

< C(D®)YTHD 4 D(t)? + C(L)(1 + )N/ (@2 p(g) ¥/ (a+2)), (4.10)

t+T t+T
I < C/ / a(a)|ug 2TV dads + C’/ / a(z)|u|>PTVdxds
t Q1(s,R) t Qs(s,R)

t+T
e / / g [26D) dpds
¢ Q(R)*

t+T
< C/ / a(z)|u|"2dads
t Ql(S,R)

t+T 2(p+1)(1—601)/(p+2) 2110
o f (/’ a@wmﬁmﬁ ot () 270 s
t QQ(S,R)

t+T 2(g+1)(1-02)/(q+2) (0110
+c/ (/ |ut|q+2dz> \|Vut(5)||ﬁ(q+ 92 15
t Q(R)e

where 8 = 2N/(N — 2)* and

Np

S P § 16 Y PG [ )

and
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Nq
(g+1)(2N — (¢ +2)(N -2)%)

0y =

(A trivial modification is needed if N = 2.) Hence, by Gagliardo-Nirenberg in-
equality and the definition of D(t)?, we see

I, < CD(t)? + CD(t)*PTDA=00/(0+2) g3 (e+1)01(1=0) |74, () || 2P+ 100

+ CD(t)4(q+1)(1792)/(q+2)E(t)(q+l)0z(1fé) ||Vut(s)||2(q+1)92‘§ (4.11)
where
1 if N>3,
0=(1/2—1/3)N={1-6,0<6<1, if N=2
1/2 if N=1.
Finally,

t+T
ggc/ (/) o) el |
t Q1(s,R)

+/ a(x)|ut|p+1|u|dm+/ |ut|q+1|u|dz>ds
Q2 (s,R) Q(R)°

=I31+ I32 + I33. (4.12)

Here, we see

t+T 1/2 t+T 1/2
I31 < C’(/ / a(x)|ut|2(r+1)dmds> </ / |u|2dxds>
t Ql(S,R) t Ql(S,R)
t+T 1/2 t+T 1/2
< C’(/ / a(x)|ut|r+2dxds> (/ / |u|2dxd5)
¢ Q1 (s,R) ¢ Q(R)

t+T 1/2
< CD(t) </ / |u|2dxds> . (4.13)
¢ Q(R)

Further,
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1/2 (N—2)/2N
(/ |u2dx> < C(/ |u|2N/(N2)dm)
Q(R) QR)

< C|Vu(t)|| < C\/E(t) if N> 3.
When 02 # ¢ the result is also true for the case N = 1,2 due to Poincare’s
inequality. (When o = 0 the inequality [|u(t)|| < C/E(t) is trivial even for the

case Q = RN, N =1,2.)
Thus, we have from (4.13) that

Is1 < CD()VE®). (4.14)

Similarly, we have

t+T (p+1)/(p+2)
I35 < C’(/ / a(x)ut|p+2dxds)
t QQ(S,R)

t+T 1/(p+2)
X (/ / |u|p+2d33ds)
¢ Q(R)

< OD(t)HPH)/+2) /B (1), (4.15)

The treatment of the term I3 3 is a little more delicate and we need the fact
suppu(t) C B(L +t). We see

t+T (a+1)/(q+2) t+T 1/(q+2)
I33 < C(/ / ut|q+2d1:ds> (/ / |uq+2dmds) .
t Q(R)e t Q(R)°

Here, if a > g,

(¢+2)/(a+2) (a—q)/(a+2)
/ |u|9T2dx < (/ |u|°‘+2d:v> (/ 1dx>
Q(R)* B(L+t) B(L+t)
C(L

(L)1 + t)N(afq)/(aJr?)E(t)(q+2)/(a+2)

and if a < g,

2)(1-6
/Q(R), Jul 12z < Cllu(t)[$5570) [Vu(e)) (2

< CB(t)a+2)(2+abs)/2(a+2)
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with

1/(a+2)—1/(q+2) 2N (g — a)
I/N+1/(a+2)—1/2  (¢+2)(4+2a— Na)’

03 =

Hence we have

I35 < C(L)D(t)> 0t/ (a+2) p)l/ ety (1) (4.16)

where we set

{(1 + t)N(a*q)/(oﬁ?)(qH) if a>gq,
w(t) =

E(t)Na(q—a)/(a+2)(q+2)(4+2a—Na) if a<gq.
Summarizing above we obtain from (4.9) that
E(t) < C(D@)Y "2 + D()?) + C(L)(1 + t)Ne/ a2 p(3)*/(a+2)
+ CD(H)H Pt DA=01)/(0+2) gy P+ (1=0)| 7y, () ||2(PF1)010

+ CD(t)MNa+D(1=02)/(a+2) p(p)(a+1)82(1-0) ||Vut(s)|\2(q+1)‘92‘§

+C(D(t)+ D(t) 2(p+1)/(p+2 \/7_‘_ oL 2(q+1)/(q+2)E( )1/(a+2)w(t)

+C(L)(1+ t)N(qoc+q+a)/(q+2)(a+1)D(t)2(a+2)/(q+2)(a+1). (4.17)

Noting that

w(t)@F2/ (et < O (L)(1 + t)Naatata)/(a+2)(a+1)
and absorbing /E(t) appearing in the right-hand side of (4.16) into the left-hand
side we arrive at the difference inequality for E(t).
PROPOSITION 4.1.
E(t) < C(D(t)‘l/(’“”) + D)% + D(t)4(p+1)/(”+2)) +C(L)(1 + 75)Ntz/(q+2)D(t)4/(q+2)
+ CD(t)4(p+1 )(1— 91)/(p+2)E( £) p+1)91(1—é)Hvut(s)”Q(p-‘rl)elé
+ CD(t)MatD(1=02)/(a+2) p3) (a+D)02(1-0) | 7y, ()| 2a+1)020

+ Co(L)(1 + t)Nlaatata)/(a+2)(a+D) p(¢)2at2)/(a+2)(a+1) (4.18)
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where we recall

6, = Np 0, = Ng
TN - (p+2(N-2)%) P (g+ DN — (¢ +2)(N —2)T)
and
1 if N >3,
0=(1/2—1/3)N={1-6,0<6<1, if N=2
1/2 if N=1.

When Q = RN or V is star-shaped the term D(t)* (2 in (4.18) should be
dropped.

5. Proof of Theorem 2.1.

We assume p = ¢ = 0. Then 6y = 65 = 0 and (4.17) is reduced to the simple
difference inequality

E(t) < (CoD(t)*F2) 4 Co(L)(1 4 t)No/2t0) p(g)(et2)/ (o)), (5.1)
Applying Lemma 2.1 to (5.1) we have
B(t) < Co(L)(1+8)7" if (N —1)a <2 (5.2)
with y = min{2/r,2/a + 1 — N} and
E(t) < Co(L)(log(2 + 1)) if a=2/(N —1). (5.3)

When Q = RN or V is star-shaped the term D(t)*("+2) is ignored and we have
the estimate (5.2) with v =2/a 4+ 1 — N and also (5.4).
6. Proof of Theorems 2.2, 2.3.

We employ a ‘loan” method. Since D(t) < Cp < oo (4.18) is reduced to a
little simpler form
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E(t) < CO(L){D(t)‘l/(’”"‘Q) + 1+ t)N(qa+q+a)/(q+2)(a+1)D(t)2(0+2)/(Q+2)(a+1)}
4 CD(t)4(p+1)(1—91)/(p+2)E(t)(p+1)91(1—5) ||Vut(8)||2(p+1)015

+ CD(t)4(q+1)(1—92)/(q+2)E(t)(q+1)92(1—§) Ve (s) ||2(q+1)025. (6.1)

We fix T such that T > 4T and take any T>T> 4Ty. We assume for a moment
that

lue (] + IVur ()] < K, 0<t<T+T. (6.2)

In fact, this is true for 0 < t < T+T if we choose a large K = K (T) > 1. We must
show that K can be chosen independently of T'. Anyway, under the assumption
of (6.2) we have from (6.1) that

E(t) < Co(L){ DY+ 4 (1 4 t)N(aacta+e)/(a+2)(atD) p(py2a+2)/(a+2) (et 1)
+ CK2(1)+1)919~D(t)4(p+1)(1*91)/(p+2)E(t)(p+1)01(1*5)
+ CKXat1)020 D) 4(a+1)(1-02)/(a+2) (4 (a+1)02(1-6) 1,
0<t<T+T. (6.3)
First we consider the case N > 3. Then,
01 = Np/(p+1)(4+2p— Np), 6s=Ngq/(qg+1)(4+2¢— Ng) and 6 =1.
Hence we have from (6.3) that
E(t) < CO(L){D(t)‘*/(T”) +(1 +t)N(qa+q+a)/(q+2)(a+1)D(t)Q(a+2)/(q+2)(a+l)

+ K2Np/(4+2p=Np) 1y (4)4(2+2p=Np)/(4+2p=Np)

=+ KQNQ/(4+2q—Nq)D(t)4(2+2q—Nq)/(4+2q—Nq) } (6.4)

Applying Lemma 2.2 to (6.4) we can derive the decay estimate for E(t) which is
stated as follows:

PROPOSITION 6.1. Let K > 1 and assume

lue ()] + |Vu ()] < K, 0<t<T+T.
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Then, if 3 < N < (a+2)/(qa + ¢ + ), we have

E(t) < Co(L)K*NWN=2D1 44)™7, 0<t<T+T (6.5)
with
) {2 a+2 2(2+2p — Np) 2(2+2qu)}
=minq —, — IV, s .
! rgatqta (N —2)p (N —2)q

When Q = RN orV is star-shaped we can drop 2/r in the definition of ~.

Next we consider the case N = 1,2. Then we see 61 = p/2(p + 1), 0 =
q/2(q + 1), and using the fact E(t) < E(0) we have

E(t) < CO (L){D(t)4/(r+2) + (1 + t)(qa+q+a)/(¢J+2)(a+1)D(t)2(a+2)/(Q+2)(a+1)}

+ C{KP D(t)*Et)P 972 4 K9P D(1)?E(1)10 /2
< CO(L){D(t)4/(T+2) + (1 + t)laatate)/(a+2)(a+1) p(4)2at2)/ (a+2)(at1)

+ KPP D)2 )+ K99 D(t)2(-)} (6.6)

with any 0 < v < 1. Applying Lemma 2.1 we have the following estimates.

PROPOSITION 6.2. Let K > 1 and assume
e (8)]| + [[Vue ()| < K, 0<t<T+T.

Further assume that N =1,2 and N < (a+2)/(qae + ¢ + ). Then we have

E(t) < Co(L)K™(1+1)7", 0<t<T+T (6.7)
with
- 2 2 1-
m=pv~! and 'y:min{, ot — N, V},
roqou+q+ o v

where v, 0 < v < 1, is arbitrary. (2/r can be dropped when V is star-shaped or
Q=RN)

We shall choose v as
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1—v . {2 o+ 2 }
=minq —-,——— — N 5,
v rqo+q+ o

that is,

v = max { — gatqta
r+2 a+2—(N-1)(qa+q+a) ]’

Then we see

~ 2 2
m = pf min T , ot —(N-=1)7.
r oqa+q+a

By use of the estimates (6.5) and (6.7) with above m, v we shall derive the estimate
for ||uee(t)]] + ||Vue(t)]]. We employ a similar argument as in [17], [18]. We set

Ei(t) = = (llua®? + IVue(©)]1?).

N | =

PROPOSITION 6.3. Assume that
E(t)<CK™(1+1t)7", 0<t<T+T, (6.8)

with some m > 0 and v > 0. Assume further that there exists €, 0 < € < 1, such
that

ey(2+4a — Na)
4

ey(4+ 6a — Na)

1 if N>3 and
LN =3 and S TN

>1 if N=1,2. (6.9)

Then we have
Ei(t) < {Cy + C(OEOK")*, 0<t<T+T (6.10)

where Cy is a constant depending on |[uo||m, + [lu1l|#z, and the exponents yu,m are
given by
j=(1- /(2 +4a + Na),
(N —-2)a/2+em(2+4a— Na)/4 if N >3, (6.11)
T\ em(4+ 60— Na)/2(4 + 20 — Na) if N =1,2. '
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(When N = 2, the exponent 1) in (6.10) should be replaced by n+ 6, 0 < 6 < 1.)

Proor. Differentiating the equation we have formally,
Uger — Aty 4 po(, u)uge = —g' (w)uy. (6.12)

Multiplying the equation by us and integrating we have

d 1/2
GE0 <0 [ ltuludas < o [ puPas) il
Q Q
and hence
d 1/2
— El(t)§0</u|2°‘ut2dz> . (6.13)
dt o

(6.13) is valid in the distribution sense for the solutions u(-) € X5 o.. Here,

[ 12
Q
(N-2)*a/N (
< (Lo ) ([ mrov=areiqg
Q Q

a(l1—6 b —0
< Clu) 235N u) 12 e ()15 | Vue (£) 137 (6.14)

N—(N-2)ta)/N

with § = (N —2)Ta/2 and § = (2N — (a +2)(N —2)1)/(4+2a — Na). (A trivial
modification is needed if N = 2.) Hence,

[ Pl < AT pye@ e g
Q

K(N72)aE(t)(2+4a7Na)/2 if N>3
<C (6.15)
E(t)(4+6a7Na)/(4+2a7Na) if N=1,2.
We make a simple device

E(t) < E(0)'“B(t), 0<e<1.

Then, if N > 3, it follows from (6.13) and (6.15) that
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t
\/EWS El(O)—|—CK(N72)Q/2E(O)<17€)(2+4Q7Na)/4/ E(S)e(2+4a7Na)/4dS
0

t

<Ci+ CE(O)“K(N‘z)a/2/ Kem@tia—Nea)/d(] 4 g)=re(2+da—Na)/4 g,
0

(6.16)

for any €, 0 < e < 1. Under the assumption (6.9) we have the estimate (6.10) with
C(e) =C/{ey(24+ 4o — Na) — 4}. When N = 1,2 we have, instead of (6.16),

VEL(D) < Cy + CKemd+6a—Na)/2(4+20-Na)

t
></ (1+S)—76(4+60¢—N04)/2(4+20¢—N04)ds (6.16)/
0

and (6.10) follows, where C(e) = C'/{ey(4+ 6a — Na) —2(4 +2a — Na)}. O

Now we are in a position to complete the proof of our Theorems 2.2 and 2.3.

We first assume (6.2), ||uw(t)]| 4+ |Vue(t)]] < K, 0 <t < T +T. Then,
by Propositions 6.1, 6.2, we have the estimate (6.8), where m,~ are given as in
Propositions 6.1, 6.2, according to the case N >3 and N =1,2.

Assume (6.9) and take K > 1 such that K2 > 2C%. Then, if E(0) is suffi-
ciently small, we have from (6.10) with e = 1,

&
=
IA

with some € > 0. This implies
)] + |[Vu:()| < K —é< K, 0<t<T+T,

and we conclude that the estimates (6.2) and (6.5) (or (6.7)) hold in fact on [0, 00).
The condition (6.9) with € = 1 becomes

4 . 24+ 20— Na) .
it N>3 and y> 2T NY e N 12 (6.9)
7 3 da —Na L N3 ad > 2. (69)

Thus, Theorems 2.2 and 2.3 are proved for the case E(0) is sufficiently small.
Next we show the estimates (6.2) and (6.5) (or (6.7)) on [0, c0) without smallness
condition on E(0). Note that (6.10) implies

lua ()] + [Vue(t)]] < CLK?, 0<t<T+T. (6.10)
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Assume that there exists €, 0 < € < 1 such that (6.9) holds and n < 1. Then we
can conclude that for a large K >> 1, the estimates (6.2) and (6.5) (or (6.7)) hold
in fact on [0,00). We first consider the case N > 3. Then the required condition
is reduced to

4 - <2(2+2a—Na)
v(24 4a — Na) ‘ m(2+ 4a — Na)

for some 0 < e < 1. It is easy to see that the condition is equivalent to:

4

B R |
v(2 4 4a — Na) =

and

4 22 + 2a — Na)
v2+4a - Na) ~ m(2+4a— Na)’

Thus, the required condition is further reduced to

4 2m } _ AN 6.17)

> , = .

K max{2+4a—Na 2+2a—Naf (N—2)(2+2a— Na)

Theorem 2.2 for the case without smallness condition on E(0) is now proved.
When N = 1,2 we see by a similar argument that the required condition is

2(4+2a— Na)
_ 1
fy>max{ I+ 60— Na ,m} (6.18)
We know
- 2 2 ~ N
mp@min{r+, ot (Nl)}7 0=—,
r qga+qg+a 2
and

. {2 o+ 2 }
¥ =min< -, —— — N ;.
rqou+q+ao

Hence (6.18) becomes
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2
mind 2 —9F2
rqo+q+ o

2(4+2a— Na) T+ 2 o+2 N -1
———— = ,pNmi — . (6.20
>max{ 4i+6a—Na P mm{ 2r ' 2(qa+q+ ) 2 }} (6:20)

When V is star-shaped we replace (6.20) by

a+ 2
ga+qg+ o

_N>max{2(4+2a—Na) pN (o +2) = N2—1}. (6.20)

44+ 6a— Na "2(qa+q+«

Thus we have proved Theorem 2.3 for the case without smallness condition
on E(0).

Appendix.

Here we prove the following simple unique continuation theorem used in the
proof of Proposition 3.4.

PROPOSITION A.1.  We assume Hyp.B. Let u(-) € Xo(T) = L>([0,T]; Hy N
Loty nWwhee((0,T); Hy) N W2([0,T7]; L?,.(22)) be a solution of the problem

ure — Au+g(u) =0 in Qx[0,7T)

with ug(z,t) = 0 on w U Q(R)C. Then there exists To > 0 and € > 0 such that if
T > Ty and E(0) < €, we have u(z,t) =0 on Q x [0,T].

PROOF. Set w(x,t) = uw(x,t) and ws(x,t) = w(x,-) * ps(-) where ps(t) is a
mollifier with supp ps(-) C (=6,0), 0 < § < 1. Then ws € C([0,T]; H2(Q(2R))) N
C([0,T]; H1(2R)) is a solution of the problem

wst — Aws + ¢ (wW)w x ps(t) =0 in Q2R) x [6,T — 4. (A1)

Now applying the same, in fact, a simpler argument deriving (3.10) to (A.1) and
noting that ws; = ws = 0 on w U Q(R)® we have

d .
—xk<t)+e1/ (Jwsal? + |Ves|?)da
dt Q(R)

<c / 19 (w)w » s (8)] (o] + s
Q(R)
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a/2(a+1)
<0 s ( / ( )|u2<“+l>dx) sup [ Ve(s)| (s ()] + ws()])
R

t—6<s<t+6 t—6<s<t+6

< CE(0)*/? sw [Vw(s)l|(lwse ()] + [[ws@)1]), (A.2)

t—0<s<
where X (t) is defined with u replaced by ws (note that here in the definition of

Xk(t), we set E(t) = (1/2)(|lws+(0)[|* + [[Vws(t)]|?)). Integrating (A.2) in ¢ and
letting  tend to 0 we have

T
) t)+el/0 /Q(R) (Jwel? + [Vul?)deds
T
< 00+ CEO [ (ol +[Vu@IP)r, (A2

where yx(t) is defined with u replaced by w. Further, by the standard energy
identity we see

S, (lwe )1 + [IVw(t)[|*)

< inf (Ju ) + [V ®)?) +2 / / wyw|wr|dedt

0<t<T

< dnt (Jlen(®) + [Vw (o)) + CE0)" / (@) + [V ()]?)dt
(A.3)

It follows from (A.2)’, (A.3) and the fact x(0) < C(|jw(0)||* + ||[Vw(0)]|?)
that

(@ = CBO) [ (O] + [Tu(o)]?)d
1 T
< inf (Ju®) + [Ve®)]?) SCT/O (lwe @) + [IVw(®)[|*)dt. (A.4)

Thus we conclude that if £(0) is small and T is sufficiently large, then w(t) =
const. for 0 <t < T. Since w(x,t) = 0 for |z| > R we have w(z,t) = 0 and
hence, u(z, t) = u(z), independent of ¢. Returning to the original equation we see

—Au+g(u)=0 in Q. (A.5)
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By the assumption E(0) < co and Hyp.B we know u € Hy N L®t2, and hence
(A.5) implies

| Vul|? + /Qg(u)ud:v <0

and we conclude u(z) = 0. O
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