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Continuous limit of the difference second Painlevé equation

and its asymptotic solutions

By Shun Shimomura

(Received Dec. 13, 2010)

Abstract. The discrete second Painlevé equation dPII is mapped to the
second Painlevé equation PII by its continuous limit, and then, as shown by
Kajiwara et al., a rational solution of dPII also reduces to that of PII. In this
paper, regarding dPII as a difference equation, we present a certain asymptotic
solution that reduces to a triply-truncated solution of PII in this continuous
limit. In a special case our solution corresponds to a rational one of dPII.
Furthermore we show the existence of families of solutions having sequential
limits to truncated solutions of PII.

1. Introduction.

The non-autonomous mapping

dPII yn+1 + yn−1 =
(a0n + 2)yn + a1

1− y2
n

with a0, a1 ∈ C is known as the discrete second Painlevé equation [2], [6], [8], [9].
If we put

iεn = x, yn = iεv(x), a0 = −iε3, a1 = −iε3α,

this becomes

v(x + iε) + v(x− iε) =
(2− ε2x)v(x)− ε2α

1 + ε2v(x)2
, (1.1)

which may be regarded as a difference equation with respect to the variable x.
Equation (1.1) is also written in the form
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(iε)−2
(
v(x + iε) + v(x− iε)− 2v(x)

)
=

2v(x)3 + xv(x) + α

1 + ε2v(x)2
, (1.2)

and the limit ε → 0 yields the second Painlevé equation

PII v′′ = 2v3 + xv + α

(′= d/dx) [7]. If a1/a0 ∈ Z or α ∈ Z, then dPII or (1.1) admits a rational solution
(see [4], [10]). Kajiwara et al. [4] proved that this rational solution reduces to
that of PII in the limit ε → 0. In general, however, few results are known about
the relation between a solution of a difference equation and that of the resultant
differential equation of its continuous limit, or about the behaviour of a solution
in the process of the limit.

The purpose of this paper is to show that this continuous limit of (1.1) to
PII may be analytically justified also for certain kinds of asymptotic solutions
of (1.1) including the rational solution mentioned above as a special case. Our
main results are stated in Section 2. In Theorem 2.2, for each α ∈ C, we present
an asymptotic solution of (1.1) that reduces to a triply-truncated solution of PII

as ε → 0. Furthermore, in Theorem 2.4 we describe one-parameter families of
solutions having sequential limits to truncated solutions of PII.

The solution in Theorem 2.2 is asymptotic to a formal power series given in
Theorem 2.1, which is proved in Section 3. In Section 5, we derive a nonlinear
difference equation (cf. (5.3)) equivalent to (1.1) by using some lemmas given
in Section 4. In Section 6, for this equivalent equation, we show the existence
of a solution asymptotic to zero, from which our desired solution in Theorem
2.2 immediately follows. The equivalent equation may be regarded as a nonlinear
perturbation of an associated linear difference equation (cf. (6.1)). In our argument
we have to handle these equations in a domain where the value of |ε2x| ranges from
0 to +∞, and we need some appropriate expressions of solutions of this associated
linear equation uniformly valid in this domain. Such uniform expressions are given
in Corollary 6.3. In Section 7 we prove Theorem 2.4 by constructing the families
of solutions in strip domains. In showing their relation to truncated solutions of
PII, we use the fact that the associated linear difference equation is mapped to
a differential equation of Airy type by its continuous limit. The final section is
devoted to the proof of Proposition 6.2 for a system of linear difference equations.
We find a fundamental matrix solution of it, which yields the uniform expressions
in Corollary 6.3. The key to constructing it is the Euler-Maclaurin summation
formula (cf. Lemma 8.7).

Throughout this paper, for functions φ1(ε, x) and φ2(ε, x) not necessarily
real-valued, we often write φ1(ε, x) ¿ φ2(ε, x) or φ2(ε, x) À φ1(ε, x) if φ1(ε, x) =
O(φ2(ε, x)), that is, φ1(ε, x)/φ2(ε, x) = O(1).



Difference second Painlevé equation 735

2. Main results.

Let us begin with a formal solution of (1.1).

Theorem 2.1. Equation (1.1) possesses a formal solution of the form

v̂(ε, x) :=
∑

j≥1

cj(ε)x−j . (2.1)

The coefficients cj(ε) are polynomials in ε2 and α, which are uniquely determined,
and the first eleven of them are listed as follows:

c1(ε) = −α, c2(ε) = c3(ε) = 0,

c4(ε) = 2α(α2 − 1), c5(ε) = c6(ε) = 0,

c7(ε) = −4α(α2 − 1)(3α2 − 10), c8(ε) = 0,

c9(ε) = −4α(α2 − 1)(12α2 − 35)ε2,

c10(ε) = 8α(α2 − 1)(12α4 − 117α2 + 280),

c11(ε) = −4α(α2 − 1)(37α2 − 84)ε4.

Moreover, v̂(ε, x) has the properties:

(1) the series

v̂0(x) := v̂(0, x) =
∑

j≥1

cj(0)x−j

is a formal solution of PII;
(2) for each ε ∈ C, the series v̂(ε, x) converges if and only if α ∈ Z.

The second Painlevé equation PII possesses a solution vII(x) admitting the
asymptotic representation

vII(x) ∼ v̂0(x) =
∑

j≥1

cj(0)x−j (2.2)

as x →∞ through any closed sector contained in | arg x−π| < 2π/3, which is one
of the triply-truncated solutions of PII (see [3]). This is the unique solution that
satisfies (2.2) in a sector | arg x− π| < θ0 with π/3 < θ0 < 2π/3.

Formal series (2.1) is decomposed into two parts:
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v̂(ε, x) = v̂0(x) + ε2v̂∗(ε, x) (2.3)

with

v̂∗(ε, x) :=
∑

j≥1

c∗j (ε)x
−j , c∗j (ε) := ε−2(cj(ε)− cj(0)) ∈ C[ε2].

For positive numbers ε0 and r, we define the interval E(ε0) ⊂ R and the half-plane
H(r) ⊂ C by

E(ε0) : 0 < ε < ε0, H(r) : Re x < −r.

For x ∈ H(r) we take arg x so that | arg x − π| < π/2. Our solution admitting
v̂(ε, x) as its asymptotic expansion is given by the following:

Theorem 2.2. Let ε0 be a given positive number. Then equation (1.1)
possesses a solution of the form

v(ε, x) := vII(x) + ε2v∗(ε, x)

in the domain E(ε0) × H(r0) ⊂ R × C, provided that r0 = r0(ε0) is sufficiently
large. Here

(1) v(ε, x) and v∗(ε, x) are continuous in ε ∈ E(ε0) and holomorphic in x ∈ H(r0);
(2) v∗(ε, x) admits the asymptotic representation

v∗(ε, x) ∼ v̂∗(ε, x) =
∑

j≥1

c∗j (ε)x
−j

uniformly for ε ∈ E(ε0) as x → ∞ through any closed sector contained in
| arg x− π| < π/2.

In addition, if a solution ṽ(ε, x) satisfies ṽ(ε, x) = O(x−1) uniformly for ε ∈ E(ε0)
in H(r0), then ṽ(ε, x) ≡ v(ε, x).

Remark 2.1. In a half-plane, an asymptotic property of v∗(ε, x) may be
described, at least, in a weaker form. For each integer N ≥ 2, we have

v∗(ε, x) =
N∑

j=1

c∗j (ε)x
−j + O((Re x)−N−1)
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uniformly for ε ∈ E(ε0) as x →∞ through H(r(N)
0 ), where r

(N)
0 ≥ r0, in particular

r
(2)
0 = r0, is a sufficiently large positive number (cf. the argument in Section 6.3).

As an immediate consequence of Theorem 2.2 combined with Remark 2.1 we
have the following:

Corollary 2.3. The solution v(ε, x) satisfies v(ε, x) → vII(x) as ε → 0
uniformly in the half-plane H(r0).

Remark 2.2. If α ∈ Z, the series v̂(ε, x) converges to a rational solution
of (1.1) (cf. Section 3), and vII(x) (= limε→0 v(ε, x)) is also a rational solution of
PII. About rational solutions this corollary agrees with the result of [4].

For positive numbers δ (< π/2), r and R, let S−(δ, r,R) and S+(δ, r,R) be
the strip domains defined by, respectively,

S±(δ, r,R) := {x | −(r + R) < Re x < −r, ± (arg x− π) > δ} ⊂ H(r).

Theorem 2.4. Let δ (< π/2) be a given positive number. Then equation
(1.1) possesses one-parameter families of solutions V−(δ) and V+(δ) given by

V±(δ) :=
{
v±(σ, ε, x) := v(ε, x) + V±(σ, ε, x) | σ ∈ C \ {0}}

with the properties:

(1) for every R ≥ 1, V±(σ, ε, x) restricted to E(εσ,R)×S±(δ, rσ, R) are continuous
in ε ∈ E(εσ,R) and holomorphic in x ∈ S±(δ, rσ, R), and admit the expressions

V±(σ, ε, x) = σx−1 exp
(

1
iε

∫ x

x±0

ϕ±(ε, t)dt

)
(1 + O(x−1/2))

with the integrands satisfying

ϕ±(ε, x) = (1 + O(x−1)) log ρ±(ε, x),

ρ±(ε, x) := 1 +
e−πiε2x

2
±

√
e−πiε2x +

ε4x2

4
(2.4)

and with base points x±0 = |x±0 |e(π±δ)i depending only on δ, where εσ,R =
εσ,R(δ) (respectively, rσ = rσ(δ)) is a sufficiently small (respectively, large)
positive number depending on (σ, δ,R) (respectively, only on (σ, δ)) and the
square root is chosen so that Re

√ · > 0 as Re(e−πiε2x) → +∞;
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(2) for each σ there exists a sequence {εn | n ∈ N} such that, for every R ≥ 1,
v±(σ, εn, x) with εn < εσ,R converge uniformly on every compact set contained
in S±(δ, rσ, R) as εn → 0, and the limit functions in the strip domains coincide
with truncated solutions of PII admitting the expressions

vII(x) + σC±x−1/4 exp
(
∓ 2

3
x3/2

)
(1 + O(x−1/2)),

respectively, as x →∞ through

S±(δ, rσ,+∞) :=
⋃

R≥1

S±(δ, rσ, R) = {x | Re x < −rσ, ± (arg x− π) > δ},

where C± ∈ C \ {0} are some constants independent of σ.

Remark 2.3. The constants rσ and εσ,R satisfy rσ ≤ rσ′ and εσ,R ≥ εσ′,R

if |σ′| ≥ |σ|. Furthermore, for δ 6= δ′, if S±(δ, rσ(δ), R) ∩ S±(δ′, rσ(δ′), R′) 6= ∅,
then solutions v±(σ, ε, x) ∈ V±(δ) with ε < min{εσ,R(δ), εσ,R′(δ′)} are continued
analytically to S±(δ′, rσ(δ′), R′), respectively (see Section 7.2).

Remark 2.4. From the expressions of ϕ±(ε, x) given above, we may derive,
for fixed base points x±0 ,

1
iε

∫ x

x±0

ϕ±(ε, t)dt =
i

ε3

((
1 +

e−πiε2x

2

)
log

(
1 +

e−πiε2x

2
±

√
ε4x2

4
+ e−πiε2x

)

∓
√

ε4x2

4
+ e−πiε2x

)
+ O(x1/2)

uniformly in E(ε0)×H(r0) by using the facts that the primitive functions of log(z±√
z2 − 1) are z log(z ± √z2 − 1) ∓ √z2 − 1, respectively, and that log ρ±(ε, t) =

O(εt1/2). Hence, in E(εσ,R)× S±(δ, rσ, R),

V±(σ, ε, x) = σ exp
(
∓ 2

3
x3/2(1 + o(1))

)

as ε2x → 0, x →∞, and

V±(σ, ε, x) = σ exp
(
∓ ix

ε

(
log(ε2x)− 1− πi + o(1)

))
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as ε2x → ∞ (see also Proposition 6.1, (3), (4) and Remark 6.1). For each ε,
V±(σ, ε, x) decay as x →∞ through S±(δ, rσ, R), respectively.

Remark 2.5. For each ε such that iε3 ∈ R \ {0}, equation (1.1) admits
asymptotic solutions that can be continued meromorphically to the whole complex
plane C. Such solutions are easily obtained from the asymptotic solutions given
by [11, Theorems 2.11 and 2.12]. It is easy to see that, for every R ≥ 1, the
solutions v±(σ, ε, x) with ε ∈ E(εσ,R) are continued meromorphically to the strip
domain −(rσ + R) < Re x < −rσ. For v±(σ, ε, x) and v(ε, x) except for rational
solutions, however, the possibility of their meromorphic continuation to C is an
open problem.

3. Proof of Theorem 2.1.

In this and the subsequent two sections, ε denotes a complex parameter.
Set v(x) =

∑
j≥1 cj(ε)x−j and substitute it into (1.2). Since

v(x + iε) + v(x− iε)− 2v(x)

=
∑

j≥1

cj(ε)x−j
(
(1 + iεx−1)−j + (1− iεx−1)−j − 2

)

= 2ε2
∑

j≥1

∑

k≥1

cj(ε)(j)2k

(2k)!
(−1)kε2(k−1)x−j−2k, (3.1)

we have

α + c1(ε) +
∑

j≥1

cj+1(ε)x−j = −2
(∑

j≥1

cj(ε)x−j

)3

− 2
(

1 + ε2

(∑

j≥1

cj(ε)x−j

)2)

×
∑

j≥1

∑

k≥1

cj(ε)(j)2k

(2k)!
(−1)kε2(k−1)x−j−2k (3.2)

with (j)2k := j(j + 1) · · · (j + 2k − 1). Comparing the coefficients of x−j on both
sides, we have

c1(ε) = −α, c2(ε) = c3(ε) = 0,

cj(ε) = Πj(ε2; c1(ε), . . . , cj−1(ε)) (j ≥ 4),

where Πj(ε2; c1, . . . , cj−1) are polynomials in (ε2, c1, . . . , cj−1) with integer coeffi-
cients. Then cj(ε) ∈ C[ε2] (j ≥ 1) are recursively determined, and we obtain the
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formal solution v̂(ε, x) of (1.1) as in Theorem 2.1.
Equality (3.2) with ε = 0 is written in the form

α + x
∑

j≥1

cj(0)x−j + 2
(∑

j≥1

cj(0)x−j

)3

=
∑

j≥1

j(j + 1)cj(0)x−j−2,

which implies that v̂0(x) is a formal solution of PII.
To prove property (2) of the theorem, suppose that v̂(ε, x) with ε 6= 0 con-

verges around x = ∞. By (1.1), it is continued meromorphically to the whole
complex plane and must be a rational solution of (1.1). Then the corresponding
dPII with a0 = −iε3, a1 = −iε3α also admits the rational solution yn = iεv̂(ε, iεn),
and, by [12, Theorem 2.2], we have a1/a0 = α ∈ Z. In case ε = 0, the convergence
of v̂(0, x) = v̂0(x) implies α ∈ Z (see [5]). Thus the only if part of (2) has been
verified. To show the if part, suppose that α ∈ Z and that ε 6= 0. Let vα,ε(x)
be the corresponding rational solution of (1.1) [4], [10]. It is easy to see that
vα,ε(x) = −αx−1 + O(x−2) around x = ∞, and hence the Laurent series expan-
sion of it must coincide with v̂(ε, x), since the coefficients of v̂(ε, x) are uniquely
determined as shown above. This fact implies the convergence of v̂(ε, x). The case
ε = 0 is treated by the same argument for PII. Thus we obtain Theorem 2.1.

4. Lemmas concerning asymptotic series.

Let Σ(θ, r) denote the sector defined by

Σ(θ, r) : | arg x− π| < θ, |x| > r

with r > 0, θ > 0. Recall that the formal series v̂(ε, x) is decomposed as in (2.3).
By [14, Theorem 9.6] or [13, Theorem 5.1], there exists a function ψ∗(ε, x) with
the properties:

(1) ψ∗(ε, x) is holomorphic for |ε| < ε0, x ∈ Σ(2π/3, 1);
(2) ψ∗(ε, x) ∼ v̂∗(ε, x) uniformly for |ε| < ε0 as x →∞ through Σ(2π/3, 1).

Since the solution vII(x) of PII admits asymptotic expression (2.2) in a sector
of opening angle θ = π/2 + δ, where δ is a small positive number, we have the
following:

Lemma 4.1. The function

ψ(ε, x) := vII(x) + ε2ψ∗(ε, x)
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is holomorphic and bounded for |ε| < ε0, x ∈ Σ(π/2 + δ, r′), and admits the
asymptotic representation ψ(ε, x) ∼ v̂(ε, x) uniformly for |ε| < ε0 as x → ∞
through Σ(π/2 + δ, r′), where r′ is a sufficiently large positive number.

Recall (3.1) with v(x) = v̂(ε, x) =
∑

j≥1 cj(ε)x−j as a formal series, and define
c̃m(ε) ∈ C[ε2] by

∑

m≥3

c̃m(ε)x−m = v̂(ε, x + iε) + v̂(ε, x− iε)− 2v̂(ε, x)

=
∑

j≥1

cj(ε)x−j
(
(1 + iεx−1)−j + (1− iεx−1)−j − 2

)
. (4.1)

By Lemma 4.1, for every positive integer N , we have

ψ(ε, x) =
N∑

j=1

cj(ε)x−j + O(x−N−1)

in Σ(π/2 + δ, r′), and hence

ψ(ε, x + iε) + ψ(ε, x− iε)− 2ψ(ε, x)

=
N∑

j=1

cj(ε)x−j
(
(1 + iεx−1)−j + (1− iεx−1)−j − 2

)
+ O(x−N−1)

=
N∑

m=3

c̃m(ε)x−m + O(x−N−1)

uniformly for |ε| < ε0 as far as x± iε ∈ Σ(π/2 + δ, r′). This implies

ψ(ε, x + iε) + ψ(ε, x− iε)− 2ψ(ε, x) ∼
∑

m≥3

c̃m(ε)x−m (4.2)

uniformly for |ε| < ε0 as x →∞ through Σ(π/2, r̃′) if r̃′ is sufficiently large. The
following lemma gives another asymptotic expression. Note that this expression
cannot be derived directly from (4.2).

Lemma 4.2. Let v∗∗(ε, x) be a function such that

ψ(ε, x + iε) + ψ(ε, x− iε)− 2ψ(ε, x) = −ε2v′′II(x) + ε4v∗∗(ε, x).
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Then it admits an asymptotic representation of the form

v∗∗(ε, x) ∼
∑

m≥3

c̃∗m(ε)x−m

with c̃∗m(ε) ∈ C[ε2] uniformly for |ε| < ε0 as x →∞ through Σ(π/2, r̃′).

Proof. Since the asymptotic expansions of vII(x) and ψ∗(ε, x) are valid in
Σ(π/2 + δ, r′), we have, for each m ∈ N ,

v
(m)
II (x) ∼ v̂

(m)
0 (x) =

∑

j≥1

(−1)m(j)mcj(0)x−j−m, (4.3)

∂m

∂xm
ψ∗(ε, x) ∼ ∂m

∂xm
v̂∗(ε, x) =

∑

j≥1

(−1)m(j)mc∗j (ε)x
−j−m (4.4)

as x →∞ through Σ(π/2, r̃′). Let N be a given positive integer. Note that

vII(x + iε) + vII(x− iε)− 2vII(x)

= −ε2v′′II(x) +
2
4!

ε4v
(4)
II (x) + · · ·+ 2(−1)N

(2N)!
ε2Nv

(2N)
II (x) + R2N (ε, x) (4.5)

with

R2N (ε, x) :=
1

(2N + 1)!

∫ iε

0

(iε− t)2N+1
(
v
(2N+1)
II (x + t) + v

(2N+1)
II (x− t)

)
dt.

By (4.3), we have v
(m)
II (x) = O(x−m−1) for every m ∈ N , and R2N (ε, x) =

O(ε2N+2x−2N−2). Hence substitution of (4.3) with 4 ≤ m ≤ 2N into (4.5) yields
the asymptotic representation

ε−4
(
vII(x + iε) + vII(x− iε)− 2vII(x) + ε2v′′II(x)

) ∼
∑

m≥3

c̃0
m(ε)x−m (4.6)

with c̃0
3(ε) = c̃0

4(ε) = 0 uniformly for |ε| < ε0 as x →∞ through Σ(π/2, r̃′). Here
the coefficients c̃0

m(ε) ∈ C[ε2] are uniquely determined. Similarly, using (4.4), we
derive

ε−2
(
ψ∗(ε, x + iε) + ψ∗(ε, x− iε)− 2ψ∗(ε, x)

) ∼
∑

m≥3

c̃]
m(ε)x−m (4.7)
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with c̃]
m(ε) ∈ C[ε2]. From (4.6) and (4.7), it follows that

ψ(ε, x + iε) + ψ(ε, x− iε)− 2ψ(ε, x) = −ε2v′′II(x) + ε4v∗∗(ε, x)

with v∗∗(ε, x) ∼ ∑
m≥3(c̃

0
m(ε) + c̃]

m(ε))x−m, which completes the proof. ¤

5. Equivalent equation.

For |ε| < ε0, equation (1.1) is written in the form

v(x + iε) + v(x− iε)− 2v(x) + ε2xv(x) = Ξ(ε, x, v(x)), (5.1)

where

Ξ(ε, x, v) = −αε2 − ε2v2

1 + ε2v2
((2− ε2x)v − αε2).

The function Ξ(ε, x, v) is holomorphic for |ε| < ε0, |v| < ε−1
0 , |x| > 1, and is

expanded into a convergent series of the form

Ξ(ε, x, v) = −αε2 − 2ε2v3 + ε4
∑

l≥2

Ξl(ε, x)vl.

Here Ξ2(ε, x) = α, Ξ3(ε, x) = x, and Ξl(ε, x) (l ≥ 4) are polynomials in x and ε2

satisfying Ξ2ν(ε, x) = O(ε2ν−4) and Ξ2ν+1(ε, x) = O(ε2ν−4x) uniformly for |ε| <

ε0, |x| > 1. Let us substitute v(x) = w(x) + ψ(ε, x) into (5.1). If |w(x) + ψ(ε, x)|
is sufficiently small, we obtain

w(x + iε) + w(x− iε)− (2− ε2x)w(x) = g(ε, x, w(x))

with

g(ε, x, w) = Ξ(ε, x, w + ψ(ε, x))

− ψ(ε, x + iε)− ψ(ε, x− iε) + 2ψ(ε, x)− ε2xψ(ε, x)

= ε4
∑

l≥2

Ξl(ε, x)(w + ψ(ε, x))l − αε2 − 2ε2(w + ψ(ε, x))3

− ψ(ε, x + iε)− ψ(ε, x− iε) + 2ψ(ε, x)− ε2xψ(ε, x).

Then
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g0(ε, x) := g(ε, x, 0) = − ψ(ε, x + iε)− ψ(ε, x− iε) + 2ψ(ε, x)

− ε2
(
α + xψ(ε, x) + 2ψ(ε, x)3

)
+ ε4

∑

l≥2

Ξl(ε, x)ψ(ε, x)l.

Let us take r′′ = r′′(ε0) > r̃′ so large that |ψ(ε, x)| < ε−1
0 /2 for |ε| < ε0, x ∈

Σ(π/2, r′′). By Lemma 4.2, g0(ε, x) is written as follows:

g0(ε, x) = ε2v′′II(x)− ε4v∗∗(ε, x)

− ε2
(
α + x

(
vII(x) + ε2ψ∗(ε, x)

)
+ 2

(
vII(x) + ε2ψ∗(ε, x)

)3)

+ ε4
∑

l≥2

Ξl(ε, x)
(
vII(x) + ε2ψ∗(ε, x)

)l

= ε2
(
v′′II(x)− α− xvII(x)− 2vII(x)3

)
+ ε4g∗0(ε, x)

= ε4g∗0(ε, x),

where g∗0(ε, x) admits an asymptotic expression of the form

g∗0(ε, x) ∼
∑

j≥1

c̃∗∗j (ε)x−j , c̃∗∗j (ε) ∈ C[ε2]

uniformly for |ε| < ε0 as x → ∞ through Σ(π/2, r′′). Since v̂(ε, x) satisfies (5.1)
as a formal series, by (4.1), (4.2) and Lemma 4.1, we have g0(ε, x) ∼ 0 uniformly
for |ε| < ε0. Hence we conclude that c̃∗∗j (ε) = 0 for every j ≥ 1, namely that
ε−4g0(ε, x) ∼ 0. Furthermore, if |w| < ε−1

0 /2,

g(ε, x, w)− g0(ε, x) = ε4
∑

l≥2

Ξl(ε, x)
(
(w + ψ(ε, x))l − ψ(ε, x)l

)

− 2ε2
(
(w + ψ(ε, x))3 − ψ(ε, x)3

)

= ε2
∑

l≥1

gl(ε, x)wl, (5.2)

where

ε2gl(ε, x) =
1
l!

∂l

∂wl
g(ε, x, w)

∣∣∣∣
w=0

.

The coefficients gl(ε, x) are holomorphic for |ε| < ε0, x ∈ Σ(π/2, r′′) and expressed
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by asymptotic series in x−1. Using

g1(ε, x) = −6ψ(ε, x)2 + ε2
∑

l≥2

l Ξl(ε, x)ψ(ε, x)l−1,

we obtain the estimate g1(ε, x) = O(|x−2| + |ε2x−1|) = O(x−1). For l ≥ 2 we
have g2(ε, x) = O(ε2) and gl(ε, x) = O(εl−3x) (l ≥ 3) uniformly for |ε| < ε0,
x ∈ Σ(π/2, r′′). By the further change of the unknown w(x) = x−1u(x), we get

u(x + iε)− (2− ε2x)(1 + iεx−1)u(x) +
1 + iεx−1

1− iεx−1
u(x− iε)

= (x + iε)g(ε, x, x−1u(x))

= (x + iε)g0(ε, x) + ε2
∑

l≥1

(1 + iεx−1)x−l+1gl(ε, x)u(x)l.

Thus we have

Proposition 5.1. By v(x) = x−1u(x) + ψ(ε, x), equation (1.1) is changed
into

u(x + iε)− (2− ε2x)(1 + iεx−1)u(x) +
1 + iεx−1

1− iεx−1
u(x− iε) = G(ε, x, u(x)). (5.3)

The function G(ε, x, u) is holomorphic for |ε| < ε0, x ∈ Σ(π/2, r′′), |x−1u| <

ε−1
0 /2, and is expanded into the convergent series

G(ε, x, u) = G0(ε, x) + ε2
∑

l≥1

Gl(ε, x)ul

with the coefficients Gl(ε, x) satisfying

ε−4G0(ε, x) ∼ 0, G1(ε, x) = O(x−1),

G2(ε, x) = O(ε2x−1), Gl(ε, x) = O(εl−3x2−l) (l ≥ 3)

uniformly for |ε| < ε0 as x → ∞ through Σ(π/2, r′′), where r′′ is a sufficiently
large positive number.
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6. Proof of Theorem 2.2.

If the domain H(r) is stable under both operations x 7→ x ± iε, or if every
x ∈ H(r) satisfies x ± iε ∈ H(r), then ε ∈ R. For this reason we consider (5.3)
for (ε, x) ∈ E(ε0)×H(r). In this and the remaining sections, ε denotes a positive

parameter.

6.1. Associated linear equation.
To prove Theorem 2.2, we construct a solution of (5.3) such that ε−2u(x) ∼ 0

in any closed sector contained in | arg x − π| < π/2. Let us regard (5.3) as a
nonlinear perturbation of the linear equation

u(x + iε)− (2− ε2x)(1 + iεx−1)u(x) +
1 + iεx−1

1− iεx−1
u(x− iε) = 0. (6.1)

To find linearly independent solutions of (6.1), we set

u(x) =

(
u(x)

u(x)− (1 + iεx−1)(1− iεx−1)−1u(x− iε)

)

and consider a system of difference equations of the form

u(x + iε) = A(ε, x)u(x), (6.2)

A(ε, x) =

(
1− ε2x(1 + iεx−1) + 2iεx−1 1

−ε2x(1 + iεx−1) 1

)
,

where u(x) is the unknown of (6.1). The characteristic equation for A(ε, x) is

ρ2 − (2− ε2x)(1 + iεx−1)ρ + (1 + 2iεx−1) = 0

admitting the roots

ρ∗±(ε, x) :=
(

1 + e−πi ε
2x

2

)
(1 + iεx−1)

±
√(

ε4x2

4
+ e−πiε2x

)
(1 + iεx−1)2 + ε2x−2, (6.3)

where the square root is chosen so that Re
√ · > 0 as Re(e−πiε2x) → +∞. The
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simplified quadratic equation ρ2 − (2 − ε2x)ρ + 1 = 0 admits the roots ρ±(ε, x)
given by (2.4). A relation between ρ±(ε, x) and ρ∗±(ε, x) will be discussed in the
final section.

Proposition 6.1. Let r(3) be a sufficiently large positive number. Then
ρ±(ε, x) have the properties below :

(1) ρ±(ε, x) are continuous in ε ∈ E(ε0) and holomorphic in x ∈ H(r(3));
(2) |ρ−(ε, x)| < 1 < |ρ+(ε, x)| and Re ρ±(ε, x) > 0 for (ε, x) ∈ E(ε0)×H(r(3));
(3) ρ±(ε, x) = (e−πiε2x)±1(1 ∓ 2(ε2x)−1 + O((ε2x)−2)) as ε2x → ∞ through

E(ε0)×H(r(3));
(4) ρ±(ε, x) = 1± ε(e−πix)1/2(1+O(εx1/2)) as ε2x → 0 through E(ε0)×H(r(3));
(5) if the sequence {(εn, xn) | n ∈ N} ⊂ E(ε0)×H(r(3)) satisfies |ρ−(εn, xn)| → 1

or |ρ+(εn, xn)| → 1 as n →∞, then ε2
nxn → 0 as n →∞.

Proof. Since ρ±(ε, x) do not have branch points as far as ε2x 6= 0, 4,
property (1) immediately follows, and properties (3) and (4) are easily checked.
We may set

ρ−(ε, x) = ρ0(ε, x)−1e−iθ(ε,x), ρ+(ε, x) = ρ0(ε, x)eiθ(ε,x).

Here ρ0(ε, x) > 0, θ(ε, x) ∈ R, and ρ0(ε, x) satisfies ρ0(ε, x) → +∞ as ε2x → ∞.
Note that

Re
(
ρ−(ε, x) + ρ+(ε, x)

)
=

(
ρ0(ε, x)−1 + ρ0(ε, x)

)
cos θ(ε, x) = Re(2− ε2x) > 2

for (ε, x) ∈ E(ε0) ×H(r(3)). This implies |θ(ε, x)| < π/2 and ρ0(ε, x) 6= 1, which
yield property (2). If ρ0(εn, xn) → 1, then, by the inequality above, we have
θ(εn, xn) → 0, so that −ε2

nxn = ρ−(εn, xn) + ρ+(εn, xn)− 2 → 0 as n →∞. Thus
(5) is verified. ¤

Concerning a fundamental matrix solution for (6.2) we have the following
result, which will be proved in the final section.

Proposition 6.2. System (6.2) possesses a fundamental matrix solution of
the form

U(ε, x) =

(
1 1

1− ρ∗+(ε, x) 1− ρ∗−(ε, x)

)
(
I + P (ε, x)

)
(

ζ−(ε, x) 0

0 ζ+(ε, x)

)

with
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ζ±(ε, x) := exp
(

1
iε

∫ x

x0

ϕ±(ε, t)dt

)
, x0 ∈ H(r̃),

which is continuous in ε ∈ E(ε0) and holomorphic in x ∈ H(r̃), provided that r̃ is
sufficiently large. Here P (ε, x) = (Pij(ε, x)) (i, j = 1, 2) and ϕ±(ε, x) are a square
matrix and functions, respectively, with the properties:

(1) P (ε, x) = O((Re x)−1/2) uniformly for ε ∈ E(ε0) as x →∞ through H(r̃);
(2) for i = 1, 2, Pi1(ε, x) = O(x−1/2) (respectively, Pi2(ε, x) = O(x−1/2)) in

H(r̃) ∩ {x | Im x > 0} (respectively, H(r̃) ∩ {x | Im x < 0});
(3) ϕ±(ε, x) = (1 + O(x−1)) log ρ±(ε, x) uniformly for (ε, x) ∈ E(ε0)×H(r̃);
(4) Re ϕ−(ε, x) < 0 and Re ϕ+(ε, x) > 0 in E(ε0)×H(r̃).

In addition the relation

ζ−(ε, x + iε)ζ+(ε, x + iε) = ζ−(ε, x)ζ+(ε, x)(1 + O(εx−1)) (6.4)

holds in E(ε0)×H(r̃).

From Proposition 6.2, we immediately obtain linearly independent solutions
of (6.1).

Corollary 6.3. Equation (6.1) admits linearly independent solutions
u±(ε, x) expressed as

u±(ε, x) =
(
1 + O((Re x)−1/2)

)
ζ±(ε, x)

in E(ε0)×H(r̃). If Im x > 0 (respectively, Im x < 0), the error term O((Re x)−1/2)
of u−(ε, x) (respectively, u+(ε, x)) may be replaced by O(x−1/2).

Remark 6.1. By Proposition 6.1, (3) and (4), in E(ε0)×H(r̃), the solutions
u±(ε, x) behave as

u±(ε, x) = exp
(
∓ 2

3
x3/2(1 + o(1))

)

as ε2x → 0, x →∞, and

u±(ε, x) = exp
(
∓ ix

ε

(
log(ε2x)− 1− πi + o(1)

))

as ε2x →∞.
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Since |1− ε2x/4| ≥ |1− Re(ε2x)/4| > 1, we have

ρ∗+(ε, x)− ρ∗−(ε, x) = 2

√(
ε4x2

4
− ε2x

)
(1 + iεx−1)2 + ε2x−2

À εx1/2(1 + iεx−1)

√
ε2x

4
− 1 + O(x−3) À εx1/2

uniformly in E(ε0)×H(r̃), and hence detU(ε, x) À εx1/2ζ−(ε, x)ζ+(ε, x). Then,
by (6.4), the Casorati determinant for u−(ε, x) and u+(ε, x) is

∆(ε, x) : =

∣∣∣∣∣
u−(ε, x) u+(ε, x)

u−(ε, x + iε) u+(ε, x + iε)

∣∣∣∣∣

=
1

χ(ε, x)

∣∣∣∣∣
u−(ε, x + iε) u+(ε, x + iε)

u−(ε, x + iε)− χ(ε, x)u−(ε, x) u+(ε, x + iε)− χ(ε, x)u+(ε, x)

∣∣∣∣∣

= χ(ε, x)−1 det U(ε, x + iε) À εx1/2ζ−(ε, x)ζ+(ε, x), (6.5)

where χ(ε, x) = 1 + 2iεx−1.

6.2. Summation equation.
Let us consider the summation equation

ω(ε, x) = S (ε, x;ω(ε, x))

:= −
−1∑

k=−∞

u−(ε, x)u+(ε, x + kiε)
∆(ε, x + kiε)

G(ε, x + kiε, ω(ε, x + kiε))

−
∞∑

k=0

u−(ε, x + kiε)u+(ε, x)
∆(ε, x + kiε)

G(ε, x + kiε, ω(ε, x + kiε)), (6.6)

which is derived by Lagrange’s method of variation of constants (cf. [1, Section
5]). Every solution of (6.6) satisfies (5.3), provided that the right-hand member
converges. We would like to construct a solution of (6.6) such that ε−2ω(ε, x) ∼ 0
in any closed sector contained in | arg x−π| < π/2. By Proposition 5.1, rechoosing
r̃ larger if necessary, we may suppose that G(ε, x, u) has the following properties:

(a) for ε ∈ E(ε0), x ∈ H(r̃), |x−1u| < ε−1
0 /3,

|G(ε, x, u)| ¿ |G0(ε, x)|+ |ε2x−1u|, (6.7)
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(b) for ε ∈ E(ε0), x ∈ H(r̃), |x−1v1|, |x−1v2| < ε−1
0 /3,

|G(ε, x, v2)−G(ε, x, v1)| ¿ ε2x−1|v2 − v1|. (6.8)

By Proposition 5.1, for every positive integer ν, there exists a positive number Mν

depending on ν such that

|G0(ε, x)| ≤ Mνε4|x|−ν (6.9)

uniformly in E(ε0)×H(r̃). Furthermore we need the following fact (cf. [1, p. 24]):

Lemma 6.4. If a > 1, then

∞∑

k=−∞

1
|x + kiε|a ¿ ε−1(Re x)−a+1

uniformly in E(ε0)×H(r̃). Furthermore,

∞∑

k=0

1
|x + kiε|a ¿ ε−1x−a+1

uniformly in E(ε0)× (H(r̃) ∩ {x | Im x > 0}).

Proof. In H(r̃),

∞∑

k=−∞

1
|x + kiε|a =

∞∑

k=−∞

ε−a

∣∣∣∣
x

iε
+ k

∣∣∣∣
a =

∞∑

k=−∞

ε−a

((
k +

Im x

ε

)2

+
(

Re x

ε

)2)a/2

≤ 2ε−a

∣∣∣∣
Re x

ε

∣∣∣∣
a + 2

∑

m≥1

ε−a

(
m2 +

∣∣∣∣
Re x

ε

∣∣∣∣
2)a/2

¿ 2
|Re x|a +

∑

m≥1

ε−a

(
m +

∣∣∣∣
Re x

ε

∣∣∣∣
)a ¿

2
|Re x|a + ε−a

∫ ∞

|Re x/ε|

ds

sa

¿ 2
|Re x|a +

ε−a

∣∣∣∣
Re x

ε

∣∣∣∣
a−1 ¿ ε−1(Re x)−a+1.
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If Im x > 0, then

∞∑

k=0

1
|x + kiε|a =

∞∑

k=0

ε−a

((
k +

Im x

ε

)2

+
∣∣∣∣
Re x

ε

∣∣∣∣
2)a/2

≤
∞∑

k=0

ε−a

(
k +

Im x

ε
+

∣∣∣∣
Re x

ε

∣∣∣∣
)a ¿

1
|x|a + ε−a

∫ ∞

(|Re x|+Im x)/ε

ds

sa

¿ ε−1(|Re x|+ Im x)−a+1 ¿ ε−1x−a+1,

which implies the desired estimate. ¤

For each positive integer N and for a positive number r, denote by FN (r)
the family of functions u(ε, x) with the properties:

(1) u(ε, x) is continuous in ε ∈ E(ε0) and holomorphic in x ∈ H(r);
(2) |u(ε, x)| ≤ ε2|Re x|−N in E(ε0)×H(r).

Then concerning the operator S (ε, x; · ) we have the following:

Lemma 6.5.

(1) For every positive integer N ≥ 2, there exists a positive number rN such
that S (ε, x;u(ε, x)) ∈ FN (rN ) if u(ε, x) ∈ FN (rN ).

(2) There exists a positive number r′2 ≥ r2 such that

∣∣S (ε, x; v2(ε, x))−S (ε, x; v1(ε, x))
∣∣ ≤ 1

2
sup

E(ε0)×H(r′2)
|v2(ε, x)− v1(ε, x)|

if v1(ε, x), v2(ε, x) ∈ F2(r′2).

Proof. By Proposition 6.2, (4) and Corollary 6.3, we have, uniformly for
k ≤ −1,

u−(ε, x)u+(ε, x + kiε)
ζ−(ε, x + kiε)ζ+(ε, x + kiε)

¿ exp
(

1
iε

∫ x

x+kiε

ϕ−(ε, t)dt

)

¿ exp
(∫ 0

k

Re ϕ−(ε, x + iεs)ds

)
¿ 1

in E(ε0)×H(r̃). Similarly, uniformly for k ≥ 0,
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u−(ε, x + kiε)u+(ε, x)
ζ−(ε, x + kiε)ζ+(ε, x + kiε)

¿ 1.

Suppose that N ≥ 2, and that r > r̃. Using Lemma 6.4 together with (6.5), (6.7)
and (6.9) with ν = N + 1, we have, for u(ε, x) ∈ FN (r),

|S (ε, x;u(ε, x))| ¿
∞∑

k=−∞
ε3|Re x + kiε|−N−3/2 ¿ ε2|Re x|−N−1/2,

which implies S (ε, x;u(ε, x)) ∈ FN (r), provided that r = rN > r̃ is sufficiently
large. Thus the first assertion is proved. Using (6.8), we have, for v1(ε, x),
v2(ε, x) ∈ F2(r) with r ≥ r2,

∣∣S (ε, x; v2(ε, x))−S (ε, x; v1(ε, x))
∣∣

¿
∞∑

k=−∞
ε|x + kiε|−3/2 sup

k∈Z

∣∣v2(ε, x + kiε)− v1(ε, x + kiε)
∣∣

¿ |Re x|−1/2 sup
E(ε0)×H(r)

|v2(ε, x)− v1(ε, x)|.

Choosing r = r′2 ≥ r2 sufficiently large, we obtain the second assertion. ¤

6.3. Construction of an asymptotic solution.
By Lemma 6.5, (1), we may define a sequence {ωn(ε, x) | n ∈ N} by

ω0(ε, x) ≡ 0, ωn+1(ε, x) = S (ε, x;ωn(ε, x))

such that, for every integer N ≥ 2,

{ωn(ε, x) | n ∈ N} ⊂ FN (rN ). (6.10)

From Lemma 6.5, (2), it follows that

sup
E(ε0)×H(r′2)

∣∣ωn+1(ε, x)− ωn(ε, x)
∣∣ ≤ 2−n sup

E(ε0)×H(r′2)
|ω1(ε, x)| ≤ 2−nε2(r′2)

−2,

which implies that ωn(ε, x) converges to some function ω∞(ε, x) ∈ F2(r′2) uni-
formly for (ε, x) ∈ E(ε0)×H(r′2). Furthermore,
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∣∣S (ε, x;ωn(ε, x))−S (ε, x;ω∞(ε, x))
∣∣ ≤ 1

2
sup

E(ε0)×H(r′2)
|ωn(ε, x)− ω∞(ε, x)| → 0

as n →∞, and hence ω∞(ε, x) is a solution of (6.6).
Let N be a given positive integer such that N ≥ 2. By (6.10), the solution

ω∞(ε, x) belongs to FN (rN ) as well. Then, for any small positive number δ, we
have ε−2|ω∞(ε, x)| ≤ |Re x|−N ≤ (sin δ)−N |x|−N if | arg x − π| ≤ π/2 − δ, |x| ≥
rN/ sin δ. Since ε−2ω∞(ε, x) is bounded in H(r′2), this fact implies ε−2ω∞(ε, x) =
O(x−N ) in the sector | arg x−π| ≤ π/2−δ, |x| ≥ r′2/ sin δ. Therefore ε−2ω∞(ε, x) ∼
0 uniformly for ε ∈ E(ε0) as x → ∞ through any closed sector contained in
| arg x− π| < π/2.

Taking r0 = r′2 ≥ r2, we obtain the solution u(ε, x) = ω∞(ε, x) of (5.3) in
E(ε0) × H(r0), from which the desired solution v(ε, x) = ψ(ε, x) + x−1ω∞(ε, x)
of (1.1) immediately follows. The fact ω∞(ε, x) ∈ FN (rN ) mentioned above also
yields the expression of v∗(ε, x) in H(r(N)

0 ) with r
(2)
0 = r0 as in Remark 2.1.

6.4. Uniqueness.
Suppose that v(ε, x) and ṽ(ε, x) are as in Theorem 2.2. Then ũ(ε, x) :=

x(ṽ(ε, x)− ψ(ε, x)) is a solution of (5.3) such that

ũ(ε, x) = x
(
v(ε, x) + O(x−1)− ψ(ε, x)

)
= O(1) (6.11)

in E(ε0) × H(r0). By the same argument as in the proof of Lemma 6.5, (1), we
have S (ε, x; ũ(ε, x)) = O((Re x)−1/2) in E(ε0) × H(r0). The function ũ(ε, x) is
also a solution of the inhomogeneous difference equation

u(x + iε)− (2− ε2x)(1 + iεx−1)u(x) +
1 + iεx−1

1− iεx−1
u(x− iε) = G(ε, x, ũ(ε, x)),

and hence it is written in the form

ũ(ε, x) = $−(ε, x)u−(ε, x) + $+(ε, x)u+(ε, x) + S (ε, x; ũ(ε, x))

in E(ε0)×H(r0), where $±(ε, x) are suitably chosen periodic functions with the
period iε. Since |u−(ε, x)| and |u+(ε, x)| diverge as Im x → −∞ and as Im x →
+∞, respectively, $±(ε, x) must vanish identically. Hence ũ(ε, x) is a solution of
(6.6) with estimate (6.11). By the same argument as in the proof of Lemma 6.5,
we have
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|ω∞(ε, x)− ũ(ε, x)| = ∣∣S (ε, x;ω∞(ε, x))−S (ε, x; ũ(ε, x))
∣∣

≤ |Re x|−1/2 sup
E(ε0)×H(r′′2 )

|ω∞(ε, x)− ũ(ε, x)|,

provided that r′′2 is sufficiently large. Therefore ω∞(ε, x) ≡ ũ(ε, x), which implies
v(ε, x) ≡ ṽ(ε, x). This completes the proof of Theorem 2.2.

7. Proof of Theorem 2.4.

7.1. Another equivalent equation.
Let us substitute v(x) = v(ε, x) + x−1y(x) into (5.1) or (1.1). Since v(ε, x) is

a solution of (5.1), equation (5.1) is written in the form

y(x + iε)− (2− ε2x)(1 + iεx−1)y(x) +
1 + iεx−1

1− iεx−1
y(x− iε) = G̃(ε, x, y(x))

with

G̃(ε, x, y) := (x + iε)
(
Ξ(ε, x, v(ε, x) + x−1y)− Ξ(ε, x, v(ε, x))

)

= (x + iε)
(

ε4
∑

l≥2

Ξl(ε, x)
(
(x−1y + v(ε, x))l − v(ε, x)l

)

− 2ε2
(
(x−1y + v(ε, x))3 − v(ε, x)3

))

= ε2
∑

l≥1

G̃l(ε, x)yl, (7.1)

where

ε2G̃l(ε, x) =
1
l!

∂l

∂yl
G̃(ε, x, y)

∣∣∣∣
y=0

.

Observing that v(ε, x) = ψ(ε, x) + O(ε2x−2) uniformly for ε ∈ E(ε0), x ∈ H(r0)
(cf. Remark 2.1), and comparing with (5.2), we have G̃l(ε, x)−Gl(ε, x) = O(ε2x−l).
Thus, instead of Proposition 5.1, we have

Proposition 7.1. By v(x) = x−1y(x) + v(ε, x), equation (1.1) is changed
into
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y(x + iε)− (2− ε2x)(1 + iεx−1)y(x) +
1 + iεx−1

1− iεx−1
y(x− iε) = G̃(ε, x, y(x)), (7.2)

where G̃(ε, x, y) is continuous in ε ∈ E(ε0) and holomorphic in (x, y) satisfying
x ∈ H(r0), |x−1y| < ε−1

0 /2, and is expanded into the convergent series

G̃(ε, x, y) = ε2
∑

l≥1

G̃l(ε, x)yl

with coefficients satisfying

G̃1(ε, x) = O(x−1), G̃2(ε, x) = O(ε2x−1), G̃l(ε, x) = O(εl−3x2−l) (l ≥ 3)

uniformly for ε ∈ E(ε0) as x →∞ through H(r0).

To prove Theorem 2.4 consider the summation equation

y(ε, x) = σu−(ε, x) + S−(ε, x; y(ε, x)) (7.3)

with

S−(ε, x; y(ε, x)) :=
∞∑

k=0

u−(ε, x)u+(ε, x + kiε)− u+(ε, x)u−(ε, x + kiε)
∆(ε, x + kiε)

× G̃(ε, x + kiε, y(ε, x + kiε)).

Note that u−(ε, x) depends on the base point x0 in the expression of ζ−(ε, x), which
will be specified soon. Every solution of (7.3) satisfies (7.2). Putting y(ε, x) =
u−(ε, x)ω(ε, x) in (7.3), we have

ω(ε, x) = S ∗
−(ε, x;ω(ε, x)) (7.4)

with

S ∗
−(ε, x;ω(ε, x)) := σ +

∞∑

k=0

(
u+(ε, x + kiε)
∆(ε, x + kiε)

− u+(ε, x)u−(ε, x + kiε)
u−(ε, x)∆(ε, x + kiε)

)

× u−(ε, x + kiε)G̃∗(ε, x + kiε, ω(ε, x + kiε)),

where
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G̃∗(ε, x, y) = ε2
∑

l≥1

G̃l(ε, x)u−(ε, x)l−1yl.

7.2. Construction of solutions.
Let δ0 be a sufficiently small positive number. Then, by Propositions 6.1 and

6.2,

ϕ−(ε, x) = iεx1/2
(
1 + O(|εx1/2|+ |x−1|)) (7.5)

uniformly in E(ε0)×H(r0) as far as |ε2x| < δ0. Let δ (< π/2) be a given positive
number as in Theorem 2.4. In E(ε0)×H(r0), consider the function

Q(ε, x) :=
1
iε

∫ x

x0

ϕ−(ε, t)dt =
2
3
x3/2

(
1 + O(|εx1/2|+ |x−1|))− 2

3
x

3/2
0

with x0 := r0e
i(π−δ)/ cos δ, where a constant related to O( · ) is independent of x0.

By Z = (2/3)x3/2 the line arg x = π−δ is mapped to the line arg Z = 3π/2−3δ/2.
Hence, choosing r̃0 = r̃0(x0) > r0 sufficiently large, and rechoosing δ0 smaller if
necessary, we may suppose that, as far as |ε2x| < δ0, by the conformal mapping
Z = Q(ε, x) the part of this line contained in H(r̃0) is mapped to a curve along
which Re Z monotonically decreases.

Let R be a given number such that R ≥ 1. To treat (7.4) we choose the path
of integration in the expressions of ζ±(ε, x) as follows: for x ∈ S−(δ, r,R) with
r ≥ r̃0, set Γ(x0, x) := [x0, (x)δ] ∪ [(x)δ, x]. Here (x)δ := Re x− iRe x·tan δ is the
point at which the line arg x = π − δ intersects the vertical line passing through
x, [x0, (x)δ] is a segment joining x0 to (x)δ, and [(x)δ, x] is one joining (x)δ to x

along the vertical line. Then we set

ζ±(ε, x) = exp
(

1
iε

∫

Γ(x0,x)

ϕ±(ε, t)dt

)
. (7.6)

Let s−(r) := rei(π−δ)/ cos δ and s−(r + R) := (r + R)ei(π−δ)/ cos δ be the vertices
of S−(δ, r,R) on the line arg x = π− δ, and let [s−(r), s−(r + R)] denote the edge
of S−(δ, r,R) joining these vertices. For each r ≥ r̃0 we may choose ε̃r,R = ε̃r,R(δ)
so small that, for every (ε, x) ∈ E(ε̃r,R)× [s−(r), s−(r+R)], the inequality |ε2x| ≤
δ0/2 is valid. Then we have

Lemma 7.2. There exists a positive number M0 independent of R such that,
for every r ≥ r̃0, the inequality |ζ−(ε, x)| ≤ M0 holds uniformly for (ε, x) ∈
E(ε̃r,R)× S−(δ, r,R).
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Proof. Set x̃0 := r̃0e
i(π−δ)/ cos δ. If (ε, x) ∈ E(ε̃r,R) × [s−(r), s−(r + R)],

then

|ζ−(ε, x)| = |ζ−(ε, x̃0)|
∣∣exp

(
Q(ε, x)−Q(ε, x̃0)

)∣∣ ≤ |ζ−(ε, x̃0)| ≤ M0

uniformly in E(ε0), where M0 is some positive number, because, as shown above,
the image of [x0, (x)δ] ∩ H(r̃0) under the mapping Z = Q(ε, x) is a curve along
which Re Z is monotone decreasing. Then, by Proposition 6.2, (4), for (ε, x) ∈
E(ε̃r,R)× S−(δ, r,R)

|ζ−(ε, x)| = |ζ−(ε, (x)δ)|
∣∣∣∣exp

(
1
iε

∫ x

(x)δ

ϕ−(ε, t)dt

)∣∣∣∣

≤ M0 exp
(

1
ε

∫ Im x−Im (x)δ

0

Re ϕ−(ε, (x)δ + is)ds

)
≤ M0,

which completes the proof. ¤

Since

G̃∗(ε, x, y) = ε2
∑

l≥1

G̃l(ε, x)u−(ε, x)−1
(
u−(ε, x)y

)l
,

by Proposition 7.1 and Lemma 7.2, it satisfies, for every r ≥ r̃0,

∣∣G̃∗(ε, x, y)
∣∣ ¿ ε2x−1y (7.7)

and

∣∣G̃∗(ε, x, y2)− G̃∗(ε, x, y1)
∣∣ ¿ ε2x−1|y2 − y1|

uniformly for (ε, x) ∈ E(ε̃r,R) × S−(δ, r,R), |y|, |y1|, |y2| < ry0. Here y0, which
is sufficiently small, and each constant related to the order estimates above are
independent of r and R. By Proposition 6.2, (4) together with (6.5), for every
k ≥ 0,

u−(ε, x + kiε)u+(ε, x + kiε)
∆(ε, x + kiε)

¿ ε−1(x + kiε)−1/2, (7.8)
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u−(ε, x + kiε)2u+(ε, x)
u−(ε, x)∆(ε, x + kiε)

¿ u−(ε, x + kiε)u+(ε, x)
u−(ε, x)u+(ε, x + kiε)

· ε−1(x + kiε)−1/2

¿ ε−1(x + kiε)−1/2 exp
(

1
iε

∫ x+kiε

x

(
ϕ−(ε, t)− ϕ+(ε, t)

)
dt

)

¿ ε−1(x + kiε)−1/2 exp
(∫ k

0

Re
(
ϕ−(ε, x + iεs)− ϕ+(ε, x + iεs)

)
ds

)

¿ ε−1(x + kiε)−1/2. (7.9)

For each σ 6= 0, let Fσ(r, ε̃r,R) be the family of functions y(σ, ε, x) continuous
in ε ∈ E(ε̃r,R), holomorphic in x ∈ S−(δ, r,R) and satisfying |y(σ, ε, x)| ≤ 2|σ|
uniformly for (ε, x) ∈ E(ε̃r,R) × S−(δ, r,R). Then, using the estimates above, by
the same argument as in the proof of Lemma 6.5, we easily check the following
property concerning S ∗

−(ε, x; · ) :

Lemma 7.3. There exists a positive number rσ such that S ∗
−(ε, x; y(σ, ε, x))

∈ Fσ(rσ, εσ,R) if y(σ, ε, x) ∈ Fσ(rσ, εσ,R) and that

∣∣S ∗
−(ε, x; y2(σ, ε, x))−S ∗

−(ε, x; y1(σ, ε, x))
∣∣

≤ 1
2

sup
E(εσ,R)×S−(δ,rσ,R)

∣∣y2(σ, ε, x)− y1(σ, ε, x)
∣∣ (7.10)

if y1(σ, ε, x), y2(σ, ε, x) ∈ Fσ(rσ, εσ,R), where εσ,R = εσ,R(δ) := ε̃rσ,R = ε̃rσ,R(δ).

It is easy to see that rσ and εσ,R may be chosen so that rσ ≤ rσ′ , εσ,R ≥ εσ′,R

if |σ′| ≥ |σ|.
Define a sequence {ωn(σ, ε, x) | n ∈ N} by

ω0(σ, ε, x) ≡ 0, ωn+1(σ, ε, x) = S ∗
−(ε, x;ωn(σ, ε, x)).

Then, by Lemma 7.3, ωn(σ, ε, x) ∈ Fσ(rσ, εσ,R) converges to some ω∞(σ, ε, x) ∈
Fσ(rσ, εσ,R) uniformly for (ε, x) ∈ E(εσ,R) × S−(δ, rσ, R), which is a solution
of (7.4). Substituting ω∞(σ, ε, x) into the right-hand member of (7.4) and using
Lemma 6.4, (7.7), (7.8) and (7.9), we obtain ω∞(σ, ε, x) = σ(1 + O(x−1/2)), since
S−(δ, rσ, R) is contained in the upper half-plane. By Corollary 6.3 equation (7.2)
admits the solution
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y(x) = u−(ε, x)ω∞(σ, ε, x) = σζ−(ε, x)(1 + O(x−1/2)).

Note that a constant related to O(x−1/2) is independent of R. This yields the
expression of V−(σ, ε, x) = x−1u−(ε, x)ω∞(σ, ε, x) in Theorem 2.4. Let R′ be a
given number such that R′ > R. Then, for ε < εσ,R′ , equation (7.4) admits
a solution ωR′

∞ (σ, ε, x) = σ(1 + O(x−1/2)) in S−(δ, rσ, R′). Using (7.10), by the
same argument as in Section 6.4, we can show the uniqueness property, that is,
ωR′
∞ (σ, ε, x) ≡ ω∞(σ, ε, x) in S−(δ, rσ, R). Consequently, V−(σ, ε, x) may be contin-

ued analytically to S−(δ, rσ, R′) if ε is sufficiently small. The function V+(σ, ε, x)
in S+(δ, rσ, R) is constructed by the same argument. Thus (1) of Theorem 2.4 is
verified.

For another pair (δ′, R′) such that S−(δ, rσ(δ), R) ∩ S−(δ′, rσ(δ′), R′) 6= ∅,
equation (7.4) admits a solution ωδ′,R′

∞ (σ, ε, x) = σ(1+O(x−1/2)). Since ζ−(ε, x) is
given by (7.6), u−(ε, x) depends on the base point x0 = r0e

i(π−δ)/ cos δ, and we de-
note it by u−,δ(ε, x). For ε < min{εσ,R′(δ′), εσ,R(δ)}, there exists a constant mul-
tiplier Cδδ′ such that u−,δ(ε, x) = Cδδ′u−,δ′(ε, x). Then (7.3) with (σ, u−,δ(ε, x))
coincides with the equation with (σCδδ′ , u−,δ′(ε, x)), and, by (7.10) restricted to
S−(δ, rσ(δ), R) ∩ S−(δ′, rσ(δ′), R′), we have ωδ′,R′

∞ (σCδδ′ , ε, x) ≡ ω∞(σ, ε, x). This
fact implies that V−(σ, ε, x) has the property as in Remark 2.3.

7.3. Relation to truncated solutions of PII .
The following proposition describes the relation between (6.1) and the Airy

equation.

Proposition 7.4. There exists a sequence {εn | n ∈ N} such that u±(εn, x)
converge uniformly on every compact set contained in H(r̃0) as εn → 0, and
the limit functions u±,0(x) are linearly independent solutions of the differential
equation (x−1u)′′ − u = 0 admitting the expressions

x−1u±,0(x) = C±x−1/4 exp
(
∓ 2

3
x3/2

)
(1 + O(x−3/2)),

respectively, as x →∞ through H(r̃0), where C± 6= 0 are constants of integration.

Proof. Let {Xν | ν ∈ N} be a sequence of compact sets satisfying X1 ⊂
X2 ⊂ · · · ⊂ Xν ⊂ · · · and

⋃∞
ν=1 Xν = H(r̃0). Note that u±(ε, x) are holomorphic

in x ∈ X̃1 and bounded in E(ε0)×X̃1 (cf. Remark 6.1), where X̃1 is some bounded
domain containing X1. By the Vitali-Montel theorem there exists a sequence
{ε(1)

m | m ∈ N} ⊂ E(ε0) such that u±(ε(1)
m , x) converge uniformly on X1 to

functions uX1
±,0(x), respectively, as ε

(1)
m → 0. We may choose a subsequence {ε(2)

m |
m ∈ N} ⊂ {ε(1)

m | m ∈ N} such that u±(ε(2)
m , x) converge uniformly on X2
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to uX2
±,0(x) which are the analytic continuations of uX1

±,0(x) to X2, respectively.

Repetition of this procedure yields {ε(ν)
m | m ∈ N} (ν ≥ 1) related to Xν . Then

we obtain the sequence {εn := ε
(n)
n | n ∈ N} such that u±(εn, x) together with

their derivatives converge to holomorphic functions u±,0(x) in H(r̃0) uniformly on
every Xν . Write (6.1) in the form

−xw(x) = ε−2
(
w(x + iε) + w(x− iε)− 2w(x)

)

= −w′′(x) +
ε−2

3!

∫ iε

0

(iε− t)3
(
w(3)(x + t) + w(3)(x− t)

)
dt

with w(x) = x−1u(x), and substitute ε = εn and w(x) = x−1u±(εn, x). For
x ∈ X1 we take the limit εn → 0 to conclude that x−1u±,0(x) are solutions of the
Airy equation w′′ − xw = 0. By (7.5), (7.6) and the corresponding expression of
ϕ+(ε, x), or by Remark 2.4, if δ0 is sufficiently small, then

u±(ε, x) = exp
(
∓ 2

3
x3/2

(
1 + O(|εx1/2|+ |x−1|))

)
(7.11)

uniformly for (ε, x) ∈ E(ε0)×H(r̃0) satisfying |ε2x| < δ0. For each Xν , let nν be
an integer such that, for every n ≥ nν , the inequality |ε2

nx| < δ0 holds on Xν . Put
ε = εn for n ≥ nν in (7.11) and take the limit εn → 0. Then we have

x−1u±,0(x) exp
(
± 2

3
x3/2

)
¿ exp(O(x1/2)) (7.12)

uniformly for x ∈ Xν , where every constant related to the order estimates is
independent of Xν . Hence x−1u±,0(x) satisfy (7.12) uniformly in H(r̃0), which
implies that these are Airy functions expressible as in the proposition. ¤

Let {εn | n ∈ N} be the sequence given by Proposition 7.4 and let {Rν | ν ∈
N} be a sequence satisfying 1 < R1 < R2 < · · · < Rν < · · · and Rν →∞. Recall
the sequence of compact sets {Xν | ν ∈ N} considered in the proof of Proposition
7.4. To the function xV−(σ, ε, x) = σu−(ε, x)(1 + O(x−1/2)) and the sequence
{Xν ∩S−(δ, rσ, Rν) | ν ∈ N} in place of u−(ε, x) and {Xν | ν ∈ N}, we apply the
same reasoning as in the proof of Proposition 7.4 to obtain a subsequence {εn(k) |
k ∈ N} ⊂ {εn | n ∈ N} such that, for each ν, V−(σ, εn(k), x) with εn(k) < εσ,Rν

converges uniformly on every compact set contained in S−(δ, rσ, Rν) as εn(k) → 0.
Here a constant related to O(x−1/2) is independent of Rν . Let us renumber the
sequence thus obtained as {εn | n ∈ N}. Then, for every R > 1, V−(σ, εn, x) with
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εn < εσ,R converges on every compact set contained in S−(δ, rσ, R), and the limit
function admits the analytic continuation V−,0(σ, x) to S−(δ, rσ,+∞) satisfying
xV−,0(σ, x) = σu−,0(x)(1+O(x−1/2)) in S−(δ, rσ,+∞). The desired expression of

lim
εn→0

v−(σ, εn, x) = lim
εn→0

(
v(εn, x) + V−(σ, εn, x)

)
= vII(x) + V−,0(σ, x)

in S−(δ, rσ,+∞) is obtained by using Proposition 7.4.
It remains to show that the limit function satisfies PII. In view of (7.3) we set

Ψ(ε, x, ξ) :=
u−(ε, x)u+(ε, ξ)− u+(ε, x)u−(ε, ξ)

∆(ε, ξ)
G̃(ε, ξ, ξV−(σ, ε, ξ))

= u−(ε, x)
(

u+(ε, ξ)
∆(ε, ξ)

− u+(ε, x)u−(ε, ξ)
u−(ε, x)∆(ε, ξ)

)

× u−(ε, ξ)G̃∗
(

ε, ξ,
ξV−(σ, ε, ξ)

u−(ε, ξ)

)
.

By the same argument as in deriving (7.8) and (7.9) we can verify the estimates

u−(ε, x + it)u+(ε, x + it)
∆(ε, x + it)

¿ ε−1(x + it)−1/2,

u−(ε, x + it)2u+(ε, x)
u−(ε, x)∆(ε, x + it)

¿ ε−1(x + it)−1/2

uniformly for t ≥ 0 in E(εσ,R)×S−(δ, rσ, R). Combining these with (7.7), we have

Ψ(ε, x, x + it) ¿ u−(ε, x) · ε|x + it|−3/2 (7.13)

uniformly for t ≥ 0 in E(εσ,R) × S−(δ, rσ, R). Let X be a compact set contained
in S−(δ, rσ, R), and consider the set [X] := {x + it | x ∈ X, t ≥ 0} ⊂ S−(δ, rσ, R).
Note that

Ψξ(ε, x, ξ) =
1

2πi

∫

|ξ̃−ξ|=δX/2

Ψ(ε, x, ξ̃)
(ξ̃ − ξ)2

dξ̃ ¿ max
|ξ̃−ξ|=δX/2

|Ψ(ε, x, ξ̃)|

uniformly for ξ ∈ [X], where δX := min{1,dist([X], ∂S−(δ, rσ, R))}. Using (7.13)
together with this fact we have

Ψξ(ε, x, x + it) ¿ u−(ε, x) · ε|x + it|−3/2
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uniformly for t ≥ 0 in E(εσ,R)× [X]. Then

S−(ε, x;xV−(σ, ε, x))−
∫ ∞

0

Ψ(ε, x, x + iεs)ds

=
∞∑

k=0

Ψ(ε, x, x + kiε)−
∞∑

k=0

1
ε

∫ (k+1)ε

kε

Ψ(ε, x, x + it)dt

=
∞∑

k=0

1
ε

∫ (k+1)ε

kε

(Ψ(ε, x, x + kiε)−Ψ(ε, x, x + it))dt

=
∞∑

k=0

1
ε

∫ (k+1)ε

kε

(∫ kε

t

Ψξ(ε, x, x + it̃)dt̃

)
dt

¿ u−(ε, x)
∞∑

k=0

∫ (k+1)ε

kε

ε|x + it|−3/2dt

¿ εu−(ε, x)
∫ ∞

0

|x + it|−3/2dt ¿ εx−1/2u−(ε, x)

uniformly in E(εσ,R)× [X]. Hence, by (7.3), the function V−(σ, ε, x) satisfies the
relation

xV−(σ, ε, x) = σu−(ε, x)(1 + O(εx−1/2)) +
∫ ∞

0

Ψ(ε, x, x + iεs)ds (7.14)

with

∫ ∞

0

Ψ(ε, x, x + iεs)ds

=
∫ ∞

x

u−(ε, x)u+(ε, ξ)− u+(ε, x)u−(ε, ξ)
iε∆(ε, ξ)

G̃(ε, ξ, ξV−(σ, ε, ξ))dξ,

where the path of integration of the last integral is the vertical line ξ = x + it

(t ≥ 0) starting from x. Put ε = εn in (7.14). Since

u±(εn, x + iεn)− u±(εn, x) = iεnu′±(εn, x) +
∫ iεn

0

(iεn − t)u′′±(εn, x + t)dt,

using Proposition 7.4 again, we have (iεn)−1(u±(εn, x+iεn)−u±(εn, x)) → u′±,0(x)
as εn → 0 uniformly on every compact set contained in S−(δ, rσ, R). Observe that
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(iεn)−1∆(εn, ξ) → u−,0(ξ)u′+,0(ξ)−u+,0(ξ)u′−,0(ξ) as εn → 0, and that Ψ(ε, x, x+
it) satisfies (7.13) uniformly for t ≥ 0 in E(εσ,R)×S−(δ, rσ, R). We take the limit
εn → 0 in (7.14) to obtain

xV−,0(σ, x) = σu−,0(x) + 2
∫ ∞

x

u−,0(x)u+,0(ξ)− u+,0(x)u−,0(ξ)
u−,0(ξ)u′+,0(ξ)− u+,0(ξ)u′−,0(ξ)

× ξ
((

ξ−1 · ξV−,0(σ, ξ) + vII(ξ)
)3 − vII(ξ)3

)
dξ

for x ∈ [X], since, by (7.1), limεn→0 ε−2
n G̃(εn, ξ, y) = −2ξ

(
(ξ−1y + vII(ξ))3 −

vII(ξ)3
)
. This implies that y = xV−,0(σ, x) is a solution of the equation

x(x−1y)′′ − xy = 2x
((

x−1y + vII(x)
)3 − vII(x)3

)
.

Consequently the limit function vII(x)+V−,0(σ, x) = limεn→0 v−(σ, εn, x) satisfies
PII. This completes the proof of Theorem 2.4.

8. Proof of Proposition 6.2.

In this section, we often use the symbol f(ε, x) := f(ε, x + iε), in particular
x := x + iε.

8.1. Preliminaries.
Recall the characteristic roots ρ∗±(ε, x) given by (6.3). There exists a relation

between ρ∗±(ε, x) and ρ±(ε, x) described as follows:

Lemma 8.1. If r
(3)
∗ is sufficiently large, then

ρ∗±(ε, x) = ρ±(ε, x)
(
1 + O(εx−1)

)

uniformly in E(ε0)×H(r(3)
∗ ).

Proof. For each ε ∈ E(ε0), the functions ρ±(ε, x) and ρ∗±(ε, x) are holo-
morphic in x ∈ H(r(3)

∗ ) if r
(3)
∗ is sufficiently large. If |ε2x| < δ0,

√(
ε4x2

4
− ε2x

)
(1 + iεx−1)2 + ε2x−2 = (1 + iεx−1)(1 + O(x−3))

√
ε4x2

4
− ε2x,

where δ0 is sufficiently small. Then
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ρ∗+(ε, x)
ρ+(ε, x)

(1 + iεx−1)−1 − 1 ¿ x−3

ρ+(ε, x)

√
ε4x2

4
− ε2x ¿ εx−1

for |ε2x| < δ0. If |ε2x| ≥ δ0,

√(
ε4x2

4
− ε2x

)
(1 + iεx−1)2 + ε2x−2 = (1 + iεx−1)(1 + O(ε2x−2))

√
ε4x2

4
− ε2x,

since |1− ε2x/4| > 1. Using this, we also obtain the same estimate. Consequently

ρ∗+(ε, x) = ρ+(ε, x)
(
1 + O(εx−1)

)

uniformly in E(ε0)×H(r(3)
∗ ). The relation for ρ∗−(ε, x) and ρ−(ε, x) immediately

follows from ρ∗−(ε, x)ρ∗+(ε, x) = 1 + 2iεx−1 and ρ−(ε, x)ρ+(ε, x) = 1. ¤

The coefficient A(ε, x) of (6.2) is diagonalised as follows:

T (ε, x)−1A(ε, x)T (ε, x) =

(
ρ∗−(ε, x) 0

0 ρ∗+(ε, x)

)
,

where

T (ε, x) :=

(
1 1

1− ρ∗+(ε, x) 1− ρ∗−(ε, x)

)
.

Then, by u(x) = T (ε, x)v(x), system (6.2) is changed into

v(x + iε) = B(ε, x)v(x), (8.1)

B(ε, x) = T (ε, x + iε)−1T (ε, x)

(
ρ∗−(ε, x) 0

0 ρ∗+(ε, x)

)
.

By a straight-forward computation, we have

T (ε, x + iε)−1T (ε, x) = I + h1(ε, x)(I − L) + h2(ε, x)(K − J).

Here
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h1(ε, x) :=
µ(ε, x)− µ(ε, x)

2µ(ε, x)
, h2(ε, x) :=

λ(ε, x)− λ(ε, x)
2µ(ε, x)

with

λ(ε, x) :=
ρ∗+(ε, x) + ρ∗−(ε, x)

2
=

(
1− ε2x

2

)
(1 + iεx−1),

µ(ε, x) :=
ρ∗+(ε, x)− ρ∗−(ε, x)

2
=

√(
ε4x2

4
− ε2x

)
(1 + iεx−1)2 + ε2x−2,

(8.2)

and J , K and L are matrices given by

J :=
(−1 0

0 1

)
, K :=

(
0 1
−1 0

)
, L :=

(
0 1
1 0

)
.

These matrices satisfy

J2 = −K2 = L2 = I,

JK = −KJ = −L, KL = −LK = −J, LJ = −JL = K.

To evaluate h1(ε, x) and h2(ε, x) we note the following fact.

Lemma 8.2. Let η be a complex parameter. Then

µ(ε, (1 + η)x) = µ(ε, x)(1 + O(η)) (8.3)

uniformly for |η| < η0, ε ∈ E(ε0), x ∈ H(r′′∗ ), where η0 is sufficiently small, and
r′′∗ is sufficiently large. Furthermore,

µ(ε, (1 + η)x)− µ(ε, x) = −ηε2xλ(ε, x)
2µ(ε, x)

(1 + O(|η|+ |x−1|)). (8.4)

Proof. Note that

µ(ε, (1 + η)x)− µ(ε, x) =
µ(ε, (1 + η)x)2 − µ(ε, x)2

µ(ε, (1 + η)x) + µ(ε, x)
(8.5)

and that µ(ε, x)2 = −ε2xµ̃(ε, x) with µ̃(ε, x) := (1 − ε2x/4)(1 + iεx−1)2 − x−3.
Then the numerator is
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− (1 + η)ε2xµ̃(ε, (1 + η)x) + ε2xµ̃(ε, x)

= −(1 + η)ε2x
(
µ̃(ε, (1 + η)x)− µ̃(ε, x)

)− ηε2xµ̃(ε, x)

= −(1 + η)ε2x

(
− ηε2x

4
+ O(ηx−1)

)

− ηε2x

(
1− ε2x

4
+ O(|ε3|+ |εx−1|+ |x−3|)

)

= −ηε2x

(
1− ε2x

2
+ O(|x−1|+ |ε3x · x−1|+ |ηε2x|)

)

= −ηε2xλ(ε, x)
(
1 + O(|x−1|+ |η|)) (8.6)

uniformly for |η| < η0, ε ∈ E(ε0), x ∈ H(r′′∗ ), if η0 is sufficiently small and
r′′∗ is sufficiently large. Suppose that |ε2x| < δ0, where δ0 is sufficiently small.
Substituting this into (8.5) and using µ(ε, (1 + η)x) + µ(ε, x) À ε

√
x and ε

√
x ¿

µ(ε, x), we have

µ(ε, (1 + η)x)− µ(ε, x) ¿ ηε
√

x ¿ ηµ(ε, x).

For |ε2x| ≥ δ0, using µ(ε, (1 + η)x) + µ(ε, x) À ε2x and µ(ε, x) À ε2x, we also
obtain (8.3). Estimate (8.6) together with (8.3) yields (8.4), which completes the
proof. ¤

Then we have

Lemma 8.3. The functions h1(ε, x) and h2(ε, x) are expressed as

h1(ε, x) =
iε3

4
· λ(ε, x)
µ(ε, x)2

(1 + O(x−1)) = O(εx−1),

h2(ε, x) =
(

iε3

4
+ O(|ε2x−2|+ |ε4x−1|)

)
1

µ(ε, x)
= O(εx−1)

uniformly in E(ε0)×H(r′′∗ ).

Proof. By Lemma 8.2 with η = iεx−1, we have

µ(ε, x)− µ(ε, x) = − iε3λ(ε, x)
2µ(ε, x)

(1 + O(x−1))
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and µ(ε, x) = µ(ε, x)(1 + O(εx−1)), which yield the estimate for h1(ε, x). Using

λ(ε, x)− λ(ε, x) = − iε3

2
+ O(ε2x−2),

we obtain the expression of h2(ε, x). ¤

8.2. Reduction of system (8.1).
Let us write the coefficient B(ε, x) of (8.1) in the form

B(ε, x) = b0(ε, x)I + b1(ε, x)J + b2(ε, x)K + b3(ε, x)L. (8.7)

Here

b0(ε, x) := λ(ε, x) + h1(ε, x)λ(ε, x)− h2(ε, x)µ(ε, x),

b1(ε, x) := µ(ε, x) + h1(ε, x)µ(ε, x)− h2(ε, x)λ(ε, x),

b2(ε, x) := −h1(ε, x)µ(ε, x) + h2(ε, x)λ(ε, x),

b3(ε, x) := −h1(ε, x)λ(ε, x) + h2(ε, x)µ(ε, x).

These quantities are estimated as follows:

Proposition 8.4. We have

b0(ε, x) = λ(ε, x)(1 + O(εx−1)), b1(ε, x) = µ(ε, x)(1 + O(|εx−1|+ |x−3|)),
b2(ε, x) ¿ εx−1, b3(ε, x) ¿ εx−1

uniformly in E(ε0)×H(r′′∗ ). Moreover, the diagonal entries of B(ε, x) are

b0(ε, x)± b1(ε, x) = ρ±(ε, x)
(
1 + O(εx−1)

)
.

Proof. From the estimate h1(ε, x) − h2(ε, x)µ(ε, x)/λ(ε, x) ¿ εx−1, the
expression of b0(ε, x) immediately follows. The function b1(ε, x) is written in the
form

b1(ε, x) = µ(ε, x)
(

1 + h1(ε, x)− h2(ε, x)
λ(ε, x)
µ(ε, x)

)
.

Using Lemma 8.3 and considering the cases |ε2x| ≥ δ0 and |ε2x| < δ0, we have
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h1(ε, x)− h2(ε, x)
λ(ε, x)
µ(ε, x)

=
λ(ε, x)
µ(ε, x)2

·O(|ε2x−2|+ |ε3x−1|) ¿ |εx−1|+ |x−3|

uniformly in E(ε0)×H(r′′∗ ), which implies the expression of b1(ε, x). Furthermore,

b2(ε, x) ¿ λ(ε, x)
µ(ε, x)

· ε2(|x−2|+ |εx−1|) ¿ εx−1.

Note that

b3(ε, x) = − iε3

4
· λ(ε, x)2

µ(ε, x)2
(1 + O(x−1)) +

iε3

4
+ O

(|ε2x−2|+ |ε4x−1|).

If |ε2x| < δ0, we immediately obtain b3(ε, x) ¿ εx−1, since ε3 = εx−1 · ε2x. For
|ε2x| ≥ δ0, using the estimate

λ(ε, x)2

µ(ε, x)2
=

(1− ε2x/2)2

(1− ε2x/2)2 − 1 + ε2x−2(1 + iεx−1)−2
= 1 + O((ε2x)−1),

we deduce b3(ε, x) ¿ εx−1. The expressions of the diagonal entries of B(ε, x)
immediately follow from Lemmas 8.1 and 8.3. ¤

To reduce the power exponent of the estimate for b3(ε, x), we apply a trans-
formation of the form

v(x) = (I + p(ε, x)K)y(x),

which changes (8.1) into

y(x + iε) = D(ε, x)y(x), (8.8)

D(ε, x) =
1

1 + p(ε, x)2
(
d0(ε, x)I + d1(ε, x)J + d2(ε, x)K + d3(ε, x)L

)

with

d0(ε, x) :=
(
1 + p(ε, x)p(ε, x)

)
b0(ε, x) +

(
p(ε, x)− p(ε, x)

)
b2(ε, x),

d1(ε, x) :=
(
1− p(ε, x)p(ε, x)

)
b1(ε, x) +

(
p(ε, x) + p(ε, x)

)
b3(ε, x),

d2(ε, x) :=
(
1 + p(ε, x)p(ε, x)

)
b2(ε, x)− (

p(ε, x)− p(ε, x)
)
b0(ε, x),

d3(ε, x) :=
(
1− p(ε, x)p(ε, x)

)
b3(ε, x)− (

p(ε, x) + p(ε, x)
)
b1(ε, x).
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The diagonal entries of D(ε, x) are

d±(ε, x) :=
d0(ε, x)± d1(ε, x)

1 + p(ε, x)2
.

Let us set p(ε, x) := (1/2)b3(ε, x)/b1(ε, x). Then we have

Proposition 8.5. If r∗1 is sufficiently large, then

p(ε, x) ¿ |εx−1|+ |x−3/2|, p(ε, x) ¿ |εx−1|+ |x−3/2|,

and

d0(ε, x) = λ(ε, x)
(
1 + O(|εx−1|+ |x−3|)),

d1(ε, x) = µ(ε, x)
(
1 + O(|εx−1|+ |x−3|)),

d2(ε, x) ¿ εx−1, d3(ε, x) ¿ εx−2

uniformly in E(ε0)×H(r∗1). Furthermore,

d±(ε, x) =
(
b0(ε, x)± b1(ε, x)

)(
1 + O(εx−2)

)
= ρ±(ε, x)

(
1 + O(εx−1)

)

uniformly in E(ε0)×H(r∗1).

Proof. Note that εx1/2 ¿ µ(ε, x) ¿ εx1/2 as ε2x → 0. By the definition
of p(ε, x) together with Proposition 8.4, we have p(ε, x) ¿ εx−1 if |ε2x| ≥ δ0, and
p(ε, x) ¿ x−3/2 if |ε2x| < δ0, since p(ε, x) ¿ εx−1/µ(ε, x). Thus we have

p(ε, x) ¿ εx−1

µ(ε, x)
¿ |εx−1|+ |x−3/2|

in E(ε0)×H(r′′∗ ). By Lemma 8.2,
∣∣µ(ε, x + κ0|x|eiθ)

∣∣ ≥ |µ(ε, x)|/2 for 0 ≤ θ ≤ 2π

if κ0 > 0 is sufficiently small, and hence we have p(ε, t) ¿ εx−1/µ(ε, x) on the
circle |t− x| = κ0|x|, from which it follows that

∂

∂x
p(ε, x) =

1
2πi

∫

|t−x|=κ0|x|

p(ε, t)
(t− x)2

dt ¿ εx−2

µ(ε, x)
.

Hence,
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p(ε, x)− p(ε, x) =
∫ x+iε

x

∂

∂t
p(ε, t)dt ¿ ε2x−2

µ(ε, x)

and

p(ε, x) ¿ εx−1

µ(ε, x)
¿ |εx−1|+ |x−3/2|

in E(ε0)×H(r∗1) with r∗1 = r′′∗/(1− κ0). Then

d3(ε, x) = −p(ε, x)p(ε, x)b3(ε, x)− (
p(ε, x)− p(ε, x)

)
b1(ε, x)

¿ ∣∣(|εx−1|+ |x−3/2|)2εx−1
∣∣ +

∣∣∣∣
ε2x−2

µ(ε, x)
b1(ε, x)

∣∣∣∣ ¿ εx−2.

Using

(
p(ε, x)− p(ε, x)

)
b0(ε, x) ¿ λ(ε, x)

µ(ε, x)
ε2x−2,

we obtain the estimate for d2(ε, x). Let us write d0(ε, x)± d1(ε, x) in the form

d0(ε, x)± d1(ε, x) = β±1 (ε, x) + β±2 (ε, x)

with

β±1 (ε, x) := b0(ε, x)± b1(ε, x) + p(ε, x)p(ε, x)
(
b0(ε, x)∓ b1(ε, x)

)
,

β±2 (ε, x) :=
(
p(ε, x)− p(ε, x)

)
b2(ε, x)± (

p(ε, x) + p(ε, x)
)
b3(ε, x).

Suppose that |ε2x| is small. Observe that b0(ε, x) ± b1(ε, x) = 1 + O(εx1/2), and
that

β±1 (ε, x)− (
b0(ε, x)± b1(ε, x) + p(ε, x)2

(
b0(ε, x)∓ b1(ε, x)

))

= p(ε, x)
(
p(ε, x)− p(ε, x)

)(
b0(ε, x)∓ b1(ε, x)

)

¿ p(ε, x)
(
p(ε, x)− p(ε, x)

)

¿ x−1 · ε2x−2

µ(ε, x)
¿ εx−3.
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Then

β±1 (ε, x)
1 + p(ε, x)2

=
b0(ε, x)± b1(ε, x) + p(ε, x)2(b0(ε, x)∓ b1(ε, x))

1 + p(ε, x)2
+ O(εx−3)

= b0(ε, x)± b1(ε, x)∓ 2p(ε, x)2b1(ε, x)
1 + p(ε, x)2

+ O(εx−3)

= b0(ε, x)± b1(ε, x) + O

(
µ(ε, x)ε2x−2

µ(ε, x)2

)
+ O(εx−3)

=
(
b0(ε, x)± b1(ε, x)

)
(1 + O(εx−2))

as ε2x → 0. Combining this with

β±2 (ε, x) ¿ (|p(ε, x)|+ |p(ε, x)|)(|b2(ε, x)|+ |b3(ε, x)|)

¿ ε2x−2

µ(ε, x)
¿ εx−2

(
b0(ε, x)± b1(ε, x)

)
,

we obtain the expressions of d±(ε, x) = (β±1 (ε, x) + β±2 (ε, x))/(1 + p(ε, x)2) as
ε2x → 0. On the other hand, if |ε2x| > δ0, where δ0 > 0 is a sufficiently small
fixed number, we have

(
β±1 (ε, x)− (b0(ε, x)± b1(ε, x))

)
(b0(ε, x)± b1(ε, x))−1

¿ ρ∓(ε, x)ρ±(ε, x)−1p(ε, x)p(ε, x) ¿ ρ+(ε, x)2
ε2x−2

µ(ε, x)2
¿ ε2x−2

and

β±2 (ε, x)(b0(ε, x)± b1(ε, x))−1 ¿ ρ+(ε, x)
εx−1

µ(ε, x)
· εx−1 ¿ ε2x−2.

From these combined with Proposition 8.4 the expressions of d±(ε, x) in the do-
main |ε2x| > δ0 immediately follow, since 1 + p(ε, x)2 = 1 + O(|ε2x−2|+ |x−3|) =
1 + O(εx−2) if |ε2x| > δ0. Thus we obtain the desired expressions of the diagonal
entries uniformly valid in E(ε0)×H(r∗1). This completes the proof. ¤

By a further transformation of the form

y(x) = (I + q(ε, x)L)ỹ(x),
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system (8.8) is taken into

ỹ(x + iε) = D̃(ε, x)ỹ(x), (8.9)

D̃(ε, x) =
1

(1 + p(ε, x)2)(1− q(ε, x)2)

× (
d̃0(ε, x)I + d̃1(ε, x)J + d̃2(ε, x)K + d̃3(ε, x)L

)

with

d̃0(ε, x) :=
(
1− q(ε, x)q(ε, x)

)
d0(ε, x)− (

q(ε, x)− q(ε, x)
)
d3(ε, x),

d̃1(ε, x) :=
(
1 + q(ε, x)q(ε, x)

)
d1(ε, x)− (

q(ε, x) + q(ε, x)
)
d2(ε, x),

d̃2(ε, x) :=
(
1 + q(ε, x)q(ε, x)

)
d2(ε, x)− (

q(ε, x) + q(ε, x)
)
d1(ε, x),

d̃3(ε, x) :=
(
1− q(ε, x)q(ε, x)

)
d3(ε, x)− (

q(ε, x)− q(ε, x)
)
d0(ε, x).

We put q(ε, x) := (1/2)d2(ε, x)/d1(ε, x). By an argument analogous to that of the
proof of Proposition 8.5, we have

q(ε, x) ¿ εx−1

µ(ε, x)
¿ |εx−1|+ |x−3/2|, q(ε, x) ¿ εx−1

µ(ε, x)
¿ |εx−1|+ |x−3/2|

q(ε, x)− q(ε, x) ¿ ε2x−2

µ(ε, x)

uniformly in E(ε0)×H(r∗2), where r∗2 is a sufficiently large positive number. Then,

d̃0(ε, x) = λ(ε, x)
(
1 + O(|εx−1|+ |x−3|)),

d̃1(ε, x) = µ(ε, x)
(
1 + O(|εx−1|+ |x−3|)),

d̃2(ε, x) ¿ εx−2, d̃3(ε, x) ¿ εx−2.

Note that the diagonal entries of D̃(ε, x) are given by

d̃±(ε, x) :=
d̃0(ε, x)± d̃1(ε, x)

(1 + p(ε, x)2)(1− q(ε, x)2)

with
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d̃0(ε, x)± d̃1(ε, x)

= d0(ε, x)± d1(ε, x)− q(ε, x)q(ε, x)
(
d0(ε, x)∓ d1(ε, x)

)

− (
q(ε, x)− q(ε, x)

)
d3(ε, x)∓ (

q(ε, x) + q(ε, x)
)
d2(ε, x).

By the same argument as in the case of d±(ε, x), we derive

d̃0(ε, x)± d̃1(ε, x)
1− q(ε, x)2

=
(
d0(ε, x)± d1(ε, x)

)
(1 + O(εx−2))

uniformly in E(ε0)×H(r∗2). Hence

d̃±(ε, x) =
d0(ε, x)± d1(ε, x)

1 + p(ε, x)2
(
1 + O(εx−2)

)
= d±(ε, x)

(
1 + O(εx−2)

)

=
(
b0(ε, x)± b1(ε, x)

)(
1 + O(εx−2)

)
= ρ±(ε, x)

(
1 + O(εx−1)

)
.

Similarly we can find a couple of transformations

ỹ(x) = (I + p∗(ε, x)K)˜̃y(x), ˜̃y(x) = (I + q∗(ε, x)L)w(x)

with

p∗(ε, x) ¿ |εx−2|+ |x−5/2|, q∗(ε, x) ¿ |εx−2|+ |x−5/2|

such that, by the composite of them, the magnitude of off-diagonal entries of
D̃(ε, x) is reduced to O(εx−3). Thus we obtain

Proposition 8.6. Let r∗ be a sufficiently large positive number. In E(ε0)×
H(r∗), by the transformation

u(x) = T (ε, x)
(
I + P̃ (ε, x)

)
w(x)

system (6.2) is reduced to a system of the form

w(x + iε) = F (ε, x)w(x), F (ε, x) =

(
f−(ε, x) f12(ε, x)

f21(ε, x) f+(ε, x)

)
. (8.10)

Here
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(1) P̃ (ε, x) is a square matrix such that P̃ (ε, x) ¿ x−1 in E(ε0)×H(r∗);
(2) f12(ε, x) ¿ εx−3, f21(ε, x) ¿ εx−3 and

f±(ε, x) = ρ±(ε, x)
(
1 + O(εx−1)

)

in E(ε0)×H(r∗).

8.3. Exponential part of a fundamental matrix solution.
To construct a fundamental matrix solution of (8.10) we need some lemmas.

The following is a variant of the Euler-Maclaurin formula, which enables us to
calculate an approximate sum of a given function.

Lemma 8.7. For a given function φ(x) and for a given number ε 6= 0, the
integral

Φ(x) :=
1
ε

∫ x

x0

(
φ(t)− ε

2
φ′(t) +

ε2

12
φ′′(t)

)
dt

satisfies

Φ(x + ε)− Φ(x) = φ(x) +
1

24ε

∫ x+ε

x

(x + ε− t)2(x− t)2φ(4)(t)dt.

Proof. For l = 0, 1, 2, put

Φl(x) :=
1
ε

∫ x

x0

φ(l)(t)dt.

Then

Φ0(x + ε)− Φ0(x)

= φ(x) +
ε

2
φ′(x) +

ε2

6
φ′′(x) +

ε3

24
φ(3)(x) +

1
24ε

∫ x+ε

x

(x + ε− t)4φ(4)(t)dt,

− ε

2
(
Φ1(x + ε)− Φ1(x)

)

= − ε

2
φ′(x)− ε2

4
φ′′(x)− ε3

12
φ(3)(x)− 1

12

∫ x+ε

x

(x + ε− t)3φ(4)(t)dt,

ε2

12
(
Φ2(x + ε)− Φ2(x)

)

=
ε2

12
φ′′(x) +

ε3

24
φ(3)(x) +

ε

24

∫ x+ε

x

(x + ε− t)2φ(4)(t)dt.
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Summing these equalities, we obtain the desired formula. ¤

Lemma 8.8. Let η be a complex parameter. Then

ρ±(ε, x + ηx) = ρ±(ε, x) (1 + O(η))

uniformly for (ε, x) ∈ E(ε0)×H(r∗) as η → 0.

Proof. Since ρ±(ε, x) = ρ̃±(−ε2x) with ρ̃±(z) := 1 + z/2±
√

z + z2/4, it
is sufficient to show that

ρ̃±(z + ηz) = ρ̃±(z) (1 + O(η)) (8.11)

uniformly for Re z > 0 as η → 0. Note that ρ̃±(z) satisfy

ρ̃−(z) À z−1 as z →∞, ρ̃+(z) À z as z →∞,

ρ̃±(z) À 1 as z → 0,

and

ρ̃′−(z) ¿ z−2 as z →∞, ρ̃′+(z) ¿ 1 as z →∞,

ρ̃′±(z) ¿ z−1/2 as z → 0.

Then we have

ρ̃−(z + ηz)− ρ̃−(z) ¿ ηz · z−2 ¿ ηρ̃−(z) as z →∞,

ρ̃+(z + ηz)− ρ̃+(z) ¿ ηz · 1 ¿ ηρ̃+(z) as z →∞,

ρ̃±(z + ηz)− ρ̃±(z) ¿ ηz · z−1/2 ¿ ηρ̃±(z) as z → 0.

In a compact set contained in {z | Re z ≥ 0, z 6= 0}, we have the uniform estimates
ρ̃±(z) À 1 and ρ̃′±(z) ¿ 1, from which (8.11) immediately follows. This completes
the proof of the lemma. ¤

By Lemma 8.7 with φ(x) = log f±(ε, x) and ε = iε, we obtain

τ±(ε, x) :=
1
iε

∫ x

x0

ϕ±(ε, t)dt

with
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ϕ±(ε, x) := log f±(ε, x)− iε

2
(
log f±(ε, x)

)
x

+
(iε)2

12
(
log f±(ε, x)

)
xx

, (8.12)

which satisfy

τ±(ε, x + iε)− τ±(ε, x)

= log f±(ε, x) +
1

24iε

∫ x+iε

x

(x− t + iε)2(x− t)2
(
log f±(ε, t)

)
(4t)

dt (8.13)

(x = ∂/∂x, (4t) = ∂4/∂t4). Here x0 ∈ H(r∗) is some fixed point. By Proposition
8.6 and Lemma 8.8, for a sufficiently small fixed positive number κ0, we have, on
the circle |t− x| = κ0|x|,

log f±(ε, t)− log f±(ε, x) ¿
∣∣log ρ±(ε, t)− log ρ±(ε, x)

∣∣ + |εx−1| ¿ 1,

and hence

(
log f±(ε, x)

)
x

=
1

2πi

∫

|t−x|=κ0|x|

log f±(ε, t)
(t− x)2

dt

¿ (∣∣log f±(ε, x)
∣∣ + 1

)
x−1 ¿ (∣∣log ρ±(ε, x)

∣∣ + 1
)
x−1.

Thus we obtain

ε
(
log f±(ε, x)

)
x
¿ εx−1

(∣∣log ρ±(ε, x)
∣∣ + 1

)

uniformly in E(ε0)×H(r∗). Similarly,

ε2
(
log f±(ε, x)

)
xx
¿ ε2x−2

(∣∣log ρ±(ε, x)
∣∣ + 1

)
,

ε4
(
log f±(ε, t)

)
(4t)

¿ ε4t−4
(∣∣log ρ±(ε, t)

∣∣ + 1
) ¿ ε4t−4

(
1 +

∣∣log(ε2t)
∣∣).

Observing the fact

log ρ±(ε, x) À 1 if |ε2x| ≥ δ0, log ρ±(ε, x) À εx1/2 if |ε2x| ≤ δ0

(cf. Proposition 6.1, (4), (5)), we have

log f±(ε, x) = log ρ±(ε, x) + O(εx−1) = (1 + O(x−1)) log ρ±(ε, x),
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and εx−1 ¿ x−1 log ρ±(ε, x). By these inequalities, functions (8.12) and (8.13)
are expressed as

ϕ±(ε, x) =
(
1 + O(x−1)

)
log ρ±(ε, x), (8.14)

τ±(ε, x + iε)− τ±(ε, x) = log f±(ε, x) + O(ε3x−4 log x) (8.15)

in E(ε0)×H(r∗). Then

ζ±(ε, x) := exp
(
τ±(ε, x)

)
= exp

(
1
iε

∫ x

x0

ϕ±(ε, t)dt

)

satisfy

ζ±(ε, x + iε) = ζ±(ε, x) exp
(
log f±(ε, x) + O(ε3x−4 log x)

)

= ζ±(ε, x)f±(ε, x)
(
1 + O(ε3x−4 log x)

)

= ζ±(ε, x)
(
f±(ε, x) + O(εx−3 log x)

)
(8.16)

in E(ε0) ×H(r∗). Hence the diagonal matrix diag
(
ζ−(ε, x), ζ+(ε, x)

)
is a funda-

mental matrix solution for a system

w(x + iε) = F0(ε, x)w(ε, x) (8.17)

with

F0(ε, x) =

(
f0
−(ε, x) 0

0 f0
+(ε, x)

)
,

f0
±(ε, x) = f±(ε, x)

(
1 + O(ε3x−4 log x)

)
= f±(ε, x) + O(εx−3 log x).

The following fact plays an important role in constructing our solution.

Lemma 8.9. Re ϕ−(ε, x) < 0 and Re ϕ+(ε, x) > 0 in E(ε0)×H(r∗).

Proof. Since log ρ±(ε, x) = ±ε(e−πix)1/2(1 + o(1)) as ε2x → 0, we have

∣∣arg(log ρ+(ε, x))
∣∣ =

∣∣arg(e−πix)1/2 + arg(1 + o(1))
∣∣ ≤ π

4
+ o(1),

∣∣arg(log ρ−(ε, x))− π
∣∣ ≤ π

4
+ o(1),
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and hence
∣∣Re(log ρ±(ε, x))

∣∣ ≥ (1/2)
∣∣Im(log ρ±(ε, x))

∣∣ for |ε2x| < δ0 in E(ε0) ×
H(r∗), if δ0 is sufficiently small. Then, by (8.14),

±Re ϕ±(ε, x) = ±Re(log ρ±(ε, x)) + O
(
x−1 Im(log ρ±(ε, x))

)

= ±Re(log ρ±(ε, x)) · (1 + O(x−1)) > 0.

By Proposition 6.1, (2) and (5), we have |ρ−(ε, x)| ≤ 1 − δ′0, |ρ+(ε, x)| ≥ 1 + δ′0
and | arg ρ±(ε, x)| < π/2 for |ε2x| ≥ δ0 in E(ε0)×H(r∗), where δ′0 is some positive
number. Then, by (8.14), we also obtain ±Re ϕ±(ε, x) > 0 for |ε2x| ≥ δ0. ¤

8.4. Construction of a fundamental matrix solution.
Comparing (8.10) with (8.17), we write (8.10) in the form

w(x + iε) = F (ε, x)w(x), F (ε, x) = F0(ε, x) + Ω(ε, x), (8.18)

where Ω(ε, x) is a square matrix such that Ω(ε, x) = O(εx−5/2) in E(ε0)×H(r∗).
Put w(x) = ζ−(ε, x)z(x) in (8.18). Then it becomes

z(x + iε) = (F ∗0 (ε, x) + Ω∗(ε, x))z(x) (8.19)

with

F ∗0 (ε, x) =




1 0

0
f0
+(ε, x)

f0−(ε, x)


 ,

Ω∗(ε, x) = O(εx−3/2), (8.20)

because ζ−(ε, x)ζ−(ε, x + iε)−1 = f0
−(ε, x)−1 ¿ ρ−(ε, x)−1 ¿ |ε2x| + 1. The

system z(x + iε) = F ∗0 (ε, x)z(x) admits the fundamental matrix solution

Λ(ε, x) := diag
(
1, ζ+(ε, x)/ζ−(ε, x)

)
.

To treat (8.19) we note that a linear system z(x + iε) = F (x)z(x) + f(x) admits
the solution

z(x) = Y (x)c + Y (x)
0∑

k=−∞
Y (x + kiε)−1f(x + (k − 1)iε)

or
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z(x) = Y (x)c− Y (x)
∞∑

k=0

Y (x + (k + 1)iε)−1f(x + kiε),

provided that the summation on the right-hand side converges, where Y (x) denotes
a fundamental matrix solution for the homogeneous system z(x + iε) = F (x)z(x)
and c is a constant column vector. Consider the summation equation

z(x) = L (ε, x;z(x))

:=
(

1
0

)
− Λ(ε, x)

∞∑

k=0

Λ(ε, x + (k + 1)iε)−1Ω∗(ε, x + kiε)z(x + kiε). (8.21)

Every solution of this equation satisfies (8.19). For r > r∗, let F0(r) denote the
family of vector functions z(ε, x) = t(z1(ε, x), z2(ε, x)) continuous in ε ∈ E(ε0),
holomorphic in x ∈ H(r) and satisfying |z1(ε, x)− 1| ≤ 1, |z2(ε, x)| ≤ 1 in E(ε0)×
H(r). By Lemma 8.9 the (2.2)-entry of Λ(ε, x)Λ(ε, x + (k + 1)iε)−1 satisfies

∣∣∣∣
ζ−(ε, x + (k + 1)iε)ζ+(ε, x)
ζ−(ε, x)ζ+(ε, x + (k + 1)iε)

∣∣∣∣

=
∣∣∣∣exp

(
1
iε

∫ x+(k+1)iε

x

(
ϕ−(ε, t)− ϕ+(ε, t)

)
dt

)∣∣∣∣

≤ exp
(∫ k+1

0

Re
(
ϕ−(ε, x + iεs)− ϕ+(ε, x + iεs)

)
ds

)
≤ 1 (8.22)

in E(ε0)×H(r), if r is sufficiently large. Furthermore, by (8.20) and Lemma 6.4,

∞∑

k=0

∥∥Ω∗(ε, x + kiε)
∥∥ ¿ ε

∞∑

k=0

|x + kiε|−3/2 ¿ (Re x)−1/2, (8.23)

where ‖ · ‖ denotes the standard norm of matrices. By these inequalities, there
exists a sufficiently large positive number r̃ such that the linear operator L (ε, x; · )
has the following properties:

(1) L (ε, x;z(ε, x)) ∈ F0(r̃) if z(ε, x) ∈ F0(r̃);
(2) for any z(ε, x), z̃(ε, x) ∈ F0(r̃),

∥∥L (ε, x; z̃(ε, x))−L (ε, x;z(ε, x))
∥∥ ≤ 1

2
sup

E(ε0)×H(r̃)

∥∥z̃(ε, x)− z(ε, x)
∥∥.
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Then the sequence defined by

z0(ε, x) = t(1, 0), zn+1(ε, x) = L (ε, x;zn(ε, x))

converges to a solution z∞(ε, x) of (8.21) or (8.19) such that z∞(ε, x) ∈ F0(r̃).
Moreover, by (8.21), (8.22) and (8.23) it is easy to see that

z∞(ε, x) = t(1, 0) + O((Re x)−1/2)

in E(ε0)×H(r̃). Therefore (8.18) admits a solution expressed as

w−(ε, x) = ζ−(ε, x)

(
1 + O((Re x)−1/2)

O((Re x)−1/2)

)
.

Similarly we obtain another solution of the form

w+(ε, x) = ζ+(ε, x)

(
O((Re x)−1/2)

1 + O((Re x)−1/2)

)
.

Then

W (ε, x) =
(
w−(ε, x) w+(ε, x)

)
=

(
I + O((Re x)−1/2)

)
(

ζ−(ε, x) 0

0 ζ+(ε, x)

)

is a fundamental matrix solution for (8.18). This combined with the transformation
of Proposition 8.6 yields a fundamental matrix solution for (6.2) written in the
form

U(ε, x) = T (ε, x)
(
I + P̃ (ε, x)

)
W (ε, x)

= T (ε, x)(I + P (ε, x))

(
ζ−(ε, x) 0

0 ζ+(ε, x)

)

as in Proposition 6.2. Furthermore, if Imx > 0, then, by Lemma 6.4, we have∑∞
k=0 ‖Ω∗(ε, x + kiε)‖ ¿ x−1/2 instead of (8.23). Using this, we may deduce

w−(ε, x) = ζ−(ε, x)

(
1 + O(x−1/2)

O(x−1/2)

)
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for Im x > 0, which implies (2) of Proposition 6.2. The property (4) of Proposition
6.2 is given by Lemma 8.9, and relation (6.4) follows from (8.16) combined with
Proposition 8.6, (2). Thus we obtain Proposition 6.2.
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Phys. A, 25 (1992), L633–L637.

[ 8 ] A. Ramani and B. Grammaticos, Discrete Painlevé equations: coalescences, limits and
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