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Abstract. We establish bilinear estimates in dyadic BMO as an ex-
tension of Kozono and Taniuchi’s result on the usual BMO. To establish the
bilinear estimates we use sharp maximal functions, while they used the bound-
edness of pseudo-differential operators by Coifman and Meyer. By this exten-
sion we prove that the dyadic BMO norm of the velocity controls the blow-up
phenomena of smooth solutions to the Navier-Stokes equations. Moreover,
we give an odd function with type II singularity which clarifies the difference
between BMO and dyadic BMO.

1. Introduction.

In this paper, we investigate the continuation and blow-up phenomena of
smooth solutions to the Navier-Stokes equations in R™, n > 3:

%fAquwaquVp:O, divu=0, inxeR" t>0,
ot (N-S)
u|t:0 = a,

where u = (ul(z,t),u*(z,t),...,u"(x,t)) and p = p(x,t) denote the unknown
velocity vector and the unknown pressure of the fluid at the point (z,t) € R™ X
(0, 00), respectively, while a = (a*(z),a?(x),...,a"(x)) is the given initial velocity
vector.

Fujita and Kato [3] proved that for every a € H® = W2(R") with s >
n/2 — 1, there exist T = T'(||a]|gs) and a solution wu(t) of (N-S) on [0,7") in the
class

ue C([0,T); H)NnCH((0,T); H*) N C((0,T); H*T?). (CL(s))
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It is an interesting question whether the solution u(t) really loses its regularity at
t =T. Kozono and Taniuchi [9] proved that if

T
/0 lu(®) [3ag0 de < oo, (L1)

then the solution u(¢) in the class (CL(s)) on [0,7) can be continued to the one
with the same regularity on [0,7”) for some 77 > T'. Their result is an extension
of Giga [4] and Beale, Kato and Majda [1].

In this paper we extend their result more, that is, we replace (1.1) with

T
/0 () Byt dt < o0, (12)

where BMO® is the dyadic version of BMO. The space BMO®Y is a little wider
than BMO. It is well known that log |x| € BMO € BMOY. However, for example,
an odd function

log ||, x3 >0,
f(z) = x = (x1,79,23) € R?
—log x|, z3<0,

is in BMOY \ BMO. Moreover, we can give an odd function u € C([0,T) x R?)
such that u(t) € C°(R?) N L>(R?) for t € [0,T),

T T
/0 lu(®) a0 dt < oo, / lu(®)llfno dt = oo (1.3)

for small € > 0, and u € L*([0,T); L?>(R?)) but

lim ) e o) = o,

for any ¢ > 2, where B(0,1) is the unit ball in R3. The function u has the type II
singularity, namely, u doesn’t satisfy the condition

C
T—1

sup |u(t, )| <
xT

)

for any C' > 0 (see [8] for the type of singularity).
In order to consider a possible-blow-up solution for the 3D Navier-Stokes
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equations, handling BMOY is more reasonable than the usual BMO. To be more
precise, if blow-up occurs in the axi-symmetric case, it must be an odd function
on the horizontal direction to the axis. Another example is an initial data uy =
(ud, u?, ud) which satisfies the following symmetric conditions:

{Tjué' =—u} (j=1,2,3),

Ty =uh (i #j),

where 71f(x) = f(—z1,22,23), T2f(x) = f(x1,—x2,23) and m3f(x) =
f(x1, e, —x3). We easily see that the corresponding solution also holds the same
symmetric conditions, namely,

{Tjuj(t) =-u(t) (j=1,23),
Tl (t) = u (t) (i #j) for t > 0.

If we assume that the possible blow-up point exists at the origin, the flow must
be an odd function. These examples suggest that if there is a blow-up solution
to the 3D Navier-Stokes equations with special initial data as described above, it
should have an odd structure, and it means that we need to design function spaces
suitable for odd functions. In this point of view, BMOY should be better than
the usual BMO for such blow-up problem.

To get the result described in [9], Kozono and Taniuchi proved the following
apriori estimate:

T
sup |U(t)||H[sJ+1§||U(€o)||H[sJ+1eXP<C / |u||2BModt), (1.4)

eo<t<T €0

where C' = C(n, s) is independent of T. If the left hand side of (1.4) is finite,
then the strong solution u of (N-S) in the class (CL(s)) on [0,T") can be extended
continuously beyond T by the standard argument of continuation of local solutions.
They proved (1.4) by showing bilinear estimates in BMO.

To establish the bilinear estimates in BMO they used the boundedness of
pseudo-differential operators by Coifman and Meyer. In this paper we prove bi-
linear estimates in BMO® by using the sharp maximal functions. The method
is based on another proof of Kozono-Taniuchi’s lemma by Miyachi [11]. Then we
get the result on the Navier-Stokes equations by the same way as Kozono and
Taniuchi’s argument.

We state the results on the Navier-Stokes equations and prove the bilinear
estimates in BMOY in Sections 2 and 3, respectively. Section 4 is to prove propo-
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sitions on the sharp maximal functions, which are used to prove the bilinear esti-
mates in BMOY. Moreover, we give examples satisfying (1.3) in Section 5.

2. Results on the Navier-Stokes equations.

Let C7, denote the set of all U™ vector-valued functions ¢ = (¢t 2, ..., 0")
with compact support in R"™ such that div$ = 0. Ly is the closure of Cg%, with
respect to the L™-norm || - ||,. L" stands for the usual (vector-valued) L"-space
over R", 1 <r <oo. H; denotes the closure of C§%, with respect to the H*-norm

I¢llae = [[(1 = 2)/29]|,, s> 0.

Following Kozono and Taniuchi [9], our definition of a strong solution of (N-S) is
as follows.

DEFINITION 2.1. Let a € HS for s > n/2 — 1. A measurable function u on
R"™ x (0,T) is called a strong solution of (N-S) in the class CL4(0,T) if

(i) we C([0,7); Hy) N CH(0,T); Hy) N C((0,T); Hy*2).
(ii) u satisfies (N-S) with some distribution p such that Vp € C((0,T); H?).

For the existence of the above strong solution, see [3], [7], [4]. Notice that
w-Vu € H® for u € H*"? with s > n/2 — 1.

Next, we recall the dyadic BMO. We denote by Z the set of all dyadic cubes
in R™, that is,

n

P = {QM =27k, 277 (ki +1)) 5 € Z, k= (k1,... . kn) € Z"}.

i=1
For a cube @ we denote its measure by |Q).

DEFINITION 2.2.  Let BMOY (R™) be the set of all measurable functions f
on R" such that || f|gmody < 00, where

1 1
wmmpﬁ%m@mwmm,mﬂqémm.

Then BMO(R™) € BMO% (R") and || f||gmosr < || fllBMo- Let

r € R.

fa) = {logaz, x>0,

log(—z), =<0,
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Then f € BMO%¥(R) \ BMO(R) and also f(- — 2z) € BMO%¥(R) \ BMO(R) for
all z € UjGZQ*jZ.
Our result on continuation of strong solutions is the following:

THEOREM 2.1.  Let s >n/2 —1 and let a € HS. Suppose that u is a strong
solution of (N-S) in the class CL4(0,T). If

T
/ |u(t)||Zpoa dt < 0o,  for some 0 < eg < T,

€0

then u can be continued to the strong solution in the class CLs(0,T") for some
T >T.

The theorem above can be proven by the same way as Kozono and Taniuchi [9]
with the bilinear estimate in dyadic BMO. We prove the estimate in the next
section.

An immediate consequence of the theorem above is the following.

COROLLARY 2.2.  Let u be a strong solution of (N-S) in the class CLs(0,T)
for s > n/2 — 1. Suppose that T is mazximal, i.e., u cannot be continued in the
class CLg(0,T") for any T' > T. Then

T
/ w(t) |50y dt =00, for all0<e<T.

In particular, we have

lim sup [[u(t)||ppoey = o0.
t—T-0

3. Bilinear estimates in dyadic BMO.

In this section, we prove the following.

THEOREM 3.1.

(i) Let p € (0,00). For all f,g € LP N BMOY,

I1f - gllze < C(Ifllze lgllBroas + I fllBmoay gl Le).-

(ii) Letp € (1,00). For all f,g € WYP with Vf,Vg € BMOY,
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If-Vyglzr < C(”f”L”H(_ 1/29H13Mody + H 1/2fHBMody”g”L”)‘
(iii) Let p € (1,00). For all f,g € W!eII8Lr A BMOY with o] > 1,|8| > 1,

10°f - 9°glle < C (|| fllmmoar|[(=2) 1+ 2]

+ H(—A)(‘alﬂmwaLpHQHBMody)~

The above Theorem 3.1 is an improvement of Kozono-Taniuchi’s lemma in [9]
which is for the usual BMO and p € (1,00). We proved the theorem by using the
method based on another proof of Kozono-Taniuchi’s lemma by Miyachi [11]. To
do this we need the definitions of the maximal and sharp maximal operators.

For a cube @ we denote its measure and sidelength by |Q| and £(Q), respec-
tively. For a nonnegative integer d, let &2, denote the set of all polynomials having
degree at most d. For r, A € (0,00), let

MO s = s (o [ >|’”d)w
" 0eor05e \IQ] Q )

1/r
MDY f(r) = sup o (|Q / e My) .

Qe2,Qaa PEPal

We simply denote M1-4y and Mgf()l)’dy by MY and M#%9Y | respectively. Then

IMES Y fI| o~ IMEY £, = [1f [ Baoas- (3.1)

See also [5, Theorem 14] for ||[M*% f| 1.
We state four propositions on dyadic sharp maximal operators, which are

proven in the next section. These are valid for the usual sharp maximal operators
as in Miyachi [11].

PROPOSITION 3.2.

(i) There exists a constant C > 0, dependent only on n, such that

MEDA <CZM§0 (8, f)(x)

Jj=1

forallx € R™.
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(ii) Letr € (1,00) and 1/r+1/r' =1. Then
MIO S (forg)(w) < AMOD f(2) MEGY (D19) (2)+9MF DY f(2) MY g ()

for all x € R™.

PROPOSITION 3.3. Let k,m € N. Then there exists a constant C' > 0,
dependent only on n, k and m, such that

m (k)
3 Iaaf(z)lSC(M“’dyf(x))k/(Hm)(M( 3 |an|)<x>)

la|=m |y|=k+m
for allx € R™. In the above M is the usual Hardy-Littlewood maximal operators.

PROPOSITION 3.4. Letp € (0,00) and k,m € N.

(1) There exists a constant C' > 0, dependent only on n and p, such that

1/2 1/2
1Fllzzr < CIFIRE a1 £

(il) If 1 < p=mp/(k+m) < co, then there exists a constant C > 0, dependent
only on n, p, k and m, such that

m/(k+m)

k/(k+m
< C|\f)| )
Lp

> jof]

[v|=k+m

> 1o

|al=m

L5

Let € = (€1,...,6,) € E={—-1,1}" and let {D(€)}ccr be 2™ quadrants, that

is,
D(e):{x:(:cl,...,xn)GR":ejxj > 0, jzl,...,n}.

PROPOSITION 3.5.  Let p,r € (0,00) and d € {0} UN. If Mgfg),dyf c
LP(R™), then there exist polynomials m¢ € Py, € € E, such that

Hf - Z TeXD(e)

ecE

<

where the constant C > 0 is dependent only on n, p, r and d. Moreover, if there
exist s € (0,00) and a sequence of cubes {Q;}; C Z such that Q1 C Q2 C --- C
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D(e), sup; |Q;j+1]/1Q;] < 00, U;Q; = D(¢) and

lim

1
|f(2)]* dz = 0,
j—oo |Q]‘ Q;

then m. = 0. In particular, if f € L*(R™) for some s € (0,00), then

1f e < C|MEDS 1 -

Now we prove the main result in this section by using the propositions above.

PROOF OF THEOREM 3.1.

(i) By Hélder’s inequality and Proposition 3.4 (i) we have

1fgllee < I Fllz2v llgll L2

1/2
< (Ifllsvoas [ fllzo 9l Bymoay gl e )

< (Iflzellgllzatoas + I1.f IBmoar lgllzr)-
(ii) Take r so that 1 < r < p. By Proposition 3.2 and (3.1) we have
M (forg) (@)
< C’(M(r%dyf( )Mﬁ(r ,dy 8 g + ZMﬁ(l) dy ( )Mdyg(w))
< C(M(T)’dyf(x)HalgHBMody Y ||6jf||BMOddeYg<x>).
j=1

Since fd1g € LP/?(R™), by Proposition 3.5 and the LP-boundedness of the
operators M (% and M we have

I forgllr < C|[MI (f0r9)|l

< C(nfumnalmwm oy ||ajf||BMOdy|g|Lp).

Jj=1

This shows the conclusion.
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(iii) Let |a] = m and |3| = k. Define g and r as

mq kr

m+k m+k P

Then 1/p =1/q+ 1/r. By Proposition 3.4 (ii) we have

10°f - 0%gllLe < [10° fll2allO" gl -

b/ (b bm) m/(k+m) e k/(k+m)
Slfleon | Do Il | D 107l
ly|=k+m [Y|=k+m Lr
k/(k+m)
(Iflmon| 3 1074l )
[y|=k-+m Ly
m/(k+m)
(| = 01| tatosion)
Irl=k+m e
< 1 f llBmoas Z 079l + Z 17 fI|| NlgllBaoay-
|=ktm L2 W nl=ktm Ly
The proof is complete. ]

4. Proofs of Propositions.

In this section, we write f < g if f < Cg for some positive constant C' and
we write f ~ g if f < g < f. We denote [p, f(x)dz and (1/]Q)) fQ z)dz by [ f
and UCQ f, respectively.

4.1. Proof of Proposition 3.2.

We state two lemmas. The first lemma is on a kind of test functions. For
f €L (R"), wewrite fLZ;if [ fP=0foral Pe 2P,

LEMMA 4.1 ([10, Lemma 2], [14, Lemma 2.5]).  For a cube Q andt € (0, 00),
let

A1) = {p e C¥(R") :suppp C Q, pL 21, Ilolloe < Q)" '},
B(Q7t) = {(p S COO(Rn . Zaﬂp“ Vi € COO(R?’L)’ supp ; C Q,

Vil Py, |[thi]loe < H(Q)™" }
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Then there exists a constant C > 0, dependent only on n, such that, for all Q,

A@,1) € B(Q, O).

LEMMA 4.2. Letr € [1,00) and § € (0,1]. For a cube Q and a measurable
set E C Q with |E| > 6|Q),

1/r y 1/r
T —1/7ry T
(fo—fm) <(1+94 )ggé(élf—d) :

Proor. Foranyce C,

1/r 1/r
o= gel=| fr-o < (fur-ar) sar( fu-r)
E E Q
Then
1/r 1/r 1/r
(Lur=ser) < (fir=e) vie-sel<awam( Lir-er)
Q Q Q

Taking the infimum over all ¢ € C, we have the conclusion. O

Now we prove Proposition 3.2.

PROOF OF (i). Let @ be any cube. By the duality

(LYQ)/ )" ={g € L¥(Q) : gL},
we have
Plengle If— P||L1(Q)
= fllr (@), 2

—sup{‘/Qfg‘ 19 € L(Q), 9L 21, lgllr=q) < 1}

= sup {‘/Qﬂp‘ tp € CF(R"), suppyp C Q, L. 21, [|¢l|l=(q) < 1}.

This implies
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=P sup /f@‘-
Peg”l |Q\/| = weAQ,1) 1 JQ

By Lemma 4.1, for any ¢ € A(Q, 1), we can take ¢o; € B(Q,C), j=1,...,n, for
some C' > 0 such that

/Cgf@=4f§3jwi=—éé(3jf) /Zaf )5,

with any ¢; € C. Then

f@’SC ][Ia’f—c
]/Q > f o
Hence

nf |Q|/|f P|<csz][|af—c\

Taking the supremum over all Q € 2 with @) > x, we have the conclusion.

PROOF OF (ii). First we show that, for any cube @, f € L"(Q) and g €
(@),

g, | 15019) -

1/r 1/r’
< r . o
s(fur) e (f—ar) o s f 1 |][ ol

Write Q = I x Q' with I = [a,a +h] C R and Q' C R"~!. Divide the interval I
into three intervals I; = [a+ (i —1)h/3,a+1ih/3],i =1,2,3. Take a; € I;, i = 1,3,

so that
‘/ g(a;, z")dx’'

where z = (z1,2'), ' = (z2,...,2). Let E = [a1,a3] x Q'. Then

g(z1,2")dz' |dxy,

’
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1 1
(019)E = E o / 319($17$/)d$1d$/ = E o (Q(GSJ/) - 9(a1,$/))d$l»
’ ai ’

and

g(z1,2")dz' |dxy

|(019)E Z )

3 3 9
< Q||I|/Q lg(z)|dx = Q) ]é lg(z)|dx. (4.2)

For any P € &, by Holder’s inequality, Lemma 4.2 and (4.2),

][ F(B19) — (D19) P
Q

< ]2 F(0r9) - (@rg)e)] + ][ (f — P)(&r9)s]

g(élﬁ) (][wlg algE|) + £ 1= Pl
4<]g|fr)l/rggg(]g|algc )1/ gy L= f

Taking the infimum over all P € &1, we have (4.1). Further, taking the supremum
over all Q € 2 with @ > x, we have the conclusion. a

4.2. Proof of Proposition 3.3.
Let a be a multi-index with |af = m. Fix x = (21, 22,...,2,) € R" and take

a cube Q € Z containing z. Take one more cube Q = I x Q’ I CR,Q C R,
such that Q C @, £(Q) = £(Q)/4 and dist(z1, ) > £(Q)/4.
By the Taylor expansion formula we have

P f@) = 3 S0 f(y) (- y)°

|B|<k—1

+ k/o (1—6)k1 Z l!(‘?"’+“f(y +0(zx—y))(x—y)db. (4.3)

[v|=k

Take ¢ € C*°(R™) such that
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swppo © Q. [ ey =1, 10%()| < cat(@) "1

Multiplying (y) to both sides in (4.3) and integrating with respect to y on Q, we
have

0= Y / 0 f(y)(x — ) p(y)dy

1B|<k—1

p 7! / / )" fy + 0(x — y)) (2 — y) o(y)do dy

lv|=k

=L+ J

For L, by the integral by part we have

L= ﬁg}; 1 (1);%4 /Q(f(y) — f)05[(w — y)Po(y)) dy.
Since
07w — )P W)]| S (@)1l = g(@) T,
we get

815 [ 156) ~ Jolt@) " "dy £ 4Q) M ()
For J, let dy = dy1dy’, dy’ = dys . . .dy,, and

1
Jy = // /0 (1—0)* 1o+ fy+0(z —y))(z—y) (y)dddy'.

Then

Let us use the change of valuables z = y 4+ 0(z — y). Then y = (z — 6z)/(1 — 0),
x—y=(xr—2)/(1-0)and
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v = /R(l — G)k—la’Haf(z)(x — y)w‘p(y)Mdz

D(z1,22,. ., 2n)

o _ k—1 v+« M — vy 1 yA
_ 1 pyrgrro ) E=Y nas
_/R(l Oy T )(331 _y1)<p(y)d ’

where R is the corresponding area to [0, 1] x Q'. Note that R C Q, since z, yEeQ
implies z € Q. Using the relations

|z —x| |z — x| _
T —y|~|x — ~0Q), 1—-0= ~ , </ ",
we have
) < / 2 — e f(2)|de (Q)
Q
and
1 1 ~
VETD Dy ATATVEY SEPATI(S)
= T =
< / o= ot S e f(2) e
@ IvI=k
< 3 / | @) Y s (a)ds
Y <(//2eQ) " Sl mEISET l=k
< ¥ <2j>kM( 3 |m+af|)(x>
29 <(v/n/2)U(Q) =k
< ﬁ(@)w( > |8”+af|>(x)~
IvI=Fk
Therefore,

10° ()] < L]+ |7] < £(Q)" ™M f(z) +€(Q)’“M( 3 8’*+°‘f> (x).

[vI=k
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Since Q) € Z is arbitrary,

1)1 < ing { ) ar @)+ @ (X 10 )

lv|=k

< (MBD f ()™ H (M( 3 |6’Y+af|)(x)>m/(k+m)

lv|=Fk

This is the conclusion. O

4.3. Proof of Proposition 3.4.
PrOOF OF (i). Take r so that 0 < r < p < oo. Then, by Proposition 3.5,
(3.1) and the boundedness of M ()% on LP(R™),

~

ot
< [ 1 [ (i )

M

||f||igp S HMﬂ(T) dnysz

”f”BModyH
S I Wpoar 1M 117,

S 1 B0y 1F11Z

PROOF OF (ii). By Proposition 3.3 and the boundedness of M on L? with

p=mp/(k+m) > 1,
m (k)
|87f|>>

2. I

R >

lor|= ly|=k+m Le
k/(k4+m) ™/ (ktm)
~ st | (X o)
ly|=k+m Lr
- m/(k+m)
S e > 1orr| O
Lp

Iv|=k+m
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4.4. Proof of Proposition 3.5.

First we note some properties of polynomials. Let 0 < p < ¢ < oo and
d € {0} U N. Then there exists a constant C' > 0, dependent only on n, p and d,
such that, for any polynomial P € &; and any cube @,

(L)< ()" el fm)”

see for example [2, Lemma 3.1]. In the above, when either p = co or ¢ = oo the
corresponding expression is replaced by || P||po.

For r € (0,00), A € [1,00) and d € {0} U N, let H(T (f, Q) be the set of all
T € P4 such that

1/r 1/
(frr=ar) <am (fu-rr)

Then IV (f,Q) € IS (f,Q) for A € [1,00). If f € L™(Q), then IV (£, Q) #
0, since 9d is a finite dimensional space.

To prove Proposition 3.5 we define local versions of M (-4 and Mgfj\')’dy and
state two lemmas. For r, A € (0,00) and Q C R"™, let

1/r
MYV f(@) = sup ( ][Ifl’") :
QED,2€QCO Q

MO @) = sup ( ]1 - Pr)

QeD,zcQCN PE@d

LEMMA 4.3 ([14, Lemma 3.1]). Letr € (0,00) and d € {0} UN. Then there
exist constants C > 0 and b > 1 such that, for any Q € 2, f € L"(Q), § € (0,1]
and X > (fql fI)'/",

{z € Q: MV f(x) > oA, MIGSY f(x) < oA}
go(‘;) {z € Q: MY f(x) > A} (4.5)

LEMMA 4.4.  Letp,r € (0,00) and d € {0} UN. Then there exists a constant
C > 0, dependent only on n, p, r and d, such that, for any A € [1,00), Q € 2,

feL(Q) and e (f,Q),
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#(r),dy
1f = 7llzr @) < ACHMd,O,Q fHLp(Q)'
PrROOF OF LEMMA 4.4. By the good A inequality (4.5) and the standard
argument (see for example [13, Theorem 1.3]) we have the following boundedness:

For p,r € (0,00) and d € {0} U IN, there exists a constant C > 0, dependent only
on n, p, r and d, such that, for any Q € 2 and f € L"(Q),

1/r
(r),d f(r),d 1
M5 Py < C(IMEDS S+ (L 1r) ) o
Take m € HEIT)"A(f,Q) and substitute f — 7 for f in (4.6). Then
r),d,
1f = wlleo@) < 1M (F = )| oo

1/r
< M Al ) + |Q1/P( ]é . wr)
< (MG P oy + AIQIYP inf MDY F(a).

Since
1
QM7 inf MY f(2) = o D)) < M)
seq 0@ NWW=A [ s Mo T = 100 Jllre(q)y
we get the conclusion. O
Now we prove Proposition 3.5.

PROOF OF PROPOSITION 3.5. We show that, for each ¢ € E, there exists
T € Py such that

1f = 7ell ooy S IMES Y Fll oo (4.7)

Let {Q;} C Z, Q1 C Q2 C -+ C D(e), sup; [Qj41]/|Q;] < 00, U;Q; = D(e). Take
e Hg)’l(f, Q;). Then, by Lemma 4.4, we have

Hf - ﬂ-jHLp(Qj) S ||Mz§,(5)’dyf”[,p(@j)- (4.8)
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On the other hand, we have by (4.4)

1/r
79— 77 o) < [ — 1 0y < ( o wﬂ“r“)

J

1/r 1/r
(four=mr) o (Bl [ g-mnr)
Q, Qi1 Jao,.

. #(r),d -1 #(r),d
S nf Mag Tf@) < 1Qi1 Mg £l oo

< IQj|_1/pHM(g,(g)’dnyLp(D(e))'

IN

Note that we may assume that 2" < |Q;41|/|Q;|. Hence

o0 o0
j i+1 -1 g(r),d
Dl =7 @iy $ D1 TP IMES " F o e < 00
j=1 j=1
This shows that {m/ }; converges and the limit 7. is in Z4, since &, is a finite

dimensional space. Therefore, letting j — oo in (4.8), we get (4.7).
Finally, we assume that {Q;}; C 2, Q1 C Q2 C --- C Dfe),

sup; |Q;+1]/1Q;] < 00, U;Q; = D(e) and
lim |f]°=0.
Qj

J—o0

In this case, for s; < s, by Holder’s inequality,

1/s1 1/s
lim (][ |f51> < lim (][ |f|5> 0.
J—00 Qj J—00 Qj

Hence we may assume that s < r. Let #/ € l'It(iS)’l(f7 Q@;). Then, for any P € &,

(]{2 f—frjl’”>m < (]é |f—P|T>W+ (]{? |P—frﬂ'|’“)1/r,

and, by (4.4),
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) 1/r ) 1/s
(fr=er) = (f, 1)
Qj Q;

J J

< (]{2 |f_P|s>1/S+ <]éj |f_7~rjs>1/s

J

1/s 1/r
<2(]g|f—Pls> <2(]g|f—PIT) .

Hence, for some A’ > 1,

1/r 1/r
_AJ|r < A i _ T .
(fr-wr) < (f v-rr)

417

That is, 7/ € l_IElT)’A/(f7 Qj), 7 = 1,2,.... By the same way as before we get

lim;j o 7 = e € Py and

1f = Fellzooen < ANME | ey

Here we note that the polynomial m, satisfying || f — 7¢||zr(p(e)) < o0 is unique.

Then it turns out that lim;_., #/ = m.. However, by (4.4)

1/s
~J o < ~j|s
17 <Q]>N(]{2j|7r|)
1/s 1/s
(o) ()
(]{%u w|) ]éjlfl
1/s 1/s
S _OS +( S) _)Oa
(][lef |) ]{?jm

as j — oo. This shows that 7. = 0.

5. Example.

In this section we prove the following proposition. The function u in the

proposition satisfies (1.3).

PROPOSITION 5.1.  Let p € (0,00). Then there exists an odd function u €

C([0,T) x R?) such that
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u(t) € C*(R*) N L>(R?) fort e [0,T),
we L=([0,T); L(R?)) N L*([0,T); BMO® (R?)),
Jim VT tu(t, )= = oo,

lim VT = [Ju(t, ) [mo = o,
and, for any q > p,

e )l zes.1) = oo

To prove the proposition, we state two lemmas without proofs (see for example
(6], [15]).

LEmMA 5.2.  If f,g € BMO(R"™), then max(f,g),min(f,g) € BMO(R")
and

[ max(f, g)lBmo, [ min(f, g)llBmo < 2(|[fllBMo + [lgl[BMO)-

LEMMA 5.3. Forne C%,. (R™) withn >0 and [n=1,

comp
ILf *nllsmo < 2| flBmo-

PROOF OF PROPOSITION 5.1.  We divide into three parts. In Part 1 we
give a parametrized function whose BMO%-norm is bounded but BMO-norm in-
flates. In Part 2 we give a parametrized function whose LP-norm is bounded but
L(B(0,1))-norm inflates (p < ¢). In Part 3 we interpolate the functions con-
structed in Part 1 and Part 2.

Part 1: For N > 1, let

1
gn(z) = max <O,min (N, log (|>,4N + log |x|>)
x

0, |z| < e 4V,
4N +log|z|, e 4N < x| < e 3N,

=< N, e 3N <Jz|<e™™, zeR.
log(1/l]), e N <lal <1,

0, 1< |z,
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Then gy € BMO(R) and ||gn]|lBMo < ¢ for some constant ¢ independent of N
by Lemma 5.2. Next, let

g (x) = gn (21, 2, 23) = min (gn (21), gn (22), gn (23)).

Then gn € BMO(R?) and ||gn|Bmo < 6¢o. Let 1 € Coomp(R >0, [n=1
and suppn C B(0,1), and let

N ). (5.1)

Then gy *nn € C, R3)NBMO(R?) and ||gn *nn|lBMo < 12¢ by Lemma 5.3.

comp(
Let

gy *nn(z),  x3>0,
fy(z) =
—gn *xnn(x), x3<0.

Then fy € BMOY(R?) and

[ fnllBMoay < 12¢o. (5.2)
Observing gy *nn(x) = 0 on the set {z = (21, x2,x3) : min; |z;] < e 4N —e 5N},
we see that fy € C5,,,,(R?). On the other hand, for
3 3 3
:H[_evaefNL Q1:H[0,67N], QQIH[€73N+675N,67N—€75N]7
Jj=1 j=1 j=1
Q2/1@1] > 1/2 and
N
|fn(x) = (fn)gldr = |fn(z)|de > —— Nda: >
1Ql / ¢ IQ [ Ja |@1| 2
since fy(z) = N on Q3. That is,
N
Ifnllz= =N, 5 <llfnlBmo < 2N. (5.3)

Note that | fx(z)| < gn(z) < min; max(0,log(1/|x;])). Then, for any p € (0, c0),

[fnllee < e, (5.4)
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for some constant ¢; independent of N.

Part 2: Let ny be as in (5.1) and hy = hy * nn, N > 1, where

and

- min(N, HY?(|z|)), x3 > 0,
hy(x :{ r = (x1,22,73) € R>.

—min(N, HY?(|z])), z3 <0,
Then hy € C°(R3) N L>®°(R?) and hy(z) = N on the set
L={z=(x1,22,23): e N < x| < N7P/3 — 7N g5 > efsN}.
It is easy to see that
Ihnllzr < c2,  [[hnlBymosy < hnllBmo < 2[[hn (e =2N (5.5)

where the constant ¢, is independent of N. Moreover, for any ¢ > p, if N is large
enough, then [fux ()| = H'/?(|]) on [a] > N=/* and

/ h% (z)dx
B(0,1)N{zz>e— 5N}

>

/ h% (z)dx
B(0,1/2)n{ws>2e~5N}

1/2 1/2 1\ \?
Z/ H(T)Q/”r2drz/ r_1<10g< )) drz(logN)q'H,

N-p/2 N-»/2 T

that is,
Ihnlze Z (log N)' 1/, (5.6)
Part 3: For N > 1, let (N) = (log N)~! and

Un(z) = (1 =0(N))fn(x) + 0(N)hy(z).
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Then max, Un(z) = N, since LN Q2 # 0. That is,

From (5.2)—(5.6) it follows that

lUN| e < 1+ co, |Un|lra = o0,

lim
N—oo

[Unllsmoay < IfnllBmoay + 0(N)||hx[lpaoas < 12¢o + 2N (log N) .

If N is large enough, then O(N)||hn|Bmo/|fN]BMo is small and then

IUnIBMO ~ || fn]lBMO ~ N.

Therefore, taking a large C' > 0, a small § > 0 and letting u(t, z) = Uy (z) with

5
N=C+ ¢ <log ¢ )7
T—t T—t

we have the conclusion. O
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