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Abstract. In this paper, we study limit spaces of a sequence of n-
dimensional complete Riemannian manifolds whose Ricci curvatures have def-
inite lower bound. We will give several measure theoretical properties of such
limit spaces.

1. Introduction.

In this paper, we study a pointed metric space (Y, y) that is pointed Gromov-
Hausdorff limit of a sequence of complete, pointed, connected n-dimensional Rie-
mannian manifolds, {(M;,m;)};, with Ricp;, > —(n — 1). We call such a metric
space (Y,y) Ricci limit space in this paper. See Section 4.1 in [16]. In the papers
[4], [5] and [6], Cheeger-Colding studied such limit spaces, showed many impor-
tant results. There exists a Borel measure v on a Ricci limit space (Y, y), which
is called the limit measure. See Definition 2.3. They developed the structure the-
ory by using the limit measure v and results in [4], [5] and [6]. Most of this
paper, we will study measure theoretical properties on Ricci limit spaces for the
limit measure. In the other papers [13] and [14], we will discuss several geometric
applications of the results in this paper to Ricci limit spaces.

First, we study cut loci on Ricci limit spaces in Section 3. We prove that the
measure of cut locus is equal to zero. See Theorem 3.2. We will study cut locus
geometrically in Section 8 in [13]. We also give a relationship between “the limit
space of cut loci” and “cut locus of the limit space”. See Theorem 3.5.

Cheeger-Colding defined the measure of codimension one of v in [5], we denote
it by v_1. See Definition 4.1 for the definition of v_;. If Y is isometric to a k-
dimensional smooth Riemannian manifold, then the measure v_; and the (k —1)-
dimensional Hausdorff measure .2*~! are mutually absolutely continuous. We will
give several properties of v_;. For example, we will show the following Bishop-
Gromov type inequality for v_y:
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THEOREM 1.1.  Let (Y,y) be a Ricci limit space. Then, there exists a positive
constant C(n) > 0 depending only on n, such that for every positive numbers
0<s<t< oo, every point x € Y and for every Borel set A C 0B(x),

V-1 (A)
vol 9By (p)

v_1(0Bs(x) N C,(A))
vol 0B, (p)

< C(n)

holds.

Here, p is a point in the standard n-dimensional hyperbolic space H™(—1)
and C,(A) = {z € Y | There exists w € A such that T,z +Z,w = T, w holds.}, T,z
is the distance between x and 2z on Y. This is like Laplacian comparison theorem
on Riemannian manifolds. If Y is isometric to a smooth Riemannian manifold,
then Theorem 1.1 corresponds to area comparison theorem (see [1, Theorem 0.7]
and (2.13) in [1]). See [13, Theorem 1.2] for a geometric application of Theorem
1.1 to low dimensional Ricci limit spaces.

Also we will show a finiteness result (Theorem 4.2) and a positivity result of
the measure v_; (Corollary 4.7). It means that the measure v_; is a good measure
on the set 0B, (z) \ Cy. Here, C; is the cut locus of x € Y. These properties are
similar to those on Riemannian manifolds.

We will give a relationship between the limit measure v and the measure v_;
in Section 5. Theorem 5.2 is like co-area formula for Lipschitz maps on Euclidean
spaces (see [8, 3.2.12. Theorem]). We will discuss an application of Theorem 5.2
to a rectifiability of Ricci limit spaces in [14].

Finally, we also consider the subset of Ricci limit space (Y, y), Ay («) consists
of points z € Y satisfying v(B,(z)) ~ r* as r — 0. See Definition 6.1. The limit
measure v on Ay (a) and a-dimensional Hausdorff measure ¢ are mutually
absolutely continuous. We will give an upper bound of Hausdorff dimension of the
set. As a corollary, we will give an easy new proof of Corollary 6.4.

ACKNOWLEDGEMENTS. The author is grateful to Professor Kenji Fukaya for
his numerous suggestions and advice. He is also grateful to the referee for many
valuable advice on the first version.

2. Notation.

In this section, we recall some fundamental notion on metric spaces and define
the notion of Ricci limit spaces.

DEFINITION 2.1.  We say that a metric space X is proper if every bounded
closed set is compact. A metric space X is said to be a geodesic space if for every
points x1, 29 € X, there exists an isometric embedding v : [0,Z7, %3] — X such
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that v(0) = x1, v(T1,T2) = z2. Here Ty, 25 is the distance between x; and x5 on
X. We say that ~ is a minimal geodesic from x1 to xs.

For a proper geodesic space X, a point x € X, a set A C X, and for positive
numbers 0 < r < R, we use the following notations; B.(z) = {z € X | T,z < r},
B.(z)={z€ X |7,z <r}, A r(z) = Br(z) \ B.(x), 0B.(z) = {2 € X |7,z =
r}, Cy(A) = {z € X | There exists w € A such that T,z + z,w = T, w holds.}.
Throughout the paper, we fix a positive integer n > 0.

DEFINITION 2.2. Let (Y,y) be a pointed proper geodesic space (y € Y), K
a real number. We say that (Y,y) is a (n, K)-Ricci limit space if there exist a
sequence of real numbers {K;} and a sequence of complete, pointed, connected
n-dimensional Riemannian manifolds {(M;, m;)}; with Ricy, > K;(n — 1), such
that K; converges to K and that (M;, m;) converges to (Y,y) as i — oo in the
sense of pointed Gromov-Hausdorff topology.

Here, for a sequence of pointed proper geodesic spaces {(X;,x;)}:, we say
that (X;,x;) converges to a pointed proper geodesic space (Xoo,Too) in the sense
of pointed Gromov-Hausdorff topology if there exist sequences of positive numbers
€, R; > 0 and exists a sequence of maps ¢; : (Bg,(2:),2;) — (Br,(%c0), Too)
such that €; converges to 0, R; converges to oo, |Z;,w; — ¢i(2;), ¢i(w;)| < € holds
for every points z;,w; € Bp,(x;), and that B, (Image(¢;)) D Bp,(*s) holds.
(See Definitions 6.1 and 6.2 in [9].) We say that ¢; is a €;-Gromov-Hausdorff
approximation. Then for a sequence of points z; € X; such that the set {Z7;z; |
1 € N} is bounded set in R, we say that z; converges to a point zoo € Xoo in the
sense of pointed Gromov-Hausdorff topology if ¢;(2;), 200 < €;. We denote it by
either z; — 2o Or Zj, Zoo < €.

We remark that for every K # 0 and every (n, K)-Ricci limit space (Y,y),
there exists a sequence of complete, connected n-dimensional Riemannian mani-
folds {(M;, m;)}; with Ricps, > K(n — 1), such that (M;, m;) converges to (Y,y)
by rescaling. Throughout the paper, (Y,y) is always a (n,—1)-Ricci limit space
and is not a single point. More simply, we say that (Y,y) is Ricci limit space.

We shall give the definition of limit measure. The measure is a useful tool for
studying Ricci limit spaces.

DEFINITION 2.3. Let v be a Borel measure on Y. We say that v is a limit
measure if there exists a sequence of complete, pointed, connected n-dimensional
Riemannian manifolds {(M;,m;)}; with Ricp;, > —(n — 1), such that (M;, m;)
converges to (Y,y) and that for every positive number r > 0 and every points
x €Y, m; € M; satisfying 7; — z in the sense of pointed Gromov-Hausdorff
topology,
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vol B»,«(T?Lj)
2o \Tey) B,

vol Bl(mj) - U( (:L‘))

holds. Then we say that (M;,m;,vol/vol Bi(m;)) converges to (Y,y,v) in the
sense of measured Gromov-Hausdorff topology.

There exists a limit measure on Y (see [4, Theorem 1.6], [4, Theorem 1.10]
and [9]). In general, it is not unique (see [4, Example 1.24]). Throughout the
paper, v is always a fixed limit measure on'Y .

3. Cut locus.
In this section, we study a cut locus on Ricci limit spaces.

3.1. Measure of cut locus.
First, we give the definition of cut locus.

DEFINITION 3.1.  For a proper geodesic space X and every w € X, we put
Cy = {z € X | For every point z € Y\ {z}, W,z + T,z —w, z > 0 holds.}. If X is
a single point, then C, = (. We say that C,, is the cut locus of w.

The following theorem is the main result in this subsection.
THEOREM 3.2.  We have v(Cy,) = 0 for every point w € Y.

Proor. We shall give only a proof of the case w = y. There exists a
sequence of complete pointed, connected n-dimensional Riemannian manifolds,
{(Mj,m;)}; such that Ricpas; > —(n — 1) and that (M;, m;, vol / vol By(m;)) con-
verges to (Y, y, v) in the sense of measured Gromov-Hausdorff topology. For every
positive number r > 0 and every positive integer N € N, we put Cy(r) = {zr € Y|
For every z € Y\ B, (x), 7,2+ 7,2 -9,z > 0 holds.} and Cy(r, N) = {x € Y | For
every z € Y \ B.(z), y,Z + 7,2 — J,z > N~! holds.}. By the definition, Cy(r, N)
is closed.

CrLAam 3.3.  We have Cy(r) = UNeN Cy(r,N).

It suffices to see that Cy(r) C Jyen Cy(r, N). This proof is done by a
contradiction. We assume that there exists a point 2 € Cy(r) \ Uyen Cy(r, N).
Then, for every positive integer N, there exists a point yy € Y \ B,.(z) such that
U T+ T, U8 — U, yn < N7 holds. Clearly, for every positive integer N, there
exists a point zy € 0B, (x) such that T;zZy + Zn, YN = T, yn holds. Then, by
triangle inequality, we have ¥, % + 7, 2y — U, 2§y < N~ 1. Since dB,.(x) is compact,
there exists a subsequence {zy(n)}n and a point zo, € 9B, () such that zy)
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converges t0 2z, in Y. Therefore, we have 4§, T + T, Zoo = ¥, Z00- Lhis contradicts
the assumption. Thus we have Claim 3.3.

By the definition, we have Cy =", , Cy(r). We fix a positive number r > 0
and a positive integer N € N. Let [ € N be a positive integer, § > 0 a sufficiently
small positive number satisfying 0 < § < min{2=,r, N=1}. Let {z;}%, be a
maximal 1000-separated subset of the set C,(r, N) N Ay—1 :1(y). For every positive
integers i,7 > 0 (1 < i < k), we take z;(j) € M, such that x;(j) converges to
x; as j — oo in the sense of pointed Gromov-Hausdorff topology. In general,
for a complete pointed, connected n-dimensional Riemannian manifold (M,m),
we put S,,M = {u € T,,M | |u| = 1} and define ¢(u) > 0 as the supremum
of t € (0,00) such that exp,, suljps is a minimal geodesic segment from m to
exp,, tu for v € S,, M. For every positive numbers 0 < r; < r9 and n > 0, we
put X(m,r1,72,n) = {exp,,tu € M | u € S, M, t(u) —n < t < t(u),exp,, tu €
Apy (M)}

CrLaM 3.4.  We have Ule Bios(x:(j)) \ Cm,; C X(my, 271=1 2141 100r) for
every sufficiently large j.

We take x € Bios(wi(j)) \ Cm;. For every point z € M; \ Byo,(z), we take
w € Y such that Z,w < ¢; in the sense of pointed Gromov-Hausdorff topology
(e; — 0). Then, we have

m;, &+ T, 2 — My, 2 > my, x(5) + x:(4), 2 — My, 2 — 200

>y, T + T, w — Y, w — 200 — Te; (%)

and W, T; > z,x;(j) — 3¢; > Z,T — x,x;(j) — 3¢; > 40r — 106 — 3¢; > 30r. By the
definition of x;, we have

() > N~1 —205 — 7¢; > (2N)" 1 > 0.

Thus there exist u € S,,; M; and positive number ¢ > 0 such that ¢(u) — 50r <
t < t(u) and = = exp,, tu hold. Because, if we assume that ¢ < ¢(u) — 50r, then
there exists a € M; such that z;a = 45r and that m;,z + 7,0 — m;,a = 0.
On the other hand, since a € M; \ Bao,(z), by the argument above, we have
m;, Z + T, a — Ty, @ > 0. This is a contradiction. Thus we have t(u) — 50r < t.

Since z, x;(j) < 100 holds, we have x € Ay-1-1 51+1(m;). Therefore, we have
z € X(my,27171 2141 100r). Hence, we have Claim 3.4.

Since {Bios(zi(j))}: are pairwise disjoint for every sufficiently large j, Claim
3.4 yields
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Here, vol = vol/vol Bi(m;). By the proof of [4, Lemma 2.16], there exists
a positive constant C' = C(l,n) > 0 depending only on I,n, such that vol X
(mj, 27171 2141 1100r) < C(I,n)r holds. Thus, we have

=

v(Cy(r,N) N Ag-1 21(y)) < ) v(Bioos(w:))
i—1

-
Il

<CY» v(Bios(zs))

-

i=1

<Cr.

Therefore, by letting 6 — 0, N — oo, r — 0, and ! — oo, we have v(Cy) =0. O

We remark that # &o(w) C C, holds for every w € Y. (See [4, Definition
2.10] for the definition of # &o(w).) Therefore, Theorem 3.2 differs from [4, Propo-
sition 2.13].

3.2. Convergence of cut loci.

In this subsection, we give a relationship between “the limit space of cut loci”
and “the cut locus of the limit space”. Roughly speaking, we will show that “the
limit space of cut loci” contains “the cut locus of the limit space”. Let {(M;, m;)};
be a sequence of complete pointed, connected n-dimensional Riemannian manifolds
with Ricy;, > —(n — 1). For every positive number R > 0, the sequence of
pointed compact metric spaces (Bag(m;) N (Cp, U{m;}), m;),c is precompact
in the sense of pointed Gromov-Hausdorff topology. We assume that there exist a
pointed proper geodesic space (Y, y) and a pointed compact metric space (Xg,zg)
such that (Bag(m;) N (Cp, U {m;}), m;) conveges to (Xg,zr) and that (M;,m;)
converges to (Y,y).

THEOREM 3.5. Under the notation above, there exists an isometric embed-
ding ® : (Br(y) N (Cy U{y}),y) — (Xgr,zR).

Proor. First, we shall prove that for every finite points x1,x2,...,xn €
Cy N Br(y), there exists an isometric embedding qﬁ;\L: ({z1, 22, ..., 2N, 9}, y) —
(Xr,zr). We fix finite points x1, 2, ...,xn € Cy N Bgr(y). For every sufficiently
large k € IN, there exists a positive number 7 > 0 such that 7,7, +7;, 7 -y, 7 > 7
holds for every 1 < j < N and every point ¢ € Biggr(y) \ Br-1(x;). We take
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€;-Gromov-Hausdorff approximations (e; — 0), ¢; : (Br,(m;),m;) — (Br,(v),v),
& : @Ri (®):y) — (Br,(m:),ms), i + (Bar(mi) N (Cr, U{ms}), my) — (Xr,2R)
and ©; : (Xg,2r) — (Bar(m;) N (Cp, U{m;}),m;) such that ¢; o ¢;,id < ¢,
qgi 0 ¢i,id < €, WUy ozZAJi,id < ¢; hold and that 1/3z o;,id < ¢; holds. Here, the

inequality ¢; o b;,id < €; means that ¢; o él (7),x < € holds for every x € Bag(y).
Since ¢;(Bar(mi) \ Bioor-1(¢i(z;))) C Barte;(y) \ Biook-1-2¢,(x;), we have
m;, c;ASi(:z:j)JrgZ)i(xj), z;—Ty, z; > 7/100 for every sufficiently large i, every 1 < j < N

and every point z; € Bag(m;) \ BlOOk_l(éi(xj)). Thus, there exists a point
z;(i, k) € Cpm, N Bag(m;) such that éi(:cj),xj(i,k) < 100k~! holds. By taking a
subsequence, we can assume that the sequence {¢;(x; (%, k))}; is a Cauchy sequence
in Xg for every 1 < j < N. We put z(j, k) = lim; . ¢¥;(x;(4,k)). Similarly,
without loss of generality, we can assume that the sequence {x(j, k) }1 is a Cauchy
sequence for every j. We put z(j, 00) = limy—.oc z(j, k) and put ¢ (z;) = 2(j, 00).
Then we have an isometric embedding ¢n : ({z1,22,...,2n,y},y) — (Xg,ZR).
By using ¢ and diagonal argument, it is not difficult to construct the map ®. O

Clearly, in general, the cut locus of the limit space is not isometric to the limit
space of cut loci. For example, consider the situation that the flat tori S*(r) x S*
converges to S! as r — 0. Here, S'(r) = {z € R? | |z| = r}.

4. The measure of codimension one.

In this section, we recall the definition of the measure v_; on Ricci limit
spaces, and give several properties of v_j.

4.1. Definition and finiteness.
First, we recall the definition of v_;. (See (2.1) and (2.2) in [5].)

DEFINITION 4.1.  For positive numbers 3,9 > 0 and a subset A C Y, we put

(v_p)s(A) = inf { > i fu(B(x:)) ‘ H1 <Ro, AC By, (), ri < 5},
icl il
v-p(A4) = lim (v_p)5(A).

By Carathéodory criterion, v_g is a Borel measure on Y. We remark that
v_g({z}) > 0 holds if and only if liminf, o v(B,(z))/r® > 0 holds. The following
theorem is the main result in this subsection. However, we will prove a result
where sharpens the conclusion in the following theorem later. See Corollary 5.7.
The following theorem is used in the proof of Theorem 1.1.
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THEOREM 4.2.  There ezists a positive constant C(n) > 0 depending only on
n such that for every positive number t > 0 and every point x € Y,

v(Bi(z)) ~ vol By(p)

holds. Here, p is a point in the standard n-dimensional hyperbolic space H™(—1).
Especially, we have v_1(0B(x)) < oc.

PROOF. We can assume that 0B;(z) # (. There exists a sequence of com-
plete, pointed, connected n-dimensional Riemannian manifolds {(M;, m;)}; with
Ricys, > —(n—1) such that (M, mj,vol / vol By(my)) converges to (Y, y,v) in the
sense of measured Gromov-Hausdorff topology. We fix a sufficiently small positive
number § > 0 satisfying sinh" ' (¢ 4 26)/sinh™ (¢t — 26) < 2. Let {z;}Y, be
a maximal 1000-separated subset of dB;(z). For every positive integers ¢, > 0
(1 <i < N), we take (), z;(j) € M; such that z;(j) converges to x; as j — oo
and that z(j) converges to x as j — oo. We put Si = {u € S;;yM; | There
exists 0 < s < t(u) such that exp,;)su € Bs(x;(j)) holds.}. Also we put
Ii(u) = {s € (0,t(u)) | exp,(; su € Bs(xi(j))} for u € S}, k(s) = sinh(s) and
put 0(s,u) = s”flx/det(gmexpz(j)Su)). Here, ¢;; = ¢g(0/0x;,0/0x;) for a normal
coordinate around z(j), (1,2, ...,%,). Then, we have

vol By(z:(j)) = / /;(u) 0(s, u)dsdu

n—1
< / / 9(t—26,u)%17(8)dsdu
1w E"(t - 20)

< 2/ / O(t — 26, u)dsdu
i

<85 | O6(t—26,u)du
s

< 85 vol (9By—25(x(5)) N Cu(jy(Bs(xi(4))))-

Since the set {OBt_a25(x(j)) N Cr(Bs(x;(4)))}s are pairwise disjoint for every suf-
ficiently large j, we have

N
D07 vol By(ai(4)) < 4vol (9B1-2(x()) \ Ciy)).
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By Bishop-Gromov volume comparison theorem, we have

vol By_a5(2(j)) vol(OBi—a5(m;) \ Ca(sy)
vol By (m;) vol B_o5(x(4))

< vol By_5(x(j)) vol 0Bt _25(p)
VOlBl(mj) VOlBt_Q(;(B) '

vol(0Bi—25(x(j)) \ Ca(y)) =

Thus, we have

vol B;_5(x(5)) vol 0B;_25(p)
vol By(mj)  vol By_ss5(p)

N
ZCSfchﬂB&(ﬂfi(j)) <

By letting j — oo, we have

N

(v-1)10006(0B1(x)) <> (10008) ' v(Biooos (1))
z(n .
< 3 zz: B5 xz

vol OB;_25(p)

< C(n)v(Be(2) Bi_25(p)

for some C(n) > 0. Therefore, by letting § — 0, we have

vol OBy (p)
_1(0B(x)) < C(n)U(Bt(x))VOTt(p). O

We shall state the following proposition stated in (4.3) of [6]. Since there is
no proof of the following proposition in [6], we give a proof of it.

PROPOSITION 4.3.  We assume that O0B1(y) # 0. Then for every positive
number R > 0 and every point x € Bg(y), we have

v(Bs(x)) < C(R,n)s

for every positive number 0 < s < 1. Here, C(R,n) > 0 is a positive constant
depending only on R and n.

PROOF. By an argument simular to the proof of [13, Proposition 5.2]. O
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As a corollary of Theorem 4.2 and Proposition 4.3, we have a universal upper
bound for v_;(0B(z)):

COROLLARY 4.4. We assume that 0B1(y) # 0. Then for every positive
number R > 0 and every point x € Br(y), we have

_1(0Bs(z)) < C(R,n).

for every positive number 0 < s < 1.

4.2. Bishop-Gromov type inequality.
In this subsection, we shall give a proof of Theorem 1.1.

PROOF OF THEOREM 1.1. First, we assume that A is compact. There ex-
ists a sequence of complete, pointed, connected n-dimensional Riemannian mani-
folds {(Mj, m;)}; with Ricps; > —(n—1) such that (M;, m;, vol / vol B1(m;)) con-
verges to (Y, y,v) in the sense of measured Gromov-Hausdorff topology. We fix a
sufficiently small positive number ¢ > 0 and put C.(4, s,6) = {z € 9Bs(z) | There
exists p € Bs(A) such that 7,2+, p—7,p < 0 holds.}. Clearly, C,(A4,s,d) is com-
pact and (55, Cz(A,5,0) = 0Bs(x)NC,(A) holds. Let e > 0 be a positive number
satisfying € < min{s,t — s 5} There exists a sequence of sets {B,., (z;)}, such
that [v_1(Cz (A4, s, 76))— Zl 17 (B (20))] < €, Cu(A, 8,78) C Uj\il B, (z;) and
0 < r; <min{s,t —s,d}/1000(1 <4 < N) hold, and that C,(A4,s,76) N B, (x;) #
0(1 < i < N) holds. We put 7 = minj<;<n{r;/1000}. Let z(j), ;(j) be points
in M; satisfying x;(j),z; < €;, z(j),z < €; in the sense of pointed Gromov-

Hausdorff topology (e; — 0). For every positive integers i, j (1 < i < N), we put
S ={ue S2(jyM; | There exists 0 < r < t(u) such that XDy (j) TU € By, (x:(5))
holds.} and $7 = {u € S7 | t(u) >t — 1005}. Also we put I7 (u) = {r € (0,t(u)) |
exp,(;) Tt € Byy, (2:(4))} and I} (u) = By, (I} (u)) (C (0,t(u))) for u € S}. Then,

we have

vol Byoy, (2 (j / O(r, u)drdu
SJ IJ

4
Z/ / k- 1 wdrdu
s i k" (t —1046)

n—1 4

> E—,l(s 10%) 1/ 0(t — 10*6, u)du
K" (6 — 1049)

k" (s — 10%0)

( )

mrz vol (aBt 1046( ( )) N Sr(j)(B4ri(xi(j))))~
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Here, Sm(j)(fl) = {a € M; \ Cy;) | There exists § € A such that z(5), 6+ 5, a =
2(j), a holds or (j),a+a, B = x( ), 8 holds.} for every subset A C Y. Therefore,
we have

N
> it vol Bioy, (2:(4))
=1
L B (s — 10%) al ,
2 o109 24 (9B11005(3) 0 Su(5) (Bar, (:(1)))).

Let {;ﬁ}fv 1 be a maximal 10'°5-separated subset of A and #;(j) € M; a point
satisfying &;(j), &; < €;.

CLAIM 4.5.  For every sufficiently large j > 0, every point z; € Bs(&;(j))
and every minimal geodesic from x(j) to zj, v : [0,2(j), z;] — M;, we have

Image(y ( U Buyr, (x(j > # 0.

We take a; € Y such that y(s+7),a; < €. Since s < T, @; < s+ 27
for every sufficiently large j, we can take w € 0By(x) such that Z,w + w,a; =
T,0a5. Then, we have T,w + w, & — x, & < T, + o5, 8 — x,8 + 41 <
x(§),y(s+71) + v(s+71),2:(4) — (), 2:(j) + 57 < 2§ + 57 < 75. Therefore,
we have w € Cy(A, s, 70). Thus, there exists a ball B, (z;) such that w € B, ().
Therefore, we have a; € Bay, (x;). Thus, we have y(s+7) € By, (21(j)). We have
Claim 4.5.

For every ball Bs(i:(j)), we put S = {u € S, ])MJ | There exists 0 <
7 < t(u) such that exp,;)ru € Bs(2;(j)) holds.} and Fu) = {r e (0,t(u)) |
exp,(j) Tu € Bs(Zi(j))} for u € S7. Then, we have

vol Bs (2 (§) / O(r,u)drdu
$1J1

—10%5, )
/ / T WSy ———— " drdu
$iJis k ( 1046)

n—1 4
< 2%5 O(t — 10*6, u)du
E'(E—10%0) S
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E"(t 4 10%9)

mfs vol (OBy_1015(x(j)) N Cu(jy(Bs(2i(4))))-

Therefore, we have
N
> 67" vol Bs(i:(4))
i=1

MY 45
<2Z E s el (081023 1 Coty (Bs(2:7)

Enfl(t+1045) N Aoy
S ] G >>mcm<j>(i_|_!Ba<xi<g>>))-

By Claim 4.5, we have

9B, _1015(m;) N Ciy (|_| Bs(#:(j ) C 6Bt1045(x(j))ﬂ5x(j)<634”(@(]'))).

i=1

Thus, we have

Gkt~ 10%) t— 1045) &
25 VOlB§ xz )) S E S* 1046 ;Tz v01310r z( ))
Therefore, by letting j — oo, we have
N
(v-1)10115(A Z (10"6) " u(Bygs(2:))
N
<C(n)> 6 o(Bs(i:))
=1
k" (t — 10%9) L
< C — - B Ig 1
) =T qomg) 2V (Brom ()
< OB U100 s, 7))+ 6)
En71(8—1045) -1 T [d)

By letting € — 0 and § — 0, we have Theorem 1.1 for every compact set A. By
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standard covering argument, it is easy to prove Theorem 1.1 for every Borel set
A. O

See [13, Theorem 1.2] for an application of Theorem 1.1 to low dimensional
Ricci limit spaces.

4.3. Positivity result of the measure v_;.
First, we shall prove the following theorem:

THEOREM 4.6.  There exists a positive constant C(n) > 0 depending only on
n such that for every positive numbers 0 < s <r < t, every point x € Y and every
Borel set A C Ay (),

v(A)
vol By(p) — vol B, (p)

v_1(0Bs(z) N C,(A))
vol 9B, (p)

< C(n)

holds. Especially, if v(A) > 0 holds, then v_1(0Bs(x) N Cy(A)) > 0 holds.

Proor. Without loss of generality, we can assume that s < r holds and
A is compact. We fix a sufficiently small positive number §. Let ¢ > 0 be
a positive number. There exists {B,,(z;)}}Y, such that |v_1(C,(4,s,78)) —
SN T (B (2))] < € Cu(A,5,78) € U, Bri(2), 0 < r; < min{r,t — 5,8}/
1000 hold for every ¢, and that C,(A,s,75) N By, (z;) # 0 holds. By taking a
maximal 1006 - separated subset of A and by an argument simular to the proof of

Theorem 1.1, we have

vol By 41005 (p) — vol By _1005(p)
< — — .
v(d) =€) vol OBs_100s(p) (0-1(Cold,5,70)) + )

Therefore, by letting € — 0, 6 — 0, we have Theorem 4.6. O

Next corollary is a positivity result similar to the properties on Riemannian
manifolds.

COROLLARY 4.7. Let x be a point in Y and R > 0 a positive number.
Assume that OBr(z)\ Cy # 0. Then for every z € dBr(x)\ Cy and every positive
number € > 0, v_1(B.(z) N0Br(x) \ Cy;) > 0 holds.

PROOF. There exist a sufficiently small positive number 0 < 7 < ¢€/1000
and a point w € Y such that ;2 + zZ;w = Z,w and z,w = 7 hold. Then,
since B (x) N Cy(B-/1000(w)) C Be(2) NOBR(x) \ Cy, Corollary 4.7 follows from
Theorem 4.6. g
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Finally, we shall give the following theorem.

COROLLARY 4.8.  For every points x,z € Y such that x # z, the following
conditions are equivalent:

(1) v(Cy({z})) > 0 holds.
(2) v_1(0B¢(x) N Cyx({2})) > 0 holds for every 0 < t < T, z.
(3) v_1(9B:(x) N Cr({2})) > 0 holds for some 0 <t < T, Z.

PrOOF. First, we assume that v(C,({z})) > 0 holds. We put r =,z > 0.
There exists a positive integer N € IN such that v(Cy({z})NA(y11)-1,, y—1,(2)) >
0 holds. Thus, by Theorem 4.6, we have v_1(0B:(z) N Cz({z})) > 0 for every
0 <t< (N+1)"tr. Since 0Bs(z) N Cp({z}) = 9B,_s(2) N C.({x}) holds for
every 0 < s < r, by Theorem 1.1, we have v_1(0B(xz) N Cy({z})) > 0 for every
o<t<r.

Next, we assume that v(C,({z})) = 0. Then, by Corollary 5.7 below, there
exists ¢ € (0,7, z) such that v_1(0B;(x) N Cy({z})) = 0 holds. O

See [13, Theorem 6.5] for an application of Corollary 4.8.

5. Co-area formula for distance function.

In this section, we give a relationship between the limit measure v and the
measure v_i. Let « be a point in Y and A C Y a subset. We define ®4 : R>9 —
R> by

B A(t) = v_1(dBy(z) N A).

PROPOSITION 5.1.  For every Borel set A C Y, the map ®4 is a Lebesgue
measurable function.

We will give a proof of Proposition 5.1 in Appendix. The following theorem
is the main result in this subsection.

THEOREM 5.2. Let x be a point in Y. There exists a non-negative valued
function f € Loo(Y) and a constant C(n) > 1 depending only on n, such that
C(n)~! < f(w) < C(n) holds for every w € Y and

/ / gdv_ldt:/ gfdv
0 JOB,(x)\Ca Y

holds for every g € L1(Y).
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PRrROOF. Recall that there exists a sequence of complete, pointed, connected
n-dimensional Riemannian manifolds {(M;, m;)}; with Ricy;, > —(n—1) such that
(M;, mj,vol / vol Bi(m;)) converges to (Y,y,v) in the sense of measured Gromov-
Hausdorff topology. For every positive number 7 > 0, we put 2, =Y \ C.(7) =
{w € Y | There exists z € Y \ B, (w) such that Z,w +w, z = T, z holds.}. Clearly,
U,e0%- = Y\C,. Wefix 7 > 0. Let s,t,7, R, > 0 be positive numbers satisfying
0<d<rsand §d <r <t< R Weassume that A, g(z) # 0. We take a point
w € A, g(z). Let {z;}, be a maximal 1005-separated subset of B, (x) N By(w).
We take a positive number ¢ > 0 such that |t — | < § and # € [r, R] hold.

CLAIM 5.3.  We have dB;(x) N 2, N Bs_1005(w) C Uf\il Bisoos(x4)-

Let z be a point in dB;(z) N 2, N Bs_100s(w). First, we assume t > t. Then
there exists a € dB;(z) N Bs(w) such that ;& + @,z = 7,z and @,z < § hold.
Thus, there exists a positive integer 1 < i < N such that a € Basos(x;) holds.
Therefore, we have z € Bsggs(2;)-

Next, we assume that £ < ¢. Since § < 7, there exists a € dB;(x) N By(w)
such that 7,z + zZ,a@ = Z,a and @,z < § hold. Thus there exists a positive
integer 1 <4 < N such that o € Bagos(x;) holds. Hence, we have z € Bsggs(z;).
Therefore, we have Claim 5.3.

For every positive integers ¢, j > 0 (1 < i < N), let z;(j), 2(j) € M; be points
satisfying ;(j),z; < €; and z(j),z < €; (¢ — 0). We put S} = {u € Sy(;yM; |
There exists 0 < r < t(u) such that exp,;ru € Bs(xi(j)) holds} and I;(u) =
{r € (0,t(u)) | exp, ;) ru € Bs(xi(j))} for u € Sj. Then, we have

vol Bs(x;(j / / (8, u)dsdu
i Iz
// EN(3) 1105u)ddu
i k" (t —109)

§2// 0(t — 106, u)dédu

< 55/_ 0(t — 106, u)du

< 56vol (9B;_105((4)) N Coiy(Bs(2i(5))) N Baos (4(3)) \ Cags))-

CramMm 5.4.  For every iy,ia € {1,2,--+-,N} such that iy # ia, for ev-
ery sufficiently large integer j, we have Cy(jy(Bas(xi, (7)) N Cujy(Bas(wi, (j))) N
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Baos (4, (7)) = 0.

Assume that the assertion is false. We take z; € Cy(;)(Bas(wi, (5))) N
Ca(j)(B2s(wi,(5))) N Baos(wi,(j)).  There exist y;, (j) € B25(%( ) ¥i,(4) €

325($i2(j)) such that ‘T(j)’zj + Zj’yil(j) = m(j)ayh (j) and SL'( )7’2] + ZJ7yl2(J) =
2(7), yi,(j) hold. Then, by triangle inequality, we have

xll(j)5x12(j) th(j)’yu( )+yl1( ) ZJ+Zjay12(])+yi2(j)7xi2(j)

<26+y11( ) ZJ +Zjay12( )+26

<48+t 456 — x(j), 25 + 25, ¥in (J)
<96+t — 2(5), Yin () + 500
< 95 + 56 + 505 = 640.

Thus, we have Z;;,Z;; < 706. This is a contradiction. Therefore, we have Claim
5.4.

Let w(j) € M; be a point satisfying w(j),w < ¢;. By Claim 5.4 and
Bsos(24(j)) C Bsy1o0s(w(j)), we have

ZVO]B(S zi(j)) < 106 vol (8B;_105(x(§)) N Bsy100s(w(5)) \ Cuj))-

On the other hand, for every sufficiently large j, we have

N

Z v(Bs(x;))
i=1

uMz

‘<62

Therefore, for every sufficiently large j, we have
(v-1)10005 (335(9:) N Bs_1005(w) N @T)

Z 10008) ~*v(B1ooos (%))

N

C(n) Z(S_lv(Bg(xi))

IN
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< C(n) (6 + iélvolBa(xi(j)))

i=1

< C(n)d + C(n)vol (9B;_195(z(5)) N Bs100s(w(j)) \ Cagyy)- (*)

Let {t;}%_, C [r, R] be a subset satisfying [r, R] C Ule Bs/o(t;). For every i =
1,2,...,k, we have that inequality (*) holds for every sufficiently large integer j

and every t € [r, R] satisfying |f — t;| < 6. Hence, inequality (x) holds for every
sufficiently large j and every t € [r, R]. Therefore, for such j, we have

R
/ (U_1)1000§ (an(x) n ES_T(’LU) N @T)th
R —_— ~
< / (0-1)10008 (0B;(z) N Baro0s (w) N 2, ) di

R
< CO(R =15+ C(n) | 301 (9B; 105(e(0)) N Busaons(wi)) \ Cogy )t

R—106

< C(n)(R—1)6 4+ C(n) / ;. vol (9Ba (7)) N Bs+100s(w(5)) \ Ca(j))der

< C(n)(R —1)d + C(n) vol Bs 11005 (w(3)).
By letting j — 00, § — 0, R — oo, 7 — 0 and letting 7 — 0, we have
/ v_1(0B;j(z) N Bs(w) \ Cp)dt < C(n)v(Bs(w)).
0
Here, we remark that the map ¥ : B(Y) — R U {oo} defined by

B(A) = /OO v_1(0By(z) N A\ Cy)dt

0

is an additive set function on Z(Y) = {4 € 2¥ | A is a Borel subset of Y}. By
standard covering argument, for every A € #(Y’), we have

/00 v_1(0Bi(z) N A\ Cy)dt < C(n)v(A).
0

By Radon-Nikodym theorem, there exists f € Lo (Y) such that 0 < f < C(n)
holds and that
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/ / gdv,ldt:/ gfdv
0 JoB.(x)\C, Y

holds for every g € L1(Y).

CLAIM 5.5. Let w be a point in' Y and 0 < 7 < 1 < R positive numbers.
Assume w € Br(z) \ (Br(z) U Cy(7)). Then, for every 0 < e < 7/1000, we have

v(Be(w)) < C(n, R) /000 v_1(0B(x) N Be(w) \ Cy)dt.

Here, C(n, R) is a positive constant depending only on n, R.

Because, for every 0 < € < 7/100, we take a minimal geodesic v : [0, 7, w +
10e] — Y such that (0) = « and that v(Z,w) = w. Then, by Theorem 4.6, for
every t € [T,w — ¢/100, T, w], we have

v(Bioe(w)) < C(n)v(Be(v(T7@ + 5¢)))

< C(n) vol Az zw+20¢ (P) v_1 (aBt (x) ggg(BBte(;’;(W + 56)))

< C(n, R)ev_1(0B¢(x) N Bige(w) \ Cy).

By integrating this inequality on [T, w — €/100, T, w], we have Claim 5.5.

CLAIM 5.6.  For every Borel subset A of Y, we have

v(4) < C(n) /OOO v_1(0B(z) N A\ Cy)dt.

For every 7 > 0 and every 0 < Ry < Ry < oo, we put A(r, Ry, Re,x) =
ANARg, r,(x)\Cyp(7). We fix 7> 0,0 < Ry <1< Ry such that y € Bg,(z). By
standard covering argument, for every e > 0, there exists a sequence { B, (z;)}ien
of balls such that z; € Leb(A(r, Ry, Re,x)) and that 0 < r; < min{r,¢, Ry,
Ry — R1}/100 and that {B,,(z;)}ien is pairwise disjoint and that v(B,., (x;) N
A(1,R1, R2,2))/v(By;(x;)) > 1 — € holds and that Leb(A(r, R1, Re,x))\
Ui\il B,,(zi) € UjZ 41 Bsr, () holds for every N. Here, Leb(A) = {z € Y |
lim, o v(ANB,(z))/v(By(z)) = 1} for each Borel subset A of Y. We take N such
that Y% v, v(Br,(2;)) < € holds. Then, we have
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v_1(0By(z) N By, (z;) \ Cy)dt
N 00 o
— Z/O v_1(8By(z) N By, (z;) N A(t, Ry, Ry, x))dt‘

:/OOO <8Bt <U TRl,Rg,x)UCm)>>dt

<tﬁ _

i=1

r xz \ATRlvRQa ))

N
Cln)e Y v(B, C(n)ev(Br, ().

Therefore, we have

/ v 1 (0Bu(x) N A(r, Ry, Ro, z))dt
0

N

> /OOO v_q (8Bt(x) N ( U Br.(z:) N A(7, Ry, Ry, z)))dt

i=1

N 00 B

= ;/; ’U_l(aBt(IB) N Bm (1'2) N A(T, Rl, RZ,ZL’))dt
N 00 B

> Z/O v_1(0By(x) N By, () \ Ca)dt — eC(n, Ry)
i=1

N
> C(n) Y v(Br,(2;)) — €C(n, Ro)

i=1

N —
> C(n)v(UB (z4) U Bs,, () > — eC(n, R)
i=1 i=N+1
C(n)v(Leb(A(T, R1, Ra,x))) — eC(n, Ra)
= C(n)v(A(t, Ry, Ra,x)) — eC(n, Rs).

By letting ¢ — 0, Ry — 0, Ry — o0, 7 — 0, we obtain Claim 5.6. The statement
f > C(n) > 0 follows from Claim 5.6. O



438 S. HONDA

See [14] for several applications of Theorem 5.2 to a rectifiability and Lapla-
cian comparison theorems on Ricci limit spaces. For example, in [14], we will give
the following: Let H be a real number, (Y,y) a (n, H)-Ricci limit space (n > 2), v
a limit measure on Y, x a point in Y, R a positive number and f a non-negative
valued Lipschitz function on Bgr(z). Then we have

Ey (T,w)

/BR(I) (df,dry)ydv > —(n—1) /BR(z) ey (70)

Here, the function ky on Rsq defined by kf(r) + Hky(r) = 0, ky(0) = 0
and k%7 (0) = 1. If Y is an n-dimensional C*°-Riemannian manifold, then this
implies Laplacian comparison theorem on Riemannian manifolds: Ar,(w) >
—(n — DKy (@w)/ky(@w) on Y \ (Cp U{z}). Thus we have Ricy > H(n — 1).
The formulation above was given in [15, Theorem 3.1]. Roughly speaking, this
statement implies that Laplacian comparison theorems are closed in the sense of

fw)dv.

measured Gromov-Hausdorff topology, or lower bounds of Ricci curvature are sta-
ble in the sense of measured Gromouv-Hausdorff topology. See [15], [16], [17], [18]
and [19] for related results. We will use Theorem 5.2 in the proof of the statement
above.

We give the next inequality which sharpens the conclusion in Theorem 4.2.

COROLLARY b5.7.  For every positive numbers 0 < r1 < ro < R, every point
z €Y and every Borel set A C 0Bg(z),

D a(A) o 0l (5) N Cold)
volOBR(p) — vol By, (p) — vol B, (p)
holds.
Proor. It follows from Theorems 1.1 and 5.2, immediately. U

6. Ahlfors a-regular set and the Hausdorff dimension.

We consider a set that the limit measure v on the set and a Hausdorff measure
are mutually absolutely continuous.

DEFINITION 6.1.  For non-negative numbers a > 0, C' > 1, we put

Ay(a,C) ={z €Y | C7's* < v(By(z)) < Cs" for every 0 < s < 1},

Ay () = | Ay (a,C).

C>1
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We call the set Ay («) Ahlfors a-regular set.

Note that Ay (a, C) is closed. The limit measure v and a-dimensional Haus-
dorff measure are mutually absolutely continuous on Ay («). Next, we shall define
the notion of tangent cone.

DEFINITION 6.2. Let (W, w), (Z, z) be pointed proper geodesic spaces. We
say that (W,w) is a tangent cone at o € Z if there exists a sequence of positive
numbers r; > 0 such that r; converges to 0 and that rescaled pointed proper
geodesic spaces (Z, ri_ldz, «) converges to (W, w) in the sense of pointed Gromov-
Hausdorff topology. Here, dy is the distance on Z.

We shall give an upper bound of Hausdorff dimension of Ahlfors a-regular
set.

THEOREM 6.3.  We have dim» Ay (o) < [a] for every positive number o >
0. Here [a] =sup{k € Z | k < a}.

Proor. This proof is done by a contradiction. We assume that
dim e Ay () > [a] holds. Then, there exist a sufficiently small positive num-
ber 0 < 3 < 1 and a positive number C' > 1 such that 5 (Ay (a,C)) > 0
holds. By standard covering argument, there exist x € Y, a tangent cone
(T.Y,0,) at z, and a sequence of positive numbers r; > 0 such that r; con-
verges to 0, lim; .o #218(B,,(x))/r;®t# > 0 holds and that (Y,r; 'dy,z) con-
verges to (1,Y,0,) (for example, see (1.39) and (10.7) in [5] for the definition
of the (o + f3)-dimensional spherical Hausdorff content, s#2+7). Without loss
of generality, we can assume that there exist a compact metric space Z, a limit
measure v on (7,Y,0,), a positive number ¢ > 1 and an isometric embed-
ding ¢ : Z — Arq,y (a,C)N'B1(0,) for va such that H*T#(Z) > 0 holds and that
(B, (x)NAy (a,C),r; 'dy) converges to Z in the sense of Gromov-Hausdorff topol-
ogy. Especially, P (B1(0,) N Ar,y(a,C)) > 0 holds. By [2, Proposition 2.5],
we have %P (B1(0,) N Ap,y (o, C)\ # 26(0,)) > 0 (see [4, Definition 2.10] for
the definition of # Z¢(x)). We put (Y1,y1) = (T,Y,0;). Then, there exist a point
z € Ay, («, C‘) \# Py(y1), a sequence of positive numbers s; and a pointed proper
geodesic space (W, w) such that s; converges to 0, lim; o 2217 (B,, (z))/s?”g >0
and (Y1, s; 'dy,, z) converges to (R x W, (0,w)).

By iterating this argument, there exist an iterated tangent cone (7,t) of
Y, a limit measure ¥ on (T,t), a positive constant C > 1 and a proper
geodesic space X such that s#t8(By(t) N Ap(a, C)) > 0 holds for Us and T
is isometric to RI®*! x X. Therefore, there exists a point w € T such that
liminf, o Uoo(Br(w))/r* > 0 holds. This contradicts [4, Proposition 1.35]. O
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Next corollary follows from [6, Theorem 5.5], immediately. We shall give a
new proof.

COROLLARY 6.4. We assume that v(Ay («)) > 0 holds. Then « is an inte-
ger.

PrOOF. By the assumption, we have J#%(A(«)) > 0. Hence, dim» A(a) >
a. Therefore, by Theorem 6.3, we have a = [«]. O

7. Appendix: A proof of Proposition 5.1.

In this section, we shall give a proof of Proposition 5.1. We fix 0 < r < R.
For every t € Qso, let {z!};en be a countable dense subset of dB;(x). For
every positive integer N € N and every positive number § > 0, we put & =
{Bs(zt) |i € N, s,t € Qso}, BY ={(B,,(%i))iz1,2,.. v € BN | r; < &} and put
Bs = UNeN e%’év. Clearly, these are countable sets.

LEMMA 7.1. Let A C Y be a compact set. Then the function t —
(v-1)s(0B¢(x)NA) is a Borel function for every positive number § > 0. Especially,
the map ® 4 |, ) is a Borel function.

PrROOF. For every F = (B, (;))i=1,2,.. N € HBs, we define a map Up from
1, ] to RoU{o0} by Wr(t) = S, r (B, (21)) it 0By (x)n A € UY, By, ()
holds, Up(t) = oo otherwise. Since 0B:(z) N A is a compact set, Ur is a Borel
function. Therefore, ¥ = infrcp, ¥r is a Borel function. By the definition of

(v_1)s, we have U(t) = (v_1)5(0B:(z) N A). O
Therefore, we have the following corollary:

COROLLARY 7.2. Let O CY be an open set. Then the map ®olj. g is a
Borel function.

Here we put % = {A € B(Y) | For every positive number € > 0, there exist
a sequence of compact sets K; C A, a sequence of open sets A C O; and exists a
Lebesgue measurable set E, C [r, R] such that 52 ([r, R]\ E.) < € holds and that
supep, V-1(0B¢(x) N A\ K;) and sup,c g v—_1(9B;(x) N O; \ A) converge to 0 as
i — oco}. Note that for every A; € 9:?, ® 4l g is a Lebesgue measurable function
for every set A = J,cn Ai-

LEMMA 7.3. 2 isa o-algebra.

ProOOF. It suffices to show UZ-GN A; € % for every sets A; € A. We
take a sequence A; € #A. Let € > 0 be a positive number. For every i € IN,
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there exist a sequence of compact sets K;(j) C A;, a sequence of open sets
A; C O;(j), and exists a Lebesgue measurable set E.(i) C [r, R] such that
HY([r,R]) \ Ec(i)) < 27% holds and that SUpse g, (i) V-1(0Bt(z) N O;(j5) \ Ai)
and supyep, ) v-1(0Bi(z) N A; \ K;i(j)) converge to 0 as j — oo. Thus, for
every | € N, there exists a sufficiently large integer N(I) € N such that for
every 1 < i < I, supyep, (;y v-1(0Bi(x) N A; \ K;(N (1)) < 17'27" holds. Since
v_1(0B(x) ﬁ(Uli=1 A;)) converges to v_1 (9B (x) N (U;en Ai)) as | — oo for every
t € [r, R], by Egoroff’s theorem, there exists a Lebesgue measurable set F. C [r, R]
such that 7 ([r,R] \ E.) < € holds and that sup,cp v_1(0B¢(z) N (U;en Ai \
Ué=1 A;)) converges to 0 as | — co. We put E, = Nien Ee(i)NE.. Then, we have,
AV ([r,R|\ E.) < Sien ([ R\ Ec(i)) + ' ([r, R] \ Ec) < 2e. We also put
a compact set K; = Ui:l Ki(N(l)). Then, sup,.z v-1(9Bi(z) N (Ujen 4i \ K)))
converges to 0 as [ — oo. For each [,7 € NN, there exists a sufficiently large
j(1,i) € N such that sup,cp_(;y v-1(9B:(x) N (0;(j(1,4)) \ A;)) < 17'27" holds. We
put an open set Oy = (J;cn Oi(j(1,7)). Then SUp, . v_1(0B:(x) N (O1\U,en Ai))
converges to 0 as | — oo. Therefore | J;cny Ai € % holds. O

LEMMA 7.4. % = B(Y) holds.

PrOOF. For every open set O C Y, there exists a sequence of compact
sets K; C O such that ;.5 K; = O. By Egoroff’s theorem, for every positive
number € > 0, there exists a Lebesgue measurable set E. C [r, R| such that
supsep, v-1(0B¢(x) N O\ K;)) converges to 0 as i — oo. Thus, O € . Therefore
we have Lemma 7.4. O

Proposition 5.1 follows from these lemmas above, immediately.
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