(©2010 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 62, No. 4 (2010) pp. 1069-1092

doi: 10.2969/jmsj/06241069

The link of a finitely determined map germ from R? to R2

By J. A. MoYA-PEREZ and J. J. NUNO-BALLESTEROS

(Received May 13, 2009)
(Revised Aug. 12, 2009)

Abstract. Let f: (R?,0) — (R2,0) be a finitely determined map germ.
The link of f is obtained by taking a small enough representative f : U C
R? — R? and the intersection of its image with a small enough sphere S!
centered at the origin in R%2. We will describe the topology of f in terms of
the Gauss word associated to its link.

1. Introduction.

The stable singularities of maps from the plane to the plane were studied
for the first time by H. Whitney in his famous paper [13]. He showed that for
a generic smooth map f : U C R? — R?, the germ of f at any point p € U is
either regular, of fold type or of cusp type. This means that f is &/-equivalent at
p to either (z,y) — (2,9), (x,y) — (z,y?) or (x,y) — (x,y> + zy), respectively.
Moreover, if we consider also multigerms, then we have to add one more stable
singularity, namely the transverse double fold. In Figure 1 we find a typical image
which represents a stable map from the plane to the plane.

Figure 1.

When f : (R?,0) — (R?,0) is not stable but it is finitely determined, then the
origin is an isolated instability by the Mather-Gaffney criterion [12]. In particular,
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there is a small enough representative f : U C R? — R? such that f has only
simple folds in U \ {0}. The topological structure of f is determined by the so-
called link of f, which is obtained by taking the intersection of the image of f with
a small enough sphere centered at the origin S!. We use a theorem due to Fukuda
[2], which ensures that the link of f is a stable map from S* to S* and that f is
topologically equivalent to the cone of its link.

The aim of this paper is to study the topological classification of finitely
determined map germs, f : (R?,0) — (R?,0), by looking at the topological type
of the link. In particular, the main motivation of the paper is the following open
problem: Given a stable map v : S* — S, does there exist a finitely determined
map germ f : (R?,0) — (R2,0) which is topologically equivalent to the cone of
y?

The main tool will be an adapted version of Gauss words. We show that
two finitely determined map germs are topologically equivalent if and only if they
have equivalent Gauss words (Corollary 4.4). We also will take special attention
to the case that f has corank 1. In this case, f can be written as f(x,y) =
(z,92(y)) and gives a stabilization of gy : (R,0) — (R,0). The topology of f is
now determined by the two stabilizations g}, with z > 0 and g; with = < 0.
We obtain the topological classification up to multiplicity 5, provided that f is
weighted homogeneous (Theorem 5.12).

The topological classification of finitely determined map germs in the complex
analytic case f : (C?,0) — (C?,0) has been done by Gaffney and Mond in [5], [4].
Also Nishimura studied in [9] the topological J# -equivalence of finite map germs
f:(R",0) — (R",0) and he obtained that the absolute value of the degree is a
complete topological invariant. Finally, we should notice that the techniques used
in this paper has been already used by the second author and Marar in [6], where
they consider Gauss words in the topological classification of finitely determined
map germs from R2 to R3.

All map germs considered are real analytic except otherwise stated. We adopt
the notation and basic definitions that are usual in singularity theory (e.g., /-
equivalence, stability, finite determinacy, etc.), as the reader can find in Wall’s
survey paper [12].

2. Stablility and finite determinacy.

In this section we state the basic definitions and the results that we will need
in the remainder of the paper, including the Whitney’s characterization of stable
maps from the plane to the plane and the Mather-Gaffney finite determinacy
criterion.

Two smooth map germs f,g : (R%,0) — (R?0) are &/-equivalent if there
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exist diffeomorphism germs ¢, : (R?,0) — (R?,0) such that g = o fo ¢t If
¢, are homeomorphisms instead of diffeomorphisms, then we say that f,g are
topologically equivalent.

We say that f: (R?,0) — (R?,0) is k-determined if for any map germ g with
the same k-jet, we have that g is @7-equivalent to f. We say that f is finitely
determined if it is k-determined for some k.

Let f : U — R? be a smooth map, where U C R? is an open subset. We
denote by S(f) = {p € U : Jf, = 0} the singular set of f, where J f is the jacobian
determinant. It is a consequence of the Whitney’s work [13] that f is stable if and
only if the following two conditions hold:

(1) 0 is a regular value of Jf, so that S(f) is a smooth curve in U.
(2) The restriction f|g(s) : S(f) — R? is an immersion with only double trans-
verse points, except at isolated points, where it has simple cusps.

We also find in [13] the classification and the normal forms of stable singu-
larities. Assume that f is stable and let p € S(f).

(1) We say that p is a fold, if it is a regular point of f|gs). The map germ of
f at p is @7-equivalent to (z,y) — (z,y?). The subset of folds is denoted by
St0(f)-

(2) We say that p is a cusp, if it is a simple cusp of f|g(s). The map germ of f at
p is &/-equivalent to (z,y) — (z,2y + y*). The subset of cusps is denoted by
S1.1(f).

(3) We say that p is a double fold, if it is a double transverse point of f|gs). If
q € S(f) such that f(p) = f(q), with p # ¢, then the bi-germ of f at {p,q} is
a/-equivalent to

Both the stability criterion and the classification of the singular stable points
are also true if we consider a holomorphic map f : U C C? — C?. Then we
consider now a holomorphic map germ f : (C?,0) — (C?,0) and we recall the
Mather-Gaffney finite determinacy criterion [12]. Roughly speaking, f is finitely
determined if and only if it has an isolated instability at the origin. To simplify
the notation, we state the Mather-Gaffney theorem only in the case of map germs
from (C?,0) to (C?,0), although it is true in a more general form for map germs
from (C™,0) to (C?,0).

THEOREM 2.1.  Let f : (C?,0) — (C?,0) be a holomorphic map germ. Then
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f is finitely determined if and only if there is a representative f : U C C? — C?
such that

(1) f71(0) = {0},

(2) the restriction f|y\ oy is stable.

From the condition (2), both the cusps and the double folds are isolated
points in U \ {0}. By the curve selection lemma [7], we deduce that they are also
isolated in U. Thus, we can shrink the neighbourhood U if necessary and get a
representative such that f[y oy is stable with only simple folds.

Coming back to the real case, we consider now an analytic map germ f :
(R2,0) — (R2,0). If we denote by f : (C2,0) — (C2,0) the complexification of f,
it is well known that f is finitely determined if and only if f is finitely determined.
Then, we have the following immediate consequence of the Mather-Gaffney finite
determinacy criterion.

COROLLARY 2.2. Let f : (R?,0) — (R?0) be a finitely determined map
germ. Then there is a representative f : U C R*> — R? such that

(1) f71(0) = {0},

(2) the restriction f|y\ oy is stable with only simple folds.

Given a map germ f : (R2?,0) — (R20), we denote A(f) = f(S(f)) and
we define X (f) as the closure of f=Y(A(f)) \ S(f). If f is finitely determined,
then the three set germs S(f), A(f) and X (f) are plane curves with an isolated
singularity at the origin and they will play an important role in the topological
classification of f.

3. The link of a germ.

In this section we recall an important result due to Fukuda, which tell us
that any finitely determined map germ, f : (R",0) — (RP,0), with n < p, has a
conic structure over its link. The link is obtained by intersecting the image of a
representative of f with a small enough sphere centered in the origin of RP. In
order to simplify the notation, we only state the result in our case n = p = 2.

We denote by J"(R?, R?) the r-jet space and if s > r we have the natural
projection 7¢ : J*(R?, R?) — J"(R?, R?).

THEOREM 3.1.  Let f : (R?,0) — (R?,0) be a finitely determined map germ.
Then, up to o -equivalence, there is a representative f : U C R?> — R? and ¢y > 0,
such that, for any e with 0 < € < €y we have:

(1) §61 = f~1(8}) is diffeomorphic to S*.
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(2) The map fl|g : gﬁl — S is stable, in other words, it is a Morse function all
of whose critical values are distinct.
(3) f is topologically equivalent to the cone of f|g..

PROOF. Assume that f is r-determined for some r and let W = {j” f(0)},
where j” f(0) denotes the r-jet of f. By Fukuda theorem [2], there is an s, and a
closed semi-algebraic subset Xy of (73)~!(W) having codimension > 1 such that
for any C*° mapping g : R> — R? with jg(0) belonging to (73)~1(W) \ Zw,
there exists eg > 0 such that (1), (2) and (3) hold, for any € with 0 < € < .
Since (3)"Y(W) \ Zw # 0, we can take a map g : R?> — R? with j%g(0) €
(72)~Y(W) \ L. This implies that j7g(0) = j"f(0) and g is &7-equivalent to f.

(|

DEFINITION 3.2. Let f : (R?0) — (R?0) be a finitely determined map
germ. We say that the stable map f|z : 561 — Sl is the link of f, where f is
a representative such that (1), (2) and (3) of Theorem 3.1 hold for any e with
0 < € < €p. This link is well defined, up to «/-equivalence.

Since any finitely determined map germ is topologically equivalent to the cone
of its link, we have the following immediate consequence.

COROLLARY 3.3. Tuwo finitely determined map germs f,g : (R?,0) —
(R?,0) are topologically equivalent if and only if their associated links are topolog-
ically equivalent.

4. The Gauss word.

We recall that a Gauss word is a word which contains each letter exactly twice,
one with exponent +1 and another one with exponent —1. They were introduced
originally by Gauss to describe the topology of closed curves in the plane RZ or
in the sphere S2. Here, we use the same terminology of Gauss word to represent
a different type of word, adapted to our particular case of stable maps S* — S!.

Let S! be the unit 1-sphere with the anti-clockwise orientation and let us
choose a base point zg € S'. Any point x € S! can be written in a unique way as
T = zpe'®, with a € [0,27). Given ¥ = 20e'® and y = zpe?’, with a, 3 € [0,27),
we denote x < y if o < B. If S! is considered with the clockwise orientation,
then we write = 2pe'®, with a € [0,27) and the order relation is defined in an
analogous way.

DEFINITION 4.1. Let v : S' — S! be a stable map, that is, such that
all its singularities are of Morse type and its critical values are distinct. We fix
orientations in each S and we also choose base points zg € S* in the source and
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ag € S! in the target.

Suppose that v has r critical values labeled by r letters ay,...,a, € S* and
let us denote their inverse images by z1, ..., zx € S'. We assume they are ordered
such that ag < a7 < --- < a, and zg < z1 < --- < z; and following the orientation
of each S?.

We defineamapo: {1,...,k} — {a1,...,a,,a1,...,a,} in the following way:
given i € {1,...,k}, then v(z;) = a; for some j € {1,...,7}; we define o(i) = aj,
if z; is a regular point and o (i) = @y, if z; is a singular point. We call Gauss word
to the sequence o(1)...0(k).

EXAMPLE 4.2.

(1) Let v : S — ST be the link of the fold f(x,y) = (x,y?). There are only 2
critical values and 2 inverse images, one for each critical value. The Gauss
word is ab (Figure 2).

@

(1) ) (3)
Zl
“ b
N "
b
2y E

212,

Figure 2.

(2) Let v : S* — S be the link of the cusp f(z,y) = (z,zy + y*). There are 2
critical values and 4 inverse images, two for each critical value. The Gauss
word in this case is abab (Figure 3).

(1) (2) 3)

23

b .
a
2y ,22 ;
T P
21

21%9%37 abab

Figure 3.
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It is obvious that the Gauss word is not uniquely determined, since it depends
on the chosen orientations and base points in each S'. Different choices will
produce the following changes in the Gauss word:

(1) a cyclic permutation in the letters aq, ..., a,;

(2) a cyclic permutation in the sequence o(1)...0(k);
(3) a reversion in the set of the letters ay, ..., a,;

(4) a reversion in the sequence o(1)...0(k).

We say that two Gauss words are equivalent if they are related through these four
operations. Under this equivalence, the Gauss word is now well defined.

In order to simplify the notation, given a stable map ~ : S — S, we denote
by w(y) the associated Gauss word and by ~ the equivalence relation between
Gauss words. We also denote by deg(v) the topological degree. Then, we can
state the main result of this section.

THEOREM 4.3. Let 7,6 : S' — S be two stable maps. Then ~,5 are topo-
logically equivalent if and only if

w(y) ~ w(f), if 7,0 are singular,
|deg(v)| = |deg(d)|, if,0 are regular.

PROOF. We choose orientations in the source and the target of v : S' — St
and we also choose base points zg € S' and ag € S'. We denote by ay,...,a,
the critical values of v and by z1,...,2; their inverse images. Assume they are
ordered such that ag < a; < -+- < a, and z9 < 21 < -+- < z and following the
orientation of each S. Let o(1)...0(k) be the Gauss word of 7.

Suppose that § : S' — S! is topologically equivalent to 7. Then, there
are homeomorphisms ¢, : S' — S! such that § = 99 oyo ¢~!. We choose
the orientations in the source and the target induced by the orientations of ~
and the homeomorphisms ¢,1). We denote z, = ¢(z;) with ¢ = 0,...,k and
ay = (a;) with j = 0,...,7. We take 2} and a; as base points in the source and
the target respectively. Then, af,...,a.. are the critical points of 0 and 2], ...,z
are their inverse images and all of them are well ordered with respect to the chosen
base points and orientations. If we label the critical values also with the letters
ai,...,ar, then ¢ has the same Gauss word o(1)...0(k).

If 4,8 are topologically equivalent, then we always have the equality
| deg(v)| = |deg(d)|. In fact, since any homeomorphism has degree +1, we ob-
tain

deg(8) = deg(p 0y 0 ¢~ ") = deg(¢)) deg(y) deg(¢™") = = deg(7).
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We show now the converse. We divide the proof into several cases.
Case 1: v, are singular and w(y) = w(d). We adopt the following notation:

(1) a,...,a, are the critical values of v and z1, ..., z; are their inverse images,
(2) a,...,al are the critical values of ¢ and z{, ...,z are their inverse images.

We assume that all the points are well ordered with respect to the chosen base

point and orientation in each corresponding S*. The fact that w(vy) = w(§) implies

that v(z;) = a; if and only if §(z]) = aj.
We define the circle intervals

Jj =laj,ajl, L=z, zi11], Kj=la},a)4]),  Hi=[2,214],

with j = 1,...,7and i = 1,...,k (we set a,11 = a1, a,,; = af, zp41 = 21 and
/ — A
Rpt1 = 21)-
For each j = 1,...,r we choose a homeomorphism %; : J; — Kj; such that

¥j(a;j) = a} and we construct the homeomorphism ¢ : St — St by taking ¢|;, =
Vj-

For each i = 1,...,k, suppose that v(z;) = a; and d(z{) = a. Then the
restrictions y; = |y, : I; — J; and §; = Olm, : Hi — K; are also homeomorphisms.
We define the homeomorphism ¢; : I; — H; by ¢; = 5;1 o o, (see Figure 4).
Finally, we construct the homeomorphism ¢ : S' — S1 by taking ¢|;, = ¢;. This
homeomorphism verifies that § = 1 oy o ¢~ and hence, v,§ are topologically

equivalent.

~
"

Y

()

Figure 4.

\_/
<&

Case 2: 7,0 are singular and w(7y) ~ w(J).
In this case, we can define a new map § which is topologically equivalent to §

and such that w(vy) = w(d). Then, the result follows from case 1.
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In fact, given 0 € [0, 27), we denote by Tp : ST — S! the rotation with angle 6,
that is, Tp(2) = €??z. We also denote the inversion I : S* — St where I(z) = 27 1.

(1) If w(7y),w(0) are related through a cyclic permutation in the letters a1, ..., a,,
then there is 6 such that w(y) = w(Tp 0 9).

(2) If w(vy),w(d) are related through a cyclic permutation in the sequence
o(1)...0(k), then there is 6 such that w(y) = w(d o Ty).

(3) If w(7y),w(d) are related through a reversion in the set of the letters ay, ..., a,,
then w(y) = w(I 0 9).

(4) If w(y),w(d) are related through a reversion in the sequence o(1)...o(k), then
wy) = w(do ),

Case 3: 7,0 are regular and deg(y) = deg(d).

We choose a point ag € S' and let us denote 'y*l(ao) = {z1,..., 2} and
6 ap) ={z1,...,2}}. We assume that the points are well ordered in each corre-
sponding S*. We consider the intervals I; = [z;, zi11] and H; = [z}, 2], ] and the
restrictions v; = |z, : I; — St and §; = 8|y, : H; — S, with i =1,... k.

For each i = 1,...,k, we define the homeomorphism ¢; : I; — H; by taking
o; = 5;1 o y; on the interior of I;, ¢i(2;) = z; and ¢;(zi41) = 2;,,. We construct
the homeomorphism ¢ : S' — S by taking ¢|;, = ¢;. This homeomorphism
verifies that § = yo ¢! and v, are topologically equivalent.

Case 4: +,0 are regular and deg(y) = — deg(d).
We have that deg(y) = deg(d o I) and hence, this is a consequence of Case 3.
O

Given a finitely determined map germ f : (R?,0) — (R2,0), we denote by
w(f) the Gauss word of its link and by deg(f) the local topological degree. Then
we have the following immediate consequence of Corollary 3.3 and Theorem 4.3

COROLLARY 4.4. Let f,g: (R?,0) — (R?,0) be two finitely determined map
germs. Then f,g are topologically equivalent if and only if

w(f) ~w(g), if f,g are singular outside the origin,
|deg(f)| = |deg(g)], if f,g are reqular outside the origin,

REMARK 4.5. If f is regular outside the origin and |deg(f)| = r, then f is
topologically equivalent to the germ z — 2", with z = = + iy.

REMARK 4.6. If f : (R?,0) — (R2,0) is a finitely determined map germ,
then we can compute Gauss word of the link of f just by looking at the relative
position of the branches of the three curves S(f), A(f) and X (f). This construc-
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tion is useful sometimes because we do not need to compute explicitly the link of
f. We take a small enough representative f : U C R? — R? such that

(1) f7(0) = {0},

(2) the restriction f|y oy is stable with only simple folds.

The three curves S(f), A(f) and X(f) are plane curves which are smooth outside
the origin. By shrinking the neighbourhood U if necessary, we can assume that
the three curves are simply connected.

The discriminant A(f) has a tree structure with one vertex at the origin and
r adjacent edges labeled by r letters aq,...,a,. Analogously, S(f) U X(f) has
also a tree structure with one vertex at the origin and k adjacent edges labeled
by Zy,...,Z. We assume that the edges are well ordered a; < --- < a, and
Z1 < --- < Zy, with respect to some chosen base points and orientations in the
source and the target. We define the map o : {1,...,k} — {a1,...,ap,a1,...,Gp}
in the following way: given i € {1,...,k}, then v(Z;) = a; for some j € {1,...,r};
we define o(i) = a;, if Z; C X(f) and o(i) = a;, if Z; C S(f). Then, o(1)...0(k)
is equal to the Gauss word of the link of f.

5. Topological classification of corank 1 map germs.

In this section we study the topological classification of finitely determined
map germs of corank 1. The main tool will be the Gauss word, which is a complete
topological invariant, as we have seen in Section 4.

First of all, we should remark that if f : (R%,0) — (R?,0) has corank < 1,
then after taking smooth changes of coordinates in the source and the target, we
can write f in the form f(x,y) = (x, g.(y)), in other words, f can be seen as a
1-parameter unfolding of the germ go : (R,0) — (R,0).

The first consequence is that the topological degree of f can be only —1,0 or
1. In fact, if go(y) = any™ + ans1y™*tt + ... with a, # 0, then

0, if n is even,
deg(f) =<1, ifnisoddanda, >0,
—1, ifnisodd and a, < 0.

Another consequence is that the multiplicity of f is equal to n. In general, the
multiplicity of f: (R2,0) — (R?,0) is defined as

R{z,y}

m(f) = dimg i fa)



The link of a finitely determined map germ from R? to R? 1079

where f1, fo denote the components of f and R{x,y} is the local algebra of germs
of analytic functions (R?,0) — R.

Next, we state a result due to J. H. Rieger ([11]) which gives a classification
of corank 1 map germs according to its 2-jet. We denote by X!J%(2,2) the space
of 2-jets of corank 1 map germs from (R2,0) to (R?,0) and /2 denotes the space
of 2-jets of diffeomorphisms in the source and target.

LEMMA 5.1.  There ezist three orbits in £1J%(2,2) under the action of o/,
which are

(z,9%), (z,2y), (x,0).

It is well known that the fold f(x,y) = (v,y?) is 2-determined. Thus, if a
map germ has 2-jet equivalent to (z,y?), then it is in fact ./-equivalent to the
fold. Hence, we do not need to consider this case.

5.1. Classification of germs with 2-jet of type (x,xy).

Now, we center our attention in germs with 2-jet &/-equivalent to (z,zy). We
will prove that a map germ of this type is topologically equivalent to the fold,
(x,52), or the simple cusp, (x,zy +y*). First of all, we state an important result,
due to J. Damon [1].

THEOREM 5.2.  Let fo : (R™,0) — (RP,0) be a weighted homogeneous finitely
determined map germ. Then, any polynomial unfolding of fo with positive weighted
degrees is topologically trivial.

In our case, we will show that any finitely determined map germ f : (R?,0) —
(R?,0) with 2-jet of type (z,7y) is semi-weighted homogeneous, that is, we can
write f = fo+ h where fj is weighted homogeneous and finitely determined and h
has only terms of higher weighted degree. By Damon’s result, this implies that f is
topologically equivalent to the initial part fy and we can complete the topological
classification.

THEOREM 5.3.  Let f: (R%0) — (R?,0) be a finitely determined map germ
with 2-jet of type (z, xy) and with multiplicity n. Then, f is topologically equivalent
either to the fold (z,y?) if n is even, or to the cusp (x,zy +y>) if n is odd.

PROOF. We can assume, without loss of generality that f is polynomial and
that it is written in the form

flz,y) = (z,2y +any™ + ),
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with a, # 0 and where n is the multiplicity of f. We have that fo(x,y) =
(z,zy + any™) is weighted homogeneous of weights (n —1, 1) and weighted degrees
(n —1,n) and any other monomial appearing in h = f — fy has weighted degree
> n.

If we define the unfolding F(t,z,y) = (¢, fo(z,y) + th(z,y)), then F is a
polynomial unfolding of fo with positive weighted degrees in the sense of [1]. We
will show that fj is finitely determined and by Damon’s result, F' is topologically
trivial. In particular, we deduce that f is topologically equivalent to fy.

Let fo be the complexification of f;. The jacobian determinant of fo is
2 + na,y" ! and thus, the singular curve S( fo) is smooth. The restriction of
fo to S(fo) is the map y — (—nany™
immersion outside the origin. By the stability criterion, fj is stable outside the

,—(n — 1)any™), which is an injective
origin. Therefore, fo (and hence fy) is finitely determined by the Mather-Gaffney
criterion (see Theorem 2.1).

To finish the proof, it only remains to show that fy is topologically equivalent
to the fold if the multiplicity n is even, or to the cusp if n is odd. Since the singular
curve S(fo) is smooth, the discriminant A(fy) has only one branch. Thus, the link
of fo has only 2 critical values.

If n is even, then deg(fy) = 0. The only stable map v : S — S with 2
critical values and degree 0 is that with Gauss word ab. Hence, fj is topologically
equivalent to the fold (z,y?). Analogously, if n is odd, then deg(fy) = 1. Again
the only stable map v : S — S with 2 critical values and degree £1 is that
with Gauss word abab. In this case, fy is topologically equivalent to the cusp
(z, 2y +9°). O

5.2. Classification of germs with 2-jet of type (z,0).

The germs with 2-jet of type (z,0) is the biggest class inside the corank 1 map
germs and we cannot expect to obtain a complete classification. We will restrict
ourselves to the weighted homogenous case and also to map germs with multi-
plicity < 5, although the techniques can be also used to classify more degenerate
singularities.

We assume that f is written in the form f(z,y) = (2, 9,(v)), and we look at f
as a 1-parameter unfolding of the germ g : (R,0) — (R, 0). If f has multiplicity n,
then go has type A4,,_1 (i.e., it is «7-equivalent to y™) and the .-versal unfolding
of the A, _1 singularity is

G(alv LR an727y) = yn + an72yn72 + -+ a1y.

As a consequence, after taking smooth changes of coordinates in the source and
the target, we can assume that f is written in the form:
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f(l', y) = (37, yn + an72(m)yn_2 +- 4+ a1<$)y)7

for some germs a; : (R,0) — (R,0),i=1,...,n—2. Thegerm a = (ay,...,an_2) :
(R,0) — (R™2,0) defines a curve in the space of parameters of the versal un-
folding. This will allow us to control the functions g, by looking at the versal
deformation.

Another important point in the classification is that if f(z,y) = (z,92(y))
is finitely determined, then f is a stabilization of gy. This means that there is a
representative f : U = (—¢,¢) x V — R? such that for any z, with 0 < |z| < ¢,
gz 1 V — R is stable (that is, g, is a Morse function with distinct critical values).

PROPOSITION 5.4. Let f: (R?,0) — (R2,0) be a finitely determined map
germ given by f(z,y) = (x,9.(y)). Then, f is a stabilization of gq.

Proor. By Corollary 2.2, if f is finitely determined, we can choose a rep-
resentative f : U C R? — R? such that

(1) £71(0) = {0},

(2) the restriction f|¢n\ g0y is stable with only simple folds.

We take V' a neighbourhood of 0 in R, and then take e sufficiently small, so that
we can assume that U = (—e¢,€) x V. Let us take x, with 0 < |z| < e. If g, has a
degenerate singularity at y € V', then ¢/ (y) = ¢2(y) = 0 and f should have a cusp
at (z,y) € U\ {0}. Analogously, if g, is singular at two distinct point y;,y2 € V
with ¢, (y1) = g2(y2), then g/ (y1) = ¢, (y2) = 0 and f should have a double fold
at (z,11), (z,y2) € U\ {0}. U

Let f : (R?,0) — (R?,0) be a finitely determined map germ given by
f(x,y) = (x,9:(y)). We take a representative f : U = (—¢,¢) x V — R? such that
gz 1 V — R is stable for any z, with 0 < |z| < €. Since go has isolated singularity,
by shrinking U if necessary, we can also assume that gy '(0) = {0} in V and that
go is regular in V' \ {0}.

Because of the stability, all the functions g, : V — R are </-equivalent if
—e < x < 0 and we will denote by g, one of these functions. Analogously, all the
functions g, : V — R are «/-equivalent if 0 < z < € and we will denote by g
one of these functions. We associate a partial Gauss word to each of the functions
gy, 94 in a similar way to Definition 4.1.

DEFINITION 5.5. Let g : V. — R be one of the functions g, or g;. Let
ai,...,a, € R be the critical values of g and let y;,...,yr € V their inverse
images. Assume all of them are ordered such that a1 < --- < a, and y; < -+ < yi.
We define the partial Gauss word of g as o(1) ... o(k), where (i) = a; if g(y;) = a;
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and y; is regular or (i) = a; if g(y;) = a; and y; is singular.

DEFINITION 5.6.  Assume that g7 and g; have r and s critical values respec-
tively and let o (1)...07 (k) and o~ (1)...0" (¢) their respective partial Gauss
words. We denote by ¢ the map ¢(a;) = arys—j+1 and ¢(a;) = @pps—jy1, for
j=1,...,s. Then we define the union of the partial Gauss words as the Gauss
word with r + s critical values defined by

THEOREM 5.7.  Let f: (R?,0) — (R?,0) be a finitely determined map germ
given by f(z,y) = (z,9:(y)). Then the Gauss word of f is equivalent to the union
of the partial Gauss words of g and g .

ProOOF. We will compute the Gauss word of f by following the construction
of Remark 4.6. Take a small enough representative f : U = (—¢,¢) x V — R? such
that

(1) f71(0) = {0},
(2) f is stable with only simple folds in U \ {0},
(3) the three curves S(f), A(f) and X (f) are simply connected.

The first two conditions imply that if 0 < |z|] < €, then g, : V — R is stable and
that g5 (0) = {0}.

We show that the three curves S(f), A(f) and X (f) are transverse to the
vertical lines {z} x Rif 0 < |z| < e. In fact, S(f) is defined by equation ¢, (y) =0
and the intersection with {z} x R is not transverse if in addition ¢”(y) = 0, but
this should imply that (z,y) € U \ {0} is a cusp of f.

Now, if a(t) = (x(t),y(t)) is a local parametrization of S(f) near a point
(v,y) € S(f) with z # 0, then f(a(t)) = ((t),9¢)(y(t))) gives a local
parametrization of A(f) near the point f(z,y) € A(f). Since a/(t) # 0, A(f)
is also transverse to {z} x R at f(z,y). A similar argument shows that the same
is true for X (f).

The transversality of S(f) with the vertical lines, together with the fact that
S(f) is simply connected, imply that S(f) N ({0} x R) = {0}. In particular, go is
regular in V'\ {0} and we have a good representative in order to define the partial
Gauss words.

We take points x1, o with —e < 22 < 0 < 21 < €. We assume that:

(1) A(f)Nn ({21} x R) = {ay,...,a},
(2) fFHAU) N {z} x R) ={y1,- -y}
(3) A(f) N ({x2} x R) = {ay,...,a;},
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(@) F7HAU) N {2} x BR) = {11, yp}

We choose the indices such that all the points are well ordered and we denote the
corresponding partial Gauss words by ot (1)...07 (k) and 0~ (1)...0~ (¢) respec-
tively.

By transversality, the curve A(f) has r + s edges A4, ..., A4 which we can
label so that a1 € Ay,...,a, € A ad, € Apyq,...,a] € A.s. Moreover, the
edges are well ordered following the standard orientation of R2. Analogously,
FYHA(S)) has k + ¢ edges Zi,...,Z,4¢ which can be labeled such that y; €
Z1, .. Yk € Zi, Yy € Ziky1, -, Yy € Zite and they are well ordered. We deduce
from Definition 5.6 that the associated Gauss word is exactly the union of the two

partial Gauss words (see Figure 5). O
A v - i H e -
oy f f | I a |

Zkﬂ‘ : 4r+l‘ L :
Y a
| Yr. 7 i ! , AT
i T i
| | | |
| |
| | | |
: Ty N [l : Ty T, [l
Zk+1 5 ! 47+« 5 |
0 | [ |
! Z ! A
I (7 I ap L
| | | |
| | | |
o ____d_1 o ____d_1
Figure 5.

COROLLARY 5.8. Let f,f : (R?,0) — (R2,0) be two finitely determined

map germs given by f(z,y) = (2,9:(y)) and f(x.y) = (2,32(y)). If the two
partial Gauss words of f, f are equal, then f, f are topologically equivalent.

REMARK 5.9. The condition that the partial Gauss words are equal is nec-
essary condition, because in general, the union of equivalent partial Gauss words
does not give equivalent Gauss words.

REMARK 5.10. The Gauss word of a stable map 7 : S — S! has always the
following property: at two consecutive positions of the Gauss word, we must have
two consecutive letters (either overlined or not). In the remaining of the paper,
we use this property to simplify the notation of the Gauss words in the following
way: each time that we find a group of the form a;aja; in the Gauss word, then we
substitute it by just @;. For instance, the Gauss word abedcebeb can be simplified
with this operation (see Figure 6):
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abedcbeb — abdbeb — adbe.

It is obvious that given a simplified Gauss word, we can recover the complete
Gauss word just by adding the missing consecutive letters.

“ adbc

d
Figure 6.

EXAMPLE 5.11. Let f : (R?,0) — (R2,0) be a finitely determined map
with 2-jet of type (z,0) and multiplicity 3. We assume that f is written in its
prenormal form

fx,y) = (2,9° + u(z)y),

where u(z) = upx® + - and uy # 0. If z # 0, we have two possibilities for the
stabilization g, (y) = v + u(z)y. If u(z) > 0, then g, is regular and the partial
Gauss word is . Otherwise, if u(xz) < 0, then g, has 2 critical values and the
partial Gauss word is abab (see Figure 7).

(a) (b)

Figure 7.

By taking the union of the partial Gauss words we get 3 possibilities for f:

(1) If k is odd, then g and g, are the 2 stabilizations of y3. Hence, the link of
f has 2 critical values and the Gauss word is abab.

(2) If k is even and uy > 0, then both g and g, are regular. Hence, the link of
f is regular and the Gauss word is ().

(3) If k is even and uy < 0, then both g and g, are singular. Hence, the link of
f has 4 critical values and the Gauss word is ababcdcd.
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The pictures and the normal forms for these three topological classes can be found
in the first three entries of degree 1 in Table 1.

Analogously, if f has multiplicity 4, a similar analysis can be done. We have
three stabilizations of y* with partial Gauss words: (a) a, (b) cacbe and (c) cbecac
(see Figure 8).

(2) (b) (c)

a a a

Figure 8.

The possible Gauss words for f are obtained by taking all the possible com-
binations between these 3 stabilizations. We see that (a)+(b) is equivalent to
(a)+(c) and that (b)+(b) is also equivalent to (c¢)+(c). Then, there are only 4
non-equivalent possibilities, namely (a)+(a), (a)+(b), (b)+(b) and (b)+(c). The
corresponding Gauss words are respectively:

(1) ab,

(2) acbd,

(3) cbeacdedfd,
(4) cheacdfded.

The pictures and the normal forms for these four topological classes can be found
in the first four entries in Table 1.

A similar analysis can be done for higher multiplicity, just by looking at
the stabilizations of the germ y™ and taking the possible unions which are not
equivalent. For 9°, there are seven stabilizations of ® with partial Gauss words:
(a) 0, (b) abab, (c) abdbcacd, (d) ababcded, (e) abcadbed, (f) abdacbed and (g)
abcbdacd (see Figures 7 and 9).

Figure 9.
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We finish this section with the classification of weighted homogeneous map
germs of multiplicity < 5.

THEOREM 5.12.  Let f : (R?,0) — (R2,0) be a weighted homogeneous
finitely determined map germ given by f(z,y) = (z,9:(y)), with 2-jet of type
(2,0) and multiplicity < 5. Then, f is topologically equivalent to one of the germs
of Tables 1 and 2, depending on the topological configuration of its associated link
and its topological degree.

Degree Germ Associated link
(2, y* + 2%y?) ﬂ
0
(z,y* —ay® — 2%y) L § adbe
(Z‘, y4 _ .1342/2 + ixﬁy) ﬂ cbeacdfded
({E7 y4 _ .%'21/2 _ iw?)y) [@ cachedfded
1
(z,y® + 23y) 6 abab
(1‘7 y3 _ JjQy) @ ababeded
abdbcacd
(z,y° + 22y® + 12%y)

Table 1.

ProoF. The cases of multiplicity 3 and 4 have been analyzed in Example
5.11. Hence, we assume that the multiplicity is 5. We distinguish 2 cases:
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Degree Germ Associated link
(x,9° + 3wy3 + 22%y) abeadbed
1
b
(z,y° — 32%y3 + 22%y? + a'y) abdachedefhegfoh
- h
=
(z,y° — ba?y® + z'y) abdbeacdefRfgegh
g
h
(1;7 y5 — %xzys + %x‘ly) abcadbedefgehfgh
(z,° — 322y> + 3xty) ababededefefghgh
h
7
b
(I, y5 — %x4y3 + 21;63/2 + xgy) abdacbedefgfhegh
h
9

Table 2.

Case A: f is homogeneous. Since g,(y) is homogeneous of degree 5, we have
the symmetry g_,(—y) = —g.(y). Let us denote by o(1)...0(k) the par-
tial Gauss word of g with r letters. Then the partial Gauss word of g, is
T(o(k))...7(0(1)), where 7(a;) = ar—ij+1. By Theorem 5.7, the Gauss word of f
iso(l)...0(k)p(c(1))...o(c(k)), where ¢(a;) = api;.

Consider the seven stabilizations of y° (a),...,(g) given in Figures 7 and 9.
The stabilization (f) is symmetric to (g), but each one of the remaining cases is
its own symmetric. Thus, we obtain six possible combinations, namely, (a)+(a),
(b)+(b), (c)+(c), (d)+(d), (e)+(e) and (f)+(g). The corresponding Gauss words
are respectively:

1) 0,
(2) ababcdcd,
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(3) abdbcacdefhfgegh,
(4) ababededefefghgh,
(5) abcadbedefgehfgh,
(

abdacbede fheg f gh.

5
6

— — ~— —

Case B: f is weighted homogeneous. We suppose now that g,(y) is a weighted
homogeneous polynomial of weights w; and ws, with wy # wy. We can write this
polynomial in the form

92(y) = x"y* (ao(ffw)d +ai (@) Ty 4 ad(ywl)d)-

Since f is finitely determined, we must have necessarily » = 0 and s < 2. We have
two possible cases:

(1) f(xv y) = (CE, y(aoxdwz + alw(dil)w%ywl +-+ adydwl))v
(2) fl2,y) = (2,97 (aoz™™? + arzl=Dv2y™ o agqa2y @D 4agytn)),

where either dw;+1 = 5 or dw; +2 = 5. In addition, we can also take into account
the following restrictions:

(a) As a consequence of the prenormal form of map germs of corank 1, if wq =1,
we can take ag_1 = 0.

(b) The functions ¢;(z) = %2 if we is odd and ¢o(z?) = %2 if wy is even are
homeomorphisms. Thus, we only consider wy = 1, 2.

Depending on the possible values of d and w; and with the above restrictions,
we find only 4 possibilities for f:

x,y° + arty® + baby? + cady),
,y° + azy® + ba?y),
,y° + az?y?),

(
(
f(aj>y) - (
(z,y° + azy?).

In the first and third cases, we have the symmetry g_,(y) = g.(y). Thus, we
will have one of the following combinations (a)+(a), (b)+(b), (¢)+(c), (d)+(d),
(e)+(e), (£)+(f) or (g)+(g). Since (f)+(f) is equivalent to (g)+(g), we only
need to add one more topological type to our list, namely that with Gauss word
abdacbede fg fhegh.

In the second case, f is finitely determined if and only if (20b — 9a?)(4b —
a?)(10b + 812)b # 0. This gives a partition of the (a,b) plane into 8 connected
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components. By taking a point in each connected component we find all the
possible topological types of f. We find two more new types corresponding to
the combinations (a)+(c) and (a)+(e), with Gauss word abdbcacd and abcadbed
respectively. Finally, in the fourth case, f is finitely determined if and only if
a # 0 and we get two connected components, but do not get any new topological
type in this case.

We remark that all the types that appear in Tables 1 and 2 can be realized by
considering the normal forms listed there. We have used the software singR2R2
developed by A. Montesinos [8] in order to check that each normal form gives the
desired topological type. O

6. The number of cusps and double folds of germs of corank 1.

In this last section, we give some results related to the number of cusp and
double fold points that appear near the origin in a stable perturbation of a finitely
determined map germ of corank 1.

Let f : (R?,0) — (R20) be a finitely determined map germ. We denote
by f: (C2,0) — (C2,0) the complexification of f and we consider F' = (¢, f;) a

stabilization of f (ie., fo = f and if ¢ # 0, then ft is stable in a small enough
neighbourhood U). Then, we denote

¢(f) = the number of cusps of f; in U,

d(f) = the number of double folds of f; in U.

These two numbers ¢(f),d(f) were introduced for the first time by Rieger [11]
for the case of corank 1 and independently ¢(f) was studied by Fukuda-Ishikawa
in [3] for general case. Both numbers ¢(f),d(f) are invariants of f which do not
depend on the stabilization F. Moreover, they can be computed algebraically in
terms of the dimensions of some local algebras associated to f (see [4], [5]). In
fact, if f has corank 1 and f has the form f(z,y) = (z, g:(y)), then we have

— dim ., AT Y}
f)=d Bl gy

where ¢, g/ denote the first and second partial derivatives of g, with respect to
y and R{x,y} is the local algebra of germs of analytic functions (R?,0) — R.

If F' is a real stabilization of f, then the numbers ¢(f;) and d(f;) of cusps and
double folds of f; respectively, depend on the stabilization F. However, c(f;) is
congruent modulo 2 to the invariant c¢(f) (see [3]).
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THEOREM 6.1.  Let f : (R?,0) — (R?,0) be a finitely determined map germ
of corank 1 given by f(x,y) = (x,9.(y)). Then,

M EC(f) mOd 27

deg(g.,, g2) = 5
where n(gy) and n(g;) denote the number of critical values of g} and g, Tespec-
tively.

PROOF. The equality is a direct consequence of Theorem C (2) in [10]
applied to ¢/ : (R%0) — (R,0). In fact, n(g;}) is the number of branches of
(g%)~1(0) which lie in the half region x > 0 and n(g, ) is the number of branches
of (¢%)7*(0) which lie in the half region z < 0. Moreover, since f is finitely
determined we have that

— dim, BTy
elf) = dimm 7, "oy <o

Then, the result of Nishimura, Fukuda and Aoki implies that
n(g, ) — n(gd) = 2deg(gs, g5)-

Finally, the congruence follows from the relation between the multiplicity and the
local degree of (g2, g) : (R?,0) — (R?,0). O

REMARK 6.2. Let f: (R?0) — (R2,0) be a finitely determined map germ
of corank 1 and multiplicity m(f). Then:

(1) e(f) =0 if and only if m(f) <2,
(2) d(f) = 0 if and only if m(f) < 3.

We can take a prenormal form
f(x7y) = (m7yk + a’l(x)yk_Q +F ak72($)y),

for some functions a; : (R,0) — (R,0), where & = m(f). We use a result of
Gaffney and Mond [4]. We set

Beo = {u € C*1: g, has a degenerate critical point},

Bp ={ue C*~1: g, has two critical points having the same critical value},
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with g,(z) = y* + uiyF 2 + - + up_oy. We denote by be and bp the reduced
equations of Bo and Bp respectively. Then,

c(f)=v(bcoa), d(f)=v(bpoa),

where a = (ay,...,ar_2) : (C,0) — (C*=2,0) and v(h) denotes the order of a
function h.

As a consequence, ¢(f) > 1 if and only if the polynomial be is not constant,
in other words, if the set B¢ is not empty. But this means that ¢(f) > 1 if and
only if there is a map germ fy such that m(fy) = k and ¢(fy) > 1. Analogously,
d(f) > 1if and only if there is a map germ fy such that m(fy) = &k and d(fy) > 1.

If we consider fo(z,y) = (z,y* + zy), it is easy to compute

c(fo) =k =2, d(fo) = W

which implies the desired result.
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