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Abstract. This is a continuation of our previous result, in which prop-
erties of multiple zeta-functions associated with simple Lie algebras of A, type
have been studied. In the present paper we consider more general situation,
and discuss the Lie theoretic background structure of our theory. We show a
recursive structure in the family of zeta-functions of sets of roots, which can
be explained by the order relation among roots. We also point out that the
recursive structure can be described in terms of Dynkin diagrams. Then we
prove several analytic properties of zeta-functions associated with simple Lie
algebras of By, Cr, and D, types.

1. Introduction.

Let g be a complex semisimple Lie algebra, s = o + it a complex variable, and
define

C(w(sig) =) (dimgp) ™", (L.1)

©

where the summation runs over all finite dimensional irreducible representations
¢ of g. Special values of this Dirichlet series were first studied by Witten [22] in
connection with quantum gauge theory, and Zagier [23] called (1.1) as the Witten
zeta-function associated with g. Some evaluation formulas of (y (s;g) at positive
even integral arguments were given by Mordell [18], Zagier [23] and Gunnells and
Sczech [5].

A more explicit expression of (1.1) can be obtained by using Weyl’s dimension
formula. Let r be the rank of g. Denote by A = A(g) the set of all roots of g, by
A4 = A, (g) the set of all positive roots of g, and by ¥ = ¥(g) = {a1,...,a,} the
fundamental system of A. For any a € A, we denote by a" the associated coroot.
Let A1,..., A, be the fundamental weights satisfying (o, \;) = Aj(a)) = &
(Kronecker’s delta).
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Let IN be the set of positive integers, Ny the set of non-negative integers, and
C the set of complex numbers. Any dominant weight can be written as

A=1mA + -+ 1A\, (n1,...,n. € Np), (1.2)

and especially the lowest strongly dominant form is p = Ay 4+ -+ + \.. Let dy be
the dimension of the representation space corresponding to the dominant weight
A. By Weyl’s dimension formula (see, for example, Section 3.8 of Samelson [19]),
we have

dy = H <a\/7>\+p>

\%
wch, (a¥p)

- 11 (0¥, (1 + DAs + -+ (0 + DA

<a\/7)\1_|_...+>\,«> (1.3)

aEAy

Hence, putting m; = n; + 1, we have

Z H (a LM + - - +mr)\r)>_s
A €A (@ A0 4+ Ar)

Z Z H al,miA + e mp )T, (1.4)

mi=1 myr=1a€A 4

where the sum on the second member of the above runs over all dominant weights
of the form (1.2), and

K@) = ] @ A+ +x) (1.5)
a€EA L

The analytic behaviour of {y (s; g) is determined essentially by the multiple series

part of the right-hand side of (1.4). To analyze this multiple series closely, it is
more flexible to introduce the following multi-variable version of the series:

Z Z H oY mad 4 me ) T, (1.6)

myr=1a€A

where s = (5q)aca, € C". (Here n = |A ] is the number of positive roots of g.)
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In particular, the recursive structure (which will be discussed in Sections 3 to 5)
cannot be described without the above multi-variable version. We note that the
relation

CW(S;g) :K(E)SCT(Sa"'vs;g) (17)

holds.

When g = s((3), the series (1.6) is nothing but the classical Tornheim double
series (see (2.5)). For more general g, (1.6) was first introduced by the second-
named author [15] in the case g = s0(5), and then, for any A, type Lie algebra
sl(r+1) (r € N) by the second and the third-named authors [17].

In [17], we have studied the analytic properties, such as the analytic con-
tinuation, location of singularities, recursive formulas, and functional relations for
¢-(s; @) when g is of A, type. In the present paper we will discuss in a more general
framework, and especially discuss the Lie theoretic background structure lying in
the theory of (,.(s;g). Series (1.6) is convergent absolutely when Rs, > 1 for any
a € A. Hence hereafter, except for the final section, we assume this condition.
Also hereafter we frequently use the notation (.(s; X,.), K(X,) etc. if g is of X,
type (where X = A, B, C or D). The empty product is to be understood as 1.

In Section 2, we will prepare explicit expressions of (.(s;g) when g is of B,.,
C.,, or D, type. The main body of the present paper is Sections 3 to 5, in which
we will discuss the recursive structure in the family of those zeta-functions which
can be described in terms of Mellin-Barnes integrals (Theorems 3.1, 4.2, 4.3). For
this purpose we will introduce the notion of multiple zeta-functions of root sets,
which includes (1.6) as special cases. To state the recursive structure we will use
the notation

C(5X) = ((5Y), (1.8)

which implies that the zeta-function of a root set X can be expressed as an inte-
gral of Mellin-Barnes type whose integrand includes the zeta-function of another
root set Y. We will observe that this recursive structure of those zeta-functions
corresponds to an inclusion relation among certain sets of roots (Remarks 3.2, 4.1,
4.4). Moreover we will show that this correspondence can be explained in terms
of Dynkin diagrams. The most general statement will be embodied in Theorems
5.3 and 5.4.

An important application of the recursive structure (1.8) is that it allows a
detailed study of analytic properties (such as the meromorphic continuation and
the determination of singularities) of ((-; X) if the corresponding information is
available for {(-;Y). As an example of this principle, in the final section we will
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study the meromorphic continuation and location of singularities of zeta-functions
of Cy, Bs and Cs5. Functional relations will be studied in subsequent papers ([9],
[10]).

A part of the results proved in the present paper and [10] has been announced
in [7], [8].

The case of exceptional algebras can be treated similarly, but we will devote
a separate paper to this matter (see [11]).

2. Explicit forms.

First of all we note that if g is the direct sum of two Lie algebras g; ® go, then
Cw(s;8) = Cw(s;81)Cw (s; g2)- (2.1)

In fact, it is well known that any irreducible representation ¢ of g is equivalent to
the tensor product of two irreducible representations ¢, of g; and ¢s of go, and
conversely if ¢; is an irreducible representation of g; (i = 1,2) then p; ® s is an
irreducible representation of g1 @ g (Section 3.4 of [19]). Hence

Cw(s;g) =D Y (dimp @pp)~°

P1 P2
= Z(dim p1)° Z(dim<p2)“‘” = (w(s;01)Cw (53 92)-
Y1 ¥2

Therefore without loss of generality we may restrict our consideration to the case
of simple g.
Hereafter we assume that g is simple. First consider the A, type of algebra
=sl(r+1) (r € N). Let €, be the j-th coordinate function which assigns to each
vector its j-th coordinate. It is known that the fundamental system is {aq, ..., a;}
with o =¢; — €41 (1 < j <), and positive roots are

gi—gi= Y ap  (1<i<j<r+1) (2.2)

i<k<j

(see, for example, the list at the end of Bourbaki [2]). The corresponding coroots
are

(ci—g) =ei—ej= Y af (I<i<j<r+1),
i<k<j
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where e; is the standard j-th coordinate vector. In the A, case we have (¥, \) =
(cr, A), hence we have

<(Ei - Ej)va/'n1>\1 + +mr>\r>
= (ei —gjymid + -+ M)

= Z (ag,madi+ - +mpA) =m;+ -+ mjq.
i<k<j

This implies

Cr(s; Ay) = Z Z H (mi 4+ -+ +mj_1)"%9, (2.3)

mip=1 m,=11<i<j<r+1

where s = s(A,) = (s;;) € C""+1D/2 and

KA)= JI G-9. (2.4)

1<i<j<r+1

This (2.3) coincides with (1.5) of [17]. In particular, {;(s;sl(2)) is the Riemann
zeta-function ((s), and (5(s;sl(3)) coincides with the Tornheim double series

Cura(st,s2,3) = > my*tmy* (my + ma) ™™, (2.5)

m1:1 mg:l

with s1 = s12, S2 = S23, and s3 = s13. This series was first introduced by Tornheim
[20] when s, so and s are positive integers, and then, independently, Mordell
[18] studied the further special case s = so = s3 € N. The analytic behaviour of
(2.5) as a function of three complex variables is discussed in second-named author’s
paper [12].

Similarly as above, we can find explicit forms of (. (s; g) for other simple Lie
algebras. For our later purpose, here we prepare the explicit forms of (. (s;g) in
the case when g is of B,., C, and D, type.

Let g = s0(2r + 1) (r € N), that is, B, type. The list of Bourbaki [2] shows
that the fundamental system is

V(B,) ={aj =a;(B;) =¢j—ejy1 (1 <j<r—1), ar =, (B;) =&}, (2.6)
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and the list of positive roots is

gi= Y o (1<i<n),
i<k<r
gi—gi= Y oy (1<i<j<r), 27)
i<k<j
gitei= > ap+2 Y ap (I<i<j<r)
i<k<j j<k<r
The fundamental coroots are oy = e; —ea,...,a’_; = e,_1 — e, and o) = 2¢,.

Positive coroots are 2e; (1 <i <), e;e; (1 <i<j<r). Hence the list (2.7)
can be modified to the following list of positive coroots:

Qei:(si)v:2z ) +a (1<i<r),
i<k<r
€i—€j:(€i—€j)v: Z a,\f/ (1§i<j§’l"), (28)
i<k<j
eitej=(ei+e) = > o +2 > af+a) (1<i<j<r).
i<k<j j<k<r

Therefore we have
ProrosITION 2.1.

Cr(s; Br) = Z Z H (Z(mi+...+m7__1)+mr)—s7:

mi=1  m,=11<i<r

< JI tmit-tmi)™

1<i<j<r

st
< I (mit-4mjs+20m;+- +meq)+m) 7 (2.9)
1<i<j<r

where s = s(B,) = ((s:), (s;;), (s3;)) € C"", and

KB,)= [] @r—-2i+1) J] G-d@r—i-j+1). (2.10)

1<i<r 1<i<j<r

For example, we have (i (s;s0(3)) = ((s),
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Ca(s;s0(5 Z Z 2my +mg) " tmy 2my (m1 +m2)—sj2 (2.11)

mi= 1m2 1

which was introduced as (4.3) in [15], and

(3(s;80(7

|‘F“78

Z Z (2m1 + 2mg + m3) " (2ma + m3) " *2mg ™
a=1mg=1
X m;sz (my + 2mgy + m3)751+2 (mq + mg) %13
X (m1 + mo + m3)_51+3m2_3§3 (m2 + mg)_s’:’rii. (212)
In the case g = sp(r) (C, type), the fundamental system is

\I’(Cr) = {O&j = OLj(OT) =& —&j41 (1 < j <r-— 1), Qp = (XT(CT) = 26}},
(2.13)

positive roots are 2¢; (1 < i <r

~

and g; £¢; (1 <i < j <r), the fundamental
1 = €1 — ¢ and o’ = e, hence the list of

*<

coroots are af = e; — €3,...,Q
positive coroots is

ez=Za\k/ (1<i<r),
i<k<r
ej= D af I<i<j=r), (2.14)
i<k<j
ei+ej = Z al +2 Z af (1<i<j<r).
i<k<j J<k<r

Therefore we have

PROPOSITION 2.2.

st

X H (mi+~-~+mj,1+2(mj+~--+mr))_ . (2.15)

1<i<j<r
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where s = s(Cy) = ((s4), (s55)s (5; )) ec,

KC)= J[ o—i+1) J[ G-d@r-i-j+2). (2.16)

1<i<r 1<i<j<r

We see that

Ca(s;sp(2 Z Z my +ma) " my 2 my 2 (my + 2my) " (2.17)

mi1= 1WL2 1

which is equal to (2(s]5, 515, 52, 51;50(5)), if we change m; and msy in the above.
This is the natural consequence of the isomorphism By ~ (5. The reverse order
of variables reflects the fact that the direction of arrows of Dynkin diagrams of Bo
and Cy are opposite. The case r = 3 gives

C3(s;5p(3

||F18

o0 o0
Z Z (m1 + meo + m3)751 (TfLQ + mg)’Sng“’s
a=1ms=1
X m1—5;2 (m1 + 2mo + 2m3)_sir2 (m1 + ’I?’Lg)_S;3
% (my -+ ma + 2m3) " Tamy *2 (my + 2my) 5%, (2.18)
Lastly, in the case g = s0(2r) (D, type), the fundamental system is

¥ (D,) = {aj =a;(D;)=¢;—cj1 (1<j<r—-1), ap =, (D;) =er_1+ ET},
(2.19)

positive roots are ¢; £ ¢; (1 < i < j < r), the fundamental coroots are o =

e1—ea,...,a) | =e._1—er and @) = e,_1 +e,, hence the list of positive coroots
is
e; + e, = Z al +a) 1<i<r),
i<k<r—2
ei—ej = Z o) 1<i<yj<r), (2.20)
i<k<j
e +ej = Z ay +2 Z al +a) 1 +a) (1<i<j<r).
i<k<j j<k<r—2
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From this list we have

PROPOSITION 2.3.

CT'(S;DT): Z Z H ((mi+"'+mr_2)+mr)7s::‘

myr=11<i<r

X H (mi-f—"'-l—mjfl)_s;j
1<i<j<r
—st
< I (mit-4mjy+20m;+ - +me_o) +me_1+my) Y
1<i<j<r (221)

forr > 2, where s = s(D;) = ((s;), (52)) e C"=Y  and

KED)= [ =9 I G-9 [I @ —-i-i. (2:22)

1<i<r 1<i<j<r 1<i<j<r
We find that
Ca((s1,872);80(4)) = C(s1)¢(570)-

Since Dy ~ A; & Ay, this agrees with (2.1). Also we see that (3(s;s0(6)) is equal
to (3(s;s((4)) (under the suitable renaming of variables), which agrees with the
fact D3 ~ A3.

3. The recursive structure for A,.

In several papers of the second-named author, it has been pointed out that
there are recursive structures in the family of various multiple zeta-functions, which
can be described by Mellin-Barnes type of integrals ([13], [14], [15], [16]).

In [17], it has been shown that such a recursive structure exists in the family
of zeta-functions attached to Lie algebras of A, type. In fact, Theorem 2.2 of [17]
gives a formula which expresses (,11(s;sl(r + 2)) as a multiple integral involving
Cr( ’ ;5[(7” + 1))

In the present paper we will study this recursive structure, not only for A, type
but also for B,., C, and D,. types, more closely. For this purpose, we introduce the
notion of multiple zeta-functions of root sets. Let A* be a subset of Ay = A, (g).
We call A* a root set if the condition

(%) for any A; (1 < j <), there exists an element v € A* such that (a, \;) # 0
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is satisfied. Under this condition, we can define the multiple zeta-function of A*
by

GsA) = 3 ST T @Y mid s me) e (3.1)

mp=1 myr=1acA*

where s = s(A*) = (54)aca- € C" with n* = |A*].
We formulate our recursive structure in terms of these zeta-functions. In this
section we consider the case when g = sl(r + 1) (r > 2). By (2.2) we see that

Ay =AL(4,)= {s,» —ei= ) o

i<k<j

1§i<j§r+1}. (3.2)

Hence

AZ(AT):{El—Ej|2§j§h}U{€i—€j‘2§i<j§7“+1} (QShST—I—l)

(3.3)
is a subset of A, (A,) satisfying condition (x). Then there is the relation
AN(Ar) CA5(Ay) C - CAN(Ar) CALL(A) = A (4y), (3.4)
where
A*(A)={e;i—¢;|2<i<j<r+1}L
The vector s(Aj(A,)) can be written as
s(A(Ar)) = (s125- - -, 510, 82(Ar)), (3.5)

where s3(A;) = (sij)2<i<j<r+1-

We now show that this relation gives the Mellin-Barnes recursive structure in
the family of zeta-functions of root sets in the A, case. The classical Mellin-Barnes
integral formula is

(142)° = 1 I(s+ z)(—=2)

_ Ndz, 3.6
21V =1 J(o) L'(s) ¢ (3:6)

where s, A are complex numbers with Rs > 0, |argA\| < w, A\ # 0, ¢ is real with
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—Rs < ¢ < 0, and the path (c) of integration is the vertical line Rz = c.
Let 3 < h <r+ 1. The set A} (A,) includes the root

€1 —€p = g ok,

1<k<h

which produces the term (mj + - - +mp_1)~°** on the right-hand side of (3.1) for
A* = A} (A,). We apply formula (3.6) to the above term to obtain

(ml + . + mh_l)fslh,

:<m1+“.+mh 2)—31;L 1+ mp—1 —S1h
- mp 4+ mp—2

_ 1 (s1p + 2n)(—2n)
— 4+ _ S1h
(ml mp 2) o /7_1 (Ch) F(Slh)
Zh
mp—1
X dzn, 3.7
<m1+~-~+mh2) o (3.7)

where —Rs1;, < ¢, < 0. Hence

Gr(s(AG(Ar)): AL (Ar)

Z Z H (mi+...+mj_1)fsu’

mi=1 my=12<i<j<r+1

e 1 L(s1n + 20)T (= 2n)
X (m1++m]_1) S1j
2<jl_'[<h 2mV/ =1 Jien) I(s1n)

X (ml + 4 mh_2)751h,7zh,mlzlh_1dzh

_ 1 T(s1p + 20)T(—23)
27V =1 Jep) I(s1n)

00 o0
X Z . Z H (ml 4+ mj_l)*sijm}:jfi—l,h-‘rzh

mi=1 myp=1 2<i<j<r+1
(3,3)#(h—=1,h)

X H (ml +..._~_mj_1)—31j(m1 +..._~_mh_2)—‘91,h71—81h—2hdzh
2<j<h-2
_ 1 T(s1p + 2n)T(—2p)
27‘(\/71 (cn) F(Slh)

G (8™ (A, 21); A1 (Ay)) dzp, (3.8)
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where
s*(Ap,zn) = (S125- -5 1,025 S1h—1 + S1h + 2h, S3(Ar, 21))

and s5(A,, z;) is almost the same as so(A,) but sp_1 5 is replaced by sp_1. — 2p.
Formula (3.8) is an integral expression of (. (s; A} (A,)) whose integrand includes
G- A% _1(Ar) (3<h <r+1). Repeating this procedure, we find the recursive
structure

<r(' §Ar) = (r ( 5A:+1(AT)) - Cr( §A:(Ar)) -
(where we use the notation (1.8)).
In particular, when h = 3, the second product on the third member of (3.8)

is an empty product (hence is equal to 1), hence the sum with respect to m; can
be separated, which produces the Riemann zeta factor. That is, we have

Gr (S* (Ar, 23); A3 (AT')) = (r-1 (Sg(Ara 23); A*(Ar))C(Sm + s13 + 23). (3.10)

The first factor on the right-hand side is not (. but {,_1, because this is defined
by an (r — 1)-ple sum. Hence

Ak _ 1 F(Slg + Z3)F(—Zg)
CT(S,AB(Ar)) - 27T\/jl (cs) F(slg)
X Cr_1 (SS(AT, 23); A*(AT))C(812 + S13 + Z3)d2:3. (3.11)

This implies that the last step of (3.9) can be rewritten as
C’r’(' aAg(Ar)) - Crfl(' ;A*(Ar))a (312)

by neglecting the Riemann zeta factor.

Renaming e; ase;—1 (2 < i < r+1), we find that A*(A4,) is equal to A} (4,_1).
Hence we now observe that (.(s; A,) can be expressed as an (r — 1)-ple integral
involving ¢,—1(- ; A»—1), which is exactly the assertion of Theorem 2.2 of [17].

Summarizing the above argument, we obtain the following refinement of The-
orem 2.2 of [17].

THEOREM 3.1.  Between (-(- ; Ar) and (oo1(- 3 Ar1) (for r > 2) there is
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the recursive relation given by (3.9) and (3.12), which can be expressed as the
Mellin-Barnes integrals (3.8) and (3.11). This further gives the recursive relation

Cr(' ;A'r‘) i Crfl(' ;Arfl) s CQ( ;AQ) = CMT,2 - C (313)

REMARK 3.2.  Among the coroots of A, listed in the preceding section, the
coroot e; — e,41 is the highest, and there is the order relation

€] —€pp1 > €] —€p > - > e — €. (3.14)

The recursive relations (3.9) and (3.12) correspond to this order relation. In fact,
we see that

(i) in each step (3.8) we apply the Mellin-Barnes formula to the sum m; +
-+ + my_1 corresponding to the coroot e; — ey,
and

(ii) the sum is divided into mq + - - - + mp_o and my_1, where the former sum
corresponds to the next coroot e; —ep_1.

In the next section we will show that order relations among coroots similar to
(3.14) also give the recursive structures among zeta-functions in the B,, C, and
D,. cases.

4. The recursive structure for B,., C, and D,.

In this section we consider the Mellin-Barnes recursive structure in the B,.,
Cy, and D, cases. First treat the B, case (r > 2). From (2.7) we have

Ar(By)={e|1<i<rjuU{ete|1<i<j<r} (4.1)
We write the vector s(B,.) as
s(By) = (817 ceeySrys(By) 7, s(Br)+),

where s(B,)* = (siij)ngjST. The highest coroot is 2e;, and there is the order
relation
2e1 >e1+ey>e1+ey3 > >et e,

>e1—€>€ —€._1>-->e —e3>€e] — € (4.2)
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among the coroots involving oy .

We give the Mellin-Barnes recursive structure according to this relation. Let

AZ(BT)Z{&'|2§7:ST}U{€1—€]"QSjSh}U{Si—€j|2§i<j§T}

U{Ei+6j|2§i<j§’l“} (2§h§7")

and

(4.3)

AZ*(BT)Z{Q|2§Z'§’I“}U{6i—8j|1§i<j§7‘}U{61+8j|h§j§7’}

Ufei+e|2<i<j<r} (2<h<r).

Then there is the relation

A*(B;) C AY(B,) C--- C AX(B,)
C A (B,) C--- CAY(B,) CAL(By),

where

A*(By)={ei|2<i<rjU{exe|2<i<j<r}

First, the root &1 (or the coroot 2e;) corresponds to the term
(20m1 + -+ +mp_1) +m,)

which is, by using (3.6), equal to

1 sy + 2)I(—=2")
2/ =1 Jie) ['(s1)

with —Rs; < ¢/ < 0. Hence

. 1 L(sy + 2 )I(—2")
CT(S,BT) - 27T\/jl () F(Sl)

X Z Z H (Q(mi+"'+mr_1)+m7,)_5i

myi=1 my=12<:<r

(4.4)

(4.6)

m’i/ (ml + 2(m2 + P + mT*l) + mr)isliz dZ/
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2’ —sT. —s7,
Xml 12 H (ml—"_"—"_mjfl) Sij
1<i<j<r
(i,5)#(1,2)

’

_g1—st —
% (m1+2(m2+...+mr_1)+mr) 51—815—2

—s5
X H (mi+-+mj_1+2(m; + - +me_1) +m,) “d2
1<i<j<r
(1) A(1,2)
1 F(sl + Z/)F(_Z/) / / ’
= (8" (B, 2"); AS*(B,.))dz’, 4.7
ST o Ry B i85 (5) (47)

where
S/(Bry Zl) = (327 sy Sy S/(B’H Z/)_7 SI(BTv Z/)+>,
s'(By,z")” is almost the same as s(B,)~ but s;, is replaced by sj, — 2/, and

s'(B,, ')t is almost the same as s(B,.)* but s}, is replaced by s; + s]5 +2’. This
implies the recursive relation

Cr(' ;Br) - Cr ( aA;*(Br)) (48)
Next consider A}*(B,). The corresponding vector can be written as
s(A(By) = (s2,- - 8r,8(Br) ", 8150+ -+ 517, 82(Br) 1),

where $5(B,)" = (s)2<i<j<r- When 2 <h <7 —1, we apply (3.6) to the term

ot
(my+ -+ mp1 +2mp + -+ mp_y) +m,)
o
:(ml+...+mh—|—2(mh+1+"'+mr—1)+m7“) o

my, —S1in
x(1+ >
my+ - mp A+ 2(Mpgr o+ meor) +my

(4.9)

which corresponds to the root 1 + ;. Then

Gr(s(AR(Br)); AY(By))

st + AT (=21)

_ 1 / I(
2w/ —1 (ch) F(Si"_h)
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X Z Z H (2(mi+"'+mr71)+mr)_si

mi=1  my=12<i<r
Z;rh 75;
X my, (mi + -4 my )%
1<i<j<r

X H (m1+~..+mj71+2(mj+..._~_mril)+mr)fs?'j
h<j<r

_S+ _Z+
X (my -+ mp+2(mpgy -+ me_y) £m,)

—5_.*'.
x I (mit - +myma+20m; 4 me_a) +m,) " dz,,
2<i<j<r

where —%sfh < cf‘h < 0. This is equal to

L[ Tt TR (o, ) g ()55,
(C;rh)

2my/—1 F(Si‘_h)
where
s™ (BT’7 Zi_h) = (527 ooy 80,8 (By, Zrh)i’
ST T 81 pr T 200 Sty -0 51 82(Br) ),

(4.10)

(4.11)

and s**(B,, z);,)” is almost the same as s(B,)~ but s, n41 is replaced by s, | —

zf‘h. When h = r, we apply (3.6) to

~Sir
m
(m1_|_..._|_mr)*51+r = (m1—|—--~—|—m,«_1)75ﬁ <1+ r ) .

my+ -+ Mpg
Then we have

Gr(s(AT(Br)): AT (By))

27/ =1 J(cet )y P(S;FT)

¢, (s**(BT, zfrr), A*(BT))dzfrr,

T

where

(4.12)
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s** (BT, zfr) = (32, ey Sr1, 8y — 217,8" (Br, 217) 7, SQ(BT)+)

and s**(B,, 2;,.)~ is almost the same as s(B,.)~ but s, is replaced by sy, +s], +2 .
Therefore we now find the recursive relation

Gr ( ;AS*(BT)) - Cr( 7A§*(BT>) -

Lastly we consider A} (B,) (3 < h <r), with the corresponding vector
S(A;(BT)) = (527 ey Spy STy ey Sl_h,SQ(BT)77SQ(Br)+),

where s2(B;)” = (s;;)2<i<j<r- Apply (3.6) to the term

(mi+--+ )7 = (my -+ )= (14 Aol o
m My, h = (m ceetmp_2)
1 h—1 1 h—2 mi+ -+ mpy o

to obtain

G (s(AL(B)); AL(B)))

_ 1 D(syy, + 20)0(=215)
21V =1 Jiep,) L(syy,)

X ZZ H (2(mi+'“+mr—1)+mr)7si

mi=1 my=12<i<r

X H (m1+...+mj71)781_j
2<j<h—1

—S1h—21h 1 —s7
X (ml 44+ mh—2) S1h ™ *1n mhljl H (ml 4+ -+ mj—l) Ly
2<i<j<r

—s
X H (mi+-+mj_1 +2(mj + -+ mp_1) + my) "9 dzy,
2<i<j<r
_ 1 U(sy, + 200)T(=215)
2rv =1 Jier,) IS

X Cr (S* (Bra Z;h), Azfl (BT))dz;h’
(4.14)
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where —fts;;, < ¢, <0,

. _ _ - _ _ -
s*(Br,277,) = (525, Sry 8190 - ST h_251n1 F S1n + 2105
-\ +
SS(BNZUL) ,82(Br) )
and s3(By, 21;,) is almost the same as so(B,)~ but s;,_, , is replaced by s, _; , —

Z1,- When h = 3, the sum with respect to m; on the right-hand side of (4.14) can
be separated, which implies

G (8" (Br, 213); A5(By)) = Gro1(83(Br, 213); A™(B))C(s12 + 513 + 213),  (4.15)
where
s3(Br, 213) = (82,50, 85(Br, 213) ", 82(Br) "),
Hence we have the recursive relation

Cr ( §A:(Br)> - Cr( §A:—1(Br)) -
= Cr( ,Aﬁ(Br)) - Crfl(' aA*(BT)) (416)

by neglecting the Riemann zeta factor on the right-hand side of (4.15).

REMARK 4.1. The situation similar to (i), (ii) in Remark 3.2 also holds
in the B, case. In fact, the recursive relations (4.8), (4.13) and (4.16) exactly
correspond to the order relation (4.2), and in each step, the term corresponding to
the coroot is divided into two parts, one of which corresponds to the next coroot
in the relation (4.2).

Renaming ¢; as ;-1 (2 < i < r), we see that A*(B,) coincides with
A4 (Br_1). Therefore, collecting the results of the above argument, we now arrive
at the following

THEOREM 4.2.  Between (.(- ; By.) and (—1(- ; Br—1) (for any r > 2) there
is the recursive relation given by (4.8), (4.13) and (4.16), which can be expressed
as the Mellin-Barnes integrals (4.7), (4.11), (4.12) and (4.14). This further gives
the recursive relation

Cr(' ;Br) - Crfl(' ;Brfl) s CZ( ;B2) - C (417)
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The treatment in the C,. case (r > 2) is similar. In this case
Ap(Cr)={2e |1 <i<r}U{eite [1<i<j<r}, (4.18)
and the order relation is

e1+ey>e;+e3>--->ept+e.>e

>e; —€.>€e1—€._1>--->e —e3> e — e (4.19)

Define the set A;*(C;) (2 < h < 1) by replacing {&; | 2 < ¢ < r} in the
definition of A}*(B,) by {2¢; | 1 < ¢ < r}, thesets A} (C,) and A*(C,) (2 < h <)
by replacing {e; | 2 <1 < r} in the definitions of A} (B,) and A*(B,) respectively
by {2¢; |2 <i<r}, and

A**(CT)Z{Z":‘Z‘|1§iST}U{€i—€j|1§i<j§7‘}
Ufei+e|2<i<j<r} (4.20)
Then we find
A*(Cy) C A5(Cy) C--- C AN(Cy) C A™(C)
C A (Cr) C--- CAZ(Cr) C AL(C). (4.21)

Guided by the same principle as in Remark 4.1, we can easily find the correspond-
ing Mellin-Barnes recursive structure

Cr(' ;Cr) - Cr( 7A§*(CT)) - Cr( aAg*(Cr)) — =G ( 7A:*(Cr))
S G (A™(G) = G (1 BHE) = G (A7) = -
= G (1A5(Cr) = Groa (-5 A%(C)). (4.22)

In the D, case (r > 3), we have
AL(Dy)={e;tej|1<i<j<r} (4.23)

Hence the vector s(D,) is to be written as
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+ +
where S(D,«)i = (Sij)1§i<j§r- Define 52(Dr)i = (Sij)2Si<jST7

AL(D)) ={e1—¢;|2<j<hlU{eite|2<i<j<r} (2<h<r), (4.24)
A*(D,) ={e; £¢;|2<i<j<r}and

AF(D) ={ei—e;|1<i<j<riu{ei+e |h<j<r)

Uleitel2<i<ji<r} (2<h<r). (4.25)
Then, corresponding to the order relation
e1tey>e +e3>-->e te>e—e > >e—eg>e —eg,  (4.26)

we have

A*(D,) Cc A5(D,) C --- C AX(D,)
C AYY(Dy) C--- C AS(Dy) C AL (Dy). (4.27)

According to this relation, we give the Mellin-Barnes recursive structure.
First, by using
st

1h

(my+--+mp_y+2mp+ - +me_2) +me_1 +my)

+
—S1in

=(m1+-+mp+2mps1 4+ me_2) + M1 +my)

+
mp,

—S1n
x [ 1+
( m1+-~+mh+2(mh+1+~-+mr2)+mr1+mr>
2<h<r-2)

and

+
(ml + -+ My_o —+ My_1 + mT)_Sl.rfl

—S
_st my_1 L=t
=(my+-+mp_o+m,) "Lt 14 ;
( 1 r—2 7‘) ( m1+-~-—|—mr_2—|—mr>

we have
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Gr (S(AR(Dr)); AL (Dy)

1 L(sy, + 2T (=213)
= (s (Dy, 25 ) ALY (Dy))dz, (4.28
2my/—1 /@h) T(s},) G (5™ (D 25): D35 (D) )z, (4:28)

for 2 < h <r —1, where

S**(Drv Zi"_h) = (S**(Dra Zfrh)fa STh + Sihﬂ + th, 5T,h+2v S h SZ(DT)Jr)

and s3*(Dy, z1;,)” is almost the same as sy(D,)~ but s, is replaced by s; . | —
+
20
Next, the term corresponding to the coroot e + e, is

((my+ -+ my_2) + mr)_slt

_Sir
T ) . (4.29)

"
=(mi+---+mp_o) tr 1+
(ma 2) ( Mt t T

Applying (3.6) to the above, we obtain

G (s(AT(Dr)); AT (D))

B AP s

SR
2w/ —1 () F(STT)
T O%r—1,r

X H ((ml 4+ 4 mr_z) + mr) _S”mr
2<i<r—2

< 11 (M + - my_1) 50 (my e mp_g) S
1<i<j<r

—st
X H (mi+-+mj_1+2(m; + - +mp_2) + my_1 +m,) "z

2<i<g<r

= (51 1+) ( 1’“)Q(s (Dr, 21); AX(Dy)) dz,, (4.30)
2y =1 Jet) I'(sf,)

where

s (D, 21,) = (s"(Dy, 21,) 7, 85" (Dr, 21 7).,
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s**(Dy, z{,.)” is almost the same as s(D,.)” but sy, is replaced by s7,_; +s7,+

2z, and s3*(D,, 2" )T is almost the same as sy(D,.)* but s, . is replaced by

r—1,r
S'j‘;l,r - Z;"
Finally, similarly to (4.14) we obtain
G (s(AL(Dy)); AL(Dy))
1 L(sy, + 20T (=215) - -
= ~(s*(D,, (AT _(D))d
20v/=1 Jiep,) I(s1) G (8" (Dr 20 B (D) day
B3<h<r), (4.31)
where

s (DT’ Z;h) = <5f27 81 h—2 S p—1 T Sy T 215285 (Dr, Z;h)_7s2(DT>+)

and s5(D,, z;,)~ is almost the same as sy(D,.)~ but s, _, , is replaced by s, , —
21,- When h = 3, we further find

Cr (8™ (Dry 213); A5(Dr)) = Gro1 (85(Dr, 213); A(Dr))C (515 + 513 + 213)  (4.32)
with
s3(Dy, 213) = (s5(Dy, 213) ", s2(Dy) 7).
Therefore, we now find the recursive structure

G (-5 D) — Cr( QAS*(DT)) — (r ( QAg*(DV')) -
= G (5 AT(D) = G (-5 ANDY)) = Gr(- 5 A (Dr)) —
= G (5 ASDy) = G (- AY(Dy)). (4.33)

Summarizingly, we obtain

THEOREM 4.3.  In the C, and D, cases, there are recursive structures (4.22)
and (4.33), which can be expressed as Mellin-Barnes integrals. These further give
recursive relations

C’r(' ;Cr) - Crfl(' ;Crfl) s CQ( ;02) - C (434)

and
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Cr(' ;Dr) _’Crfl(' ;Drfl) — _)CQ( ;D2)~ (435)

REMARK 4.4. The situation described in Remarks 3.2 and 4.1 also holds in
the C. case. On the other hand, it is to be noted that in the D,. case, the principle
of type (ii) is no longer valid at the step e; + e, — e; — e,.. In fact, (4.29) shows
that the sum (my + - -+ + m,_2) + m,, corresponding to e; + e,, is divided into
mq + -+ m,_s and m,, and my + - - - + m,_o corresponds not to e; — e, but to
€1 —€pr_1.

5. Recursive structures and Dynkin diagrams.

Theorems 3.1, 4.2 and 4.3, proved in the previous sections, give certain recur-
sive structures among our zeta-functions (1.6). In this section we discuss that we
can find many other recursive relations among those zeta-functions.

In order to describe the situation, it is better to introduce here the viewpoint
of Dynkin diagrams. Let I'(X,.) be the Dynkin diagram of the root system of type
X,. Theorems 3.1, 4.2 and 4.3 give the recursive relations of the form

Cr(' ?Xr) - Crfl(' ;erl) (51)

for X = A, B,C and D, by separating m; which corresponds to the coroot ay. In
terms of Dynkin diagrams, this is the procedure of cutting off the leftmost edge,
that is the edge joining the vertices corresponding to ay and ay, of I'(X,) (see
Fig. 1).

(4,) S %2—0—88—0 o

(B, C) O---mmn- o——o0—C5—0 ———o

(D) O ------ o—-o0—(5—0 <
Figure 1.

However it is also possible to cut off the rightmost edge(s) of I'(X,.). This can
be realized by separating m, corresponding to the coroot a;/. In the case when
X, = By, the coroots involving o are 2¢; (1 <i<r)ande;+e; (1 <i<j<r).
For each i (1 < ¢ <r — 1), we can construct the Mellin-Barnes recursive relation
by following

2e; >e;+eip1 >e+epa > >e e >e — ey, (52)
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similarly to the argument in the previous sections. The consequence is that we
have a multiple integral expression of (.(s;B,) involving (.—1(- ; A,—1) and (.
That is, we find the recursive relation

CT(' ;Br) - <r71<' ;Arfl)- (53)

Similarly, we can obtain the relation

G(3Cr) = Groa (5 Arma), (5.4)
by using
€ Feip1>e tepo> - >ete>e>e —ep, (5.5)
and
G35 Dr) = Groa (5 Armn), (5.6)
by using
eiteiq1>e +eqo> - >e e >e — e (5.7)
(see Fig. 2).
(B, Cr) o o—$G—o rzzzzz=

(Dr) o Ol G "

Figure 2.

In the cases of B, and C'., we can also cut off only one of the doubled rightmost
edges of the diagram, which gives the relation

Cr(' ;Br) - Cr( ;Ar)a <7( ;Or) - Cr( ;AT)' (5'8)
Consider the B, case. The sum m; +- - -+ m,., corresponding to the coroot e; + e,
exists as one of the factors of ((s; A,). Hence the final step of (5.2) is not necessary

this time, and we obtain the first relation of (5.8) by following

2e; >e;+eip1 > e+ eip0 > >e e (5.9)



Witten multiple zeta-functions 379
Similarly, by following
€+ eiy1 >e+€eiqya > >e+ e > e, (5.10)

which is (5.5) without the last step, we can obtain the second relation of (5.8) (see
Fig. 3).

(Br, Cr) o o—LG—o o= =)
Figure 3.

In general, we can cut off any edge of the diagram and reduce a zeta-function
for a root system to that for another root system. To state our assertion, we recall
the definition concerning root systems and construct embeddings in a non-standard
sense (that is, embeddings which do not preserve the inner products).

Let A be a reduced root system which may not be irreducible, I" its Dynkin
diagram and ¥ = {«;, ..., q,} its fundamental system. (The j-th vertex from the
left on I' corresponds to a;.) By @Y we denote the coroot lattice generated by
PV, Let I’ be a Dynkin diagram obtained by cutting off some edges from I'. Let
AU ={af,...,al} and (Q')Y be the corresponding root system, fundamental
system and coroot lattice, respectively. Then we see that the map f : (¥/)V — ¥V
defined by f: (o))" = a is Z-linearly extended to an isomorphism f : (Q")Y —
QY as Z-modules.

For ¥ =37, cjay € QV, we denote its height by

ht BY = ¢ (5.11)

J
LeEMMA 5.1.  f((A)Y) C AY.

Proor. We show the statement by induction on their heights. We denote
by 3Y € QY the image f((8')) of (8')" € (A")Y. We first note that (o], (o)) >
(ai, @) because the value of (a;,af) is only 0, —1,~2 or —3 for i # j and cutting
off some edges of the diagram only produces the effect of increasing the value.
Hence in general, we have

{af, (B)) > {0, 8Y) (5.12)

for (5")Y € (A")Y.
Because (§')Y € (A’)Y with ht (8)Y = 1 implies (8')" = (o))" € (¥')Y, for
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some 1, it follows that ¥ = o) € UV by definition.

Let m > 1, and assume Y € AY for (4')¥ e (A)Y with ht (8)Y < m.
Let (8")" = >, cj(a))Y € (A")Y with ht (8')Y = m + 1. It is known that there
exists a decomposition ()Y = (o) + ()Y with (/)Y € (A)Y, ht (/)Y =m
and (af)V € (¥)V (see, e.g., Lemma A in Section 10.2 of [6] or Proposition A in
Section 2.11 of [19]).

If (o, (’)¥) < 0, then (i, @¥) < 0 by (5.12). By the assumption of induction
we have oY € AY and the simple reflection

rifa’) = a” = (a;, ")
is also € AY. Hence ¥ = oY + o € AY since all the roots in the a;’-string
through oV belong to AV.

If (o}, (/)Y) > 0, we consider (v')Y = 7}((5)Y), where 7/ is the simple reflec-
tion with respect to . Then (v')¥ € AY because (3')" € AV. We see that

()7 =7i((a)" + (a)") = (&) = (e, ()") + 1) ()"

which implies that ht (7/)¥ < m — 1. Moreover we see that (7/)¥ € AY; in fact,
since ht (3')Y = m+1 > 2, there exists a j # ¢ for which cj is positive, and so the
coefficient of ()" in (v')" is also positive, which implies (v')" € (A")Y. Hence
by the assumption of induction we have a¥ € AY, vV € AY and

ri(y") = ¥ + (o}, (@))Y) = (@i, 0Y) + 1)a) € AY.

Hence Y = o¥ + o) € AY. O

THEOREM 5.2. Let A, A’ be reduced root systems and T',T" be their Dynkin
diagrams. Then there exists an isomorphism f : (Q')Y — QY such that f((A")Y) C
AY and f: (o) = af if and only if T' is obtained from T’ by cutting off some
edges.

PrROOF. By Lemma 5.1, we have only to show (aj,(a})Y) > (a;,af) if

such f exists. Because (o, (o})") = (a;, o) = 2 if i = j, we assume i # j.
Since (A)Y 3 ri(a})” = (a})Y — {af, (0)¥)(al)", we have AY. 3 f(r(a})") =
oy — {al, (&) ).

On the other hand, we have AY 5 o = af — (a;, o) ). Since the length
of the af-string through o} is (a;, o), it follows that the string consists of {a} +

hay [0 < h < —(ay,a))}. Therefore we have 0 > (], (a})¥) > (i, af ). O
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Since f is injective, we identify (A’)Y and its image by f, and denote the

image by the same symbol (A")Y.
Let (A*)Y = AY \ (A)Y and k = |A*|. We fix an order

(A%)Y = {855, B}
by their heights
ht By <ht By <--- <ht g
For 0 < j <k, define
w\V
(A7) =@NTu{sy,....5}

so that

\% 4

(AN} = (Ag)" < (A1)

c--c (A c(ap’ =AY

(5.13)

(5.14)

(5.15)

(5.16)

Then for 1 < j < k we have a decomposition 3] = o’ +~" with some o’ € ¥V
and vV € (Aj_,)" since the order is determined by their heights. Then, again by

the Mellin-Barnes argument, we have

Gs85) =2 11 n™

A ave(anv

= ;( II <aV,A>S“><aY AV )

(XVE(A;,l)V
S| BT
A ave(ar_)V\{ay 4V}

y 1 [(sp, +2)'(—2)
27‘(\/—71 (¢) F(ng)

(o, \) 7 FE (Y ) T T T

(5.17)

where A7 is the set of positive roots corresponding to (A;)V. This implies the

following theorem.
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THEOREM 5.3. We have

I'(sg, I'(—
(A7) = — (s, + 2)(~2)
2mv=1 J(e) I'(sg;)
XCr(oooiSay— 2,0, 88 +57+z,...;A;_1)d2’, (5.18)

and, repeating this procedure k times, we obtain the recursive relation
G 5A4) = G(- 5 AL). (5.19)

This general result includes all examples discussed above. Let I' = I'(X,.),
X =A,B,Cor D. When X = B or C and I is obtained by removing only one of
the doubled rightmost edges of T', then I is irreducible. These cases are described
as (5.8).

Except for those cases, any IV which is obtained by cutting off edge(s) of T is
not irreducible, hence the corresponding zeta-function ¢, (- ; A’,) is the product of
two (or more) zeta-functions.

If we cut off the leftmost edge, then (,.(- ; A’,) is the product of (i (- ; X;—1)
and the Riemann zeta-function. These cases are discussed in detail in Sections 3
and 4. The cases of cutting off the rightmost edge(s) are presented as (5.3), (5.4)
and (5.6).

More generally, we can cut off the edge which joins two vertices corresponding
toa/ and af 2 <l <rfor X =A4,2<{¢{<r—1for X =B orC, and
2<{<r—2for X = D). Then (5.18) implies that ¢.(- ; X;-) can be written as a
multiple integral involving (p—1(- ; Ap—1) and (—py1(- ; Xr—py1) (see Fig.4).

Figure 4.

We can summarize the above argument as follows.

THEOREM 5.4. By cutting off any edge of a Dynkin diagram, we find that
the zeta-function of the corresponding root system can be written as a (multiple)
integral, whose integrand includes zeta-functions of each connected components of
the resulting Dynkin diagram.
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The following diagrams show the hierarchy of Lie algebras whose zeta-
functions are connected with each other by Mellin-Barnes recursive formulas as
above. The number attached to each algebra is the number of positive roots, that
is, the number of variables of the associated zeta-function. The number written
in the middle of each arrow is the number of iteration of integrals. The horizontal
arrow implies that, in the corresponding process, the Dynkin diagram is not di-
vided into two separate parts. Note that the following diagrams include the cases
of exceptional Lie algebras.

B, Ay C,

e r(r—1)/2——— r(r+1)/2 <~——r(r—1)/2 s
(Z—l)(4TJ3€+2)/2 (e—1)($—e+1) (E—l)(4rJ3Z+2)/2
A1 @ Br_ya A1 @ A Arr ©Crga

06=1)/2  (r—f+1)2 00=1)/2  (r—t+2)(r—t+1)/2 00=1)/2  (r—t+1)2
D,
r(r—1)
(r+1)($—2)/2 (e=1)(4r—30)/2
A A4 A1 @ Dy
r(r—1)/2 1 L(£—1)/2  (r—L+1)(r—£)
Eg
/ 120 X
91 7/ 8 5
A7 @ Ay D; & A 100 E¢ ® Ay E; oA
28 1 42 / 36 3 63 1
As & Ag Ay ® Ay D5 @& As
3 21 10 10 20 6
Eq
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Eg
36
LN
/2 15 3\
A5€BA1 D5€BA1 AQ@A4
15 1 20 1 3 10
F A
¥y u— 4

6. The analytic continuation and the location of singularities.

The definition (1.6) of multi-variable Witten zeta-functions, or more generally,
the definition (3.1) of zeta-functions of root sets, shows that the denominators of
these zeta-functions are finite products of linear forms of my,...,m,. Therefore,
applying Theorem 3 of [15], we immediately obtain the following

THEOREM 6.1.  The zeta-function (.(s; A*) of any root set A* (defined at

the beginning of Section 3) can be continued meromorphically to the whole space
c.

This type of result is actually a special case of Essouabri’s more general result
[3], [4], which was published earlier than [15]. However, the proof of Theorem 3
of [15] gives a method of obtaining more analytic information on (.(s; A*). For
example, in [17], we express (3(s; A3) as a double integral involving (a(s; A3), and
analyzing the process of integration carefully, we deduce the information on the
location of singularities of (5(s; As) from that of (3(s; A2). Note that in [17], on
the line next to (4.12), z5 = 0,1,..., N is to be read as z5 = —s5 — [ (0 <1 < N).

The same analysis is possible for any zeta-functions of Lie algebras (or, more
generally, of root sets), by going upstream the arrows in the diagrams at the end
of the preceding section. This is one of the motivations of the study of recur-
sive structures (Sections 3 to 5), though the actual procedure will become very
complicated when the number of iteration of integrals becomes large.

In this section, we prove some information on the location of singularities
of zeta-functions of Cy, B3 and C5 by this method. This is because these three
zeta-functions play the leading part in the subsequent paper [9]. The argument is
similar to that for A3 developed in [17], so some details will be omitted.

First consider the zeta-function of Cy, which is (2.17). Here we change the
notation of variables to write
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CQ(Sl, 89,83, S4; CQ) = Z Z m”in %2 (m + n)_SS (m + 271)_54. (61)

m=1n=1

Note that this can be obtained by an arrangement of (2.11). In fact, in [15], [21],
[7], the series (6.1) is called the zeta-function of so(5), that is, of Bs.
At first we assume Rs; > 1 (1 < j <4). Then we have

Ca(s1, 52, 53, 545 Ca)
1 [ T+ ar(-2)
27T\/jl (c) F(S4)

Cur,2(81,52 — 2,83 + 54 + 2)dz, (6.2)

where —fsy < ¢ < 0 ((4.4) of [15]). Let L be a large positive integer, and put

L
@(81,82,83,34) = (51 + S92 + 83+ 84 — 2) H(SQ +s3+s54—1 —‘rf)
£=0
Then
<2(815527S3;S4;CQ) :®(51552783754)71I3 (63)
where
I 1 / [(s4+ 2)[(—2)
2mv/—1 J(e) ['(s4)
X Cmr,2(s1,82 — 2,83 4+ a4+ 2)®(s1, 82, $3, 54)d 2. (6.4)

We shift the path of integration to 8z = M —e, where M is a large positive integer
and ¢ is a small positive number. Counting the residues at z =m (0 < m < M—1),
we obtain

<2(817 52,53, 54; 02)

M—-1
—S
= Z ( m4> CMT72(817 S9 —m, S3 + S4 + m) + @(81, S92, 83, 84)_11/, (65)

m=0

where I’ is defined by replacing (¢) in the definition of I by (M — ¢).
The singularities of (ps7 2 have already been determined in Theorem 1 of [12];
the singularities of (yrr2(s1, $2 — 2, 53 + s4 + 2) are
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s1+s3+sa+2z=1-k (ke Ny),
So+s3+s4=1—k (kENo), (66)
51+52+53+S4:2,

and all of those are true singularities. Hence the integral I’ is holomorphic in the
region 2y 1, which is a subset of C* defined by the conditions Rsy > —M + ¢,
R(s1 + s3+84) >1—M+e, and R(s2 + s3 + s4) > —L. Therefore (6.5) gives
the meromorphic continuation of {(s1, s2, S3, 54; C2) to P, 1, and candidates of
singularities in this region are

S1+8s3+s4a=1-4 (¢ € Ny), (6.7)
Sog+s3+s4=1—/ (€€N0)7 (68)

and
S1 + 8o + S3 + 84 = 2. (69)

Note that, since 2,1, tends to the whole space C* when M and L tend to infinity,
the above argument gives the meromorphic continuation of (2(s1, $2, 83, $4; C2) to
Cc*.

Now we prove the following.

THEOREM 6.2.  The list of singularities of (2(s1, 2, $3,84; Ca) is given by
(6.7), (6.8) and (6.9).

To complete the proof of this theorem, we have only to check that the candi-
dates (6.7), (6.8) and (6.9) are indeed singularities.

Consider the case (6.7). Since I’ is holomorphic in Py, 1, the singularity (6.7)
is coming only from the sum part on the right-hand side of (6.5). For each m
satisfying 0 < m < ¢, the singularity of (arr2(s1,82 — m,s3 + s4 +m) of the
form s + (s3 + s4 +m) =1 — k with k + m = £ gives the singularity of the form
(6.7). These singularities are not cancelled each other, as can be easily proved by
the “change of variables” technique, originally introduced in Akiyama, Egami and
Tanigawa [1] (see Section 4 of [17]).

Next consider (6.9). We go back to the situation (6.3) with (6.4), which is
valid when (s1, $2, 83,84) is in the region of absolute convergence %. Formula
(5.3) of [12] is



Witten multiple zeta-functions 387

F(Sg + 83 — 1)F(1 - 32)

Cur,2(81,52,83) = C(s1+s2+s35—1)

[(s3)
M-—1
3 () eton + sa o mtsa = m)
m=0
1 T(s3+ 2 )['(=2")

C(s1+ 83+ 2" )C(s2 — 2")d2,
(6.10)

+
21V =1 Joar—e) ['(s3)

where M is a large positive integer satisfying M > Rsy — 1 + €. Therefore from
(6.4) we have

M—-1

)T(—
I= 2 \ﬁ/ S4+Z 54) <Sl+ Z Sa(m +53> (515253, 50)02
m
(6.11)
where
[(s2+s83+s4—DI'(1—s2+2)
Sy = -
1 T(s3+ 54+ 2) C(s1 482453+ 50— 1)
Sa(m) = <_83 _ms4 i Z)C(sl + 53+ 51+ 2z+m)((s2 —z—m),
and
Gy L T(s3+ 54+ 2+ 2)0(=2)
SRETNC ) Y S PR )

/

X ((s1+ 83+ 84+ 2+ 2") (52 — 2z —2")dz.

Singularity (6.9) is coming from the ®(sy, so, s3,54) " factor on the right-hand
side of (6.3). Hence what we have to check is that I (or rather, the analytic
continuation of I) does not vanish identically on the hyperplane

S 0 S1+ S9+ 83+ 84 =2.

We first take a point s* = (s7, s3, s5, s4) on the hyperplane ¢, and choose a
positive number a such that the point s = (s9, 59,59, 59), where s? =sj+ta,is

included in Zy. Then (6.11) is valid at s = s”. We continue (6.11) to the point s*
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with keeping the imaginary part of each variable s;.
Define

1 D(s4 + 2)T'(—2)

I, =
21V =1 J (o) I'(s4)

Sp®(s1, S2, 83, 84)dz

for n = 1,3, and also define Is(m) by replacing S,, in the above by Sa(m). Consider
I5(m). The poles of the integrand are z = —s4 — ¢, 2 =4, z=1—81 —$3— $4 — M,
z =383 —1—m (£ € Ny). We may choose s* for which imaginary parts of these
four types of poles

7%547 O7 1-— %(51 + S3 + 54), %82 —1 (612)
are all different. Then we can deform the path (¢) to a new contour € (similarly

to € in Section 3 of [17]) which does not cross the poles when the variables are
moved from s° to s*. Hence

Ig(m)

1_‘ —
s1+ 2)I'( 2)5’2(m)‘1’(51752a33’34)dz
4

1 I(
Comy/—1 /% [(s4)

around s = s*. Since ®(s1, s2, 3, 54) = 0 on S, I(m) vanishes identically around
s*. Similarly we can show that Is vanishes identically around s*.
On the other hand,

T : -1
I = (52 +;‘Z:—)S4 )C(81 + 82+ s34+ s4 — 1)®(s1, $2, S3,54)J, (6.13)
4

where

1 I'(l—s2+2)
J = T I'(—z2)——=d
27T\/jl (e) (54 + Z) ( Z) F(Sg + S84 + Z) *

We have assumed that (s, s9, s, 1) € %o, but J is independent of s1, hence (6.13)
is valid in a wider region 2; which has no restriction on the value of Rs;. Now
choose s5* = 2c¢ + 1 and s§* = 0. If Rs}* is sufficiently large and s7* is such that
s17* +2c+ 1+ s;* =2, then

s = (s1%,2¢4+1,0,s*) € 21N A,

and at this point we have
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1
J=——— [ T(=2)(1-s5+2)d
2T ) (=2)0(1 = 53" + 2)dz
_ oo\r( +it)|[2dt > 0
—271_ . C 1 .

The point s** itself does not satisfy the condition that (6.12) are all different. But
from the above inequality we can find a point s* € %; N near s**, where J > 0
and (6.12) are all different. Then around s*, we find that I; does not vanish while
I(m) =13 =0.

This implies that I does not vanish identically on J#, hence (6.9) is really
singular.

The argument for (6.8) is almost the same as in the case of (6.9), so we omit
it. The proof of Theorem 6.2 is complete. U

Next we consider the singularities of zeta-functions of B3 and C3. In the
diagrams at the end of Section 5, we find two ways of arriving at Bs (or C3), that
is, from As, or from A; ® By. Here we choose the way from As, because the number
of iteration of integrals is smaller, and also, this way is along the horizontal arrow
(see Remark 6.4 below).

The zeta-function of Bs = so(7) is given as (2.12) explicitly, but here we
change the notation of variables as follows:

C3(s1, 52, 53, S4, S5, S6, 57, S8, S9; B3)

o0 o0 o0
=3 ST ST mrtmyTmg (ma + ma) 5 (my + ms)

m1:1 ’I’TL2:1 m3:1
X (2mg +m3) "% (my 4+ ma +m3) "7 (my + 2mg 4 m3)

X (2m1 + 2mo + mg)_sg. (614)
Similarly, we write

(3(s1, 82, 83, 84, S5, 86, 57, S8, 59; C3)

o0 oo o0
—s —s —s —s —s5
= ) D> myrtmy 2mg % (my + ma) T (my + ma)
m1:1m2:1m3:1

X (m2 + 2’/77/3)_5G (m1 + mo + mg)_s7 (m1 + mo + 2m3)_38

X (m1 —+ 2m2 + ng)isg. (615)
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As for Bs, we follow the way indicated by (5.9), that is,

2e1 >e1+ey >e1+e3 and 2ey > eg + e3.

Let A" = A (Bs) \ {e1}, and A” = A\ {e1 + e2}. Then the zeta-function of Bj
(resp. A’; A”) is expressed as an integral involving the zeta-function of A’ (resp.
A", A3) in the integrand. Theorem 5.3 with A¥ = A” and A}_; = A3 shows that

(3(s1, 82, 83, S4, 85, S, s7; A”)
B 1 T(sg + 2)T'(—2)
2/ =1 Jie) ['(s6)

C3(s1, 82 — 2,83, 54,85 + S¢ + 2, 57; A3)dz.

(6.16)

The singularities of the zeta-function of A3 have been completely determined
in [17], which implies that the singularities of the zeta-function (3(s1,s2 —
z, 83,84, 85 + S6 + 2, $7; A3) in the integrand on the right-hand side of (6.16) are
on

s1+s4+s7=1—14, (6.17)
So+ 84+ 85+8g+s7=1—1F, (6.18)
S3+(ss+ss+z)+sr=1—1¢, (6.19)
S1+ 82+ 84+ 55+ 56 +s7=2—1¢, (6.20)
S1+83+sa+(s5+s6+2)+sr=2—1F, (6.21)
So+83+84+85+8¢+s57=2—1, (6.22)
51+ S22+ 83+ 54+ 85+ 56+ 57 =3, (6.23)

where £ € Ny. Hence the poles of the integrand with respect to z are (6.19),
(6.21), and z = —sg —m and z = m (m € Ny), both of which are coming from the
gamma-factors. When we shift the path of integration to 8z = M — ¢, the only
relevant poles are z =m (0 < m < M — 1), and we have
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C3(s1, s2, 83, S4, 5, S6, 573 A”)

M—-1

—sg
= § ( m >C3(51,82 —m, $3, 84,85 + S¢ + M, 57; A3)

m=0
n 1 D(sg + 2)I'(—=2)
2mv =1 J(m—e) ['(s6)
X (3(s1, 82 — 2, 83, 84, S5 + S¢ + 2, S7; Az)dz. (6.24)

The singularities of the sum part on the right-hand side of (6.24) is the same as
(6.17)—(6.23), only with replacing z in (6.19) and (6.21) by m. Therefore the list
of possible singularities of (3(s1, $2, 83, S4, S5, S, s7; A”) is (6.17), (6.18), (6.20),
(6.22), (6.23) and

s3+S5+s¢+sr=1—14, (625)
S1+83+8S4+85+8sg+s7r=2—14, (626)

where £ € Ny.

Similarly, we can express the zeta-function of A’ as in integral involving
¢s(- ; A”). Shifting the path to the right, and using the above data on the sin-
gularities of {3(- ;A”), we obtain the following list of possible singularities of
<3(S1, $92,83,84,S55,56,S57, S8; A/):

S1+84+s7+sg=1—14,

S3+85+Sg+sr+sg=1—14,

So+ sS4+ S5 +S¢+s7+sg=1—4,

51+ 83+ 54+ 85+ 856+ 857 +83=2—1, (6.27)
S1+83+ 84+ 85+8+87+8s3=2—14,

So+ 83+ S4+ S5+ 56+ 57+ 855 =2—1,

81+82+83+84+S5+86+S7+88:3.

Finally, applying the same argument to the integral expression of (- ; Bs),
we obtain the Bs part of the following theorem.

THEOREM 6.3. The possible singularities of zeta-functions of B3, and also of
Cs3, are located only on the subsets of C° defined by one of the following equations:
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S1+84+87+8g+89g=1—14,
S3+85+Sg+S7r+sg+sg=1—1F,

So+ 5S4+ S5+ 86+S7+Sg+S9g=1—1¢,

S1+ 82+ 84+ 85+85+S7+ 853 +89g=2—4, (6.28)
S1+83+84+85+85+S7+83+89g=2—14,

So+ 83+ S4+ 85+ 56+ S7+ S5+ 9 =2—1,

81+ 82+ 83+ 84+ 85 + 8¢ + S7 + sg + S9 = 3,

where £ € Ny.

The case of C3 can be proved similarly, by following (5.10) instead of (5.9).

It is plausible that all of the possible singularities listed above are true sin-
gularities, and probably it can be proved by the method described in Section 4 of
[17]. However such a study would require further pages, so this time we will not
discuss it.

REMARK 6.4. In the proof of Theorem 6.3 for B3, we have shifted the path
of integration to the right three times, and at each time the only relevant poles
are z = m (m € Np) coming from the factor I'(—z). This is because the arrow
between Az and Bs in the diagram in Section 5 is horizontal, that is, the Mellin-
Barnes integral expression includes only one zeta factor in the integrand. When
the arrow is not horizontal, this situation is no longer valid, and then the shift
to the right is, in general, not sufficient for the continuation. A more delicate
deformation of the path (such as those given in [15] and Section 3 of [17]) is
necessary, and hence, the discussion of finding the possible singularities will become
more complicated.
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