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Abstract. Let p 2 ð0; 1�. In this paper, the authors prove that a sublinear

operator T (which is originally defined on smooth functions with compact

support) can be extended as a bounded sublinear operator from product Hardy

spaces HpðRn �RmÞ to some quasi-Banach space B if and only if T maps all

ðp; 2; s1; s2Þ-atoms into uniformly bounded elements of B. Here s1 � bnð1=p� 1Þc
and s2 � bmð1=p� 1Þc. As usual, bnð1=p� 1Þc denotes the maximal integer no

more than nð1=p� 1Þ. Applying this result, the authors establish the boundedness

of the commutators generated by Calderón-Zygmund operators and Lipschitz

functions from the Lebesgue space LpðRn �RmÞ with some p > 1 or the Hardy

space HpðRn �RmÞ with some p � 1 but near 1 to the Lebesgue space

LqðRn �RmÞ with some q > 1.

1. Introduction.

The theory of Calderón-Zygmund operators and Hardy spaces on product

spaces has been studied by many mathematicians extensively in the past thirty

years, see, for example, [8], [9], [11], [12], [18], [20], [28], [29]. Recently,

Ferguson and Lacey [13] characterized the product BMO ðR2
þ �R2

þÞ by the

nested commutator determined by the one-dimensional Hilbert transform in the

jth variable, j ¼ 1; 2. Motivated by this, Chen, Han and Miao in [6] established

the boundedness on H1ðRn �RmÞ of bi-commutators of fractional integrals with

BMO functions. The boundedness on H1ðRn �RmÞ of the Marcinkiewicz integral

and its commutator with Lipschitz function was also established in [28].

To establish the boundedness of operators on Hardy spaces on Rn and

Rn �Rm, one usually appeals to the atomic decomposition characterization of

Hardy spaces, which means that a function or distribution in Hardy spaces can be

represented as a linear combination of atoms; see [7], [21] and [3], [5] respectively.
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Then, the boundedness of linear operators on Hardy spaces can be deduced from

their behavior on atoms in principle.

However, Meyer [23, p. 513] (see also [2], [15]) gave an example of f 2
H1ðRnÞ, whose norm cannot be achieved by its finite atomic decompositions via

ð1; 1Þ-atoms. Based on this fact, Bownik [2, Theorem 2] constructed a surprising

example of a linear functional defined on a dense subspace of H1ðRnÞ, which maps

all ð1; 1Þ-atoms into bounded scalars, but yet cannot extend to a bounded linear

functional on the whole H1ðRnÞ. This implies that it cannot guarantee the

boundedness of linear operator T from HpðRnÞ with p 2 ð0; 1� to some quasi-

Banach space B only proving that T maps all ðp; 1Þ-atoms into uniformly

bounded elements of B. This phenomenon has also essentially already been

observed by Y. Meyer in [22, p. 19]. Moreover, motivated by this, Yabuta [27]

gave some sufficient conditions for the boundedness of T from HpðRnÞ with p 2
ð0; 1� to LqðRnÞ with q � 1 or HqðRnÞ with q 2 ½p; 1�. However, these conditions

are not necessary. In [29], a boundedness criterion was established as follows: a

sublinear operator T (which is originally defined on smooth functions with

compact support) extends to a bounded sublinear operator from HpðRnÞ with

p 2 ð0; 1� to some quasi-Banach spaces B if and only if T maps all ðp; 2Þ-atoms into

uniformly bounded elements of B. This result shows the structure difference

between atomic characterization of HpðRnÞ via ðp; 2Þ-atoms and ðp;1Þ-atoms.

This result is generalized to spaces of homogeneous type in [30].

The purpose of this paper is two folds. We first generalize the boundedness

criterion on Rn in [29] to product Hardy spaces on Rn �Rm. Precisely, we prove

that a sublinear operator T (which is originally defined on smooth functions with

compact support) extends to a bounded sublinear operator from HpðRn �RmÞ
with p 2 ð0; 1� to some quasi-Banach spaces B if and only if T maps all

ðp; 2Þ-atoms into uniformly bounded elements of B. Invoking this result and

motivated by [6], [13], [28], we then establish the boundedness of the

commutators generated by Calderón-Zygmund operators and Lipschitz functions

from the Lebesgue space LpðRn �RmÞ with some p > 1 or the Hardy space

HpðRn �RmÞ with some p � 1 but near 1 to the Lebesgue space LqðRn �RmÞ
with some q > 1.

To state the main results, we first recall some notation and notions on product

Hardy spaces. For n; m 2 N , denote by S ðRn �RmÞ the space of Schwartz

functions on Rn �Rm and by S 0ðRn �RmÞ its dual space. Let DðRn �RmÞ be

the space of all smooth functions on Rn �Rm with compact support. For

s1; s2 2 Zþ, let Ds1; s2ðRn �RmÞ be the set of all functions f 2 DðRn �RmÞ with
vanishing moments up to order s1 with respect to the first variable and order s2
with respect to the second variable. More precisely, if f 2 DðRn �RmÞ, then for

�1 2 Zn
þ and �2 2 Zm

þ with j�1j � s1 and j�2j � s2, one has
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Z
Rn
fðx1; x2Þx�1

1 dx1 ¼ 0 for all x2 2 Rm;Z
Rm

fðx1; x2Þx�2

2 dx2 ¼ 0 for all x1 2 Rn:

For s1; s2 2 Zþ and �1; �2 2 ½0;1Þ, we denote by Ds1; s2; �1; �2ðRn �RmÞ the space

Ds1; s2ðRn �RmÞ endowed with the norm

kfkDs1 ; s2 ; �1 ; �2 ðRn�RmÞ � sup
x12Rn; x22Rm

ð1þ jx1jÞ�1ð1þ jx2jÞ�2 jfðx1; x2Þj:

In articles [3], [4], [5], Chang and Fefferman introduced the following atoms

and atomic Hardy spaces on the product space Rn �Rm.

DEFINITION 1.1. Let p 2 ð0; 1�, s1 � bnð1=p� 1Þc and s2 � bmð1=p� 1Þc. A
function a supported in an open set � � Rn �Rm with finite measure is said to be

a ðp; 2; s1; s2Þ-atom provided that

(AI) a can be written as a ¼
P

R2M ð�Þ aR, where M ð�Þ denotes all the maximal

dyadic subrectangles of � and aR is a function satisfying that

(i) aR is supported on 2R ¼ 2I � 2J , which is a rectangle with the same

center as R and whose side length is 2 times that of R,

(ii) aR satisfies the cancelation conditions thatZ
2I

aRðx1; x2Þx�1

1 dx1 ¼ 0 for all x2 2 2J and j�1j � s1;Z
2J

aRðx1; x2Þx�2

2 dx2 ¼ 0 for all x1 2 2I and j�2j � s2;

(AII) a satisfies the size conditions that kakL2ðRn�RmÞ � j�j1=2�1=p and

X
R2M ð�Þ

kaRk2L2ðRn�RmÞ

0@ 1A1=2

� j�j1=2�1=p:

DEFINITION 1.2. Let p 2 ð0; 1�, s1 � bnð1=p� 1Þc and s2 � bmð1=p� 1Þc. A
distribution f 2 S 0ðRn �RmÞ is said to be an element in Hp; 2; s1; s2ðRn �RmÞ if

there exist a sequence f�kgk2N � C and ðp; 2; s1; s2Þ-atoms fakgk2N such that

f ¼
P

k2N �kak in S 0ðRn �RmÞ with
P

k2N j�kjp <1. Moreover, define the quasi-
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norm of f 2 Hp; 2; s1; s2ðRn �RmÞ by kfkHp; 2; s1 ; s2 ðRn�RmÞ � inffð
P

k2N j�kjpÞ1=pg,
where the infimum is taken over all the decompositions as above.

It is well known that Hp; 2; s1; s2ðRn �RmÞ ¼ Hp; 2; t1; t2ðRn �RmÞ with equiv-

alent norms when s1; t1 � bnð1=p� 1Þc and s2; t2 � bmð1=p� 1Þc; see [3], [4], [5],

[10], [17]. Thus, we denote Hp; 2; s1; s2ðRn �RmÞ simply by HpðRn �RmÞ.
Recall that a quasi-Banach space B is a vector space endowed with a quasi-

norm k � kB which is nonnegative, non-degenerate (i.e., kfkB ¼ 0 if and only if

f ¼ 0), homogeneous, and obeys the quasi-triangle inequality, i.e., there exists a

constant C0 � 1 such that for all f , g 2 B,

kf þ gkB � C0ðkfkB þ kgkBÞ: ð1:1Þ

DEFINITION 1.3. Let q 2 ð0; 1�. A quasi-Banach spaces Bq with the quasi-

norm k � kBq
is said to be a q-quasi-Banach space if k � kqBq

satisfies the triangle

inequality, i.e., kf þ gkqBq
� kfkqBq

þ kgkqBq
for all f , g 2 Bq.

We point out that by the Aoki theorem (see [1] or [16, p. 66]), any quasi-

Banach space with the positive constant C0 as in (1.1) is essentially a q-quasi-

Banach space with q ¼ blog2ð2C0Þc�1. From this, any Banach space is a 1-quasi-

Banach space. Moreover, ‘q, LqðRn �RmÞ and HqðRn �RmÞ with q 2 ð0; 1Þ are

typical q-quasi-Banach spaces.

Let q 2 ð0; 1�. For any given q-quasi-Banach space Bq and linear space Y , an

operator T from Y to Bq is called to be Bq-sublinear if for any f; g 2 Y and

�; � 2 C , we have

kT ð�f þ �gÞkBq
� j�jqkT ðfÞkqBq

þ j�jqkT ðgÞkqBq

� �1=q
and kT ðfÞ � T ðgÞkBq

� kT ðf � gÞkBq
; see [29], [30]. Obviously, if T is linear, then

T is Bq-sublinear. Moreover, if Bq is a space of functions, T is sublinear in the

classical sense and T ðfÞ � 0 for all f 2 Y , then T is also Bq-sublinear.

The following is one of main results in this paper, which generalizes the main

result in [29] to product Hardy spaces.

THEOREM 1.1. Let p 2 ð0; 1�, q 2 ½p; 1� and Bq be a q-quasi-Banach space.

Suppose that s1 � bnð1=p� 1Þc and s2 � bmð1=p� 1Þc. Let T be a Bq-sublinear

operator from Ds1; s2ðRn �RmÞ to Bq. Then T can be extended as a bounded

Bq-sublinear operator from HpðRn �RmÞ to Bq if and only if T maps all

ðp; 2; s1; s2Þ-atoms in Ds1; s2ðRn �RmÞ into uniformly bounded elements of Bq.
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Theorem 1.1 further complements the proofs of Theorem 1 in [11] and a

theorem in [9], whose proof is presented in Section 2 below. The necessity of

Theorem 1.1 is obvious. To prove the sufficiency, for p 2 ð0; 1�, s1 � bnð1=p� 1Þc,
s2 � bmð1=p� 1Þc and f 2 Ds1; s2ðRn �RmÞ, we first prove that f has an atomic

decomposition which converges in Ds1; s2;�1; �2ðRn �RmÞ for some �1 2
ðmaxfn=p; nþ sg; nþ sþ 1Þ and �2 2 ðmaxfn=p; nþ sg; nþ sþ 1Þ (Lemma 2.3),

and then extend T to the whole Ds1; s2;�1; �2ðRn �RmÞ boundedly (Lemma 2.4).

Finally, we continuously extend T to the wholeHpðRn �RmÞ by using the density

of Ds1; s2ðRn �RmÞ in HpðRn �RmÞ.
Recall that a function a is said to be a rectangular ðp; 2; s1; s2Þ-atom if

(R1) supp a � R ¼ I � J, where I and J are cubes in Rn and Rm, respectively;

(R2)
R
Rn aðx1; x2Þx�1

1 dx1 ¼ 0 for all x2 2Rm and j�1j � s1, and
R
Rm aðx1; x2Þx�2

2 dx2 ¼
0 for all x1 2 Rn and j�2j � s2;

(R3) kakL2ðRn�RmÞ � jRj1=2�1=p.

As a consequence of Theorem 1.1, we obtain the following result which

includes a fractional version of Theorem 1 in [11] and is known to have many

applications in harmonic analysis.

COROLLARY 1.1. Let q0 2 ½2;1Þ and T be a bounded sublinear operator

from L2ðRn �RmÞ to Lq0ðRn �RmÞ. Let p 2 ð0; 1� and 1=q � 1=p ¼ 1=q0 � 1=2. If

there exist positive constants C and � such that for all rectangular

ðp; 2; s1; s2Þ-atoms a supported in R and all � � 8maxfn1=2; m1=2g,Z
ðRn�RmÞneR�

jTaðx1; x2Þjq dx1 dx2 � C���;

where eR� denotes the �-fold enlargement of R, then T can be extended as a bounded

sublinear operator from HpðRn �RmÞ to LqðRn �RmÞ.

The proof of Corollary 1.1 is given in Section 2 below. We point out that if

q0 ¼ 2 and T is linear, then Corollary 1.1 is just Theorem 1 in [11]. Moreover,

there exists a gap in the proof of Theorem 1 in [11] (so is the proof of a theorem in

[9]), namely, it was not clear in [11] how to deduce the boundedness of the

considered linear operator T on the whole Hardy space HpðRn �RmÞ from its

boundedness uniformly on atoms. Our Theorem 1.1 here seals this gap.

REMARK 1.1. Using Corollary 1.1, we now give affirmative answers to the

questions in Remark 4.2 and Remark 4.3 of [28]. We use the same notation and

notions as in [28]. Particularly, denote by �� the Marcinkiewicz integral operator
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on Rn �Rm with kernel � 2 Lip ð�1; �2;S
n�1;Sm�1Þ, here �1; �2 2 ð0; 1�. If

maxfn=ðnþ �1Þ;m=ðmþ �2Þg < p � 1, then in Remark 4.2 of [28], we proved

that for all ðp; 2; 0; 0Þ atoms a, k��ðaÞkLpðRn�RmÞ . 1. Moreover, let

b 2 Lip ð�1; �2;Rn �RmÞ with �1; �2 2 ð0; 1� satisfying �1=n ¼ �2=m and Cbð��Þ
be the commutator of b and ��. If 1=q ¼ 1=p� �1=n and

maxfn=ðnþ �1Þ;m=ðmþ �2Þg < p � 1;

then in Remark 4.3 of [28], we proved that for all ðp; 2; 0; 0Þ atoms a,

kCbð��ÞðaÞkLqðRn�RmÞ . 1:

However, in [28], it is not clear how to obtain the boundedness of �� from

HpðRn �RmÞ to LpðRn �RmÞ and boundedness of Cbð��Þ from HpðRn �RmÞ to
LqðRn �RmÞ by these known facts. Applying Theorem 1.1 here, we now obtain

these desired boundedness, and hence answer the questions in Remark 4.2 and

Remark 4.3 of [28].

Now we turn to the boundedness of commutators generated by Lipschitz

functions and Calderón-Zygmund operators. We first introduce the notion of

Lipschitz functions on Rn �Rm. Let � 2 ð0; 1�. A function b on Rn is said to

belong to Lip ð�; RnÞ if there exists a positive constant C such that for all

x; x0 2 Rn,

jbðxÞ � bðx0Þj � Cjx� x0j�:

Obviously, a function in the space Lip ð�; RnÞ is not necessary bounded. For

example, jxj� 2 Lip ð�; RnÞ, but jxj� 62 L1ðRnÞ.

DEFINITION 1.4. Let �1, �2 2 ð0; 1�. A function f on Rn �Rm is said to

belong to Lip ð�1; �2; R
n �RmÞ, if there exists a positive constant C such that for

all x1; y1 2 Rn and x2; y2 2 Rm,

j½fðx1; x2Þ � fðx1; y2Þ� � ½fðy1; x2Þ � fðy1; y2Þ�j � Cjx1 � y1j�1 jx2 � y2j�2 : ð1:2Þ

The minimal constant C satisfying (1.2) is defined to be the norm of f in the space

Lip ð�1; �2; R
n �RmÞ and denoted by kfkLipð�1; �2;R

n�RmÞ.

We remark that a function in the space Lip ð�1; �2; R
n �RmÞ is also not

necessary to be bounded. In fact, if f1 2 Lip ð�1; R
nÞ and f2 2 Lip ð�2; R

mÞ, then
it is easy to check f1ðx1Þf2ðx2Þ 2 Lip ð�1; �2; R

n �RmÞ.
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In this paper, we consider a class of Calderón-Zygmund operators T on

Rn �Rm, whose kernel K is a continuous function on ðRn �Rn �Rm �RmÞ n
fðx1; y1; x2; y2Þ : x1 ¼ y1 or x2 ¼ y2g and satisfies that there exist positive

constants C and 	1; 	2 2 ð0; 1� such that

(K1) for all x1 6¼ y1 and x2 6¼ y2,

jKðx1; y1; x2; y2Þj � C
1

jx1 � y1jn
1

jx2 � y2jm
;

(K2) for all x1 6¼ y1, x2 6¼ y2, z1 2 Rn and jy1 � z1j � jx1 � y1j=2,

jKðx1; y1; x2; y2Þ �Kðx1; z1; x2; y2Þj � C
jy1 � z1j	1

jx1 � y1jnþ	1
1

jx2 � y2jm
;

(K3) for all x1 6¼ y1, x2 6¼ y2, z2 2 Rm and jy2 � z2j � jx2 � y2j=2,

jKðx1; y1; x2; y2Þ �Kðx1; y1; x2; z2Þj � C
1

jx1 � y1jn
jy2 � z2j	2

jx2 � y2jmþ	2 ;

(K4) for all x1 6¼ y1, x2 6¼ y2, z1 2 Rn, z2 2 Rm, jy1 � z1j � jx1 � y1j=2 and

jy2 � z2j � jx2 � y2j=2,

j½Kðx1; y1; x2; y2Þ �Kðx1; z1; x2; y2Þ� � ½Kðx1; y1; x2; z2Þ �Kðx1; z1; x2; z2Þ�j

� C
jy1 � z1j	1

jx1 � y1jnþ	1
jy2 � z2j	2

jx2 � y2jmþ	2 :

The minimal constant C satisfying (K1) through (K4) is denoted by kKk.
Let �1; �2 2 ð0; 1�, b 2 Lip ð�1; �2; R

n �RmÞ and T be any Calderón-

Zygmund operator with kernel K satisfying the above conditions from (K1) to

(K4). For any suitable function f and ðx1; x2Þ 2 Rn �Rm, define the commutator

½b; T � by

½b; T �ðfÞðx1; x2Þ

¼
Z
Rn�Rm

Kðx1; y1; x2; y2Þ

� ½bðx1; x2Þ � bðx1; y2Þ � bðy1; x2Þ þ bðy1; y2Þ�fðy1; y2Þ dy1dy2: ð1:3Þ

The following result gives the boundedness of the commutator ½b; T � on

Lebesgue spaces.
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THEOREM 1.2. Let 	1; 	2; �1; �2 2 ð0; 1�, �1=n ¼ �2=m, p 2 ð1; n=�1Þ and

1=q ¼ 1=p� �1=n. Let b 2 Lip ð�1; �2; R
n �RmÞ, T be a Calderón-Zygmund

operator whose kernel K satisfies the conditions from (K1) to (K4), and ½b; T �
be the commutator as in (1.3). Then there exists a positive constant C independent

of kbkLip ð�1; �2;R
n�RmÞ and kKk such that for all f 2 LpðRn �RmÞ,

k½b; T �ðfÞkLqðRn�RmÞ � CkKkkbkLipð�1; �2;R
n�RmÞkfkLpðRn�RmÞ:

Here is another main result of this paper, whose proof depends on

Corollary 1.1.

THEOREM 1.3. Let 0 < �1 � minfn=2; 1g, �1=n ¼ �2=m, 	1; 	2 2 ð0; 1�,

maxfn=ðnþ 	1Þ; n=ðnþ �1Þ; m=ðmþ 	2Þ; m=ðmþ �2Þg < p � 1 ð1:4Þ

and 1=q ¼ 1=p� �1=n. Assume that b 2 Lip ð�1; �2; R
n �RmÞ. Let T be a

Calderón-Zygmund operator whose kernel K satisfies the conditions (K1) through

(K4), and ½b; T � be the commutator defined in (1.3). Then there exists a positive

constant C independent of kbkLipð�1; �2;R
n�RmÞ and kKk such that for all

f 2 HpðRn �RmÞ,

k½b; T �ðfÞkLqðRn�RmÞ � CkKkkbkLipð�1; �2;R
n�RmÞkfkHpðRn�RmÞ:

The proofs of Theorem 1.2 and Theorem 1.3 are presented in Section 3.

We finally make some conventions. Throughout this paper, let N ¼
f1; 2; � � �g and Zþ ¼ N [ f0g. We always use C to denote a positive constant

that is independent of the main parameters involved but whose value may differ

from line to line. We use f . g to denote f � Cg and f 	 g to denote f . g . f .

2. Proofs of Theorem1.1 and Corollary 1.1.

As a matter of convenience, in this section, we denote n and m, respectively,

by n1 and n2. For i ¼ 1; 2 and si 2 Zþ, denote by DsiðRniÞ the set of all smooth

functions with compact support and vanishing moments up to order si. Then

there exist functions  ðiÞ 2 DsiðRniÞ and ’ðiÞ 2 S ðRniÞ such that

(i) supp ðiÞ � BðiÞð0; 1Þ, d ðiÞ � 0 and d ðiÞð
iÞ � 1
2 if 1

2 � j
ij � 2, where and in

what follows, BðiÞð0; riÞ � fxi 2 Rni : jxij < rig and d ðiÞ denotes the Fourier

transform of  ðiÞ;

(ii) suppd’ðiÞ � f
i 2 Rni : 1=2 � j
ij � 2g and d’ðiÞ � 0;

(iii) supfd’ðiÞð
iÞ : 3=5 � j
ij � 5=3g > C for some positive constant C;
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(iv)
R1
0
d ðiÞðti
iÞd’ðiÞðti
iÞ dti

ti
¼ 1 for all 
i 2 Rni n f0g.

Such  ðiÞ and ’ðiÞ can be constructed by a slight modification of Lemma (1.2) of

[14]; see also Lemma (5.12) in [14] for a discrete variant. Then by an argument

similar to the proofs of Theorem (1.3) and Theorem 1 in Appendix of [14], we have

that for all f 2 S ðRn1 �Rn2Þ and ðx1; x2Þ 2 Rn1 �Rn2 ,

fðx1; x2Þ ¼
Z 1

0

Z 1

0

ð t1; t2 
 ’t1; t2 
 fÞðx1; x2Þ
dt1

t1

dt2

t2
ð2:1Þ

in both L2ðRn1 �Rn2Þ and pointwise, where and in what follows, for any i ¼ 1; 2,

�ðiÞ 2 S ðRniÞ, xi 2 Rni and ti 2 ð0; 1Þ, we always let �ðiÞti ðxiÞ � t�nii �ðiÞðt�1
i xiÞ and

�t1; t2ðx1; x2Þ � �
ð1Þ
t1
ðx1Þ�ð2Þt2 ðx2Þ. For any set E � ðRn �RmÞ, set E{ � ðRn �RmÞ n

E.

LEMMA 2.1. Let si 2 Zþ,  
ðiÞ 2 DsiðRniÞ and ’ðiÞ 2 S ðRniÞ satisfy the above

conditions (i) through (iv), where i ¼ 1; 2. Let 0 < �i < �0i < ni þ si þ 1 for

i ¼ 1; 2. Then for any f 2 Ds1; s2ðRn1 �Rn2Þ, there exists a positive constant C

such that for all 	1; 	2 2 ð0; 1Þ and L1; L2 2 ð1;1Þ,

sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2

�
Z 	1

0

Z 1

0

þ
Z 1

L1

Z 1

0

þ
Z 1

0

Z 	2

0

þ
Z 1

0

Z 1

L2

� �Z
Rn1�Rn2

jð’t1; t2 
 fÞðy1; y2Þj

� j t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2

� C 	1 þ 	2 þ ðL1Þ�1�n1�s1�1 þ ðL2Þ�2�n2�s2�1
h i

;

sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2

�
Z L1

0

Z 1

0

Z
½Bð1Þð0; 2L1Þ�{�Rn2

jð’t1; t2 
 fÞðy1; y2Þj

� j t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2
� CðL1Þ�1��

0
1 ð2:2Þ

and (2.2) with L1, �1, n1, s1 and Bð1Þ replaced, respectively, by L2, �2, n2, s2 and

Bð2Þ.

In order to prove Lemma 2.1, we need the following technical lemma. For

i ¼ 1; 2, ui � 0, let
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S uiðRniÞ � ’ 2 S ðRniÞ :
Z
Rni

’ðxiÞx�i dxi ¼ 0; j�j � ui

� �
:

For any s1; s2 2 Z�1 � N [ f0;�1g, we denote by S s1; s2ðRn1 �Rn2Þ the space of

functions in S ðRn1 �Rn2Þ with the vanishing moments up to order s1 in the first

variable and order s2 in the second variable, where we say that f 2 S ðRn1 �Rn2Þ
has vanishing moments up to order �1 in the first or second variable, if f has no

vanishing moment with respect to that variable.

LEMMA 2.2. Let si 2 Z�1, ui 2 Z�1, �i 2 ½0; 1Þ and ’ðiÞ 2 S uiðRniÞ for

i ¼ 1; 2. For any f 2 S s1; s2ðRn1 �Rn2Þ, there exists a positive constant C such

that

(i) if u1 > �1, then for all t1 2 ð0; 1� and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’ð1Þ
t1


1 fÞðx1; x2Þj � Ctu1þ1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ;

where and in what follows, ð’ð1Þ
t1


1 fÞðx1; x2Þ �
R
Rn1 ’

ð1Þ
t1
ðy1Þfðx1 � y1; x2Þ dy1;

(ii) if s1 > �1, then for all t1 2 ½1; 1Þ and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’ð1Þ
t1


1 fÞðx1; x2Þj � Ct�n1�s1�1
1 1þ

jx1j
t1

� ���1
ð1þ jx2jÞ��2 ;

(iii) if u1; u2 > �1, then for all t1; t2 2 ð0; 1� and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1; x2Þj � Ctu1þ1
1 tu2þ1

2 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ;

(iv) if u1; s2 > �1, then for all t1 2 ð0; 1�, t2 2 ½1; 1Þ and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1; x2Þj � Ctu1þ1
1 t�n2�s2�1

2 ð1þ jx1jÞ��1 1þ
jx2j
t2

� ���2
;

(v) if s1; u2 > �1, then for all t1 2 ½1; 1Þ, t2 2 ð0; 1� and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1; x2Þj � Ct�n2�s2�1
1 tu2þ1

2 1þ
jx1j
t1

� ���1
ð1þ jx2jÞ��2 ;

(vi) if s1; s2 > �1, then for all t1; t2 2 ½1; 1Þ and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1; x2Þj � Ct�n1�s1�1
1 t�n2�s2�1

2 1þ
jx1j
t1

� ���1
1þ

jx2j
t2

� ���2
:
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PROOF. To prove Lemma 2.2, we use some ideas in the proofs of Lemma 2

and Lemma 4 in Appendix (III) of [14].

To prove (i), by
R
Rn1 ’

ð1Þðx1Þx�1 dx1 ¼ 0 for j�j � u1, we have

ð’t1 
1 fÞðx1; x2Þ ¼
Z
Rn1

’
ð1Þ
t1
ðy1Þ fðx1 � y1; x2Þ �

X
j�j�u1

1

�!
y
�
1ðD

�
1fÞðx1; x2Þ

24 35dy1
¼
Z
jy1j<jx1j=2

’
ð1Þ
t1
ðy1Þ fðx1 � y1; x2Þ �

X
j�j�u1

1

�!
y�1ðD

�
1fÞðx1; x2Þ

24 35dy1
þ
Z
jy1j�jx1j=2

� � �

� I1 þ I2:

For the estimation of I1, noticing that jx1j=2 � jx1 � z1j � 2jx1j for jz1j � jx1j=2,
by jy1j < jx1j=2 and the mean value theorem, we obtain

fðx1 � y1; x2Þ �
X
j�j�u1

1

�!
y�1ðD

�
1fÞðx1; x2Þ

������
������

¼ sup
j�j¼u1þ1

sup
jz1j�jx1�y1j

jðD�
1fÞðx1 � z1; x2Þjjy1ju1þ1

. jy1ju1þ1 sup
jz1j�jx1j=2

ð1þ jx1 � z1jÞ��1ð1þ jx2jÞ��2

. jy1ju1þ1ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ; ð2:3Þ

where � ¼ ð�1; � � � ; �n1Þ 2 Zn1
þ , x1 ¼ ðx11; � � � ; x

n1
1 Þ and D�

1 ¼ ð @
@x1

1

Þ�1 � � � ð @
@xn1

1
Þ�n1 .

This leads to that

jI1j . ð1þ jx1jÞ��1ð1þ jx2jÞ��2
Z
jy1j<jx1j=2

jy1ju1þ1j’ð1Þ
t1
ðy1Þj dy1

. tu1þ1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2

Z
Rn1

jy1ju1þ1j’ð1Þðy1Þj dy1

. tu1þ1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 :

To estimate I2, similarly to (2.3), we have
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fðx1 � y1; x2Þ �
X
j�j�s1

1

�!
y�1ðD

�
1fÞðx1; x2Þ

������
������ . jy1ju1þ1ð1þ jx2jÞ��2 : ð2:4Þ

If jx1j � 1 and �1 > 0, by jx1j�1 � 2ð1þ jx1jÞ�1 and (2.4), for all t1 2 ð0; 1�, we
have

jI2j . ð1þ jx2jÞ��2
Z
jy1j�jx1j=2

jy1ju1þ1j’ð1Þ
t1
ðy1Þj dy1

. ð1þ jx2jÞ��2tu1þ1
1

Z
jy1j�jx1j=ð2t1Þ

jy1ju1þ1j’ð1Þðy1Þj dy1

. tu1þ1
1 ð1þ jx2jÞ��2

Z 1

jx1j=ð2t1Þ
r��1�1
1 dr1

. tu1þ1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 :

If jx1j � 1 or �1 ¼ 0, by (2.4),

jI2j . tu1þ1
1 ð1þ jx2jÞ��2

Z
Rn1

jy1ju1þ1j’ð1Þðy1Þj dy1 . tu1þ1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 :

Thus combining the estimations for I1 and I2 yields (i).

To prove (ii), since ’ð1Þ 2 S 0ðRn1Þ and f 2 S s1; s2ðRn1 �Rn2Þ, we have

ð’ð1Þ
t1


1 fÞðx1; x2Þ

¼
Z
Rn1

’
ð1Þ
t1
ðy1Þ �

X
j�j�s1

1

�!
ðy1 � x1Þ�ðD�

1’
ð1Þ
t1
Þðx1Þ

24 35fðx1 � y1; x2Þ dy1

¼
Z
jx1�y1j<jx1j=2

’
ð1Þ
t1
ðy1Þ �

X
j�j�s1

1

�!
ðy1 � x1Þ�ðD�

1’
ð1Þ
t1
Þðx1Þ

24 35fðx1 � y1; x2Þ dy1

þ
Z
jx1�y1j�jx1j=2

� � �

� J1 þ J2:

On the estimation for J1, notice that if jz1j � jx1 � y1j < jx1j=2, then

jx1j=2 � jx1 � z1j � 2jx1j. By this and ’ð1Þ 2 S 0ðRn1Þ, we have
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’
ð1Þ
t1
ðy1Þ �

X
j�j�s1

1

�!
ðy1 � x1Þ�ðD�

1’
ð1Þ
t1
Þðx1Þ

������
������

. sup
j�j¼s1þ1

sup
jz1j�jx1�y1j

jðD�
1’

ð1Þ
t1
Þðx1 � z1Þjjx1 � y1js1þ1

. t�n1�s1�1
1 sup

jz1j�jx1�y1j
1þ

jx1 � z1j
t1

� ���1
jx1 � y1js1þ1

. t�n1�s1�1
1 1þ

jx1j
t1

� ���1
jx1 � y1js1þ1:

Thus, applying

jfðx1 � y1; x2Þj . ð1þ jx1 � y1jÞ�n1�s1�2ð1þ jx2jÞ��2 ; ð2:5Þ

we further have

jJ1j . t�n1�s1�1
1 ð1þ jx2jÞ��2

Z
Rn1

1þ
jx1j
t1

� ���1 jx1 � y1js1þ1

ð1þ jx1 � y1jÞn1þs1þ2
dy1

. t�n1�s1�1
1 1þ

jx1j
t1

� ���1
ð1þ jx2jÞ��2 :

To estimate J2, if jx1j > 1 and �1 > 0, using an estimate similar to (2.5) and the

estimation that

’ð1Þðy1Þ �
X
j�j�s1

1

�!
ðy1 � x1Þ�ðD�

1’
ð1Þ
t1
Þðx1Þ

������
������ . t�n1�s1�1

1 jx1 � y1js1þ1;

we obtain

jJ2j .
Z
jy1�x1j�jx1j=2

ð1þ jx2jÞ��2t�n1�s1�1
1

jx1 � y1js1þ1

ð1þ jx1 � y1jÞ�1þn1þs1þ1
dy1

. t�n1�s1�1
1 ð1þ jx2jÞ��2

Z 1

jx1j=2
r��1�1
1 dr1

. t�n1�s2�1
1 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ;

where in the last step, we used the fact that jx1j��1 . ð1þ jx1j=t1Þ��1 for t1 � 1. If

jx1j � 1 or �1 ¼ 0, by (2.5), we then have
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jJ2j . ð1þ jx2jÞ��2t�n1�s1�1
1

Z 1

0

rn1þs11

ð1þ r1Þn1þs1þ2
dr1

. t�n1�s1�1
1 1þ

jx1j
t1

� ���1
ð1þ jx2jÞ��2 :

This gives (ii).

To prove (iii), by an argument similar to (i), we obtain that for all t2 2 ð0; 1�,

jð’ð2Þ
t2


2 fÞðx1; x2Þj . tu2þ1
2 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ; ð2:6Þ

where and in what follows, ð’ð2Þ
t2


2 fÞðx1; x2Þ �
R
Rn2 ’

ð2Þ
t2
ðy2Þfðx1; x2 � y2Þ dy2.

Thus, if jy1j < jx1j=2, then by the mean value theorem, (2.6) and the fact that

jx1 � z1j 	 jx1j for jz1j � jx1j=2, we have

ð’ð2Þ
t2


2 fÞðx1 � y1; x2Þ �
X
j�j�u1

1

�!
ðy1 � x1Þ�@�1 ð’

ð2Þ
t2


2 fÞðx1; x2Þ

������
������

� jy1ju1þ1 sup
j�j¼u1þ1

sup
jz1j�jx1j=2

jð’ð2Þ
t2


2 ðD�
1fÞÞðx1 � z1; x2Þj

. tu2þ1
2 jy1ju1þ1ð1þ jx1jÞ��1ð1þ jx2jÞ��2 : ð2:7Þ

If jy1j � jx1j=2, by the mean value theorem and (2.6), we then have

ð’ð2Þ
t2


2 fÞðx1 � y1; x2Þ �
X
j�j�s1

1

�!
ðy1 � x1Þ�@�1 ð’

ð2Þ
t2


2 fÞðx1; x2Þ

������
������

. tu2þ1
2 jy1ju1þ1ð1þ jx2jÞ��2 : ð2:8Þ

Noticing that

ð’t1; t2 
 fÞðx1; x2Þ ¼ ð’ð1Þ
t1


1 ð’ð2Þ
t2


2 fÞÞðx1; x2Þ; ð2:9Þ

replacing (2.3) and (2.4) respectively by (2.7) and (2.8), and repeating the proof of

(i), we obtain (iii).

For (v), by (2.6), we have

jð’ð2Þ
t2


2 fÞðx1 � y1; x2Þj . tu2þ1
2 ð1þ jx2jÞ��2ð1þ jx1 � y1jÞ�n1�s1�2
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for all t2 2 ð0; 1�. Replacing (2.5) by this estimate, using (2.9) and repeating the

proof of (ii) lead to (v). A similar argument to (v) yields (iv).

To obtain (vi), by an argument similar to (ii), we obtain

jð’ð2Þ
t2


2 fÞðx1 � y1; x2Þj . t�n1�s1�1
2 ð1þ jx1 � y1jÞ�n1�s1�2 1þ

jx2j
t2

� ���2

for all t2 2 ½1;1Þ. Replacing (2.5) by this, using (2.9) and repeating the proof of

(ii) leads to (vi). This finishes the proof of Lemma 2.2. �

PROOF OF LEMMA 2.1. Let 	1 2 ð0; 1Þ. Notice that for all t1 2 ð0; 1Þ, jy1j �
t1 and x 2 Rn1 , we have t1 þ jx1j � 2ðt1 þ jx1 � y1jÞ. By this and Lemma 2.2 (iii)

and (iv), we have that for any t1 2 ð0; 	1Þ, t2 2 ð0; 1Þ, jy1j < t1, jy2j < t2 and

ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1 � y1; x2 � y2Þj . t1t2ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ; ð2:10Þ

and that for any t1 2 ð0; 	1�, t2 2 ½1;1Þ, jy1j < t1, jy2j < t2 and ðx1; x2Þ 2
Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1 � y1; x2 � y2Þj . t1t
�2�n2�s2�1
2 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 : ð2:11Þ

From this and �2 < n2 þ s2 þ 1, it follows that

sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2
Z 	1

0

Z 1

0

Z
Rn1�Rn2

j t1; t2ðy1; y2Þj

� jð’t1; t2 
 fÞðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2

.

Z 	1

0

Z 1

0

Z
Rn1�Rn2

1

1þ tn2þs2þ2��2
j’t1; t2ðy1; y2Þj dy1 dy2 dt1 dt2

. 	1:

Let L1 > 1. By Lemma 2.1 (v) and (vi), we have that for any t1 2 ðL1; 1Þ,
t2 2 ð0; 1Þ, jy1j < t1, jy2j < t2 and ðx1; x2Þ 2 Rn1 �Rn2 ,

jð’t1; t2 
 fÞðx1 � y1; x2 � y2Þj . t�1�n1�s1�1
1 t2ð1þ jx1jÞ��1ð1þ jx2jÞ��2 ; ð2:12Þ

and that for any t1 2 ðL1; 1Þ, t2 2 ½1; 1Þ, jy1j < t1, jy2j < t2 and ðx1; x2Þ 2
Rn1 �Rn2 ,
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jð’t1; t2 
fÞðx1 � y1; x2 � y2Þj. t�1�n1�s1�1
1 t�2�n2�s2�1

2 ð1þ jx1jÞ��1ð1þ jx2jÞ��2 : ð2:13Þ

From this, (2.12), �1 < n1 þ s1 þ 1 and �2 < n2 þ s2 þ 1, it follows that

sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2
Z 1

L1

Z 1

0

Z
Rn1�Rn2

j’t1; t2ðy1; y2Þj

� jð’t1; t2 
 fÞðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2

.

Z 1

L1

Z 1

0

Z
Rn1�Rn2

j’t1; t2ðy1; y2Þj dy1 dy2
dt1

tn1þs1þ2��1
1

dt2

1þ tn2þs2þ2��2
2

. ðL1Þ�1�n1�s1�1:

Using the symmetry, we then obtain the desired estimates for the cases 	2 2 ð0; 1Þ,
L2 2 ð1; 1Þ, ðt1; t2Þ 2 ð0; 1Þ � ð0; 	2Þ or ðt1; t2Þ 2 ð0; 1Þ � ðL2; 1Þ, which gives

the first inequality of Lemma 2.1.

To prove (2.2), notice that if jy1j > 2L1 > 2 and jx1 � y1j < t1 < L1, we have

jx1j > jy1j � jx1 � y1j > L1. Then by (2.10) through (2.13) with �i replaced by

�0i 2 ð�i; n1 � s1 � 1Þ, we have

sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2
Z L1

0

Z 1

0

Z
½Bð1Þð0; 2L1Þ�{�Rn2

jð’t1; t2 
 fÞðy1; y2Þj

� j t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2

. sup
jx1j>L1; x22Rn2

ð1þ jx1jÞ�1��
0
1ð1þ jx2jÞ�2��

0
2

Z 1

0

Z 1

0

Z
Rn1�Rn2

j t1; t2ðy1; y2Þj

�
1

1þ tn1�s1þ2��0
1

1

1þ tn2�s2þ2��0
2

dy1 dy2 dt1 dt2

. ðL1Þ�1��
0
1 ;

which gives (2.2) and hence completes the proof of Lemma 2.1. �

Let p 2 ð0; 1�, si � bnið1=p� 1Þc and ’ 2 S siðRniÞ such that (2.1) holds for

i ¼ 1; 2. For f 2 S 0ðRn1 �Rn2Þ and ðx1; x2Þ 2 Rn1 �Rn2 , we define

SðfÞðx1; x2Þ

�
Z 1

0

Z 1

0

Z
jy1�x1j<t1

Z
jy2�x2j<t2

jð’t1t2 
 fÞðy1; y2Þj
2 dy1 dy2

dt1

tn1þ1
1

dt2

tn2þ1
2

 !1=2

:
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It is well-known that f 2 HpðRn1 �Rn2Þ if and only if f 2 S 0ðRn1 �Rn2Þ and

SðfÞ 2 LpðRn1 �Rn2Þ. Moreover,

kfkHpðRn1�Rn2 Þ 	 kSðfÞkLpðRn1�Rn2 Þ;

see [3], [4], [5], [10]. Using this fact, Lemma 2.1 and some ideas from [3], [4], [5],

[10], we obtain the following conclusion.

LEMMA 2.3. Let p 2 ð0; 1�, si � bnið1=p� 1Þc and �i 2 ðmaxfni þ si; ni=pg;
ni þ si þ 1Þ for i ¼ 1; 2. Then for any f 2 Ds1; s2ðRn1 �Rn2Þ, there exist numbers

f�kgk2N � C and ðp; 2; s1; s2Þ-atoms fakgk2N � Ds1; s2ðRn1 �Rn2Þ such that f ¼P
k2N �kak in Ds1; s2; �1; �2ðRn1 �Rn2Þ and f

P
k2N j�kjpg1=p � CkfkHpðRn1�Rn2 Þ, where

C is a positive constant independent of f.

PROOF. We use R to denote the set of all dyadic rectangles in Rn1 �Rn2 .

For k 2 Z, let

�k � fðx1; x2Þ 2 Rn1 �Rn2 : SðfÞðx1; x2Þ > 2kg

and

e�k � fðx1; x2Þ 2 Rn1 �Rn2 : Msð��k
Þðx1; x2Þ > 1=2g;

whereMs denotes the strong maximal operator on Rn1 �Rn2 . It is easy to see that

�k is a bounded set. In fact, observing that 1þ jxij � ti þ jxij 	 ti þ jyij for

jxi � yij < ti and ti � 1, by Lemma 2.2 and ni þ si þ 1� �i > 0, we have

½SðfÞðx1; x2Þ�2

.

Z 1

0

Z 1

0

Z
jy1�x1j<t1

Z
jy2�x2j<t2

ð1þ jy1jÞ�2�1ð1þ jy2jÞ�2�2 dy1 dy2
dt1

tn11

dt2

tn22

þ
Z 1

1

Z 1

0

Z
jy1�x1j<t1

Z
jy2�x2j<t2

1þ
jy1j
t1

� ��2�1

ð1þ jy2jÞ�2�2 dy1 dy2
dt1

t3n1þ2s1þ3
1

dt2

tn22

þ
Z 1

0

Z 1

1

Z
jy1�x1j<t1

Z
jy2�x2j<t2

ð1þ jy1jÞ�2�1 1þ
jy2j
t2

� ��2�2

dy1 dy2
dt1

tn11

dt2

t3n2þ2s2þ3
2

þ
Z 1

1

Z 1

1

Z
jy1�x1j<t1

Z
jy2�x2j<t2

1þ
jy1j
t1

� ��2�1

1þ
jy2j
t2

� ��2�2

dy1 dy2

�
dt1

t2n1þs1þ2
1

dt2

t3n2þ2s2þ3
2

. ð1þ jx1jÞ�2�1ð1þ jx2jÞ�2�2 :

Boundedness of sublinear operators on product Hardy spaces 337



Thus, for any k 2 Z, �k is a bounded set in Rn1 �Rn2 and so is e�k.

For each dyadic rectangle R ¼ I � J , set

A ðRÞ � fðy1; y2; t1; t2Þ : ðy1; y2Þ 2 R;ffiffiffiffiffi
n1

p jIj < t1 � 2
ffiffiffiffiffi
n1

p jIj; ffiffiffiffiffi
n2

p jJ j < t2 � 2
ffiffiffiffiffi
n2

p jJjg;

and

Rk � R 2 R : jR \ �kj � 1=2; jR \ �kþ1j < 1=2f g:

Obviously, for each R 2 R, there exists a unique k 2 Z such that R 2 Rk.

From (2.1), for any ðx1; x2Þ 2 Rn1 �Rn2 , it is easy to see that

fðx1; x2Þ¼
X
k2Z

X
R2Rk

Z
A ðRÞ

 t1; t2ðx1 � y1; x2 � y2Þð’t1; t2 
fÞðy1; y2Þ dy1 dy2
dt1

t1

dt2

t2

( )
:

Let �k � 1
C
2kj�kj1=p and

akðx1; x2Þ � ��1
k

X
R2Rk

Z
A ðRÞ

 t1; t2ðx1 � y1; x2 � y2Þð’t1; t2 
 fÞðy1; y2Þ dy1 dy2
dt1

t1

dt2

t2
;

where C is a positive constant. By the argument used in [3], [4], [5], [10], we see

that if we suitably choose the constant C, then fakgk2Z are ðp; 2; s1; s2Þ-atoms

and

X
k2Z

j�kjp
( )1=p

. kfkHpðRn1�Rn2 Þ:

It remains to prove that f ¼
P

k2Z �kak converges in Ds1; s2; �1; �2ðRn1 �Rn2Þ.
Since e�k is bounded, we may assume that e�k � Bð1Þð0; 2L1Þ � Bð2Þð0; 2L2Þ. Then
for any � 2 Zn1

þ and � 2 Zn2
þ , by Lemma 2.2, we have

X
R2Rk

Z
A ðRÞ

jð@�x1@
�
x2
 t1; t2Þðx1 � y1; x2 � y2Þjð’t1; t2 
 fÞðy1; y2Þj dy1 dy2

dt1

t1

dt2

t2

.

X
R2Rk

Z
A ðRÞ

jð’t1; t2 
 fÞðy1; y2Þj dy1 dy2
dt1

t
1þj�jþn1
1

dt2

t
1þj�jþn2
2

.

Z
Bð1Þð0; 2L2 Þ

Z
Bð2Þð0; 2L2 Þ

Z L1

0

Z L2

0

dt1 dt2 dy1 dy2 <1;
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where ðx1; x2Þ 2 e�k. This shows that ak 2 Ds1; s2; �1; �2ðRn1 �Rn2Þ. Moreover,

assume that supp f � Bð1Þð0; r1Þ � Bð2Þð0; r2Þ. For any Ni > 1þ log ri with

i ¼ 1; 2, let

EN1; N2
� Bð1Þð0; 2N1Þ � Bð2Þð0; 2N2Þ � ½2�N1 ; 2N1 � � ½2�N2 ; 2N2 �:

Then there exist finite dyadic rectangles R, whose set is denoted by RN1; N2 , such

that A ðRÞ \ EN1; N2
6¼ ;. For each R 2 RN1; N2 , there exists a unique k 2 Z such

that R 2 �k. Let KN1; N2
be the maximal integer of the absolute values of all such

k. Then for K > KN1; N2
, by the facts RN1; N2 � [jkj�KRk and Lemma 2.1 together

with �i < �0i < ni þ si þ 1 for i ¼ 1; 2, we then have

f �
X
jkj�K

�kak

						
						
Ds1 ; s2 ; �1 ; �2 ðRn1�Rn2 Þ

. sup
ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2

�
Z 2�N1

0

Z 1

0

þ
Z 1

2N1

Z 1

0

þ
Z 1

0

Z 2�N2

0

þ
Z 1

0

Z 1

2N2

 !Z
Rn1�Rn2

jð’t1; t2 
fÞðy1; y2Þj

� j’t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2
þ sup

ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2

�
Z 2N1

2�N1

Z 1

0

Z
½Bð1Þð0; 2N1 Þ�{�Rn2

jð’t1; t2 
 fÞðy1; y2Þj

� j t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2
þ sup

ðx1; x2Þ2Rn1�Rn2

ð1þ jx1jÞ�1ð1þ jx2jÞ�2

�
Z 1

0

Z 2N2

2�N2

Z
Rn1�½Bð2Þð0; 2N2 Þ�{

jð’t1; t2 
 fÞðy1; y2Þj

� j’t1; t2ðx1 � y1; x2 � y2Þj dy1 dy2
dt1

t1

dt2

t2

. 2�N1 þ 2�N2 þ 2N1ð�1��01Þ þ 2N2ð�2��02Þ:

This implies the desired conclusion and hence, finishes the proof of Lemma 2.3. �

The following result plays a key role in the proof of Theorem 1.2. In what

follows, for any f 2 DðRn1 �Rn2Þ, we set

sup
x22Rn2

diam ðsupp fð�; x2ÞÞ � sup
x1; y12Rn1 ; x22Rn2

jx1 � y1j : fðx1; x2Þ 6¼0; fðy1; x2Þ 6¼0f g;
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and supx12Rn1 diamðsupp fðx1; �ÞÞ is similarly defined by interchanging x1 and x2,

and y1 and y2.

LEMMA 2.4. Let p 2 ð0; 1�, q 2 ½p; 1� and Bq be a q-quasi-Banach space. Let

s1; s2 2 Zþ and T be a Bq-sublinear operator from Ds1; s2ðRn1 �Rn2Þ to Bq. If

there exists a positive constant C such that for any f 2 Ds1; s2ðRn1 �Rn2Þ,

kTfkBq
� C sup

x22Rn2

diam ðsupp fð�; x2ÞÞ
" #n1=p

� sup
x12Rn1

diam ðsupp fðx1; �ÞÞ
" #n2=p

kfkL1ðRn1�Rn2 Þ;

then T can be extended as a boundedBq-sublinear operator fromDs1; s2; �1; �2ðRn1�Rn2Þ
to Bq.

PROOF. Let  2 C1ðRÞ such that 0 �  ðxÞ � 1 for all x 2 R,  ðxÞ ¼ 1 if

jxj � 1=2 and  ðxÞ ¼ 0 if jxj � 1. Let �ðxÞ �  ðx=2Þ �  ðxÞ for all x 2 R. Then

supp� � fx 2 R : 1=2 � jxj � 2g and
P

j2Z �ð2�jxÞ ¼ 1 for all x 2 R n f0g. Let
�jðxÞ � �ð2�jxÞ for all x 2 R and j 2 N , and �0ðxÞ � 1�

P1
j¼1 �ð2�jxÞ for all

x 2 R. Then
P

j2Zþ
�jðxÞ ¼ 1 for all x 2 R.

Let i ¼ 1; 2. For ji 2 Zþ and xi 2 Rni , let �
ðiÞ
ji
ðxiÞ � �jiðjxijÞ. Then for all

xi 2 Rni , we have
P

ji2Zþ
�

ðiÞ
ji
ðxiÞ ¼ 1. Set R

ðiÞ
0 � BðiÞð0; 2Þ and R

ðiÞ
ji

� fxi 2 Rni :

2ji�1 � jxij � 2jiþ1g for ji 2 N . Then supp�
ðiÞ
ji

� R
ðiÞ
ji

for ji 2 Zþ. For ji 2 Zþ, let

fe ðiÞ
ji; �i

: j�ij � sig � C1ðRnÞ be the dual basis of fx�ii : j�ij � sig with respect to

weight �
ðiÞ
ji
jRðiÞ

ji
j�1, namely, for all �i; �i 2 Zþ with j�ij � si and j�ij � si,

1

jRðiÞ
ji
j

Z
Rni

x�ii
e ðiÞ
ji; �i

ðxiÞ�ðiÞ
ji
ðxiÞ dxi ¼ ��i;�i :

Let  
ðiÞ
ji; �i

� jRðiÞ
ji
j�1 e ðiÞ

ji; �i
�

ðiÞ
ji
. Then for ji 2 N and xi 2 Rni , we have

 
ðiÞ
ji; �i

ðxiÞ ¼ 2�ðji�1Þðniþj�ijÞ 
ðiÞ
1; �i

ð2�ðji�1ÞxiÞ:

From this, it is easy to see that for all ji 2 Zþ and j�ij � s,

k ðiÞ
ji; �i

kL1ðRni Þ . 2�jiðniþj�ijÞ: ð2:14Þ
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For f 2 Ds1; s2ðRn1 �Rn2Þ, assume that supp f � Bð1Þð0; 2k1Þ �Bð2Þð0; 2k2Þ for
some k1; k2 2 N and kfkDs1 ; s2 ; �1 ; �2 ðRn1�Rn2 Þ ¼ 1 by the Bq-sublinear property of T .

For j1; j2 2 Zþ, we set fj1; j2 � f�
ð1Þ
j1
�

ð2Þ
j2
, and for any ðx1; x2Þ 2 Rn1 �Rn2 ,

P
ð1Þ
j1; j2

ðx1; x2Þ �
X

j�1j�s1
 
ð1Þ
j1; �1

ðx1Þ
Z
Rn1

fj1; j2ðy1; x2Þy�1

1 dy1;

P
ð2Þ
j1; j2

ðx1; x2Þ �
X

j�2j�s2
 
ð2Þ
j2; �2

ðx2Þ
Z
Rn2

fj1; j2ðx1; y2Þy�2

2 dy2

and

Pj1; j2ðx1; x2Þ �
X

j�1j�s1

X
j�2j�s2

 
ð1Þ
j1; �1

ðx1Þ ð2Þ
j2; �2

ðx2Þ
Z
Rn1�Rn2

fj1; j2ðy1; y2Þy�1

1 y
�2

2 dy1 dy2:

Then

f ¼
Xk1þ1

j1¼0

Xk2þ1

j2¼0

fj1; j2 � P
ð1Þ
j1; j2

� P
ð2Þ
j1; j2

þ Pj1; j2

� �

þ
Xk1þ1

j1¼0

Xk2þ1

j2¼0

P
ð1Þ
j1; j2

� Pj1; j2

� �
þ
Xk1þ1

j1¼0

Xk2þ1

j2¼0

P
ð2Þ
j1; j2

� Pj1; j2

� �
þ
Xk1þ1

j1¼0

Xk2þ1

j2¼0

Pj1; j2 :

By the definition of Ds1; s2; �1; �2ðRn1 �Rn2Þ, it is easy to see that

kfj1; j2kL1ðRn1�Rn2 Þ . 2�j1�12�j2�2 : ð2:15Þ

Using k�ðiÞ
ji
kL1ðRni Þ � 1, we obtain

Z
Rn1

fj1; j2ðy1; �Þy�1

1 dy1

				 				
L1ðRn2 Þ

. 2j1ðn1þj�1j��1Þ2�j2�2 ; ð2:16ÞZ
Rn2

fj1; j2ð�; y2Þy�2

2 dy2

				 				
L1ðRn1 Þ

. 2�j1�12j2ðn2þj�2j��2Þ; ð2:17Þ

and Z
Rn1�Rn2

fj1; j2ðy1; y2Þy�1

1 y
�2

2 dy1 dy2

���� ���� . 2j1ðn1þj�1j��1Þ2j2ðn2þj�2j��2Þ: ð2:18Þ

By the estimates (2.14) through (2.18), we have
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fj1; j2 � P
ð1Þ
j1; j2

� P
ð2Þ
j1; j2

þ Pj1; j2

			 			
L1ðRn1�Rn2 Þ

. 2�j1�12�j2�2 :

Since fj1; j2 � P
ð1Þ
j1; j2

� P
ð2Þ
j1; j2

þ Pj1; j2 2 Ds1; s2ðRn1 �Rn2Þ, by the assumption of the

lemma, we then have

T fj1; j2 � P
ð1Þ
j1; j2

� P
ð2Þ
j1; j2

þ Pj1; j2

� �			 			
Bq

. 2j1ðn1=p��1Þ2j2ðn2=p��2Þ;

and hence, by �i > ni=p for i ¼ 1; 2,

T
Xk1þ1

j1¼0

Xk2þ1

j2¼0

fj1; j2 � P
ð1Þ
j1; j2

� P
ð2Þ
j1; j2

þ Pj1; j2

� �" #					
					
Bq

.

Xk1þ1

j1¼0

Xk2þ1

j2¼0

2j1qðn1=p��1Þ2j2qðn2=p��2Þ

( )1=q

. 1: ð2:19Þ

Moreover, we write

Xk1þ1

j1¼0

Xk2þ1

j2¼0

P
ð1Þ
j1; j2

ðx1; x2Þ � Pj1; j2ðx1; x2Þ
h i

¼
X

j�1j�s1

Xk1þ1

j1¼1

Xk2þ1

j2¼0

Xk1þ1

‘1¼j1
 
ð1Þ
j1; �1

ðx1Þ �  
ð1Þ
j1�1; �1

ðx1Þ
h i
Z

Rn1

f‘1; j2ðy1; x2Þy�1

1 dy1

�
X

j�2j�s2
 
ð2Þ
j2; �2

ðx2Þ
Z
Rn1

Z
Rn2

f‘1; j2ðy1; y2Þy�1

1 y
�2

2 dy1 dy2

�

�
X

j�1j�s1

Xk1þ1

j1¼1

Xk2þ1

j2¼0

Xk1þ1

‘1¼j1
A�1; j1; ‘1; j2ðx1; x2Þ:

By (2.14), (2.15) and (2.18), we have

kA�1; j1; ‘1; j2kL1ðRn1�Rn2 Þ . 2�j1ðn1þj�1jÞ2‘1ðn1þj�1j��1Þ2�j2�2 :

Noticing that A�1; j1; ‘1; j2 2 Ds1; s2ðRn1 �Rn2Þ, by the assumption of the lemma, we

obtain

T A�1; j1; ‘1; j2

� 		 		
Bq

. 2j1ðn1=p�n1�j�1jÞ2‘1ðn1þj�1j��1Þ2j2ðn2=p��2Þ:
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Thus, by �i 2 ðmaxfni=p; ni þ sig; ni þ si þ 1Þ for i ¼ 1; 2, we further have

T
Xk1þ1

j1¼0

Xk2þ1

j2¼0

P
ð1Þ
j1; j2

� Pj1; j2

� �" #					
					
Bq

.

X
j�1j�s1

Xk1þ1

j1¼1

Xk2þ1

j2¼0

Xk1þ1

‘1¼j1
2j1qðn1=p�n1�j�1jÞ2‘1qðn1þj�1j��1Þ2j2qðn2=p��2Þ

8<:
9=;

1=q

. 1: ð2:20Þ

Similarly, by symmetry, we have

T
Xk1þ1

j1¼0

Xk2þ1

j2¼0

P
ð2Þ
j1; j2

� Pj1; j2

� �" #					
					
Bq

. 1: ð2:21Þ

Finally, we write

Xk1þ1

j1¼0

Xk2þ1

j2¼0

Pj1; j2 ¼
X

j�1j�s1

X
j�2j�s2

Xk1þ1

j1¼1

Xk2þ1

j2¼1

Xk1þ1

‘1¼j1

Xk2þ1

‘2¼j2
 
ð1Þ
j1; �1

�  
ð1Þ
j1�1; �1

� �
�  

ð2Þ
j2; �2

�  
ð2Þ
j2�1; �2

� �Z
Rn1

Z
Rn2

f‘1; ‘2ðy1; y2Þy�1

1 y
�2

2 dy1 dy2

�
X

j�1j�s1

X
j�2j�s2

Xk1þ1

j1¼1

Xk2þ1

j2¼1

Xk1þ1

‘1¼j1

Xk2þ1

‘2¼j2
A�1; j1; ‘1; �2; j2; ‘2 :

From (2.14) and (2.17), it follows that

A�1; j1; ‘1; �2; j2; ‘2

		 		
L1ðRn1�Rn2 Þ . 2�j1ðn1þj�1jÞ2‘1ðn1þj�1j��1Þ2�j2ðn2þj�2jÞ2‘2ðn2þj�2j��2Þ:

Since A�1; j1; ‘1; �2; j2; ‘2 2 Ds1; s2ðRn1 �Rn2Þ, by the assumption of the lemma, then

T ðA�1; j1; ‘1; �2; j2; ‘2Þ
		 		

Bq

. 2j1ðn1=p�n1�j�1jÞ2‘1ðn1þj�1j��1Þ2j2ðn2=p�n2�j�2jÞ2‘2ðn2þj�2j��2Þ:

From this and �i 2 ðmaxfni=p; ni þ sig; ni þ si þ 1Þ for i ¼ 1; 2, it follows that
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T
Xk1þ1

j1¼0

Xk2þ1

j2¼0

Pj1; j2

 !					
					
Bq

.

( X
j�1j�s1

X
j�2j�s2

Xk1þ1

j1¼1

Xk2þ1

j2¼1

Xk1þ1

‘1¼j1

Xk2þ1

‘2¼j2
2j1qðn1=p�n1�j�1jÞ2‘1qðn1þj�1j��1Þ

� 2j2qðn2=p�n2�j�2jÞ2‘2qðn2þj�2j��2Þ

)1=q

. 1:

By this together with the estimates (2.19) through (2.21) and the Bq-sublinear

property of T , we obtain that kTfkBq
. kfkDs1 ; s2 ;�1 ; �2 ðRn1�Rn2 Þ, which implies that T

is bounded from Ds1; s2; �1; �2ðRn1 �Rn2Þ to Bq. This finishes the proof of

Lemma 2.4. �

PROOF OF THEOREM 1.1. The necessity is obvious. In fact, if T extends to a

bounded Bq-sublinear operator from HpðRn1 �Rn2Þ to Bq, then for any

ðp; 2; s1; s2Þ-atom a,

kTakBq
. kakHpðRn1�Rn2 Þ . 1:

To prove the sufficiency, for any f 2 Ds1; s2ðRn1 �Rn2Þ, let

‘1 � sup
x22Rn2

diamðsupp fð�; x2ÞÞ

and ‘2 � supx12Rn1 diamðsupp fðx1; �ÞÞ. Then there exists a positive constant C

independent of f such that Cð‘1Þ�n1=pð‘2Þ�n2=pkfk�1
L1ðRn1�Rn2 Þf is a ðp; 2; s1; s2Þ-atom,

and thus, by the assumption of the theorem,

kTfkBq
. ð‘1Þn1=pð‘2Þn2=pkfkL1ðRn1�Rn2 Þ;

which shows that T satisfies the assumptions of Lemma 2.4. For i ¼ 1; 2, choose

�i 2 ðmaxfni þ si; ni=pg; ni þ si þ 1Þ. By Lemma 2.4, T is bounded from

Ds1; s2;�1; �2ðRn1 �Rn2Þ to Bq.

On the other hand, for any f 2 Ds1; s2ðRn1 �Rn2Þ, by Lemma 2.3, there exist

numbers f�jgj2N � C and ðp; 2; s1; s2Þ-atoms fajgj2N � Ds1; s2ðRn1 �Rn2Þ such

that f ¼
P

j2N �jaj in Ds1; s2; �1; �2ðRn1 �Rn2Þ and f
P

j2N j�jjpg1=p . kfkHpðRn1�Rn2 Þ.

From this and Lemma 2.4, it follows that Tf ¼
P

j2N �jTaj inBq. Thus, Tf 2 Bq,

and by the monotonicity of the sequence space ‘q,
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kTfkBq
�

X
j2N

j�jjqkTajkqBq

( )1=q

.

X
j2N

j�jjp
( )1=p

. kfkHpðRn1�Rn2 Þ:

This together with the density of Ds1; s2ðRn1 �Rn2Þ in HpðRn1 �Rn2Þ implies that

T can be extended as a bounded Bq-sublinear operator from HpðRn1 �Rn2Þ toBq,

which completes the proof of Theorem 1.1. �

Using Theorem 1.1, we can now prove Corollary 1.1.

PROOF OF COROLLARY 1.1. By Theorem 1.1, it suffices to prove that for all

smooth atoms a, kT ðaÞkLq0 ðRn1�Rn2 Þ . 1. To prove this, we follow the procedure

used in the proof of Theorem 1 in [10] (see also [11]). Assume that a is a smooth

ðp; 2; s1; s2Þ-atom supported in open set �. Let e� � fðx1; x2Þ 2 Rn1 �Rn2 :

Msð��Þðx1; x2Þ > 1=2g and

�0 � fðx1; x2Þ 2 Rn1 �Rn2 : Msð�ee� Þðx1; x2Þ > 1=16g:

Then j�0j þ je�j . j�j. By the boundedness of T from L2ðRn1 �Rn2Þ to

Lq0ðRn1 �Rn2Þ and the Hölder inequality, we have

Z
�0

jT ðaÞðx1; x2Þjq dx1 dx2
� �1=q

.

Z
�0

jT ðaÞðx1; x2Þjq0 dx1 dx2
� �1=q0

j�j1=q�1=q0

. kakL2ðRn1�Rn2 Þj�j
1=p�1=2

. 1:

We still need to prove that
R
ð�0Þ{

jT ðaÞðx1; x2Þjq dx1 dx2 . 1. Without loss of

generality, we may assume that q � 1. The proof of the case q 2 ð1; 2Þ is similar

and we omit the details. To this end, for each R 2 M ð�Þ, assume that R ¼ I � J.

Denote by M ð1Þðe�Þ the set of all maximal subrectangles in the first direction in �.

Let R̂ � Î � J 2 M ð1Þðe�Þ and ^̂
R � Î � Ĵ 2 M ð1Þðee�Þ, and define �1ðR; �Þ � jÎj=jIj

and �2ðR̂; e�Þ � jĴ j=jJ j. Then 16
^̂
R � �0. Notice that by the Journé covering

lemma (see [24]), for any fixed �0 > 0, we haveX
R2M ð�Þ

½�1ðR; �Þ���
0
jRj . j�j ð2:22Þ

and X
R̂2M ð1Þðe�Þ½�2ðR̂; e�Þ���

0
jRj . j�j: ð2:23Þ
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Since q � 1, we writeZ
ð�0Þ{

jT ðaRÞðx1; x2Þjq dx1 dx2

�
X

R2M ð�Þ

Z
ð�0Þ{

jT ðaRÞðx1; x2Þjq dx1 dx2

�
X

R2M ð�Þ

Z
ðRn1n16ÎÞ�Rn2

jT ðaRÞðx1; x2Þjq dx1 dx2 þ
X

R2M ð�Þ

Z
Rn1�ðRn2n16ĴÞ

� � �

� L1 þ L2:

Noticing that aRjRj1=2�1=pkaRk�1
L2ðRn1�Rn2 Þ is a rectangle atom, we haveZ

ðRn1n16ÎÞ�Rm2

jT ðaRÞðx1; x2Þjq dx1 dx2 . ½�1ðR; �Þ���jRj1�q=q0kaRkqL2ðRn1�Rn2 Þ:

By 1=q0 � 1=q ¼ 1=2� 1=p and p � 1 and (2.22), we obtain

L1 .

X
R2M ð�Þ

kaRk2L2ðRn1�Rn2 Þ

8<:
9=;
q=2

�
X

R2M ð�Þ
½�1ðR; �Þ��2�=ð2�qÞjRj½2ðq0�qÞ�=½q0ð2�qÞ�

8<:
9=;

1�q=2

. j�jqð1=2�1=pÞj�jqð1=2�1=q0Þ
X

R2M ð�Þ
½�1ðR; �Þ��2�=ð2�qÞjRj

8<:
9=;

1�q=2

. j�jqð1=2�1=qÞj�j1�q=2 . 1:

Similarly, by (2.23), we have L2 . 1. This finishes the proof of Corollary 1.1. �

3. Proofs of Theorem1.2 and Theorem1.3.

To prove Theorem 1.2, we recall the well-known boundedness of fractional

integrals on Rn; see [25, p. 117].

LEMMA 3.1. Let � 2 ð0; 1Þ, p 2 ð1; n=�Þ and 1=q ¼ 1=p� �=n. Let I� be the

fractional integral operator on Rn defined by
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I�ðfÞðxÞ ¼
Z
Rn

fðyÞ
jx� yjn��

dy

for f 2 L1
locðRnÞ and x 2 Rn. Then I� is bounded from LpðRnÞ to LqðRnÞ, namely,

there exists a positive constant C such that for all f 2 LpðRnÞ,

kI�ðfÞkLqðRnÞ � CkfkLpðRnÞ:

PROOF OF THEOREM 1.2. Since ½b; T � is linear with respect to b and T ,

then it suffices to prove Theorem 1.2 for b 2 Lip ð�1; �2; R
n �RmÞ with

kbkLipð�1; �2;R
n�RmÞ ¼ 1 and T with kKk ¼ 1. By (K1) and Definition 1.4, we have

j½b; T �ðfÞðx1; x2Þj .
Z
Rn�Rm

1

jx1 � y1jn��1

1

jx2 � y2jm��2
jfðy1; y2Þj dy1 dy2

. Ið1Þ�1
Ið2Þ�2

ðjf jÞ
h i

ðx1; x2Þ;

where I
ð1Þ
�1 and I

ð2Þ
�2 are the fractional integral operators with respect to x1 or x2,

respectively. By Lemma 3.1, for all f 2 LpðRn �RmÞ, we have

½b; T �ðfÞk kLqðRn�RmÞ . Ið1Þ�1
Ið2Þ�2

ðjf jÞ
h i			 			

LqðRm; dx2Þ

				 				
LqðRn; dx1Þ

. Ið2Þ�2
ðjf jÞ

		 		
LqðRm; dx2Þ

			 			
LpðRn; dx1Þ

. kfkLpðRn�RmÞ;

where and in the sequel, we use k � kLpðRn; dx1Þ and k � kLpðRm; dx2Þ to denote the

LpðRnÞ-norm with respect to the variable x1 and x2 respectively. This finishes the

proof of Theorem 1.2. �

PROOF OF THEOREM 1.3. Since ½b; T � is linear with respect to b and T ,

then it suffices to prove Theorem 1.3 for b 2 Lip ð�1; �2; R
n �RmÞ with

kbkLipð�1; �2;R
n�RmÞ ¼ 1 and T with kKk ¼ 1. By Theorem 1.1 and Corollary 1.1,

it suffices to prove that there exists a positive � such that for all rectangular

ðp; 2; s1; s2Þ-atoms a supported on R ¼ I � J and � � 8maxfn1=2;m1=2g,Z
ðRn�RmÞneR�

j½b; T �ðaÞðx1; x2Þjq dx1 dx2 . ���: ð3:1Þ
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Without loss of generality, we may assume that R ¼ I � J ¼ ½0; 1�n � ½0; 1�m. In
fact, if letting bx0

1
; x0

2
; ‘1;‘2

ðx1; x2Þ � ‘��1

1 ‘��2

2 bðx01 þ ‘1x1; x
0
2 þ ‘2x2Þ,

Kx0
1
; x0

2
; ‘1;‘2

ðx1; y1; x2; y2Þ ¼ ‘n1‘
m
2 Kðx01 þ ‘1x1; x

0
1 þ ‘1y1; x

0
2 þ ‘2x2; x

0
2 þ ‘1y2Þ

and Tx0
1
; x0

2
; ‘1; ‘2

be a Calderón-Zygmund operator with kernel Kx0
1
; x0

2
; ‘1; ‘2

for some

x01 2 Rn; x02 2 Rm and some ‘1; ‘2 > 0, then it is easy to check that

kbx0
1
; x0

2
; ‘1; ‘2

kLipð�1; �2;R
n�RmÞ ¼ kbkLipð�1; �2;R

n�RmÞ ¼ 1

and Kx0
1
; x0

2
; ‘1; ‘2 also satisfies (K1) through (K4) with kKx0

1
; x0

2
; ‘1; ‘2k ¼ kKk ¼ 1.

Moreover, if let ea be a rectangular ðp; 2; s1; s2Þ-atom supported in

R0 ¼ I 0 � J 0 ¼fx01 þ ‘1Ig�fx02 þ ‘2Jg, and aðx1; x2Þ � ‘n1‘
m
2 eaðx01 þ ‘1x1; x

0
2 þ ‘2x2Þ,

then a is a rectangular ðp; 2; s1; s2Þ-atom supported in R ¼ ½0; 1�n � ½0; 1�m, where
x10 þ ‘1I ¼ fx10 þ ‘1x1 : x1 2 Ig and x02 þ ‘2J is similarly defined. By setting x0i ¼
x0i þ ‘ixi and y

0
i ¼ y0i þ ‘iyi for i ¼ 1; 2, we have

½b; T �ðeaÞðx01; x02Þ
¼
Z
Rn�Rm

Kðx01; y01; x02; y02Þ

� ½bðx01; x02Þ � bðx01; x02Þ � bðy01; y02Þ þ bðy01; y02Þ�a0ðy01; y02Þ dy01 dy02

¼ ‘�1�n
1 ‘�2�m

2

Z
Rn�Rm

Kx0
1
; x0

2
; ‘1; ‘2ðx1; y1; x2; y2Þ½bx01; x02; ‘1; ‘2ðx1; x2Þ

� bx0
1
; x0

2
; ‘1; ‘2

ðx1; y2Þ � bx0
1
; x0

2
; ‘1; ‘2

ðy1; x2Þ þ bx0
1
; x0

2
; ‘1; ‘2

ðy1; y2Þ�aðy1; y2Þ dy1 dy2
¼ ‘�1�n

1 ‘�2�m
2 ½bx0

1
; x0

2
; ‘1; ‘2

; Tx0
1
; x0

2
; ‘1; ‘2

�ðaÞðx1; x2Þ;

which together with 1=q ¼ 1� �1=n ¼ 1� �2=m yieldsZ
ðRn�RmÞneR0

�

j½b; T �ðeaÞðx01; x02Þjq dx01 dx02
¼ ‘n1‘

m
2

Z
ðRn�RmÞneR�

j½b; T �ðeaÞðx01; x02Þjq dx01 dx02
¼
Z
ðRn�RmÞneR�

j½bx0
1
; x0

2
; ‘1; ‘2 ; Tx01; x

0
2
; ‘1; ‘2 �ðaÞðx1; x2Þj

q dx1 dx2;

where eR0 denotes the � fold enlargement of R0. Then by this, (1.3) and the facts

that Kx0
1
; x0

2
; ‘1; ‘2 and bx01; x

0
2
; ‘1; ‘2 satisfy the same conditions as K and b respectively,

we may assume that R ¼ I � J ¼ ½0; 1�n � ½0; 1�m.
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Let a be a rectangular ðp; 2; s1; s2Þ-atom supported in R ¼ I � J ¼ ½0; 1�n �
½0; 1�m. Let �1 � 8n1=2, �2 � 8m1=2 and � � maxf�1; �2g. ThenZ

ðRn�RmÞneR�

j½b; T �ðaÞðx1; x2Þjq dx1dx2

�
Z
x1 62�I

Z
x22�2J

j½b; T �ðaÞðx1; x2Þjq dx1dx2 þ
Z
x1 62�I

Z
x2 62�2J

� � � þ
Z
x12�1I

Z
x2 62�J

� � �

� G1 þG2 þG3:

By symmetry, it suffices to estimate G1 and G2.

The Hölder inequality implies that

G1 .

Z
x1 62�I

½b; T �aðx1; �Þk kqLq1 ðRm; dx2Þdx1:

By
R
Rn aðx1; x2Þ dx1 ¼ 0 for all x2 2 Rm, we have

½b; T �ðaÞðx1; x2Þ

¼
Z
Rn�Rm

½Kðx1; y1; x2; y2Þ �Kðx1; 0; x2; y2Þ�

� ½bðx1; x2Þ � bðx1; x2Þ � bðx1; y2Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2

þ
Z
Rn�Rm

Kðx1; 0; x2; y2Þ

� ½bð0; x2Þ � bð0; y2Þ � bðy1; x2Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2
� L1 þ L2:

Notice that if x1 62 �I and y1 2 I, then jy1j � jx1j=2 and jx1 � y1j . 2jx1j. Thus, for
any x1 62 �I and x2 2 Rm, by Definition 1.4, (K1), (K2) and the Hölder inequality,

we obtain

jL1j .
Z
I

Z
J

jy1j	1

jx1jnþ	1��1

1

jx2 � y2jm��2
jaðy1; y2Þjdy1 dy2

.
1

jx1jnþ	1��1

Z
J

1

jx2 � y2jm��2

Z
I

jaðy1; y2Þj2dy1
� �1=2

dy2

.
1

jx1jnþ	1��1
Ið2Þ�2

kakL2ðRn; dy1Þ

h i
ðx2Þ
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and

jL2j .
Z
I

Z
J

jy1j�1

jx1jn
1

jx2 � y2jm��2
jaðy1; y2Þjdy1 dy2

.
1

jx1jn
Ið2Þ�2

kakL2ðRn; dy1Þ

h i
ðx2Þ:

Since (1.4) implies that n� ðnþ 	1 � �1Þq < 0 and n� nq < 0, then by (R3) and

Lemma 3.1, we obtain

G1 .

Z
x1 62�I

kL1kqLq1 ðRm; dx2Þ þ kL2kqLq1 ðRm; dx2Þ

� �
dx1

.

Z
x1 62�I

1

jx1jðnþ	1��1Þq
þ

1

jx1jnq

 !
dx1

. �n�ðnþ	1��1Þq þ �n�nq:

Choosing � � �maxfn� nq; n� ðnþ 	1 � �1Þqg > 0, we have G1 . ���.

To estimate G2, by the vanishing moments of a, we have

½b; T �ðaÞðx1; x2Þ

¼
Z
Rn�Rm

½Kðx1; y1; x2; y2Þ �Kðx1; 0; x2; y2Þ �Kðx1; y1; x2; 0Þ þKðx1; 0; x2; 0Þ�

� ½bðx1; x2Þ � bðx1; x2Þ � bðy1; x2Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2

þ
Z
Rn�Rm

½Kðx1; y1; x2; 0Þ �Kðx1; 0; x2; 0Þ�

� ½bðx1; 0Þ � bðx1; y2Þ � bðy1; 0Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2

þ
Z
Rn�Rm

½Kðx1; 0; x2; y2Þ �Kðx1; 0; x2; 0Þ�

� ½bð0; x2Þ � bðy1; x2Þ � bð0; y2Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2

þ
Z
Rn�Rm

Kðx1; 0; x2; 0Þ

� ½bð0; 0Þ � bðy1; 0Þ � bð0; y2Þ þ bðy1; y2Þ�aðy1; y2Þ dy1 dy2
� L3 þ L4 þ L5 þ L6:

Notice that if x1 62 �I and y1 2 I, then jy1j � jx1j=2 and jx1 � y1j � 2jx1j; if
x2 62 �2J and y2 2 J , then jy2j � jx2j=2 and jx2 � y2j � 2jx2j. Thus, for x1 62 �I and

350 D.-C. CHANG, D. YANG and Y. ZHOU



x2 62 �2J , by Definition 1.4, (K1) through (K4), (R3) and the Hölder inequality,

we obtain

jL3j .
Z
I

Z
J

jy1j	1

jx1jnþ	1��1

jy2j	2

jx2jmþ	2��2
jaðy1; y2Þj dy1 dy2 .

1

jx1jnþ	1��1

1

jx2jmþ	2��2
;

jL4j .
Z
I

Z
J

jy1j	1

jx1jnþ	1��1

jy2j�2

jx2jm
jaðy1; y2Þj dy1 dy2 .

1

jx1jnþ	1��1

1

jx2jm
;

jL5j .
Z
I

Z
J

jy1j�1

jx1jn
jy2j	2

jx2jmþ	2��2
jaðy1; y2Þj dy1 dy2 .

1

jx1jn
1

jx2jmþ	2��2
;

and

jL6j .
Z
I

Z
J

jy1j�1

jx1jn
jy2j�2

jx2jm
jaðy1; y2Þj dy1 dy2 .

1

jx1jn
1

jx2jm
:

From this together with n� ðnþ 	1 � �1Þq < 0, n� nq < 0, m� ðmþ 	2 � �2Þq <
0 and m�mq < 0, it follows that

G2 .

Z
x1 62�I

Z
x2 62�2J

jL3jq þ jL4jq þ jL5jq þ jL6jqð Þ dx1 dx2

.

Z
x1 62�I

Z
x2 62�2J



1

jx1jðnþ	1��1Þq
1

jx2jðmþ	2��2Þq
þ

1

jx1jðnþ	1��1Þq
1

jx2jmq

þ
1

jx1jnq
1

jx2jðmþ	2��2Þq
þ

1

jx1jnq
1

jx2jmq
�
dx1 dx2

. �n�ðnþ	1��1Þq þ �n�nq:

This shows G2 . ���, which together with G1 . ��� gives (3.1) and the proof of

Theorem 1.3 is therefore complete. �

REMARK 3.1. The restriction �1 � minfn=2; 1g is to guarantee the bound-

edness of the commutator ½b; T � from L2ðRn �RmÞ to Lq1ðRn �RmÞ with

1=q1 ¼ 1=p� �1=n; see Theorem 1.2. Since the L2ðRn �RmÞ norm appears in

the definition of HpðRn �RmÞ rectangular atoms, we need this boundedness of

the commutator ½b; T � in the proof of Theorem 1.3; see Corollary 1.1.
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