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Abstract. The aim of this work is to show the existence of the wave operator
and its inverse among Kirchhoff equations and free wave equations.

1. Introduction.

We consider the Cauchy problem for perturbed Kirchhoff equation in one
dimensional space,

∂2
t u(t, x)− (

1 + ε‖a(·)ux(t)‖2L2

)
∂x(a(x)2∂xu(t, x)) = 0,

t ∈ (−∞,∞), x ∈ R1, (1.1)

u(0, x) = f(x), ut(0, x) = g(x), x ∈ R1, (1.2)

where ε > 0 is a small parameter and the coefficient a(x) ∈ C2(R1) satisfies

0 < a0 ≤ a(x) ≤ a1, x ∈ R1 (1.3)

and

|a(i)(x)| ≤ δ(1 + |x|)−σ0 , x ∈ R1, i = 1, 2. (1.4)

First of all we shall state the existence of the time global of solutions of the
above Cauchy problem (1.1)–(1.2), under the assumption that the initial data
f ∈ C2(R1) ∩ L2(R1), g ∈ C1(R1) satisfy
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∣∣∣∣
(

d

dx

)i+1

f(x)
∣∣∣∣ +

∣∣∣∣
(

d

dx

)i

g(x)
∣∣∣∣ ≤ C(1 + |x|)−σ1 , x ∈ R1, i = 0, 1. (1.5)

Namely we can prove the following theorem.

Theorem 1.1. Assume that a(x) satisfies (1.3)–(1.4) and the initial data
(f, g) ∈ (C2(R1) ∩ L2(R1)) × C1(R1) satisfies (1.5). Moreover assume σ =
min{σ0, σ1} > 1. Then there are ε0 > 0 and δ0 > 0 such that if 0 < δ ≤ δ0

is valid, for 0 < ε ≤ ε0 the Cauchy problem (1.1) and (1.2) has a unique solution
u in C2(R2) ∩ C0(R1;L2(R1)) such that ut(t, x), ux(t, x) ∈ C0(R1;L2(R1)).

Next we mention the scattering for the equation (1.1).

Theorem 1.2. Assume that a(x) satisfies (1.3)–(1.4) and limx→±∞ a(x) =
a∞ and that the initial data (f−0 , g−0 ) ∈ (C2(R1)∩L2(R1))×C1(R1) satisfies (1.5).
Moreover assume σ = min{σ0−1, σ1} > 1. Then there are ε0 > 0 and δ0 > 0 such
that if 0 < δ ≤ δ0 and 0 < ε ≤ ε0 are valid, there are u ∈ C2(R2)∩C0(R1;L2(R1))
a unique solution of (1.1) for t ∈ R1, (f+, g+) ∈ C2(R1) × C1(R1) and c∞ > 0
such that

∥∥ut(t)− u±0t(c
−1
∞ S(t))

∥∥
L2 +

∥∥ux(t)− u±0x(c−1
∞ S(t))

∥∥
L2 = O(|t|−σ+1), t → ±∞

(1.6)

where S(t) =
∫ t

0
(1 + ε‖a(·)ux(s)‖2L2)

1
2 ds and

(
1 + ε‖a(·)ux(t)‖2L2

) 1
2 − c∞ = O(|t|−σ+1), t → ±∞ (1.7)

where u±(t, x) ∈ C2(R2) denote solutions of the following equations

u±0tt(t, x) = a2
∞c2

∞u±0xx(t, x), u±0 (0, x) = f±0 (x), u±0t(0, x) = g±0 (x) (1.8)

and ‖ · ‖L2 stands for a norm of L2(R1).

It should be remarked that in the case of the coefficient a(x) = 1 Theorem 1.1
is proved essentially by Greenberg and Hu in [3] under the assumption σ1 ≥ 2
and by D’Ancona and Spagnolo in [1] if σ1 > 6 and by Yamazaki [6] in the case
of σ1 > 1. Rzmowski in [5] treated the Cauchy problem (1.1)–(1.2) in the L1

framework. When σ1 > 2, (1.6) in Theorem 1.2 is replaced by

∥∥ut(t)− u±0t(t)
∥∥

L2 +
∥∥ux(t)− u±0x(t)

∥∥
L2 → 0, t → ±∞, (1.9)
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because of c−1
∞ S(t) − t = O(|t|2−σ), t → ±∞. When a = 1, Ghisi [2] gets (1.9)

in the case of t → +∞ under the assumption σ1 > 6 and Yamazaki [6] under the
assumption σ1 > 2 derived (1.9) in the both cases of t → ±∞. On the other hand,
Theorem 1 in Matsuyama [4] says that in general (1.9) in the case of t → +∞
does not holds if 1

2 < σ1 < 1 and a(x) = 1. We can find many results for multi
dimensional Kirchhoff type equations with constant coefficients. For example, see
D’Ancona and Spagnolo [1], Yamazaki [6], Matsuyama [4] and their references.

We shall prove Theorem 1.1 and Theorem 1.2 by deriving the estimates of
solutions of the equations (1.1) and (1.8) in L∞ framework.

2. Linear equation.

In this section we transform our original equation into a two by two system of
first order equations. We let A(t, x) = ut+a(x)c(t)ux and B(t, x) = ut−a(x)c(t)ux,
where c(t)2 = 1 + ε‖a(·)ux(t)‖2L2 . We write c′ = dc(t)

dt and a′(x) = da
dx (x). Then

the equation (1.1) yields

At − a(x)c(t)Ax =
1
2

(
c(t)a′(x) +

c′(t)
c(t)

)
(A−B),

Bt + a(x)c(t)Bx =
1
2

(
c(t)a′(x)− c′(t)

c(t)

)
(A−B).

(2.1)

The initial conditions for A and B are computable in terms of f ′ and g. They are

A(0, x) = A0(x);= g + a(x)c0f
′, B(0, x) = B0(x);= g − a(x)c0f

′, (2.2)

where c0 = c(0) = (1 + ε‖a(·)f ′‖2L2)
1
2 . The defining relation for c(t) becomes

c(t)2 = 1 +
ε

4c(t)2
‖A(t, ·)−B(t, ·)‖2L2 . (2.3)

We now introduce the change of variable τ =
∫ t

0
c(s)ds. Clealy, τ is a strictly in-

ceasing function of t. We denote its inverse function by t = T (τ) and regard A,B, c

as functions of τ , that is, we write A(τ, x) = A(T (τ), x), B(τ, x) = B(T (τ), x),
c(τ) = c(T (τ)) for simplicity of notation. Then by applying the change of variable
to the equations (2.1), we get

Aτ − a(x)Ax =
1
2

(
a′(x) +

c′

c

)
(A−B), Bτ + a(x)Bx =

1
2

(
a′(x)− c′

c

)
(A−B),

(2.4)
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and the initial condition is given by (2.2).
We introduce a functional space as follows

Xσ,δ,M =
{
c(τ) ∈ C1(R1); c(0) = c0, 1 ≤ c(τ) ≤ M, |c′(τ)| ≤ δ(1+|τ |)−σ, τ ∈ R1

}

with a norm |c|X = sup |c(τ)|+sup(1+|τ |)σ|c′(τ)|. Let c be in Xσ,δ,M and consider
the linear Cauchy problem (2.2)–(2.4). We denote its solution by (Ac, Bc). We
define for c ∈ Xσ,δ,M

Φ(c)2(τ) = 1 +
ε

4c(τ)2
‖Ac(τ, ·)−Bc(τ, ·)‖2L2 . (2.5)

Then we can prove the following theorem.

Theorem 2.1. Assume that a(x) satisfies (1.3)–(1.4) and A0, B0 ∈ C1(R1)
satisfy

∣∣A(i)
0 (x)

∣∣ +
∣∣B(i)

0 (x)
∣∣ ≤ C(1 + |x|)−σ1 , x ∈ R1, i = 0, 1. (2.6)

Then if σ = min{σ0, σ1} > 1 is valid, there is ε0 > 0 such that Φ is a contraction
mapping in Xσ,δ,M , that is,

|Φ(c1)− Φ(c2)|X ≤ Cε|c1 − c2|X , (2.7)

for any c1, c2 ∈ Xσ,δ,M and 0 < ε ≤ ε0.

The proof of this theorem will be given in the Section 3.
Now we introduce again the change of variable with respect to x as follows.

Let consider

dx

dτ
= ±a(x), x(0) = y (2.8)

and we denote the solution by x±(τ, y). Since x±(τ, y) are strictly increasing
functions with respect to y, we get the inverse fuction y±(τ, x) as x±(τ, y±(τ, x)) =
x. Hence we can define

αc(τ, y) = Ac(τ, x−(τ, y)), βc(τ, y) = Bc(τ, x+(τ, y)).

Then it holds

Ac(τ, x) = αc(τ, y−(τ, x)), Bc(τ, x) = βc(τ, y+(τ, x)). (2.9)
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Therefore we obtain the following integral equations from (2.2)–(2.4)

αc(τ, y) = A0(y) +
∫ τ

0

Fc(s, y)ds, βc(τ, y) = B0(y) +
∫ τ

0

Gc(s, y)ds (2.10)

where the equation (2.1) and the relation (2.9) yield

Fc(s, y) =
1
2

(
a′(x−(s, y)) +

c′(s)
c(s)

)(
αc(s, y)− βc(s, y+(s, x−(s, y)))

)
, (2.11)

Gc(s, y) =
1
2

(
a′(x+(s, y))− c′(s)

c(s)

)(
αc(s, y−(s, x+(s, y)))− βc(s, y)

)
. (2.12)

To derive a priori estimates for (2.10), we introduce a norm in Ci(R1) as

|f |i = sup
x∈R1,0≤k≤i

〈x〉σ|f (k)(x)|, i = 0, 1, . . . , (2.13)

where 〈x〉 = (1 + |x|2) 1
2 . Then we can prove the following proposition.

Proposition 2.1. Assume that the conditions of Theorem 2.1 are valid.
Then we have

|αc(τ)|i + |βc(τ)|i ≤ C(|A0|i + |B0|i), τ ∈ R1, i = 0, 1, (2.14)

for c ∈ Xσ,δ,M and

|αc1(τ)−αc2(τ)|1+|βc1(τ)−βc2(τ)|1 ≤ C(|A0|1+|B0|1)|c1−c2|X , τ ∈ R1, (2.15)

for c1, c2 ∈ Xσ,δ,M .

Proof. Put

γi = sup
s∈R1

{|αc(s)|i + |βc(s)|i
}
, i = 0, 1.

Then we can see easily that Fc, Gc satisfies

|Fc(s, y)| ≤ δγ0

(〈x−(s, y)〉−σ + 〈s〉−σ
){〈y+(s, x−(s, y))〉−σ + 〈y〉−σ

}
,

|Gc(s, y)| ≤ δγ0

(〈x+(s, y)〉−σ + 〈s〉−σ
){〈y−(s, x+(s, y))〉−σ + 〈y〉−σ

}
.
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Put

h(s, y) =
(〈x−(s, y)〉−σ + 〈s〉−σ

){〈y+(s, x−(s, y))〉−σ + 〈y〉−σ
}

+
(〈x+(s, y)〉−σ + 〈s〉−σ

){〈y−(s, x+(s, y))〉−σ + 〈y〉−σ
}
.

Taking account of x±(s, y) = y±∫ s

0
a(x±(ρ, y))dρ and y±(s, x∓(s, y)) = x∓(s, y)∓∫ s

0
a(x±(ρ, y±(s, x∓(s, y))))dρ, we can see easily that

∣∣∣∣
∫ τ

0

h(s, y)ds

∣∣∣∣ ≤ C〈y〉−σ, τ, y ∈ R1 (2.16)

holds. Hence we obtain from (2.10)

γ0 ≤ γ0δ sup
τ,y∈R1

〈y〉σ
∣∣∣∣
∫ τ

0

h(s, y)ds

∣∣∣∣ + |A0|0 + |B0|0.

This yields (2.14) for i = 0 and for 0 < δ ≤ δ0 together with (2.16) if δ0 > 0 is
sufficiently small. Next we shall prove (2.14) for i = 1. Differentiating (2.10) with
respect to y

αcy(τ, y) = A′0(y) +
∫ τ

0

Fcy(s, y)ds, βcy(τ, y) = B′
0(y) +

∫ τ

0

Gcy(s, y)ds, (2.17)

where Fcy(s, y) and Gcy(s, y) are given by

Fcy(s, y) =
1
2

(
a′(x−(s, y)) +

c′(s)
c(s)

)

× {
αcy(s, y) + βcy(s, y+(s, x−(s, y)))y+x(s, x−(s, y))x−y(s, y)

}

+
1
2
a′′(x−(s, y))x−y(s, y)

{
αc(s, y)− βc(s, y+(s, x−(s, y)))

}
,

Gcy(s, y) =
1
2

(
a′(x+(s, y))− c′(s)

c(s)

)

× {
αcy(s, y−(s, x+(s, y)))y−y(s, x+(s, y))x+y(s, y)− βcy(s, y)

}

+
1
2
a′′(x+(s, y))x+y(s, y)

{
αc(s, y−(s, x+(s, y)))− βc(s, y)

}
.

Taking account that y±x and x±y are bounded in R2 we see from the assumption
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(1.4) that it holds

|Fcy(s, y)| ≤ δ
(〈x−(s, y)〉−σ + 〈s〉−σ

)
γ1

{〈y+(s, x−(s, y))〉−σ + 〈y〉−σ
}

+ Cγ0〈x−(s, y)〉−σ
{〈y〉−σ + 〈y+(s, x−(s, y))〉−σ

}

and

|Gcy(s, y)| ≤ δ
(〈x+(s, y)〉−σ + 〈s〉−σ

)
γ1

{〈y−(s, x+(s, y))〉−σ + 〈y〉−σ
}

+ Cγ0〈x+(s, y)〉−σ
{〈y〉−σ + 〈y−(s, x+(s, y))〉−σ

}
.

Therefore we get from(2.17) by use of (2.16)

γ1 ≤ C(δγ1 + γ0) sup
y∈R1

〈y〉σ
∣∣∣∣
∫ τ

0

h(s, y)ds

∣∣∣∣ + C(|A0|1 + |B0|1),

which implies (2.14) for i = 1 together with the fact γ0 ≤ C(|A0|0 + |B0|0), if δ is
small. Next we shall prove that (2.15) holds. Put

ρ1 = sup
τ,y∈R1,k≤1

〈y〉σ(∣∣∂k
y (αc1(τ, y)− αc2(τ, y))

∣∣ +
∣∣∂k

y (βc1(τ, y)− βc2(τ, y))
∣∣).

Then αcj , βcj , j = 1, 2 satisfy for k = 0, 1

∂k
y (αc1 − αc2) =

∫ τ

0

∂k
y (Fc1 − Fc2)(s, y)ds,

∂k
y (βc1 − βc2) =

∫ τ

0

∂k
y (Gc1 −Gc2)(s, y)ds

(2.18)

where

∂k
y (Fc1 − Fc2)(s, y) =

1
2

{
c′1
c1
− c′2

c2

}
∂k

y{αc1(s, y)− βc1(s, y+(s, x−(s., y)))}

+
1
2
∂k

y

[(
a′(x−(s, y)) +

c′2
c2

)

× {
(αc1 − αc2)(s, y)− (βc1 − βc2)(s, y+(s, x−(s, y)))

}]

and
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∂k
y (Gc1 −Gc2)(s, y) =

−1
2

{
c′1
c1
− c′2

c2

}
∂k

y{αc1(s, y−(s, x+(s, y)))− βc1(s, y)}

+
1
2
∂k

y

[(
a′(x+(s, y))− c′2

c2

)

× {
(αc1 − αc2)(s, y−(s, x+(s, y)))− (βc1 − βc2)(s, y)

}]

hold. Since we can estimate for k = 0, 1

∣∣∂k
y (Fc1 − Fc2)(s, y)

∣∣ ≤ (δ + M)|c1 − c2|Xγ1〈s〉−σ
{〈y+(s, x−(s, y))〉−σ + 〈y〉−σ

}

+ δρ1

(〈x−(s, y)〉−σ+〈s〉−σ
){〈y+(s, x−(s, y))〉−σ+〈y〉−σ

}

and

∣∣∂k
y (Gc1 −Gc2)(s, y)

∣∣ ≤ (δ + M)|c1 − c2|Xγ1〈s〉−σ
{〈y−(s, x+(s, y))〉−σ + 〈y〉−σ

}

+ δρ1

(〈x+(s, y)〉−σ+〈s〉−σ)
{〈y−(s, x+(s, y))〉−σ+〈y〉−σ

}

we obtain from (2.18) and (2.16)

ρ1 ≤ (δ + M)|c1 − c2|X sup
τ,y∈R1

(1 + |y|)−σ

(
γ1

∣∣∣∣
∫ τ

0

h(s, y)ds

∣∣∣∣ + δρ1

∣∣∣∣
∫ τ

0

h(s, y)ds

∣∣∣∣
)

.

Therefore we obtain (2.15) analogously to the case of (2.14). ¤

3. Nonlinear equation.

In this section we shall prove Theorem 2.1 and Theorem 1.1. We can show
that Φ(c) belongs to Xσ,δ,M for c ∈ Xσ,δ,M . In fact we can see that for c ∈ Xσ,δ,M ,
1 ≤ Φ(c)2 ≤ 1 + ε(‖A‖2L2 + ‖B‖2L2)/2 ≤ 1 + εC(|A0|20 + |B0|20) holds from (2.14).
Hence if we take M > 0, ε > 0 suitablly, then we see Φ(c) ≤ M . Besides Φ(c)(0) =
1 + (ε/4c2

0)‖Ac(0) − Bc(0)‖2 = 1 + ε‖af ′‖2 = c2
0. Here ‖ · ‖ stands for a norm of

L2(R1) and (, ) an inner product of L2(R1). Next we shall prove that |Φ(c)′(τ)| ≤
δ〈τ〉−σ, τ ∈ R1. Differentiating Φ(c)2 with respect to τ ,

2Φ(c)Φ(c)′(τ) =
−εc′

2c3
‖Ac −Bc‖2 +

ε

2c2
<(Acτ −Bcτ , Ac −Bc). (3.1)

It follows from (2.14) that
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ε|c′|
2c3

‖Ac −Bc‖2 ≤ εδ〈τ〉−σC(|A0|0 + |B0|0)2. (3.2)

On the other hand, taking account that

<(aAcx, Ac) = −1
2
(a′Ac, Ac), <(aBcx, Bc) = −1

2
(a′Bc, Bc)

are valid, we can see

<(Acτ −Bcτ , Ac −Bc) = <(aAcx + Fc + aBcx −Gc, Ac −Bc)

= −<(aAcx, Bc) + <(aBcx, Ac) + <(Fc −Gc, Ac −Bc)

− 1
2
(a′Ac, Ac)− 1

2
(a′Bc, Bc). (3.3)

The assumption (1.4) and Proposition 2.1 imply

|(a′Ac, Ac)| ≤
∫
|a′(x)| |Ac(τ, x)|2dx ≤ C|A0|20

∫
〈x〉−σ0〈y−(τ, x)〉−2σdx

≤ C|A0|20〈τ〉−σ,

|(a′Bc, Bc)| ≤
∫
|a′(x)| |Bc(τ, x)|2dx ≤ C|B0|20

∫
〈x〉−σ0〈y+(τ, x)〉−2σdx

≤ C|B0|20〈τ〉−σ,

|(aAcx, Bc)| ≤ C|A0|1|B0|0
∫
〈y−(τ, x)〉−σ〈y+(τ, x)〉−σdx

≤ C|A0|1|B0|0〈τ〉−σ,

|(aBcx, Ac)| ≤ C|A0|0|B0|1
∫
〈y−(τ, x)〉−σ〈y+(τ, x)〉−σdx

≤ C|A0|0|B0|1〈τ〉−σ,

and moreover

|<(Fc, Ac −Bc)|
≤ C

(|A0|20 + |B0|20
) ∫

(〈x〉−σ + 〈τ〉−σ)
(〈y−(τ, x)〉−2σ + 〈y+(τ, x)〉−2σ

)
dx

≤ C
(|A0|20 + |B0|20

)〈τ〉−σ
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and analogously

|<(Gc, Ac −Bc)| ≤ C
(|A0|20 + |B0|20

)〈τ〉−σ.

Therefore we get

ε

2c2
|<(Acτ −Bcτ , Ac −Bc)| ≤ Cε〈τ〉−σ

and consequently from (3.1)

|Φ′(c)(τ)| ≤ Cε
(|A0|20 + |B0|20

)〈τ〉−σ ≤ δ〈τ〉−σ, (3.4)

if ε > 0 is chosen suitably. Finally we shall prove (2.7). Let c1, c2 be in Xσ,δ,M .
We begin to prove

|Φ(c1)(τ)− Φ(c2)(τ)| ≤ Cε|c1 − c2|X , τ ∈ R1. (3.5)

The definition (2.5) of Φ gives

Φ(c1)2(τ)− Φ(c2)2(τ)

=
ε

4

{(
1
c2
1

− 1
c2
2

)
‖Ac1 −Bc1‖2 +

ε

4c2
2

(‖Ac1 −Bc1‖2 − ‖Ac2 −Bc2‖2
)}

.

Therefore noting that
∣∣∣∣
1
c2
1

− 1
c2
2

∣∣∣∣ ≤ 2|c1 − c2|X

and
∣∣‖Ac1 −Bc1‖2 − ‖Ac2 −Bc2‖2

∣∣

≤ (‖Ac1 −Ac2‖+ ‖Bc1 −Bc2‖
)(‖Ac1‖+ ‖Bc1‖+ ‖Ac2‖+ ‖Bc2‖

)

we can get (3.5) by use of Proposition 2.1. Next we shall prove

|Φ(c1)′(τ)− Φ(c2)′(τ)| ≤ Cε|c1 − c2|X〈τ〉−σ, τ ∈ R1, (3.6)

for c1, c2 ∈ Xσ,δ,M . It follows from (3.1)
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2Φ(c1)Φ(c1)′(τ)− 2Φ(c2)Φ(c2)′(τ)

= −ε

(
c′1
2c3

1

− c′2
2c3

2

)
‖Ac1 −Bc1‖2 +

εc′2
2c3

2

(‖Ac1 −Bc1‖2 − ‖Ac2 −Bc2‖2
)

+ ε

(
1

2c2
1

− 1
2c2

2

)(<(Ac1τ −Bc1τ , Ac1 −Bc1)
)

+
ε

2c2
2

(<(Ac1τ −Bc1τ , Ac1 −Bc1)−<(Ac2τ −Bc2τ , Ac2 −Bc2)
)
. (3.7)

Besides, it follows from (3.3)

<(Ac1τ −Bc1τ , Ac1 −Bc1)−<(Ac2τ −Bc2τ , Ac2 −Bc2)

= −<(
a(Ac1x −Ac2x), Bc1

)−<(
a(Bc1x −Bc2x), Ac1

)

−<(aAc2x, Bc1 −Bc2)−<(aBc2x, Ac1 −Ac2)

− 1
2
(<(a′Ac1 , Ac1)−<(a′Ac2 , Ac2)

)− 1
2
(<(a′Bc1 , Bc1)−<(a′Bc2 , Bc2)

)

+ <(Fc1 − Fc2 −Gc1 + Gc2 , Ac1 −Bc1)

+ <(
Fc2 −Gc2 , Ac1 −Ac2 − (Bc1 −Bc2)

)
.

Since

Fc1 − Fc2 −Gc1 + Gc2

=
(

c′1
c2
1

− c′2
c2
2

)
(Ac1 −Bc1) +

c′2
c2
2

(Ac1 −Ac2 −Bc1 + Bc2)

holds, it follows from Proposition 2.1 that we can show

∣∣<(Ac1τ −Bc1τ , Ac1 −Bc1)−<(Ac2τ −Bc2τ , Ac2 −Bc2)
∣∣

≤ C(|A0|1 + |B0|1)|c1 − c2|X .

Moreover we can show using again Proposition 2.1

∣∣∣∣
c′1
2c3

1

− c′2
2c3

2

∣∣∣∣‖Ac1τ −Bc1τ‖2 ≤ C(|A0|1 + |B0|1)2|c1 − c2|X〈τ〉−σ,

∣∣∣∣
c′2
2c3

2

(‖Ac1 −Bc1‖2 − ‖Ac2 −Bc2‖2
)∣∣∣∣ ≤ C(|A0|0 + |B0|0)|c1 − c2|X〈τ〉−σ.
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Therefore, taking account of the equality

Φ′(c1)− Φ′(c2) =
(Φ′(c1)Φ(c1)− Φ′(c2)Φ(c2))

Φ(c1)
+

Φ′(c2)(Φ(c1)− Φ(c2))
Φ(c2)

we can obtain (3.6) from (3.5) and (3.7). Thus we have completed the proof of
Theorem 2.1.

Proof of Theorem 1.1. Theorem 2.1 assures the existence of solutions
A,B, c of the equations (2.1)–(2.2) and (2.3). Put P = (A + B)/2 and Q =
(A − B)/2ac. Then we can find u such that ut = P and ux = Q, since (P, Q) is
complete, that is, Px = Qt. In deed, we see

Px =
Ax + Bx

2
=

At − F −Bt + G

2ac
=

(A−B)t − c′
c (A−B)

2ac
= Qt.

Put

u(t, x) = f(x) +
∫ t

0

(A + B)(s, x)
2

ds

which solves (1.1) uniquely in C0([0,∞);L2(R1)).

4. Scattering for Kirchhoff equations and perturbed linear equa-
tions.

In this section we shall show the existence of wave operators among Kirchhoff
equation (1.1) and the following linear equations

u±tt(t, x) = c2
∞(a(x)2u±x (t, x))x, u±(0, x) = f±(x), u±t (0, x) = g±(x),

±t ≥ 0, x ∈ R1. (4.1)

Theorem 4.1. Assume that a(x) satisfies (1.3)–(1.4) and the initial data
f− ∈ C2(R1) ∩ L2(R1) and g− ∈ C1(R1) satisfy (1.5). Moreover assume σ =
min{σ0, σ1} > 1. Then there are ε0 > 0 and δ0 > 0 such that if 0 < δ ≤ δ0

and 0 < ε ≤ ε0 are valid, there are u ∈ C2(R2) a solution of (1.1), c∞ > 0 and
(f+, g+) ∈ C2(R1) ∩ L2(R1)× C1(R1) satisfying (1.5) such that

∥∥ut(t)− u±t (c−1
∞ S(t))

∥∥ +
∥∥ux(t)− u±x (c−1

∞ S(t))
∥∥ = O(|t|−σ+1), t → ±∞ (4.2)
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and

(
1 + ε‖a(·)ux(t)‖2)

1
2 − c∞ = O(|t|−σ+1), t → ±∞ (4.3)

where u±(t, x)∈C2(R2) are solutions of (4.1) and S(t)=
∫ t

0
(1+ε‖a(·)ux(s)‖2) 1

2 ds.

Proof. We let A1(t, x) = ut + a(x)c(t)ux and B1(t, x) = ut − a(x)c(t)ux,
where c(t)2 = 1 + ε‖a(·)ux(t)‖2 and A−1 (t, x) = u−t + a(x)c∞u−x and B−

1 (t, x) =
u−t − a(x)c∞u−x . Then the equation (1.1) yields

A1t − a(x)c(t)A1x =
1
2

(
c(t)a′(x) +

c′(t)
c(t)

)
(A1 −B1),

B1t + a(x)c(t)B1x =
1
2

(
c(t)a′(x)− c′(t)

c(t)

)
(A1 −B1)

(4.4)

and the equation (4.1) gives

A−1t − a(x)c∞A−1x =
1
2
c∞a′(x)(A−1 −B−

1 ),

B−
1t + a(x)c∞B−

1x =
1
2
c∞a′(x)(A−1 −B−

1 ).
(4.5)

The initial data is given by

A−1 (0, x) = A−0 (x);= g−(x) + a(x)c∞(f−)′(x),

B−
1 (0, x) = B−

0 (x);= g−(x)− a(x)c∞(f−)′(x).
(4.6)

Let T (τ) be the inverse function of τ = S(t). Put A(τ, x) = A1(T (τ), x),
B(τ, x) = B1(T (τ), x), A−(τ, x) = A−1 (c−1

∞ τ, x), B−(τ, x) = B−
1 (c−1

∞ τ, x) and
γ(τ) = c(T (τ)). Then (4.4) and (4.5) yield

Aτ − a(x)Ax =
1
2

(
a′(x) +

γ′(τ)
γ(τ)

)
(A−B),

Bτ + a(x)Bx =
1
2

(
a′(x)− γ′(τ)

γ(τ)

)
(A−B)

(4.7)

and
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A−τ − a(x)A−x =
1
2
a′(x)(A− −B−),

B−
τ + a(x)B−

x =
1
2
a′(x)(A− −B−), τ, x ∈ R1,

(4.8)

respectively. Here we pose the condition below to solve (4.8)

‖A(τ)−A−(τ)‖+ ‖B(τ)−B−(τ)‖ = O(|τ |−σ+1), τ → −∞, (4.9)

which is equivalent to (4.2). γ is given by

γ(τ)2 = 1 +
ε

4γ(τ)2
‖A(τ)−B(τ)‖2. (4.10)

Then we note that (4.3) is equivalent to

γ(τ)2 − c2
∞ = 1 +

ε

4γ(τ)2
‖A(τ)−B(τ)‖2 − c2

∞ = O(|τ |−σ+1), τ → −∞. (4.11)

Denote by x±(τ, y) the solutions of the ordinary equations of (2.8) and by y±(τ, x)
the inverse function of x±(τ, y) = x. If we put α(τ, y) = A−(τ, x−(τ, y)), β(τ, y) =
B−(τ, x+(τ, y)), then we can prove analogously to the proof of Proposition 2.1
that α(τ, y) and β(τ, y) satisfy (2.14). Therefore we can see

Lemma 4.1. Assume that a satisfies (1.3) and (1.4) and A−0 (x), B−
0 (x)

satisfies

∣∣A(i)
0 (x)

∣∣ +
∣∣B(i)

0 (x)
∣∣ ≤ C(1 + |x|)−σ1 , x ∈ R1, i = 0, 1. (4.12)

Then if σ = min{σ0, σ1} > 1, the solution A−, B− satisfies

∣∣∂i
yA−(τ, x)

∣∣ ≤ C(1 + |y−(τ, x)|)−σ,
∣∣∂i

yB−(τ, x)
∣∣ ≤ C(1 + |y+(τ, x)|)−σ,

τ ≤ 0, x ∈ R1, i = 0, 1.
(4.13)

We continue to prove Theorem 4.1. First of all we define c∞ as a positive
root of the following equation

c2
∞ = 1 +

ε

4c2∞

(‖g−‖2 + c2
∞‖a(f−)′‖2), (4.14)
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which satisfies

c2
∞ = 1 +

ε

4c2∞

(‖A−0 ‖2 + ‖B−
0 ‖2

)
(4.15)

because of ‖A−0 ‖2 + ‖B−
0 ‖2 = (‖g−‖2 + c2

∞‖a(f−)′‖2). On the other hand, noting
that Lemma 4.1 implies

|(A−(τ), B−(τ))| ≤ C

∫ ∞

−∞
(1 + |y+(τ, x)|)−σ(1 + |y−(τ, x)|)−σdx ≤ C(1 + |τ |)−σ,

τ ≤ 0

and taking account of the relation ‖A−(τ)‖2 + ‖B−(τ)‖2 = ‖A−0 ‖2 + ‖B−
0 ‖2 we

can estimate

∣∣‖A−(τ)−B−(τ)‖2 − ‖A−0 ‖2 − ‖B−
0 ‖2

∣∣ = 2|<(A−(τ), B−(τ))| ≤ C(1 + |τ |)−σ,

τ ≤ 0.

Therefore if (A(τ), B(τ)), γ satisfies (4.7), (4.9) and (4.11) we get

∣∣γ(τ)2 − c2
∞

∣∣ =
∣∣∣∣
√

1 + ε‖A(τ)−B(τ)‖2 −
√

1 + ε(‖A−0 ‖2 + ‖B−
0 ‖2)

2

∣∣∣∣

≤ ε

2
{‖A(τ)−B(τ)‖2 − ‖A−0 ‖2 − ‖B−

0 ‖2
}

≤ ε
∣∣‖A(τ)−B(τ)‖2 − ‖A−(τ)−B−(τ)‖2

∣∣ + ε
∣∣<(A−(τ), B−(τ))

∣∣

≤ Cε
{
(1 + |τ |)−σ+1 + (1 + |τ |)−σ

}
, τ ≤ 0

which implies (4.11).
Now we shall find the solution (A,B) and γ satisfying (4.7), (4.9) and (4.10)

by the simillar way of the proof of Theorem 2.1. Let σ > 0, δ > 0 and M > 0 and
introduce

Xσ,δ,M =
{
γ(τ) ∈ C1((−∞, 0]); 1 ≤ γ(τ) ≤ M, |γ′(τ)| ≤ δ(1 + |τ |)−σ

}
.

For γ ∈ Xσ,δ,M we consider the linear equation of (4.7) and (4.9). We change a
unkown function (A,B) of (4.7) to (U, V ) as U = A − A−, V = B − B− which
satisfies
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Uτ − a(x)Ux =
1
2

(
a′(x) +

γ′(τ)
γ(τ)

)
(U − V ) +

γ′(τ)
2γ(τ)

W, τ ≤ 0, x ∈ R1, (4.16)

Vτ + a(x)Vx =
1
2

(
a′(x)− γ′(τ)

γ(τ)

)
(U − V )− γ′(τ)

2γ(τ)
W, τ ≤ 0, x ∈ R1, (4.17)

where W = A− −B−. Moreover (4.9) gives

‖U(τ)‖+ ‖V (τ)‖ ≤ C(1 + |τ |)−σ+1 → 0, τ → −∞. (4.18)

In stead of (A,B) we shall find (U, V ) satisfying (4.16), (4.17) and (4.18). To do
so, we need the following lemma in the argument below.

Lemma 4.2. Let σ = min{σ0, σ1} > 1. Then there is a positive function
ϕ∓(τ, y) such that

∫

I∓(τ)

{
(1 + |x∓(s, y)|)−σ0 + (1 + |s|)−σ0

}

× {
(1 + |y±(s, x∓(s, y))|)−σ1 + (1 + |y|)−σ1

}
ds

≤ Cϕ∓(τ, y)(1 + |y|)−σ, (4.19)

and

∫

R1
ϕ∓(τ, y)2(1 + |y|)−2σdy ≤ C(1 + |τ |)−2(σ−1), ∓τ ≥ 0, (4.20)

where I−(τ) = (−∞, τ), I+(τ) = (τ,∞) and ϕ∓(τ, y) are bounded in R2.

Proof. Put

ϕ∓(τ, y) =
∫

I∓

{
(1 + |x∓(s, y)|)−σ0 + (1 + |y∓(s, x±(s, y))|)−σ1

}
ds + (1 + |τ |)1−σ0 .

We can see easily that ϕ∓(τ, y) ≤ C. To show (4.19) it suffices to check

(1 + |x∓(s, y)|)−σ(1 + |y±(s, x∓(s, y))|)−σ

≤ C(1 + |y|)−σ
{
(1 + |x∓(s, y)|)−σ0 + (1 + |y±(s, x∓(s, y))|)−σ

}
,

which can be showed easily. Next we can show, for example
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∫ ∞

−∞

( ∫ τ

−∞

(
1 + |x−(s, y)|)−σ

ds

)2

(1 + |y|)−2σdy ≤ C(1 + |τ |)−2(σ−1), τ ≤ 0.

(4.21)

In fact, in the case of x−(τ, y) ≥ 0 we can see easily

∫ τ

−∞
(1 + |x−(s, y)|)−σds ≤ C(1 + |x−(τ, y)|)−σ+1, τ ≤ 0.

Hence taking account of the inequality (1 + |x−(τ, y)|) ≥ c0(1 + |τ |)(1 + |y|)−1 we
get

∫

x−(τ,y)≥0

( ∫ τ

−∞
(1 + |x−(s, y)|)−σds

)2

(1 + |y|)−2σdy

≤ (1 + |τ |)−2(σ−1)

∫

x−(τ,y)≥0

(1 + |y|)−2dy

≤ C(1 + |τ |)−2(σ−1), τ ≤ 0.

In the case of x−(τ, y) ≤ 0, noting that |y| ≥ c0|τ | if τ ≤ 0, we see

∫

x−(τ,y)≤0

(1 + |y|)−2σdy ≤ C

∫

|y|≥c0|τ |
(1 + |y|)−2σdy

≤ C(1 + |τ |)−2σ+1, τ ≤ 0.

Thus we get (4.21). Besides we can estimate the other terms by the same way. ¤

Now we can prove the following proposition.

Proposition 4.1. Let σ = min{σ0, σ1} > 1 and γ be in Xσ,δ,M . Assume
that a satisfies (1.3) and (1.4) and that (A−0 , B−

0 ) satisfies (4.12). Then there is
δ0 > 0 such that if δ0 ≥ δ > 0, (4.16)–(4.18) has a unique solution (U, V ) satisfying

∣∣∂i
xU(τ, x)

∣∣ ≤ C(|A−0 |i + |B−
0 |i)(1 + |y−(τ, x)|)−σ,

∣∣∂i
xV (τ, x)

∣∣ ≤ C(|A−0 |i + |B−
0 |i)(1 + |y+(τ, x)|)−σ,

(4.22)

for τ ≤ 0 and i = 0, 1, where we denote |A|i = supx∈R1,k≤i(1 + |x|)σ|∂k
xA(x)|.

Proof. Define α(τ, y) = U(τ, x−(τ, y)), β(τ, y) = V (τ, x+(τ, y)) and put
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ei = sup
τ≤0,x∈R1

(1 + |y|)σ
(|∂i

yα(τ, y)|+ |∂i
yβ(τ, y)|), i = 0, 1.

Let (α, β) be the solution of the following integral equation

α(τ, y) =
∫ τ

−∞

{
1
2

(
a′(x−(s, y)) +

γ′(s)
γ(s)

)(
α(s, y)− β(s, y+(s, x−(s, y)))

)

+
γ′(s)
2γ(s)

W (s, x−(s, y))
}

ds, (4.23)

β(τ, y) =
∫ τ

−∞

{
1
2

(
a′(x+(s, y))− γ′(s)

γ(s)

)(
α(s, y−(s, x+(s, y)))− β(s, y)

)

− γ′(s)
2γ(s)

W (s, x+(s, y))
}

ds (4.24)

solves. Then U(τ, x) = α(τ, y−(τ, x)) and V (τ, x) = β(τ, y+(τ, x)) solves (4.16)–
(4.17). Taking account that V (s, x−(s, y)) = β(s, y+(s, x−(s, y))) and that (4.13)
gives

∣∣∂i
yW (s, x−(s, y))

∣∣ =
∣∣∂i

y(B− −A−)(s, x−(s, y))
∣∣

≤ (|A−0 |i + |B−
0 |i

){
(1 + |y+(s, x−(s, y))|)−σ + (1 + |y|)−σ

}
,

i = 0, 1, (4.25)

we get from (4.23) by use of (4.19) with −,

∣∣∂i
yα(τ, y)

∣∣ ≤
∫ τ

−∞

[
δ

2
{
(1 + |x−(s, y)|)−σ0 + (1 + |s|)−σ

}

× ei

{
(1 + |y+(s, x−(s, y))|)−σ + (1 + |y|)−σ

}

+ δ(1 + |s|)−σ(|A−0 |i + |B−
0 |i)

× {
(1 + |y+(s, x−(s, y))|)−σ + (1 + |y|)−σ

}]
ds

≤ C
{
δei + (|A−0 |i + |B−

0 |i)
}
(1 + |y|)−σ, i = 0, 1.

Analogously
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∣∣∂i
yβ(τ, y)

∣∣ ≤
∫ τ

−∞

[
δ

2
{
(1 + |x+(s, y)|)−σ0 + (1 + |s|)−σ

}

× ei

{
(1 + |y−(s, x+(s, y))|)−σ + (1 + |y|)−σ

}

+ δ(1 + |s|)−σ(|A−0 |i + |B−
0 |i)

× {
(1 + |y−(s, x+(s, y))|)−σ + (1 + |y|)−σ

}]
ds

≤ C(δei + |A−0 |i + |B−
0 |i)(1 + |y|)−σ, i = 0, 1.

Thus we get

ei ≤ Cδei + C(|A−0 |i + |B−
0 |i),

which implies (4.22), if we take Cδ < 1. Next we prove (4.18) holds. In fact, we
see from (4.23) and (4.24) by use of (4.22) and (4.20)

‖U(τ)‖2 + ‖V (τ)‖2 ≤ C(‖α(τ)‖2 + ‖β(τ)‖2)

≤ C

∫ ∞

−∞
ϕ(τ, y)2(1 + |y|)−2σdy

≤ C(1 + |τ |)−2(σ−1) → 0, τ → −∞,

which implies (4.18).
Finally we shall show the existence of solutions of the integral equation (4.23)–

(4.24). We seek a solution (α, β)(τ, y) as

α(τ, y) =
∞∑

n=0

αn(τ, y), β(τ, y) =
∞∑

n=0

βn(τ, y),

where

α0(τ, y) =
∫ τ

−∞

γ(s)
2γ′(s)

(A− −B−)(s, x−(s, y))ds,

β0(τ, y) = −
∫ τ

−∞

γ(s)
2γ′(s)

(A− −B−)(s, x+(s, y))ds,

and for n ≥ 1
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αn(τ, y) =
∫ τ

−∞

1
2

(
a′(x−(s, y)) +

γ′(s)
γ(s)

)(
αn−1(s, y)− βn−1(s, y+(s, x−(s, y)))

)
ds

and

βn(τ, y) =
∫ τ

−∞

1
2

(
a′(x+(s, y))− γ′(s)

γ(s)

)(
αn−1(s, y−(s, x+(s, y)))− βn−1(s, y)

)
ds.

We can show easily by induction

|αn(τ, y)|+ |βn(τ, y)| ≤ C1(|A−0 |0 + |B−
0 |0)(C2δ)n(1 + |y|)−σ,

for n = 0, 1, . . . . U(τ, x) = α(τ, y−(τ, x)) and V (τ, x) = β(τ, y+(τ, x)) solves
(4.16)–(4.18). Thus we have proved Proposition 4.1. ¤

The solution (U, V ) of (4.16)–(4.18) depends on γ ∈ Xσ,δ,M . So we denote it
by (Uγ , Vγ).

Proposition 4.2. Let σ = min{σ0, σ1} > 1 and γ1, γ2 be in Xσ,δ,M . As-
sume that (A−0 , B−

0 ) satisfies (4.12). Then there is δ0 > 0 such that if δ0 ≥ δ > 0,
(Uγ1 , Vγ1) and (Uγ2 , Vγ2) satisfy

∥∥∂i
x(Uγ1(τ, ·)− Uγ2(τ, ·))

∥∥ +
∥∥∂i

x(Vγ1(τ, ·)− Vγ2(τ, ·))
∥∥

≤ C(|A−0 |1 + |B−
0 |1)|γ1 − γ2|X , i = 0, 1. (4.26)

Proof. Put

α(τ, y) = (Uγ1 − Uγ2)(τ, x−(τ, y)), β(τ, x) = (Vγ1 − Vγ2)(τ, x+(τ, y)).

Then (α, β) satisfies

α(τ, y) =
∫ τ

−∞
(Fγ1 − Fγ2)(s, x−(s, y))ds,

β(τ, y) =
∫ τ

−∞
(Gγ1 −Gγ2)(s, x+(s, y))ds,

(4.27)

where

Fγ(τ, x) =
1
2

(
a′(x) +

γ′(τ)
γ(τ)

)
(Uγ − Vγ)(τ, x) +

γ′(τ)
2γ(τ)

(A− −B−)(τ, x) (4.28)
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and

Gγ(τ, x) =
1
2

(
a′(x)− γ′(τ)

γ(τ)

)
(Uγ − Vγ)(τ, x)− γ′(τ)

2γ(τ)
(A− −B−)(τ, x). (4.29)

Hence we see

(Fγ1 − Fγ2)(s, x−(s, y))

=
1
2

(
γ′1(s)
γ1(s)

− γ′2(s)
γ2(s)

)
(Uγ1 − Vγ1 −W )(s, x−(s, y))

+
1
2

(
a′(x−(s, y)) +

γ′2(s)
γ2(s)

)
(Uγ1 − Uγ2 − Vγ1 + Vγ2)(s, x−(s, y))

and

(Gγ1 −Gγ2)(s, x+(s, y))

=
1
2

(
− γ′1(s)

γ1(s)
+

γ′2(s)
γ2(s)

)
(Uγ1 − Vγ1 −W )(s, x+(s, y))

+
1
2

(
a′(x+(s, y))− γ′2(s)

γ2(s)

)
(Uγ1 − Uγ2 − Vγ1 + Vγ2)(s, x+(s, y)).

Define

ei = sup
s≤0,y∈R1

(1 + |y|)σ
(|∂i

xα(s, y)|+ |∂i
xβ(s, y)|), i = 0, 1.

Noting that (Vγ1 − Vγ2)(s, x−(s, y)) = β(s, y+(s, x−(s, y))) and (Uγ1 −
Uγ2)(s, x+(s, y)) = α(s, y−(s, x+(s, y))) and taking account of Lemma 4.1, Propo-
sition 4.1 and (4.19), we get from (4.27)

∣∣∂i
yα(τ, y)

∣∣ ≤
∫ τ

−∞

{
(1 + |x−(s, y)|)−σ0 + (1 + |s|)−σ

}

× (
(1 + |y+(s, x−(s, y))|)−σ + (1 + |y|)−σ

)
ds

× (
δei + (|A−0 |0 + |B−

0 |0)|γ1 − γ2|X
)

≤ C
{
δei + (|A−0 |i + |B−

0 |i)|γ1 − γ2|X
}
(1 + |y|)−σ

and analogously
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∣∣∂i
yβ(τ, y)

∣∣ ≤ C
{
δei + (|A−0 |1 + |B−

0 |1)|γ1 − γ2|X
}
(1 + |y|)−σ

which imply that ei ≤ C|γ1 − γ2|X if δ is sufficiently small, that is, we get
|∂i

yα(τ, y)| + |∂i
yβ(τ, y)| ≤ C(|A−0 |1 + |B−

0 |1)|γ1 − γ2|X(1 + |y|)−σ, i = 0, 1 which
yields (4.26). ¤

We continue to prove Theorem 4.1. For γ ∈ Xσ,δ,M we define

Φ(γ)(τ)2 = 1 +
ε

4γ(τ)2
‖Uγ(τ)− Vγ(τ) + W (τ)‖2,

where (Uγ , Vγ) denotes the solution of (4.16)–(4.18) and W (τ, x) = (A− −
B−)(τ, x). We shall prove that Φ(γ) is in Xσ,δ,M by the similar way as that
of the proof of Theorem 2.1. It is trivial that 1 ≤ Φ(γ)(τ)2 ≤ 1 + C(M)ε ≤ M2,
if ε is small, because Uγ , Vγ , and W are bounded in L2(R1) from Proposition 4.1.
Next we shall prove that |Φ(γ)′(τ)| ≤ δ(1 + |τ |)−σ. Differentiating Φ2(γ)(τ) with
respect to τ

2Φ(γ)(τ)Φ(γ)′(τ) =
−εγ′(τ)
2γ(τ)3

‖Uγ(τ)− Vγ(τ) + W (τ)‖2

+
ε

2γ(τ)2
<(

(Uγ(τ)− Vγ(τ) + W (τ))τ , Uγ(τ)− Vγ(τ) + W (τ)
)
.

It follows from (4.16), (4.17)

<(
(Uγ(τ)− Vγ(τ) + W (τ))τ , Uγ(τ)− Vγ(τ) + W (τ)

)

= <(
a(x)(Uγ + Vγ)x(τ) + W (τ)τ + Fγ −Gγ , Uγ(τ)− Vγ(τ) + W (τ)

)

=
1
2
{<(a′(x)Uγ(τ), Uγ(τ))−<(a′(x)Vγ(τ), Vγ(τ))

}

−<(a(x)Uγx(τ), Vγ(τ)) + <(a(x)Vγx(τ), Uγ(τ))

+ <(
W (τ)τ + Fγ −Gγ , Uγ(τ)− Vγ(τ) + W (τ)

)

where Fγ , Gγ is given by (4.28), (4.29). Using Proposition 4.1 and 4.2 we can
estimate from (1.4)

|Fγ(τ, x)|+ |Gγ(τ, x)|
≤ C

{
(1 + |x|)−σ + (1 + |τ |)−σ

}{
(1 + |y−(τ, x)|)−σ + (1 + |y+(τ, x)|)−σ

}
.
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Therefore we can show |Φ(γ)′(τ)| ≤ δ(1 + |τ |)−σ analogously to (3.4), if we take
ε > 0 small. Moreover we can show similarly to (4.3)–(4.5) by use of Proposition
4.1 and Proposition 4.2,

|Φ(γ1)− Φ(γ2)|X ≤ Cε|γ1 − γ2|X (4.30)

for any γ1, γ2 ∈ Xσ,δ,M , which implies that Φ is a contraction mapping in Xσ,δ,M ,
if ε is small. Denote by γ(τ) ∈ Xσ,δ,M the fixed point Φ and by (Uγ , Vγ)(τ, x) the
solution of (4.16)–(4.18).

Define T (τ) =
∫ τ

0
γ(s)−1ds and denote by S(t) the inverse function of t =

T (τ). Put c(t) = γ(S(t)). Then we get the relation S(t) =
∫ t

0
c(s)ds. Moreover

A(τ, x) = Uγ + A−(τ, x) and B(τ, x) = Vγ(τ, x) + B−(τ, x) solve (4.7) and (4.9).
Therefore A1(t, x) = A(S(t), x), B1(t, x) = B(S(t), x) solves (4.4) and (4.9) implies

∥∥A1(t)−A−1 (c−1
∞ S(t))

∥∥ +
∥∥B1(t)−B−

1 (c−1
∞ S(t))

∥∥ = O(|t|−σ+1) → 0, t → −∞.
(4.31)

We define

u(t, x) =
∫ t

−∞

A1(s, x) + B1(s, x)
2

ds, t ≤ 0 (4.32)

which solves (1.1) for t ≤ 0 and satisfies (4.2) and (4.3) for t ≤ 0 from (4.9) and
(4.11) respectively. Moreover we can extend u(t, x) to t > 0 by use of Theorem
1.1 as a solution of (1.1) for t ≥ 0, because (u(0, x), ut(0, x)) satisfies the decay
condition (1.5) from Lemma 4.1 and Proposition 4.1.

Next we shall prove that there is (f+, g+) ∈ C2(R1)×C1(R1), that is, u+(t, x)
a solution of (4.1) and (4.2). Let A1 = ut+acux, B1 = ut−acux, A+

1 = u+
t +ac∞u+

x

and B+
1 = u+

t − ac∞u+
x as above and also define A(τ, x) = A1(T (τ), x), B(τ, x) =

B1(T (τ), x), A+(τ, x) = A+
1 (c−1

∞ τ, x), B+(τ, x) = B+
1 (c−1

∞ τ, x), U = A+ − A, and
V = B+ −B. Then (U, V ) satisfies like (4.16) and (4.17)

Uτ − a(x)Ux =
1
2

(
a′(x) +

γ′(τ)
γ(τ)

)
(U − V )− γ′(τ)

γ(τ)
W, τ ≥ 0, x ∈ R1, (4.33)

Vτ + a(x)Vx =
1
2

(
a′(x)− γ′(τ)

γ(τ)

)
(U − V ) +

γ′(τ)
γ(τ)

W, τ ≥ 0, x ∈ R1, (4.34)

where W = A−B. Moreover (4.2) is equivalent to

‖U(τ)‖+ ‖V (τ)‖ ≤ c(1 + |τ |)−σ+1 → 0, τ →∞. (4.35)
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Set U(τ, x) = α(τ, y−(τ, x)) and V (τ, x+(τ, y)) = β(τ, y+(τ, x)), where (α, β) sat-
isfies the following integral equation

α(τ, y) = −
∫ ∞

τ

{
1
2

(
a′(x−(s, y)) +

γ′(s)
γ(s)

)(
α(s, y)− β(s, y+(s, x−(s, y)))

)

+
γ′(s)
2γ(s)

W (s, x−(s, y))
}

ds, (4.36)

β(τ, y) = −
∫ ∞

τ

{
1
2

(
a′(x+(s, y))− γ′(s)

γ(s)

)(
α(s, y−(s, x+(s, y)))− β(s, y)

)

− γ′(s)
2γ(s)

W (s, x+(s, y))
}

ds. (4.37)

Since W = A − B satisfies the estimate (4.25) from (4.22), we can find similarly
to the argument in proof of Proposition 4.1 (α, β) satisfying (4.36) and (4.37) and
consequently we get (U, V ) the solution of (4.33)–(4.34) satisfying (4.35). Then

u+(t, x) = −
∫ ∞

t

A+
1 (s, x) + B+

1 (s, x)
2

ds

solves (4.1) and moreover we can prove similarly that u and u+ satisfy (4.2) and
(4.3) for t ≥ 0. Thus we finished the proof of Theorem 4.1.

5. Wave operators among linear perturbed equations and free
equations.

In this section we shall prove the existence of wave operators among the
following linear equation

wtt − c2
∞(a(x)2wx)x = 0, t, x ∈ R1, (5.1)

and the free equation (1.8). Let u−0 (t, x) a solution of (1.8) with − and as-
sume (f−0 , g−0 ) satisfies (1.5). Then we shall show that there are w(t, x) ∈
C2(R2) ∩ C0((−∞,∞);L2(R1)) a solution of (5.1) and u+

0 (t, x) ∈ C2(R2) ∩
C0([0,∞);L2(R1)) satisfying (1.8) such that

∥∥wt(t)− u±0t(t)
∥∥ +

∥∥wx(t)− u±0x(t)
∥∥ = O(|t|−σ+1), ±t →∞. (5.2)

Let A− = wt + c∞a(x)wx, B− = wt − c∞a(x)wx be a solution of the following
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equations

A−t − c∞a(x)A−x =
1
2
a′(x)(A− −B−),

B−
t + c∞a(x)B−

x =
1
2
a′(x)(A− −B−)

(5.3)

for t ≤ 0 and A−0 (t, x) = u−0t + c∞a∞u−0x and B−
0 (t, x) = u−0t − c∞a∞u−0x which

satisfy the following equations,

A−0t − a∞c∞A−0x = 0, A−0 (0, x) =
(
g−0 + a∞c∞f−

′
0

)
(x),

B−
0t + a∞c∞B−

0x = 0, B−
0 (0, x) =

(
g−0 − a∞c∞f−

′
0

)
(x).

Put U = A− −A−0 , V = B− −B−
0 . Then (5.2) is equivalent to

‖U(t)‖+ ‖V (t)‖ = O(|t|−σ+1), t → −∞, (5.4)

and (U, V ) solves

Ut − a(x)c∞Ux =
1
2
a′(x)c∞(U − V + A−0 −B−

0 ) + c∞(a(x)− a∞)A−0x,

τ ≤ 0, x ∈ R1, (5.5)

Vt + a(x)c∞Vx =
1
2
a′(x)c∞(U − V + A−0 −B−

0 ) + c∞(a(x)− a∞)B−
0x,

τ ≤ 0, x ∈ R1. (5.6)

Put α(t, y) = U(t, x−,∞(t, y)) and β(t, y) = V (t, x+,∞(t, y)), where x±,∞ is a
solution of dx

dt = ±c∞a(x), x(0) = y. (5.4)–(5.6) yields

α(t, y) =
∫ t

−∞

{
1
2
a′(x−,∞(s, y))c∞

(
α(s, y)− β(s, y+(s, x−,∞(s, y)))

+ A−0 (s, x−,∞(s, y))−B−
0 (s, x−,∞(s, y))

)

+ c∞(a(x−,∞(s, y))− a∞)A−0 (s, x−,∞(s, y))
}

ds,
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β(t, y) =
∫ t

−∞

{
1
2
a′(x+,∞(s, y))c∞

(
α(s, y−(s, x+,∞(s, y)))− β(s, y)

+ A−0 (s, x+,∞(s, y))−B−
0 (s, x+,∞(s, y))

)

+ c∞(a(x+,∞(s, y))− a∞)B−
0 (s, x+,∞(s, y))

}
ds.

Denote e0 = sups≤0,y∈R1(1 + |y|)σ(|α(s, y)| + |β(s, y)|). Taking account that it
follows from the assumptions (1.4) and limx→±∞ a(x) = a∞ that we have |a(x)−
a∞| ≤ C(1 + |x|)−σ0+1 for x ∈ R1, we see

|α(t, y)| ≤

C

∫ t

−∞

[
δ(1 + |x−,∞(s, y)|)−σ0

{
e0(1 + |y+(s, x−,∞(s, y))|)−σ + (1 + |y|)−σ

+ C0(1 + |x−,∞(s, y)− a∞s|)−σ + (1 + |x−,∞(s, y) + a∞s|)−σ
}

+ C0(1 + |x−,∞(s, y)|)−σ0+1(1 + |x−,∞(s, y)− a∞s|)−σ
]
ds, (5.7)

where C0 = C(|A−0 |0 + |B−
0 |0). Put

ϕ̃−(t, y) =
∫ t

−∞

{
(1 + |x−,∞(s, y)|)−σ0+1 + (1 + |x−,∞(s, y)− a∞s|)−σ

+ (1 + |y+(s, x−,∞(s, y))|)−σ
}
ds + (1 + |t|)−σ+1.

Noting that it holds analogously to Lemma 4.2

∫ t

−∞

[
(1 + |x−,∞(s, y)|)−σ0

{
(1 + |y+(s, x−,∞(s, y))|)−σ + (1 + |y|)−σ

+ (1 + |x−,∞(s, y)− a∞s|)−σ + (1 + |x−,∞(s, y) + a∞s|)−σ
}

+ (1 + |x−,∞(s, y)|)−σ0+1(1 + |x−,∞(s, y)− a∞s|)−σ
]
ds

≤ Cϕ̃−(t, y)(1 + |y|)−σ ≤ C(1 + |y|)−σ, (5.8)

because of σ0 − 1 ≥ σ > 1 and |x−,∞(s, y) + a∞s| ≥ c0|y| − c1 for s ≤ 0, we get

|α(t, y)| ≤ C(δe0 + C0)(1 + |y|)−σ, t ≤ 0.
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Similarly we have

|β(t, y)| ≤ C(δe0 + C0)(1 + |y|)−σ, t ≤ 0.

Therefore we obtain e0 ≤ C for t ≤ 0, if δ > 0 is small. Moreover using again (5.7)
and (5.8) we can show

∫ ∞

−∞
|α(t, y)|2dy ≤ C

∫ ∞

−∞
ϕ̃−(t, y)2(1 + |y|)−2σdy ≤ c(1 + |t|)−2(σ−1),

t → −∞

and β has also the same property as α. Thus we showed (5.4) and there-
fore we obtain w(t, x) =

∫ t

−∞
1
2 (A− + B−)(s, x)ds ∈ C2((−∞, 0] × R1) ∩

C0((−∞, 0];L2(R1)) satisfying (5.1) for t ≤ 0. Now we can define the wave
operator W−(f−, g−) = (w(0), wt(0)). We can define W+ analogously. More-
over it follows from Theorem 1.1 that we can extend w to [0,∞) as a solution of
(5.2), because (w(0), wt(0)) satisfies the decay condition (1.5). Thus we obtain
w ∈ C2(R2) ∩ C0((−∞,∞);L2(R1)) satisfying (5.1).

Next conversely we shall prove the existence of the inverse of the wave operator
W+. Let w(t, x) ∈ C2(R2) ∩ C0((−∞,∞);L2(R1)) a solution of (5.1) such that
(w(0, x), wt(0, x)) satisfies the decay condition (1.5). Then we shall show that
there is u+

0 (t, x) a solution of (1.8) satisfying (5.2) instead of initial data. Let
A+

0 = u+
0t + c∞a∞u+

0x, B+ = u+
0t − c∞a∞u+

0x which satisfies

A+
0t − a∞c∞A+

0x = 0, B+
0t + a∞c∞B+

0x = 0 (5.9)

and denote by (A+(t, x), B+(t, x)) a solution of the following equation,

A+
t − a(x)c∞A+

x =
1
2
c∞a′(x)(A+ −B+), A+(0, x) = (g+ + a∞c∞f+′)(x),

B+
t + a(x)c∞B+

x =
1
2
c∞a′(x)(A+ −B+), B+(0, x) = (g+ − a∞c∞f+′)(x).

Put U = A+
0 −A+, V = B+

0 −B−. We can show the existence of (A+
0 (t, x), B+

0 (t, x))
satisfying

∥∥A+ −A+
0

∥∥ +
∥∥B+ −B+

0

∥∥ = ‖U(t)‖+ ‖V (t)‖ = O(|t|−σ+1), t →∞, (5.10)

if (f+, g+) satisfies (1.5). In fact, (U, V ) solves
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Ut − a∞c∞Ux = −1
2
a′(x)c∞(U − V + A+ −B+) + c∞(a(x)− a∞)A+

x ,

t ≥ 0, x ∈ R1, (5.11)

Vt + a∞c∞Vx = −1
2
a′(x)c∞(U − V + A+ −B+) + c∞(a(x)− a∞)B+

x ,

t ≥ 0, x ∈ R1. (5.12)

Taking account that |a(x) − a∞| ≤ C(1 + |x|)−σ0+1, |∂i
xA+(t, x)| ≤ C(1 +

|y−(t, x)|)−σ and |∂i
xB+(t, x)| ≤ C(1 + |y+(t, x)|)−σ hold for i = 0, 1, we can show

the existence of (U, V ) satisfying (5.10), (5.11) and (5.12) analogously to the above
argument and consequently we have A+

0 = U + A+, B+
0 = V + B+

0 the solution
of (5.9)–(5.10). We define u+

0 (t, x) = − ∫∞
t

1/2(A+
0 + B+

0 )(s, x)ds which is in
C2([0,∞)× R1) ∩ C0([0,∞];L2(R1)) satisfying (1.8)–(5.2) with +. Therefore we
can define the inverse W−1

+ (f+, g+) = (u+
0 (0), u+

0t(0)). Thus we have proved the
following theorem.

Theorem 5.1. Assume that a satisfies (1.3), (1.4) and limx→±∞ a(x) = a∞.
Moreover suppose that (f−0 , g−0 ) satisfies (1.5) and σ = min{σ0 − 1, σ1} > 1 is
valid. Let u−0 ∈ C2((−∞, 0]×R1)∩C0((−∞, 0];L2(R1)) the solution of (1.8) with
−. Then there are w ∈ C2(R2) ∩ C0((−∞,∞);L2(R1)) a solution of (5.1) and
u+

0 ∈ C2([0,∞) × R1) ∩ C0([0,∞);L2(R1)) a solution of (1.8) with + satisfying
(5.2).

Proof of Theorem 1.2. Theorem 4.1 and Theorem 5.1 imply Theorem
1.2 directly.
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