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Abstract. A word generated by coding of irrational rotation with respect to a
general decomposition of the unit interval is shown to have an inverse limit structure
directed by substitutions. We also characterize primitive substitutive rotation words, as
those having quadratic parameters.

1. Definitions and the results.

Let o7 ={0,1,...,m — 1} be a finite set of letters and &/* be the monoid over &/
generated by concatenation, having the identity element A, the empty word. The set of
right infinite words over & is denoted by &.

A sturmian word z is an element of /" characterized by the property that
p.(n) =n+ 1, where p.(n) is the number of factors (i.e. subwords) of length n appears in
z. The function p.(n) is called the complexity of z. Since p,(1) = 2, we have & = {0, 1}.
The sturmian word is known to have the lowest complexity among aperiodic words. The
aperiodicity implies that exactly one of {00,11} appears in z. Let us assume that 11 is
forbidden in z. Then the sturmian word z = zpz --- € {0,1} with 2, =0 allows a
decomposition into a word over # = {0,01}. An important fact is that this new word
over A is again a sturmian word. This property is effectively used to recode sturmian
words by the continued fraction algorithm (see Chapter 6 in [18]). We wish to generalize
this combinatorial property.

Let us come back to a general &7 = {0,1,...,m — 1}. An element z = zz, - - - € &~
is k-renewable if there is a finite set B C &/* with ¥ < k and @ ¢ o/ such that z is
decomposed into an infinite word over 4. For a given k, if the element z € & allows
infinitely many times this decomposition into k-blocks, then z is called recursively k-
renewable. To be more precise, z = zy2; ... is recursively k-renewable when there is a
sequence of finite sets %; (i =0,1,...) with #%, <k, %;., C B, Bis1 ¢ Bi, Bo= A

and z(_i) = zg>z<1i) e BN is k-renewable by %;;1 and decomposed into ) =
z((;“H)z(fH) - € %’ﬁl and the length of each z;ZH) as a word in /" diverges' as i — oo.
Here we put 2, = z; fori =0,1,.... We also say that z € N is recursively renewable if

it is recursively k-renewable with some k.
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!'We must assume this divergence to remove trivial cases (a remark due to J. Cassaigne).
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EXAMPLE 1. A purely periodic word vvv. .. with v € &* is recursively 1-renew-
able by taking %; = {v*}. An eventually periodic word wvvv... with u,v € &* is
recursively 2-renewable by %; = {uvTl 0P}

EXAMPLE 2. The sturmian word is recursively 2-renewable.

Let % be a non empty finite set. A morphism o is a monoid homomorphism from .
to €* that o(a) # X for each a € 7. Then o naturally extends to a map from &~ to €.
A morphism o is called letter to letter, if o(a) € € for each a € &7. A substitution is a
morphism from &/* to itself.

EXAMPLE 3. Let o be a morphism from & to €*. The image by o of a recursively
k-renewable word in &% is recursively k-renewable in €.

EXAMPLE 4. Let o be a substitution on &*. If ¢(0) = Ow with w # X, then there is
a unique fix point z of o in @™ which begins with the letter 0. The word z is successively
approximated by ¢"(0) (n=1,2,...) and we write z = lim, 0"(0). The fix point z is
recursively m-renewable by %; = {¢'(0),...,0'(m — 1)}

In other words, z is recursively k-renewable if there is a sequence {¢;},_;, = of
substitutions on {0,1,...,k— 1} that

[ 2 ®3 o

Z— 29— 23— Zy — ...

with z; € {0,1,...,k— 1}N and the length of ¢1¢s ... ¢;(a) diverges for each letter a as
i — 00, i.e., z lies in (li_m@i{O, 1,...,k— 1}N7 the inverse limit directed by {¢;}.

We recall the definition of general rotation words. Take £ € [0,1) \ Q and p € [0,1).
Start with a decomposition of the unit interval

k—1

1=100,1) = [Jlwi,wis1) (1)

=0

with 0 =wp < w) < -+ <wp1 <wp =1 and put I; = [w;,w;11). We identify [0,1) with
the torus T'= R/Z and define J : T — {0,1,...,k— 1} by = € I, for z € T. Then the
general rotation word of an angle £ and an initial value p with respect to k-block
decomposition (1) is defined by

T I (n+&)J(u+28) - €4{0,1,... . k—1}".

The classical rotation word comes from the decomposition [0,1) =[0,1 — &) U[1 =&, 1).
It is well known (cf. [30], [10], [28], [18]) that the set of all classical rotation word
coincides with that of all sturmian words.? For classification of words of complexity 2n,
Rote [33] used the generalized rotation word with respect to 2-blocks and also gave

2Precisely, we need to consider another decomposition (0,1] = (0,1 — ¢ U (1 — &,1] in order to show the
equivalence to sturmian words.
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a combinatorial characterization of the words with respect to [0,1/2) U [1/2,1). Further
connection between general rotation words and sturmian words had been studied.
Didier [12] characterized the general rotation words in terms of sturmian words and
cellular automata. Berstel and Vuillon [3] showed a way to recode generalized rotation
words with respect to k-blocks into k-tuples of sturmian words.

In this paper, we first prove the following theorem.

THEOREM 1. A general rotation word of an angle & and an initial value p with
respect to k-block decomposition (1) is recursively (k+ 1)-renewable.

There are recursively renewable words which can not be a general rotation word.
For examples, take a fix point z of the substitution

7(0) = 001, 7(1) = 111

introduced by Rote [33] as a concrete word with p,(n) = 2n. Example 4 says that z is
recursively 2-renewable but z contains factors 1" for all n > 1, which is impossible for a
general rotation word. Another example is the fix point g of the Rauzy substitution:

o(0) =01, o(1)=02, o(2)=0,

having its complexity py(n) =2n+1. Then g is recursively 3-renewable but not a
general rotation word. Indeed, g has arbitrary large special factors w that w0, wl, w2 are
also the factors of g, but general rotation words can not have this property. The
maximal pattern complexity also tells apart that g can not be a general rotation word
(cf. [28]). It is known that g is a coding of 6-interval exchange of T and moreover a
natural coding of a rotation on T? (cf. [2], [32]). It remains a problem to characterize
generalized rotation words among recursively renewable words. In addition, authors got
to know a relevant result [29] with Theorem 1 after submission of this paper.

An element z € @V is primitive substitutive if it is an image of a morphism of a
fixed point of a primitive substitution.> Among recursively renewable words viewed as
elements of the inverse limit, primitive substitutive words correspond to eventually
periodic sequences {¢;},_,, of substitutions. Durand [14] and Holton-Zamboni [19]
independently® gave a combinatorial characterization of primitive substitutive words
using return words. With the help of their result and the idea of the proof of Theorem 1,
we can characterize primitive substitutive rotation words;

THEOREM 2. A general rotation word of an angle £ and an initial value p with
respect to the decomposition (1) is primitive substitutive if and only if £ is quadratic
irrational, p € Q(§) and w; € Q(&) for all i.

Note that the last condition ‘u € Q(&) and w; € Q(&) for all i’ is equivalent to
‘wi — € Q&) for all 7.

31t is equivalent to being an image of a letter to letter morphism of a fixed point of a primitive substitution.
See Proposition 3.1 in [14].
4From p.13 and p.34 of [13].
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Theorem 2 generalizes Theorem 7.8 of [1], the same result for [0, w;) U [wy, 1) under
a condition wy ¢ Z + £Z, and Proposition 2.11 of [7] which treated all sturmian case,
ie, [0,1 =& Ul =& 1). Theorem 2 may also be expected from number of quadratic
type results on characterization of sturmian words fixed by substitutions (cf. [11], [26],
[22], [37] and [31]). The proof of Theorem 2 seems more number theoretical than those
in [1] and [7], and Section 6-Section 10 are devoted to it. A basic idea is to show directly
that return words with respect to a long prefix give a coding of a certain three interval
exchange. Ostrowski’s numeration system in Section 9 is unconventionally used to
control induced discontinuities and to deduce unique ergodicity of three interval
exchanges in Section 10.

The authors wish to thank P. Arnoux, V. Berthé, J. Cassaigne, S. Ferenczi, T.
Komatsu, T. Kamae, H. Rao, M. Yoshida and L. Q. Zamboni for helpful discussion and
supplying relevant references.

2. Negative continued fraction and induced rotations.

Let || be the maximum integer not greater than z, and [z]| = —|—x], i.e., the
minimum integer not less than x. Define a map S : (0,1) — (0,1) by S(z) = [1/2] — 1/«
and set a, = [1/5"!(x)] and z,, = S"(x) for z € (0,1) \ Q. Then we have

x = (2)
ay —

a9 —
as— 1

Both of them are called the negative continued fraction of x. There are infinitely many
n’s such that a, > 2 in the infinite continued fraction. Let {§; = 1 and & = £. We define
&nt1 € 10,€,) inductively by:

§n+1 = an€77, - gnfl

with a positive integer a,. The choice of a, is unique since &,.1 € [0,&,) and £¢ Q
implies &, # 0. We can easily show
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and a, > 2. The expansion (2) of ¢ clearly coincides with this expansion with
xp = S8"(€) = &u11/&,- Define integer sequences by

Pn+1 = anPn - Pnfl
Qn+1 = anQn - anl (5)

for n > 1 with initial values (Py, P1,Qo, Q1) = (—1,0,0,1). A useful matrix representa-

tion:
_Pn Pn+1 0 ]. 0 1 0 ].
—Qn  Qny1 -1 a -1 a -1 a,

allows us to show

Tz = P71,+1 - Pnzn,
Qni1 — Qnrn

with P, 1Q, — Qui1 P, = 1. It is easily shown by induction that
Qn 2 Rm Qn_anl 2 Pn_Pnfl (7)

for n > 1 and &, = @Q,¢ (mod Z). @, is uniquely determined by this congruence. By
using (6) and (7), we have

Pn gn/gnfl 1
0 _— =
= 5 Qn Qn(Qn - (fn/é-nfl)anl) < Qn(Qn - anl)

(®)

which gives an equality &, = @, — P, and also guarantees the convergence of (3).
An interval exchange transform

{$D—>SC+€ if z €[0,1-¢) -

z—z+€—1 ifze[l-¢1)

gives the rotation x — z + £ on the torus. The induced dynamics on [0,&) ~ R/& Z is
given by the first return map
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x4+ & if z€[0,6 —&)
z—c+& -6 frell—&6,6)

In the similar manner, we have successive induced systems acting on [0,&,):

o Ry S if z €0,& — &ns1)
ntl - 1
t z—x+&1—& 1f$€[€n_§n+17€n)

with n = 0,1, ... which give rotations of the smaller tori [0,&,) ~ R/, Z of an angle &,
with an initial value 0. The first return is described as:

d (.’1?) _ (b[rlzn(x) ifze [07 gn - £n+1)
" - @anl(x) ifze [Eﬂ - €7H-17 fn)

which gives a dynamical interpretation of the negative continued fraction. One may
confirm the orbit of 0 by:

q)n—kl(o) = (p71,((1);1;'71(0)) = (Dn((a'n - l)gn) = (an - 1)571 +& — én—l = §n+1

and the structure of successive induced systems reveals a dynamical meaning of
the number @, 41, that is, the smallest positive integer M such that M¢ (mod Z) falls
into [0,&,).

There is a simple way to convert the regular continued fraction

r=>b +
by +

bs+.

into (3) and vice versa (c.f. Proposition 1 in [27]). This is given by a rewriting rule of
infinite words which transforms b1by ... into ajas ... from left to right:

by — b +1

by 2

bajr1 — baji1 +2
K

—~N =
where j > 1, 2 =2...2 and 2" indicates the empty word \. The converse rule is clearly:

ai —>a1—1
ok —k+1

a, >3 —a,—2
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for n > 2. Especially, in view of the Lagrange theorem on regular continued fractions,
the negative continued fraction expansion of z is eventually periodic if and only if x
is real quadratic irrational.

The transformation S has an infinite invariant measure dz/(1 —z) on [0, 1] and
consequently Diophantine approximation by negative continued fraction is slow, which
is also apparent from (8). However it matches better the induced system and the first
return map than the regular continued fraction algorithm.

3. The case p = 0.

We first prove Theorem 1 for g = 0. In this case the proof follows naturally by
successive recoding the orbit m{ € T (m =0,1,...) into the induced rotation z
x 4 &,41 acting on [0,&,). The clue of the proof is the fact that the number of necessary
decomposition of intervals [0,&,) does not increase for n > 1.

Set By = o/, Jy = J and we recall that the rotation @5 : x +— x + & on [0,&) is an
induced system of the rotation ®; : x — x + & on [0,1) by:

@@%_QH@ if z €0, — &)
2 U Nz) fxele —&, &)

Therefore we define the recoding map J; : [0,&) — & by

J (x) JQ(I)J()(.I =+ 61) - Jo(I + (a1 — 1)51) if x € [0751 — 62)
1(x) = .

Jo(x)Jg(x + 51) - Jo(a': + (a1 — 2)§1> if x € [51 — 52751)
and put % = J1([0,&)). We have % ¢ Ay, since J1(0) is of length a; > 1 as a word
over %,. The function J; naturally extends to J; : R/ Z — 98, by periodicity. As the
map Jp is discontinuous® at the set {w; | i = 1,...,k}, the set of discontinuity of .J; is
given as a set {wg-1> |i=0,1,...,k + 1} with

(1) (1)

0= wll < ol < V) 0 <o < o)

<wy < o <wply <wp <wply =&

and each w§-1> (i=1,...,k) has a form w, — N,& (u=1,2,...,k) where N, is the
non negative integer that w, — N,& € [0,&). From the definition of the first return map,
this NV, is a unique non negative integer less than a; that w — N,& (mod 1) falls into
[0,&), that is, N, = |w,/& ] < a;. Note that there exists j such that w;-n =& —&.
Indeed wi — (a1 — 1)& =& — (a1& — 1) = & — &. Thus we have k; < k and the map J;
has at most k; + 1 images, i.e., "% < k; + 1.

According to the usual convention, interval [wy),w;l)) is called I, for ye
[wg.l), wﬁ_)l) since the name J;(y) does not depend on the choice of y. Then recalling that
Dy :x— 2+ & on [0,&) is an induced system of the rotation ®; : x — 2+ & on [0, 1).
The original rotation word

5This just means that its output word changes.
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Jo(0)Jo(&1)Jo(261) - ..

is decomposed into

Jo(0)Jo(&1) - .. Jo((ar — 1)&1)Jo(&) Jo(&2 + &) -+ = J1(0)J1(&) J1(26) - - € A7

We proceed in the similar manner. Assume n > 2 and we already defined J,,_1, %, 1 and
the decomposition of [0,&,_1) into

(n—1)

0= ol <Y <l

<uf (1) D

<-<up <ot <o) =6
with k,—1 < k,—2. Further we may assume that there is a j such that w; (n=1) =&-1— &
Since the rotation x +— z+&,11 on [0,§,) is the induced system of the rotation z —

x4+ &, on [0,&,-1) through:

N ( ) B (I)Z”(Z‘) ifze [0,§n - £7z+1)
e N @Z"_l(ac) if x € [671 - £n+1u 571)7

we define the recoding map J, : [0,§,) — £,_, by

Jo(x) =

{ Jnfl(x)‘]nfl(x + En) e Jn,1($ + (an - 1)€n) if z € [0’ gn - €n+l) (10)

Jnfl(l')Jnfl(:lj + fn) L] Jnfl(x + (an - 2)671) lf HAS [gn - §n+17 fn)

and put B, = J,([0,&,)). It follows %, ¢ B,_1 from a, > 2. Extend J, to a function
from R/{,Z to 9B, by periodicity. Now J,—; has k,—1 +1 points of discontinuity
{wj(-"_l) |i=1,...,k,—1 + 1}. The discontinuity of J, arises from these k,_1 + 1 points
together with &, — &,+1 and the end point &,,. The number of point of discontinuity of J,,
might increase to k,_1 + 3 but it turns out that one can save 2 points. In fact such
points are written down in a way:

(n) (n) (n) (n) (n)

0=uwy’ <w” <wy <~~-<w,C 1<cu,C <w,€Jrl én
where each w;") (i=1,...,k,) has a form wq(,n V_ N f,L (u =1,2,... k;,L 1+ 1)and N, is
the non negative integer that win — N&, €10,8,), e, N, = qu(, /fnj < ay. Firstly

there is an index s such that ws" = ¢, — &,41 since fn i1 =61 — (an —1)&, =

w}"il) — (an — 2)&,. Secondly w{&nil) =&, —¢&, and wk.T:llJrl =¢&,_1 gives the same

discontinuous point W™ of J,. These two coincidences show that k, <k, ; and
#* B, <k, + 1.

Set I, = [w 5"), ]+1) for y € [w 5 )7w§+>1) since the name J,(y) does not depend on
the choice of Y. As @, 12— x+ &1 0n [0,§,) is an induced system of @, : z +— x + &,

on [0,&,-1). The word
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Jnfl(O)Jn71(£71)Jn71(2£n) e
is decomposed into

Jnfl(O)Jnfl(gn) - Jnfl((an — 1)§rz)Jn,1(£n+1)Jn71(§n+1 + gn) .
= Jn(O)Jn(£n+1)Jn(2§n+1) B S @ZL\T

The case p = 0 is completed. ]

For the later use, we study in detail the map J,, and the set %,,. Let us introduce an
order <o in & for two elements u = u; ...us and v = vy ...v. If vis a proper prefix u
then u <jex v. When v is not a proper prefix of u and w« is not a proper prefix of v, then
take the first ¢ such that u; # v; whenever u # v. In this case if u; < v; (resp. u; > v;),
then we say u <jex v (resp. v <jex u). The order < is just a lexicographical order for
words of the same length. The symbol |u| stands for the length of the word u and u <jex v
means u <jex v or 4 = v. Then we can show a

PROPOSITION 1.  The map J, : [0,&,) — B, preserves the order, i.e., J,(z) <ix
Jn(y) for 0 <z <y<¢E, and consequently J,L(wl(‘n)) <lex J,L(wgi) ). Especially %, =
kn 4+ 1. Ezactly two different lengths Q,11 and Qni1 — Q, appear in B, for n > 1 and

Qni1 = |Jn(0)| where Q,, is defined by (5).
Hereafter we classify words in %, into long words and short words by their lengths.

PROOF. By induction, we prove that |J,(x)| decreases only once at = &, — &,41.
This is obvious for n = 1. By the definition (10), |J,(x)| decreases when either z =
&n—&nporx+ 58, =61 — & forx €]0,€,) and j =0,...,a, — 1. One can confirm that
the later case happens only when j = a, — 2 and x = &, — &,1. In other words, it turns
out that discontinuities of |.J,,| and |J,—1| appear at the same point = &, — &,11. Thus,
only two different lengths appear in %,. By the construction of the induced rotation,
|J,(0)|-times iteration of ®; gives the first return map @, :[0,§,) — [0,&,) through
x+— 2+ &41. This implies |J,(0)| = Q1. In (10) for z €[0,&, — &nv1), =+ Jén €
[0,&,-1 — &) happens only when j = a, — 1. Thus the length of the short word of %,,_; is
Qui1— (an —1)Qn =Q, — Q,1.° Now it is easy to show by induction that
Jn (@) Stex Jn(y) for 0 <z <y <&, U

Before closing this section, we mention two extremal cases. As a general rotation
word with an initial value 0 with respect to the k-block decomposition is recursively
(k + 1)-renewable, there seems no chance to get recursively 2-renewable aperiodic
words. However having a closer look to the proof, if we start with the decomposition:

[0,1)2[0,1—5)U[1—§,1)

then 1 =k—1=%k = ky = ... and successive decompositions are

60One can also show this by induction.
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[O,fn) = [ngn - €n+1) U [gn - fnJrlagn) n=12...

and it is recursively 2-renewable. This is nothing but the sturmian words.
Next we consider a general rotation word with an initial value 0 with respect to the
k-block decomposition (1) with an additional condition:

a}waj:Af‘FB(A,BGZ):>Z:],A:B:0

(This condition is fulfilled when w; € @.) In this case, two w""), wﬁ"il) (i # j) produce

different w{™ ’s. In other words, k, does not decrease each step and k=Fk; = ks = .. ..
In this case, we expect that the general rotation word is recursively (k + 1)-renewable
but not recursively k-renewable.

More detailed study on induced discontinuities is given in Section 9: with the help
of Ostrowski’s numeration system, we will be able to tell which discontinuities disappear

by coincidence.

4. The general case: p # 0.

If p = w; for some 4, the problem is transferred into a generalized rotation word of
an angle ¢ and an initial value 0 with respect to the decomposition

k-1
T = Jwi — pwiss — p). (11)

=0

Therefore the proof is exactly the same as that of the previous section.

For a general u, we first note that it is easy to show that the word is recursively
(k + 2)-renewable by the same technique. The problem is transferred into a generalized
rotation word of an angle £ and an initial value 0 but the decomposition (11) needs to be
subdivided at the origin and produces the decomposition of T into k+ 1 subintervals.
Two generated subdivided intervals at the origin correspond to a same letter. However,
assigning different two letters to these subdivided intervals, this general rotation word
with respect to the (k4 1)-block decomposition is recursively (k4 2)-renewable by
Theorem 1. Therefore the general rotation word is recursively (k + 2)-renewable, since it
is an image of the (k+ 2)-renewable word by a morphism which send the above two
letters into one and the others to themselves (see Example 3). To show (k+ 1)-
renewability, we should choose subintervals cleverly to have one less subdivisions.

Take a general rotation word z of an angle £ = & and an initial value p with respect
to (1). Reviewing the proof for p =0, if 4 € [0,&;) then the orbit u+i& (i =0,1,...) is
recoded by the function J; and the word z is (k+ 1)-renewable as a word over %;.
Joining the above cases p=w;, if p € Uf;ol [wi,w; + &) then z is (k+ 1)-renewable.
However the set Uf;ol [wi, w; + &1) may not exhaust T. We construct a covering of T by
such induced systems. It is sufficient to cover [w;,w;;1). Assume that w; 1 — w; > & since
otherwise we have nothing to do. Put ¢ = |(wi+1 — w;)/& . Then for intervals [w; + (j —
1)é&1,w; + &) for 5 =1,...,¢, the induced rotation is written as an interval exchange:
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r—z+& if z € [wi+(j—1)&,wi + j& — &)
r—a+& -6 if ve[w+ 56— &, wi + 56)

For simplicity, take ¢ = 0 and consider the interval [0,w;) with ¢ = |w;/£]. Then the
function J| is defined in the similar manner as Ji:

T (z) = { Jo(@) oz + &) ... Jolx+ (a1 —1)&) if ze[(f—1)&, 6 — &)
1 Jg(m)J0($+£1)JO(£C+(a1 —2)51) ifxe [Jél —527]'51)

The set of discontinuity of J; is just a shifted set of those of Ji:
(W G=D& Ju=1,....k +1}

and we have

j—1 j—-1
00...0J](z) = Ji(z — (j —1)&)00...0. (12)

This means that if z € [(j — 1)&1, &) then z is (k1 + 1)-renewable (k1 < k) over the
i1 j—1

—1p-1 12 0 N 1o
words 070" ...07" %, 00...0 where the symbol 07" indicates the removal of 0 from
the prefix. Now we have shown that if u lies in

k=1 [(wit1—wi) /€]

wi+ (G — Dé&,wi + 5&),
=0 =1

then z is (k1 + 1)-renewable. The remainder set to be covered is

k-1
Wi4+1 — W
|:u)7j + {¥J 51, le) .
i=0 &

This job is completed by considering the induced system on [w;i1 — &1, w;y1) for
1 =0,...,k— 1. The construction is done in the similar manner. The induced rotation
is given as an interval exchange:

{xv—m:—i—& if x € (w1 — &, wi — &)

rer+& -6 if xelwi — & wii)

Take i = k for simplicity. We may assume wy_; < 1 — & since otherwise the covering is
already over. One can similarly define
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() = { Jo(@)Jo(z +&1) .. Jo(x+ (a1 = 1)&) ifz el —&,1-E)
1 Jo(@)Jo(z+ &) ... Jo(x+ (a —2)&) if z €[l —&,1)

and the set of discontinuity of Jy is just a shifted set of those of Ji:
(W - eT|u=1,... .k +1}.
Similarly as (12), for each z € [1 — &, 1), we have b € & such that
T (@)b = (k= 1)Ji(z+&)

and b is determined by z+ & € [wp,wpi1). Thus in the same way, when pé€
[wit1 — &1, wit1), 2z is (k1 + 1)-renewable and we have shown that for any p € T the
general rotation word z is (k + 1)-renewable. Note that this proof shows that there are
two choices of the set %, C «* for

Wil — Wi
we [wi+1 — Wi, wj + {HglJ&)
1

Indeed, usually we have several choices of induced systems. The only requirement is
that the interval should be decomposed into at most k + 1 parts.

Now we have shown that for any u the general rotation word z is (k + 1)-renewable.
However this procedure can be repeated recursively to the subinterval (strictly
speaking, the subsystem) to which u belongs. As we have seen that the set of
discontinuity of J| and J} are given by translations of those of .Ji, by the same reason as
the case u =0, the number of decomposition of subintervals does not exceed k+ 1.
Therefore z is recursively (k + 1)-renewable and the proof is finished. ([l

The recursive covering of [0,1) constructed in this Section 4 will be reused in
Section 10.

5. An Example.

Let us show a sample computation of a general rotation word of an angle & = 22/3
and an initial value u = 0 with respect to a decomposition [0,1) =[0,1/3) U[1/3,1)

0101101101011011011110110110101101101011011011110110110. ...
following the proof of Theorem 1.

0,6)=1[0,1/3)U[1/3,1 —=2"2)u1—27%3 2723 = [p,uTI, UL
0,6)=1[0,4/3 23 U[4/3 —23 2 -3.2723)u[2—-3.272/3 —1 4 2/3)
= Ip1011 U Lo1111 U Io1n
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[0,&5) =[0,4/3 =23 ) U[4/3 —23 2 -3.2723)U[2—-3.2723 —34+5.272/3)
= Ioio11011 U To1111011 U Jo11
[0,&)=10,12—-19-2723)U[12 - 19-27%319/3 — 5. 21/%) U
[19/3 =523 —5 4 4. 21/3)

= IOIOI10110101101101111011011 U 10101101101011011011 U 10101101101111011011

In fact, this method gives a rapid algorithm for computation of general rotation
words. The recursive construction algorithm for u # 0 in Section 4 may not be suitable
in reality because we have to switch to other systems, keeping in memory all systems
appear in the process. It is easier to shift the origin at the expense of one more
subdivision, as explained in the beginning of Section 4.

6. Quadratic rotations are primitive substitutive.

In this section, one direction of Theorem 2 is treated. We prove that a general
rotation word of a quadratic irrational angle £ and an initial value p with respect to the
decomposition (1) is primitive substitutive provided w; — p € Q(€) for all i. By the same
technique stated in the beginning of Section 4, it is sufficient to prove this fact for u =0
and w; € Q(§) since it just amounts to increasing by 1 the number of subdivisions.
Moreover, we may assume that w; = 1 — £ for some ¢ by the same reason. Under these
assumptions, the proof of Theorem 1 reads that the irrational rotation z — =+ & on T
gives rise to induced rotations z — z + .41 on [0,&,) for n=1,2,... and the s?t) of
n

) has a form w{" Y — qu(LWl)/f,LJﬁn, (u=1,2,...,k). Let us
renormalize the sizes of the rotations and observe the orbit of w;. The n-th induced
system [0,&,) D z +— x + &,41 € [0,&,) is renormalized into:

discontinuity {w; | i = 1,2,...,k} is transformed into {wz(.n) li=1,2,...,k} withw
&y — &uaq for some i. Each wl(n

0,1)>z— z+z,11 €[0,1)

(n)

i

with 2,41 = &,11/&, and the discontinuous points must be pgn) = wgn) /&,. Therefore p

should have a form p{" " /z, — [p0"" " /z,| for some u. Moreover, we have z, =

S™(€) (n=0,1,...) by the negative continued fraction map S as explained in Section 2.
For 8 > 1, we define the §-transform by
T3:[0,1) 52— Bz — |fz] €0,1).

Then the set of discontinuity of n-th renormalized induced rotation is written as

{ﬂmwuﬂMWQi:LZ””%.

Let us denote by v,(y) = T1/s, , .- T1/z,(y) for n=1,2,... with 2, = §"(£). The clue of
the proof is to show a

En) _ w@)

"The cardinality of {wgn) |i=1,2,...,k} could be less than k by coincidences w, HKP



1212 S. AKIYAMA and M. SHIRASAKA

PROPOSITION 2. If £€(0,1) is quadratic irrational and y € Q(§) then the
sequence (vy(Y)),=1 5, . is eventually periodic.

In view of Proposition 4 given in Section 9, this is a generalization of the result
in [21] on Ostrowski expansions. Once Proposition 2 is established, it is easy to see that
the quadratic rotation word is primitive substitutive. Indeed, taking the least common
multiple L of periods of k sequences (v,(wi)),—;. , there exists an integer m >0
such that the m-th renormalized induced system and (m + L —1)-th renormalized
induced system is exactly the same. Hence the associated rotation word 2™ € %’N i
successively decomposed (L — 1)-times into k- blocks and gives rise to 2+l ¢ %er
which has the same structure as z™. Therefore 2™ is a fixed point of the substitution
on %,,. This substitution is primitive, because repeated application of the substitution
to %, yields sufficiently long words generated by the induced rotation = +— = + &,,11,
each of which must contain all letters of %,,, by the minimality of the irrational
rotation. This shows that z(!) is primitive substitutive.

We give two proofs of Proposition 2. A technical difficulty arises from the fact that
each 1/z; is not necessary an algebraic integer. In the first proof, we choose periodically
varying Z-bases to overcome it.

6.1. The first proof.

According to the last remark of Section 2, (xn)nzo.l,... is eventually periodic.
Without loss of generality, we may assume that the negati\}e continued fraction of ¢ is
purely periodic, i.e., there is a positive integer L that x,, = x,+, for n > 0. By (6), there
is (P, Pr11,Qr,Qr+1) € N* depending on x, such that

Ty = (P — Pren) /[ (Qre1 — Qray)- (13)
Put h(y) = Qry* — (Qri1 + P)y+ Prea. By (7), we see h(x,) =0,h(0) = Pry >

0,h(1) = (Pr41 — Pr) — (Qr+1 — Q1) < 0 and the conjugate z] can not be less than 1.
xl ¢ @ implies !, > 1. Let n = min, 2/, > 1. The general term of the sequence is

vp(y) = y- Zz;é |vk(y)/xi] xoxy . . . x) '

oLy .. .Tp-1

(14)

Note that by periodicity of (z),_o, , [vk(y)/zx] < [1/z)] are uniformly bounded by a

positive constant L. Therefore

n—1

)1 < S <

This shows that (v,(y), (v.(y))’) € R* is bounded. On the other hand there exist a
positive integer M and (p,, q,) € Z* such that v, (y) = (p, + ¢uz,)/M. Indeed, the case
n = 0 is trivial and
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un(y L (pn
UnJrl(y): ( )_cn:_<_+qn>_cn

Ty M \ x,
1 Pn+1 + Gni1Tnt1
= M (pn(an - xn-&-l) + qn) —Cp = %

with ¢, = |v,(y)/2,]. Again by periodicity of (zn),_¢;  and the boundedness of
(Un(y), (Ua(y))'), we see that (p,,q,) € Z* is bounded and this implies that the sequence
(Un(Y)),=1 2. 1s eventually periodic. O

The second proof is based on [8] and [34] where they treated beta expansions in a
Pisot number base.

6.2. The second proof.
We may assume that there is a positive integer L that z,, = z,+, for n > 0. By (6),

Py —axPp

g LA 7L
Qr+1 —2Qy

with Py 1Qp — Q1P = 1. Putting k = Q41 — xQp, we have
K2 —(QL+1 —PL)H—F].:O.

From (5) and a,, = z,, + 1/2,,_1, we deduce

Qn — Tn-1Gn-1 Q1 — 20Qo 1
Q7L+1_ann:—:--.: — )
Tn—-1 ZToZ1 - - -Tp—1 oY -« Ty—1
Therefore
1
R = QL+1 - xQL = (15)

ToTy...Tp-1

is a quadratic unit with x > 1 and |/| < 1, i.e., a quadratic Pisot unit. Take a finite set
D= {Zf;& cxry ... ok | 1/xp > ¢ € Z} and choose a positive integer U such that all dU
are algebraic integers for d € D. Then in view of (14), we can write

with d; € D. Then (Uvar-1(y)) =1 2. 18 a sequence of algebraic integers and one can
easily show that (Uvyz_1(y), (Uvar-1(y))) is bounded in R? in a similar manner as in
the first proof. Therefore the sequence (vasz—1(y))y_1o. is eventually periodic and this
proves that (v, (y)),—; o is eventually periodic. B O
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In his undergraduate text book ([35, p.212]), Takagi emphasized that the
denominator like x of the modular equivalence equation (13) becomes a unit. The
product relation (15) seems interesting in its own right.

7. Recovering parameters of rotation words.

From a given general rotation word z on {0,1,... &k — 1} with k > 2, there is a way
to recover all parameters, i.e, the angle £, the initial value u, and the decomposition of
the unit interval [0,1). For the later use, we briefly describe this method in this section.
A lot of methods had been discussed for sturmian words in relation to continued fraction
expansions. One can find a nice survey in Chapter 6 of [18] in which a dynamical and
algorithmic way of this recoding is discussed in detail. Here we only mention a
‘transcendental’ way to recover such parameters, which might be a folklore.

First of all, from unique ergodicity of the irrational rotation, the decomposition of
[0,1) is recovered immediately since it amounts to computing frequencies of letters of
{0,1,...,k—1}. Thus we have given (1) with 0 =wy < wy < -+ < wi1 < w, = 1 and we
may assume that the angle £ is in [-1/2,1/2). Choose an arbitrary j € {1,2,...,k— 1}
and recode the word z = 2z, ... into 2/ = (2] ... where 2, =0 for z; < j and 2, =1 for
zj 2> j. Assume first that w; > 1/2. Then we observe in this rotation word 2’ at most two
different longest runs of 0’s, say, 0" and 0M*!. This implies that w;/(M +1) <¢<
wj/M with M > 1. We get frequencies of 0™ and 0M*! which are denoted by x;; and
ka1 (one of them could be zero). When & € [0,1/2), consider a decomposition

[0,8) = [0,w; — M&) U [w; — ME, &) = Inppy U Iy

Then p+n€ (mod 1) € Iyyy is the beginning of the M +1 runs of zeroes and
w~+né (mod 1) € Iy, is the beginning of the M runs of zeroes. Therefore, we have

KM+1 wj — M¢

Ky (M+1)E—w;

From this equality, we got to know the angle:

wj(kar + Kare1)
(M + 1) kari1 + Mear

&=

The case & € [—1/2,0) is likewise and the final formula is the same. Secondly if w; < 1/2,
then we observe in 2 at most two different runs of 1’s. The later discussion is the
similar and we obtain:

(1 —wj)(knr + Kare)

§= :
(M + 1)kpre1 + Mepy

Our final task is to get the initial value. For z = 227 .. ., take an increasing integer
sequence of occurrences of the letter 0, i.e., 0 = ng <mny <...with 2,, = 0. Then we have
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w+mn§ (mod 1) € [0,w)

and hence
pe (([=n&w —n;€) (mod 1))
i=0

The intersection should be a single point, since it is non empty and n& (mod 1)
for n=1,2,... are uniformly distributed in T. Therefore we finally recovered the
parameter pu. ]

It might be a problem that without information of the natural order of letters, this
recovered parameters are unique or not.

8. Uniqueness of decomposition.

As we stated in the last part of Section 4, the choice of k+ 1 blocks of general
rotation words is not unique. On the other hand, in this section we show that once we
have chosen k + 1 blocks as in the proof of Theorem 1, the way to decompose the general
rotation word into these blocks £, is unique when n is large. Such %, is called a code.
This uniqueness will be used in the proof of the remaining direction of Theorem 2.

PROPOSITION 3. Let Jn(wrg,.n)) =51...58Q,.,, € B, be a long word in the sense of
Proposition 1. Assume that there are i, j such that s; # s;. The we have

Qni1 Qni1
Wi, W) = (YT (s) = (=)&) = [V ws = (= D& wy1 — (i =1)¢) in T.
i=1 =1

Clearly, if n is sufficiently large, the long word will contain two letters and satisfy
the assumption of Proposition 3.

PROOF. Note that y € ﬂle(J_l(si) — (1 — 1)) is equivalent to J(y+ (i — 1)§) =
s; for i =1,...,£. Hence by construction of w;", the inclusion

Qn+1
W, i) € () (T4 (s:) = (i = 1))

i=1

is obvious. By the assumption, (J~!(s;) — (i — 1)€) N (J7'(s;) — (j — 1)) is an interval,
since the sum of length of two intervals does not exceed 1. Thus we can put

Qnt1
m (T (si) = (i = 1)§) = [t1,t2), tr<wl) < wfj‘ﬁl < to.
i=1
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Let us show ¢y = wuH Recall that w@l is a dlscontlnuous point of the n-th induced
rotation on [0,&,) and J, (") <iex (@), T [ (@) = |Ju(w”))] then #y < w”
since Jn(wq(fl)) and J,(w LH) =5]...8p,,, are different words of the same length and

hence
Qn+1 Qni1
<ﬂ (7 (s0) = (i — 1)6)) n (ﬂ (J7Hs) = (- 1)5)) =0

i=1 i=1
iﬁl Next assume that |J, (wu )| > |Jp(w u+1)| Reviewing the proof
of Theorem 1, this happens only when wfﬁ)l =&, — &1 and p(J, (wg >)) <jex J,L(wlﬁ)l).
In this case, consider words

which implies to < w

J(@)J(x+&) ... J(x + (Qnir — 1)§)

for z € [wi )7W1(L+)1] If x € [wz(t ),wfﬁ)l) the words are the same and

J(‘Ufﬁf)l + (Qn+1 - Qn)€) = J(&n - €n+1 - (§n+1 - €7L)) = J(O) =0

and therefore

k=1 = J@ + (Qui = Qu)E—e) # Wy + (Quir — Qu)€) = 0
for a sufficiently small positive €.® This shows that

J(@M T +€) . T + (Quer — 1)€)
#J(w u+1) (w 1(21 +&)... J(%(Z)l + (Qny1 — 1)§)

and ¢y < wi +>1

Finally we prove that ¢; = w!”. Note that w{") = 0 for all n. Therefore if u = 0, then
by using J~1(0) = [0,w;), we have t; >0 = w(()m and the proof is completed for u = 0.
When u > 0 by the proof of Propos1t10n 1, the predecessor of a long word in %, must be
long and we have |J, (w"))] = |J,(w!")]. Thus we have J,(w™,) # J, (") and t; > w"

in a similar manner. O

Let us extend general rotation words to bi-infinite words. Fix £ € [0,1)\ @, p €
[0,1) and the decomposition (1). Then a bi-infinite general rotation word is naturally
defined by

z= I (=20 (= () (n+ 6T (u+28) -+ € {0,1,... . k—1}7.

Then z is (k + 1)-renewable by blocks %, = J,,([0,&,)) in the similar manner.

8Considering the order < on these words, there should be some j < Q11 — @, such that J( +j§)
J(wfﬁl + j€) indeed.
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THEOREM 3. Assume that each long word of %, has at least two letters of o7,
k<Qnu1—Qn and &, <w, <1—¢&, + &1 with some v e {1,...,k—1}. Then there is
only one way to decompose a generalized rotation word z into A,

From this Proposition, the decomposition of the original rotation word is unique,
because for a given one-sided general rotation word, the extension to a bi-infinite
rotation word is unique (cf. Section 7).

The length of short words of 4, is not less than []}_(a; — 1). Hence assumptions of
Theorem 3 are fulfilled” for a sufficiently large n. The condition k < @,,+1 — @, assures
that the length of the short word is not less than the cardinality of short words. This
condition is necessary. For instance, %; = {01,0,1} holds for the decomposition
0,1/2) U[1/2,1) with & > 1/2.

PROOF. We say that two words 2241 ...,2i1¢ and 2jzj41 ..., 2 overlapped if
there are ,j such that ¢ < j < i+ £. Write

Z= ... 292 _120R1R2 ...

with z; = J(u +i€) € «/. First we give a standard algorithm to decompose z into %,,.
Put ¢/ = Q,+1 — 1 for simplicity. Consider a set

L={i€ Z|zzi1...,2¢1s along word of 4,} C Z.

Since z;zit1...,2i+¢ = s is a long word, by Proposition 3 we have p+i§ (mod 1) €
[ww,wﬁl) with s = Jn(wgn)). This implies that p+ i (mod 1) € [w&m,wgﬁr)l) C [0,&,)
and the first return map to the interval [0,&,) is realized by z — x + (£ 4 1)§. This
means that g+ k¢ (mod 1) ¢ [0,&,) for k=1,2,...,fand hence j # kfor k=1,2,...,¢.
Therefore there are no overlap of long words in z. In this manner we can first decide
all locations of long words in z. Let z;...z4, and z;...zj¢ be above decided two
long words with ¢4 ¢ < j and assume that there are no k such that i +/¢<k<j
and k€ L. If i+ £+ 1+# j, consider the word ziips1...2j-1. p+ (F+L+1)§€0,&)
implies that J,(u+ (i + £+ 1)§) is a prefix of z441... and we must have i+ £+
[+ (i +£€+1)8)| <j—1 since otherwise this short word J,(u+ (i+ £+ 1))
and the long word zj...zj overlap and we would have p+ (14 ¢+ |J,(n+
(E+L+ 18|+ 1) (mod 1) €10,¢,), contradicting the property of the first return
map again. Iterating this, zj1¢41...2j-1 is decomposed into short words. Therefore we

have a decomposition of z into %B,: z=...z_sx_1x9T1%2 ... With x € £,. Let us say
that this is the standard decomposition.
We claim that any decomposition z =...y_oy_1y¥1y2 ... with y; € B, and any

K > 0, there exist i < —K and j > K such that y; and y; are long words of %, In fact,
for e.g., assume that y; is a short word for all ¢ < —K and y_g = 2;... zj¢. This would
mean that any factor of length £ + 1 appears in the left infinite word ... zj¢_124¢ must
be a short word, since

9Recall that there are infinitely many 4’s with a; > 2.
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{pu+(G—U+1Dt)E (mod 1) |t=0,1,...}

is dense in [0,1). However, because the cardinality of short words is not greater than
¢+ 1, the word ... z;1¢-12j4¢ must be periodic (for e.g., see Proposition 1.1.1. in [18]).
Then £ would be rational, a contradiction. This proves the claim. Define

C(...z0xzozmze...) ={i € Z |3t x4y = 2 ...z, is a long word}
and
C(...yy—1yoy2...)={1€ Z |3ty = z...2; is a long word}.

By the above claim, C(...y_2y_1yoy1y2...) is neither bounded from below nor from
above. From the definition of the standard decomposition,

C( L Y—2Y-1YoY1Y2 - - ) C C( L. T9T_1T0T1T2 . . )

It is sufficient to show that these two sets are equal. Indeed, if y; = 2;, ... 2;, and y; =
zj, ... 2, are adjacent long words with ¢ < j, the decomposition of word zj,41 . .. 2,1 into
short words is trivially unique.

Assume that there exists

ke C(...x_gx_qxpxixe.. )\ C( .. Y—2U_1Y0Y1Y2 - - -)-
Choose i € C(...y—2y_1¥oy1y2 - - .) with i < k and find a minimum
ki € C(...z0x_qxox12a...) \ C(. . . Y—2Y—1Y0¥1Y2 - - .)

with ¢ < k;. Then the decomposition of z;ysi1...25-1 € & into %, is unique, since
there are no occurrence of long words any more. This shows that the long word
2k - - - Zk,+¢ has a short word prefix zy, ... z+¢. In view of Proposition 1, this happens
only when zy, ...z ¢ is a long word J,(z) with « € [0,&, — &,+1) and zg, ... zg,+¢ is the
smallest short words with respect to the order <jox. Thus zg, ¢y = J(z + £€) is the
prefix of a short word. Since £ = Q,41 — Q,,, we have

J(LL’ + 6/5) = J(:E + (Qn+1 - Qn)f) = J(:E + §n+1 - gn) 2 v

because  + &,41 — &, € [—& + &1, 0). However by the assumption, each short word of
P, begins with a letter less than v, which gives a contradiction. O

9. Ostrowski’s numeration system and induced discontinuities.

Ostrowski’s numeration system has deep connection to the distribution of
(n€),—1 .. in T and combinatorics on words: a survey is found in [4]. It is extensively
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used in recoding sturmian words in Chapter 6 of [18]. A generalization to the
decomposition [0,w;) U [wr, 1) is studied in Section 5 of [5] to deduce an ergodic invariant
of the rotation. In this section, we introduce Ostrowski’s type numeration system
associated to the negative continued fraction of £ to analyze induced discontinuities.
One understands what happens when w; € Z + £Z in [1] from the result of this section.

Recall that a, is the digit of the negative continued fraction of £ and @, is defined

by Qn+1 = anQn - anl with QO =0 and Ql =1

LEMMA 1.  FEach element m € N is uniquely expanded in a form:

‘
m= Z miQ;
i=1

with m; € {0,1,...,a; — 1} and (mg,my_1,...,m1) is a label'® of a finite walk of the next
graph:

l | (16)

A word (mg,my—_1,...,mq) € Hf:1{07 1,...,a;} is admissible if this is a label of a walk
on this graph. Conversely, for an admissible (mg,m_1,...,m1), m = Zle m;Q; gives a
greedy expansion of m.

PROOF. The expansion of m € N is computed by a greedy algorithm;

(1) z—m

(2) Find k> 1 with Q <z < Qg1

(3) mi — [2/Qx]

(4) 2 — x—mpQy

(5) If 2 = 0 then stop. Otherwise go back to (2).

We find an expression m = Zle m;Q; with m; € {0,...,a; —1}. Let us prove that
this expression is admissible. Reading the graph (16), a word (mg,my_1,...,m1) €
Hle{O, 1,...,a;} is admissible if and only if there are no forbidden subwords of the
form:

(ap—1,ap-1 —2,... 041 — 2,04 — 1).
To be precise, (mg, my—1,...,mq) is admissible if and only if it has no suffix of the form:
(ap—1,ap-1 —2,... 6041 — 2,00 — L, mg_1, ..., m0).

One can easily prove an equality:

19Read from left to right. Each move in (16) decreases the index i by one.
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(ap — 1)Qp + (aq Qq+z (a; — 2)Qi = Qpi1 + Qyur (17)

i=q+1

for 1 < g < p. Therefore the words of forbidden form do not appear by the greedy
algorithm. This proves that above obtained expansion is admissible. To prove the
remaining part, it suffices to show if m = Zle m;Q; is admissible, then m —
Zf:kH m;Q; = Zf;l m;Q; < Qk.1, since this means that the admissible expansion must
coincides with the greedy one. The digits vector (m;,...,mj;1,m;) is an admissible
block if m; < a; — 2 (m; < a; —2for j=1ori= j)andfor k € N with j < k < i we have
mi =ar —2 and m; =a; — 1. In other words, we cut the digit vector into blocks
whenever we come back to the left vertex of (16). Note that a length one vector (m;)
with m; < a; —2 is an admissible block by this definition. The admissibility of

(mg, my_1,...,my) allows us to decompose this digits vector into admissible blocks:
(M =1y o s Miy)y (Miiy—1y e oy M)y ooy (M1, .. .,m1) with ky =k+1 and kyq =1
By (17),

Mg -1Qp—1 + - + M Qki+1 < Qr, + Qki+1—1 - QleﬁH

for ¢ > v and the last —2Q);,, is substituted with —Q),,, for ¢ = v. This inequality is valid
for the block of length one with k; = k;1; + 1. Summing up we have

k
> miQi € Qrit — Quy + Qry1 — Qi + Qi1 — - — Q1 + Qo < Qi
=

which shows the result. O

For a given = € [0,1), we have another expansion:

Zm
i=1

with z; € {0,1,...,a; — 1}. In this case, since 0 < &,11 < &,, the algorithm works in the
opposite direction'!, that first we subtract z1&; and then z,& and so on by the greedy
choice of digits z1,xs,.... The fact that Q; and &; satisfies the recurrence of the same
shape with symmetric forbidden words, the infinite vector (zi,zo,...) is a label of the
infinite walk on the graph (16). An infinite vector (z1,29,...) € [[;2,{0,1,...,a; — 1} is
admissible if it is a label of an infinite walk of the graph (16) which visit the left vertex
infinitely many times.

LEMMA 2. FEach element x > 0 is uniquely expanded in a form:

Zm
i=1

Tn this case, transition to the next vertex in (16) increases the index i by one.
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with x; € {0,1,...,a; — 1} and (x1,x9,...) is admissible. Conversely, for an admissible
vector (x1, s, .. .), Zle ;& 1s a greedy expansion in the above sense.

It is interesting that the numeration system works by the same greedy algorithm but
in two different directions. We call this expansion of x, the dual Ostrowski expansion.

PROOF. The expansion of z is computed by a greedy algorithm;

(

(2)

(3) ® =z -z
(4)

Clearly z; € {0,...,a; — 1}. Let us show that for an expression z = Y2, z;&;, (21,22, ..)
is admissible. Reading the graph (16), a word (x1,2s,...) is admissible if and only if
there are no subwords of the form:

(@py--rxg) = (ap — Lapp1 —2,...,a0-1 — 2,04 — 1)
with ¢ > p and no suffix of the form
(@py Tpy1,---) = (ap — L, aps1 — 2,ap40 — 2,...).

We start with an equality analogous to (17):

(ap — 1)& + fﬁZ i =28 =61+ 6n (18)

i=p+1

for p < g which proves that the above expansion contains no words of the form
(ap —1,ap41 —2,--+,ag-1 — 2,0, — 1). Taking ¢ — oo in (18), we have

fp""‘z gpl

i=p+1

which shows the there are no suffix of the form (a, — 1,a,-1 — 2,a,-2 — 2,...). Thus we
have shown that (z1,x2,...) is admissible.

We will show that if (21, 29, . ..) is admissible, then x — Zle Tk = Y i1 Tiki < &g
since this means that the admissible expansion must coincides with the greedy one. The
digits vector (z;,...,z;) is a dual admissible block if z; < a; — 2 (z; < a; — 2 for i = j)
and for k€ N with i <k < j we have xy =a;,—2 and z; = a; — 1. In short, from
the opposite direction of Lemma 1, we cut the digit vector into blocks whenever we come
to the left vertex of (16). The admissibility of (g1, Zkio,...) allows us to decompose
this digits vector into dual admissible blocks: (g, ..., Tr-1)s (Thys -+ Thy—1)s - - - s
(s -y Tpy—1), - .. with ky = k+ 1. An infinite sequence (xji1,Zj12,...) can not stay
eventually in the right vertex of (16), the dual admissible block decomposition is always
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possible. By (17),
T+ Thy 18k -1 < &1 Sk — 28,1

for each 4. This inequality is valid for the block of length one with ki1 = k; + 1.
Therefore we have

o0

Z xlgl < 5/61—1 - €k2—1 + gkz - §k’3—1 + flﬂs - < §k

i=k+1
|

For the proof of the remaining direction of Theorem 2 in Section 10, it is important
to understand how the set of discontinuities vary when the n-th rotation in [0,¢&,) is
induced to the (n 4 1)-th. Let w[0] be one of the discontinuities of the original rotation
x+— 2+ & in [0,1). Then the recurrence

Wk = wlk— 1] — f"“}‘”J & 19)

gives a point of discontinuity of k-th induced rotation x+— x4+ &1 in [0,&;) arose
from w0].

PROPOSITION 4. Let w[0] = Y2, z;&; be the dual Ostrowski expansion associated
with & Then we have

o0

wlk = Y mi&

i=k+1

PrROOF. This is obvious from the greedy algorithm of the dual Ostrowski
expansion. (|

The point of discontinuity of the form m¢ (mod 1) with m € Z plays an
exceptional role; for positive m it eventually disappears, and for negative m it
eventually corresponds to the point &, — &py1:

PROPOSITION 5.  Letm € Z andw[0] = m& (mod 1). If m > 0, then the Ostrowski
erpansion m = Zle m;Q; gives rise to a finite dual Ostrowski expansion

14
mé (mod 1) = mig.
i=1

Thus wlk] = Zf:k,H m;& and especially wf] = 0. If m < 0, then we have an infinite dual
Ostrowski expansion
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m& (mod 1) Z ;&

and x; = a; — 2 for sufficiently large i. Especially, wlk] = > 7%, (a; — 2)& = & — & for
sufficiently large k. Conversely, if x > 0 has an expansion x =Y | ;& with x; = a; — 2
for sufficiently large i, then © = m& (mod 1) with a negative integer m.

PROOF. The case m > 0 follows from Lemma 1 and 2 since finite forbidden words
for two greedy expansions coincide. By this correspondence of Ostrowski expansions and
their duals, the positive x’s having finite dual Ostrowski expansions are characterized.

We prove by induction that for any integer m > 1 there exists k > 0 such that its
dual Ostrowski expansion has a form:

—mé (mod 1) Zm &

with 2; = a; — 2 for i > k. The equality (18) implies Y%, . (a; — 2)& = & — &1 for any
integer k£ > 0. Taking k = 0, we have

—¢ (mod 1) = (@ - 2)§ (20)
which shows the case m = 1. Assume that
—m& (mod 1) Za:@

with x; = a; — 2 for ¢ > k and (z1,x9,...) is admissible. Take the largest integer s > 0
such that z; =0 for i < s. If s =0, then x; > 0 and (z1 — 1,29, ...) is admissible. This
implies that —(m 4 1)¢ (mod 1) has the required form. If s > 0, then we use the relation
(18) in a form

(a1 — )& + (a5 — )& + Z = 2)6 =1+ & (21)
Thus we have
—(m+1)E=—6+ Y wg
i=s+1

s—1

= (a; = 2)& + (as — 1)& + (we1 — 1)Epr + Z zi& in T

=542

N
Il
=
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and (a1 —2,...,65-9 —2,a5-1 — 1, 2511 — 1, T549,Tsy3,...) is easily shown to be admis-
sible. Conversely assume that z > 0 has an expansion z = Y .o, ;& with z; = a; — 2 for
i > k and choose a minimum k. If k=0, then (20) shows that x = —¢. If k> 0, then
xp < ap — 3 since (x1,x9,...) is admissible.

00 k
Y owmi&i =& =&+ Y w
=1

i=1

&
= (Qk — Q1+ Z%Q,)f (mod 1).
i=1

By the admissibility of (x1,...,zx_1,x; + 1), we have

k-1
—Qre1+ (@ + DQ+ D 7iQi < Qr — Qre1 <0
i1

by Lemma 1. O

Define W'[i] (i =0,1,...) by the same recurrence (19) as w[¢] with an initial value
W'[0]. Using the dual Ostrowski expansion, one can discuss when two points of
discontinuity coincide in the k-th induced rotation:

PROPOSITION 6.  Assume that w[0] # m& (mod 1) for all m € Z and there is an
integer u such that W'[0] —w[0] = u€ in T. Then there is an integer k>0 such that
W' [k] = wlk]. Conversely if there exist an integer k > 0 and W'[k] = w[k], then there exists
an integer u such that '[0] — w[0] = u€ in T.

The assumption w[0] #m& (mod 1) is necessary. Consider the case w[0] =0 and
J[0]=1-E&=—¢ (mod 1) in Proposition 5.

PROOF. In view of Proposition 4 and & = Q;§ (mod 1), the later assertion is
obvious. Assume that «'[0] — w[0] = u& in T for an integer u. Without loss of generality,
we may assume that u > 0. By the assumption and Proposition 5, both w[0] and «/'[0]
have infinite dual Ostrowski expansions w[0] =Y 7, z;§ and W/[0] =) 7, #i& and
both of them do not have a suffix of the form (a, — 2,ap11 —2,...). We wish to show
that there exist & > 0 such that z; = « for ¢ > k. It suffices to show this in the case u =1
since we can iterate w-times the procedure. Therefore our goal is to show that
&+ Zfil x;& can be rewritten into Z;’ilx;@ without infinite carries. Let k; = 1 and
(Thyy - o vy Thy—1)s (Thyy -+ oy Ty—2), - - - 18 the dual admissible block decomposition as in the
proof of Lemma 2. When (z1 + 1,29, x3,...) is admissible, we have nothing to prove.
If not, then z;y +1=a;or z; +1=a; — 1.

Case 1 = a; — 1. By the admissibility of (x1,2,...) the first dual admissible
block is of length greater than one, i.e., ko > 2. Since a;1&; = 1 + &, we have
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ar&; + Z%{i =(z2+1)& + infi in T.
i=2 i=2

If k3 > 4 then 9 + 1 = a9 — 1 and we have a new dual admissible block decomposition
(O), (3?2 +1,z3,... ,.’17]62,1), (.’lﬁkz, ... ,l‘kg,g), L.

which shows that x; =« for ¢ > 3. If ks = 3 then z2 < as — 3. In this case, the same
computation gives a new decomposition

(0), ((EQ + 1), (J,'kz, e 7,’E]€3,2)7 N

which shows the same x; = a:i for i > 3.

Case x1 = a1 — 2. By the assumption on (z1, x9, . . .), there exists a maximum integer
s> 2 such that ; = a; — 2 for i < s. If 3, < a; — 3 then (z1 + 1, 2z9,...,25-1, ;) forms
the first dual admissible block and (x1 + 1,z9,...) is admissible. This was excluded at
the beginning. Therefore we must have x; = a; — 1, which is the beginning of an dual
admissible block (s, ..., xz¢) with £ > s. Using (21), we have

(xl + 1)5 + Zx7£1 = (1'3+1 + 1)£s+1 + Z ;& in T.
=2

=542

If £ > s+ 2 then z,.1 = asy1 — 2 and the last expression gives rise to a dual admissible
block decomposition:

(0),...,(0), ((as+1 —1),2e10, .., 20), -

which shows that z; =z for i >s+2. If {=s+1 then z, <as1 —3 and the
decomposition is:

(0)7 cety (0)7 (xs+1 + ].), e

and we also have z; =« for i > s+ 2. O

10. Primitive substitutive rotation words are quadratic.

We prove that if the general rotation words is primitive substitutive, then & is
quadratic and w; — p € Q(&), and complete the proof of Theorem 2.

Let z = 2921 --- € &N be uniformly recurrent, i.e., for each factor v of z there exists
k > 0 that all factor of length k must contain v as a factor. Clearly, each general rotation
word is uniformly recurrent. Take a prefix u = z; ... z,. One can decompose z into blocks
as z = xory ... with x; € U:;l % such that u is a prefix of all Z;Tit1 - - - and all the factor
u of z appear as a prefix of z;x;,1 ... for some i. Such z; is called the return words of u.
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Put uw=#{x;|i=0,1,...} and define a map A, from {z;|i=0,1,...} to {0,1,...,
u — 1} by the rank of first occurrence of z; in z. The word A, (zo) A, (x1)Asu(x2) ... is
the derived word of z by the prefix u. Then

THEOREM 4 ([14], [19]). A uniformly recurrent word z is primitive substitutive if
and only if its derived words by all prefizes form a finite set.

Note that once this theorem is established, the map A,, could be replaced by any
bijection from {z; | i = 0,1,...} to {0,1,...,u — 1}. This change would at most M! times
enlarge the number of different derived words, where M is the maximum of the
cardinality of return words with respect to a prefix of z.

Consider a general rotation word z = zpz ... with respect to a decomposition (1)
with an angle £ €[0,1)\ @ and assume that z is primitive substitutive. Take a
sufficiently large positive integer ng, so that for n > ny, the presumptions of Proposition
3, Proposition 5, Theorem 3 and Proposition 6 are fulfilled, that is,

e Each long word of length @Q),, contains two different letters.
e Decomposition into %, is unique.
o If w,gn) —wim =ué (mod 1) with i # j for some integer u then {w,[(m,w;")} C

{07 fn - §7Hl-17 fn}

10.1. The case p = 0.

First let us show that £ is quadratic. Choose m > ny. From Proposition 3, an
occurrence of z;...zi40,.,—1 = Jn(0) is equivalent to i€ (mod 1) € [O,w(lm)). Find a
unique n >m such that &, < wﬁ”” < &,, which is always possible under our
assumption. We write n = n(m) when it is necessary. Let z = z(()")z(ln) ... with zgm €
%, be the n-th renewed word by Theorem 1. Define a map f, : {Z,ETI') |i=0,1,...} —

{0,1,...,k,} with ¥4, = k, + 1 having the order preserving property
T <iex Yy = fulx) < ful(y).

Then by construction, fn,(zg”’))fn,(zg’")) ... is a coding of the rotation x — x + &,;; of the
torus [0,&,) with respect to the decomposition

(n) (n) (n)

OZUJO <w; < <wy <W](€7:_1:§n~

n

There is an index 1 < ¢ < k, such that wgm,) = wl(]"). Hence in this setting, the return word

of z with respect to the prefix J,,(0) is a coding of the induced system [0, wgm)) of the n-th
rotation © — z 4 &,41 on [0,&,). The first return map g, : [O,wgm)) N [07w57n>) becomes

an exchange of three intervals, which is explicitly given as follows:

T+ £n+1» HAIS [Oa ng) - £n+1)

gm(x) = T+ (bm + 1)€n+1 - 5717 T < [wgm) - §n+17€n - bmfn+1)
T+ bm§n+l - gna T e [§7L - bm§n+l 5 ng))
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: [O,wgm)) — B, by:

m "

with by, = [(&, — &\™)/€,11]. Define a natural coding _#

Jo(), ze0,ul™ = &)
jm(x) = Jn(l')Jn(a7 + 577,4—1) e Jn(x + bn1,€77,+1)7 T e [ m) £n+1; 671 - bm§n+1)
Jn(l')Jn(x + §n+1) cee Jn(x + (bm - 1)£n+1)a VS [gn - bm§n+law§ >)

The discontinuities {w; (n) |i=0,1,...,k, + 1} are transformed into discontinuities
{nlm |i=0,1,...,m +1} of ¢# -

0= 7,]((]rn) < n%m) <. < T]f:Ln-)‘rl _ w§ )

Obviously we have

W™y 006" = ) = ("} N 0,6" = 612)

and other elements are of the form w( —péni1 € [wg fnﬂ,wg )) Wlth an 1nteger P
with 0 < p < by,. By the assumption, the correspondence between {77 ™ } and {w } is
one to one and we have m’ = k,,. Each ¢ (x) with z € [0, w<1 >) is a return word having

the prefix J,,(0) and the decomposition of z into return words is written as

z= /7,,(0)/777(97%(0))/"1(an(o)) e

which clearly gives a dynamical interpretation of the return word. The discontinuities of
the interval exchange g, satisfies the i.d. o c (infinite distinct orbit condition) of [24]. In
fact, the denseness of g,,-orbits of each 77 ) follows from the minimality of the irrational
rotation x — z 4 &,,1 on [0,&,). The assumption m > nj guarantees that two negative
orbits of w( " and w( ") with 1 <1< j <k, do not intersect in the irrational rotatlon
z+— x+ &1 This 1mphes that no two negatlve orbits by g, of discontinuities {77 }
intersect. Note that in the case wl =&, — &1, three interval exchange g, is
degenerated into two interval exchange; the irrational rotation. Anyway g,, satisfies
i.d.o.c. and therefore ([O,wgm)),gm) is minimal and uniquely ergodic (see'® [25], [17],
Section 5.4.1 in [6]). As a result, 1-dimensional Lebesgue measure is the unique
invariant measure of g,,.

In what follows, we fix a bijection A,, from /m([O,wgm))) to {0,1,...,k,} by
Ap(z) =1t for z € [n(m), nle)) Then the derived word of z by the prefix .J,,,(0) is

(2

A (1 O) A (7 (900D A (L, (67,(0)) -+ € {0, 1, k)

By the definition of A,,, we have

2This is an unpublished result in the thesis of M. Boshernitzan (due to S. Ferenczi). Unique ergodicity of a
minimal three interval exchange follows from the fact that it is an integral automorphism of an irrational
rotation with bounded return time (c.f. [20, Chapter 1, Section 5]).



1228 S. AKIYAMA and M. SHIRASAKA

0<z<y<w™ = Au( 2, (7)) <iex An( 2, (%))

Note that such a derived word is uniquely determined for each m > ny. We claim that
from a derived word, the value §n(m)+1/w(1m> is retrieved uniquely. From a derived word,
Theorem 3 and unique ergodicity of g,, allow us to recover the set:

(m) _ (m)

wy'
by computing frequencies of letters in {0,1,..., kn}.13 We have to know which letters
correspond to the interval [O,wgm> — &u+1). By the definition of A,,, these letters should
be consecutive integers including 0. Let us denote this set by {0, ...,r}. From dynamics

of the three interval exchange, we observe that in the derived word, there is a successor
letter of r larger than a successor letter of r+ 1. Moreover r is the minimum letter
having this property. Therefore one can compute

r_(m) (m)

fn(m)Jrl iv1 — Tk
N S
1 =0 W

as claimed. This gives a well defined map to [0,1) from the set of derived words of z
with respect to prefixes Jy,(0) with m > ny. Theorem 4 says that the set {fn(m)ﬂ/w(l’") |
m > np} must be finite. The same technique allows us to retrieve uniquely the value
(Enim) — bn(mgn(m)ﬂ)/wgm) from the derived word. In other words, we uniquely retrieve
ratios of three intervals from the derived word and the set

m > Tlo}

{(5n(m)+l f’n,(m) - b7L(TTL>§7L(’NL>+1> c R2

wgm) ’ w(lm)

is finite. We deduce that

gn(m) - bn(m) m 2> ng
571,(7n)+1

is also a finite set. One can take two distinct positive integers my, msy such that

. 571,(?71,2)
n(my) — 5

n(ms)+1

fn(ml)

—-b
gn(ml)le

- b"(mz)' (22)

Therefore

13 Approximate by continuous functions the characteristic function of an interval and apply a variant of
Theorem 6.19 in [36] for measure theoretical dynamical systems.
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Qnmlg_anl) o Qnm2§ ang)
Qn (ma) +1§ Pn (m1)+1 Qn (ma) +1§ Pn (m1)+2

+ bn(ml) - bn(mg)- (23)

It

Qn(ml ) # Qn(mz)

+ bn my) bn ma)s
Q”(m1)+1 Qn(m2)+l (m1) (m2)

then (23) is a quadratic equation of &. If

Qn(m]) _ Qn(mg)
Qn(ml)Jrl Qn(mz)+1

+ bn(ml) - bn(mg)u

then from 0 < Q, < Q41 we have b, () — bygm,) = 0. From (22), this implies that

517,(771,1)-4—1 _ fn(m2)+l
gn(ml) §7z(m2)

which shows that £ has an eventually periodic continued fraction. In both cases, we have
proven that & is quadratic.

Now we wish to show that w; € Q(&) for each i. There are integers N,,, M,, such
that wgm) =w; — Npé— M, with i € {-1,0,1,...,k— 1} where we put w1 =1—¢ for
simplicity.'® From the finiteness of {§,l<m>+1/wgm) | m > ny}, one can take an increasing
sequence (m;),_; , of integers such that

W@ = Wy — Ny, € —

with a fixed v € {—1,0,...,k— 1} and a constant s > 0 that

Qn(m.)g - Pn(nm) _ Qn(mg)f - Pn(mz) _
Wy — lef - Mml Wy — Nng - Mmg

This gives
5((Nm_7- - le)ﬁ - (Mmj - ml)) (Qn (my) Qn(ml))f - (Rz(mj) - Pn(ml))

for j = 2,3,.... Since N,,,, > Ny, we have shown that s € Q(&). This proves that both w,
and wm) are in Q(§). Sw1tch1ng to a subsequence corresponding to the same derived
word, we may assume that

nZ(T11> _ nl(ml) B nZ(KLf) _ ngmz)

(ma1) (ms)
Wi Wy

1Tt is possible that w_; = w; holds for some i > 0.
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for i =0,1,...,k,, which is equivalent to
n§m1) B 7]§m2) B
w(1m|) - wgm,g) -

fori=1,2,...,k,, since ng"l’) =0. As n(’”f)

i = Weig) — Reg € (mod 1), we can choose for

each j a vector

(Wr(1,5)s Wr(2,4)s -+ Wr(hn))

from a finite set {w,l,wo,...,wk,l}k". Thus taking a subsequence again, we may
additionally assume that

" = Wi(i) — Ru(ijy§ (mod 1)
where £(i) does not depend on the choice of j. Thus there are integers S, ;) such that

We(i) = Bu€ — Sein) _ Wili) — Bei€ — Sk
Wy — lef - Mml Wy — Nng - Mﬂlz

which shows that w,;) € Q(§). According to the discussion in Section 9, we know that
each w; is congruent to some w,;) modulo {Z which finishes the proof for p = 0.

10.2. The case p # 0.

We shall skip the details in parts where the analogy to the case u =0 works. In
Section 4, we gave a covering the torus [0, 1) by induced systems of the shape [a, a + £).
The value « was carefully chosen in a form o = w; (mod &) for some ¢, not to destroy
the combinatorial structure of the assertion. To treat the case p # 0, we need a similar
but more flexible covering so that every points on the torus correspond to long words.
We explain the construction only for [0,1), i.e., the first step of the recursive
construction as in Section 4.

The original rotation is the interval exchange on [0,1) given by (9) with
discontinuities {w; | i =0,1,...,k— 1} as general rotation words. Its induced system
on [a,a+ &) with ae € [0,1) is

T+ & if £ € [a,a+&— &)
x—r+&H—¢ frelat+é—E,a)

and discontinuities are written as

(La) (La)

o=l < o (1a) _ (L)

< <wp U <wly =a+é

Each wgl’a) has either a form a + £ — & or w; — Nj(a){ where Nj(a) is the smallest non
negative integer that o < w; — Nj(a)¢ < oo+ ¢ with j > 0. The later discontinuities are
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step functions on «. The interval [0,£ — &) already corresponds to long words. Hence if
€ [0, — &) then there 1s an interval [w; M)
long word Jy(p) = Jl( ) in the sense of Proposition 3. However this is not flexible
enough for the later purpose. For a general p € [0,£), we choose « such that u €

[a, a0+ &€ — &) and consider an induced system on [, + £). Then we find consecutive
(1,c) (1 a)

Wz+1) 5> p which exactly corresponds to a

discontinuities w; " and w;;” in this system having the property
(1) L)y _
i ™ wit) = (T (s0) = (6= 1)) (24)

where s1...84, = Jo(p)Jo(u+&) ... Jo(pp+ (a1 —1)§) is a long word for this shifted
system. From the shape of the right side of (24), we see that the interval [wz(»l’a) wgiw)
does not depend on the choice of a € (u — & 4 &, p]. This explains that if p € [0,&), then
there is a canonical way to associate an interval [wgl’a>,w£1+’?>) C [a, @ + &) which exactly
correspond to a long word.

Recall that we had constructed a covering of [0,1) by induced systems [a, a + &)
with a =w; (mod &) in Section 4. The induced systems gives a decomposition of the
rotation word z into blocks of the shape like b~1%,b or (k — 1)%,b~! with some b € &/
For each p € [0,1), there is such an a with p € [o, @ + ). An advantage of this choice of
« is that it only requires minor changes of renewed words, and consequently we may use
three assumptions at the beginning of Section 10 as there are.

Shifting « in an appropriate way, we can associate an interval [wgl’a),wgi"f))
containing p which exactly correspond to a long word which satisfies (24). One can
iterate this procedure recursively to cover the (n — 1)-th induced system [cv,—1, -1 +
&,-1) by the n-th system [, a, + &,) such that u € [ay, ap + &, — &uy1) for all n. Thus
we find an interval [wgn"&“,wiif”)) ending at consecutive discontinuities of the n-th

induced system on [, a;, + &,) which satisfies:

Qn+1
pe "l = (7 (s) = (= 1)¢)

with the long word J(p)J(p+&) ... J(1p+ (Qns1 — 1)§) = 8182 .. 8¢q,,, produced by this
system. Note that the choice of «;, does not affect the three assumptions because shifting
of a, are performed within the covering of Section 4.
Let us prove that £ is quadratic. Choose m > ny and find a umque n =n(m) and
i =i(m) such that &, < WEEZ;));; - wEEyna"’ < &,. Write w(m) = m ) for simplicity. As
stated above, we have some freedom of choice of oy, and it is poss1ble to take au, = w('”)
for simplicity. Following the same argument as Section 10.1, the return word is a coding
of a three interval exchange transform acts on [wl(-m),wgfl)):
T+ &nt1, T € w gm) ETE §n+1)
(@) = 2+ (b + Déurt = &, @ € [0ll] = &urn, o™ + & — bnbar)
(m
i

@+ bt = G zefw ”+§n—bm§m, W)
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IIL

with b, = [(&, — wlill +w )/fm-ﬂ The set of discontinuities of g,, is written as {77("') |
1=0,...,k,+1} andeachn( has a form w; — t§ where j € {—1,0,...,k} andt € N.In
the similar manner as Section 10.1, one can define a natural coding function 7, and an
appropriate ordering among return words and show that the set

n(m n(m) — bn m)Sn(m
i Sl L) € B>
w m —w m w m _ wim
is finite and therefore £ is quadratic.

i+1 i i+1
Our final task is to show that w; — p € Q(&) for all i. By a proof analogous to Section

10.1, there exists a sequence <mj)j:1,2,“ that wEH) —wgm’> € Q(§). Further we may
assume that derived words by the prefix of length m; are identical and

e =™ ol =™
R R (R i
for : =0,1,...,k,. This implies that up to renormalization, three interval exchanges

([wEmJ) E+1)) gmj) with j7=1,2... have exactly the same shape including the relative
location of discontinuities of /m Let us call three intervals appear in the above
systems as [; (i = 1,2,3) and define G(z) =i for z € I;. Then we claim that the map f

from x € [wé’ 2 7(+1>) to {1,2,3}" defined by
f(@) = G(@)G (g, (2))G (g7, (2)) - -

is injective. Indeed similarly as in the last part of Section 7, one can show that the

intersection of inverse images becomes a single point, using the fact that the three

interval exchange satisfies i.d.o.c., and the g,,-orbit of each discontinuity 77<-m")

(mj) , (m) '
Wit )
Since derived words by the prefix of length m; are identical and f(x) is an image of a

is dense
in [w

morphism of the derived word, f(u) is independent of j. Thus we see that p must be

located in the same relative position in the interval [w,gmj), wgflf)), ie.,

- W,Eml) B - wEmZ)
R R

holds. By usmg the same technique as Section 10.1, we can show that pu — w ) e Q)
and p — nlm € Q(&). This implies that w; — u € Q(&) as desired.

11. Open questions.

Theorem 1 and 2 are devoted to coding of k interval exchange transforms which are
degenerated into two intervals. A natural question is to generalize these result to
genuine interval exchange transforms. Ferenczi, Holton and Zamboni showed in [15]
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and [16] that an i.d.o.c. three interval exchange gives a primitive substitutive system if
and only if the parameters are in the same quadratic field. A related result for & intervals
is found in [9].

Let us say a word z= 2z --- € &Y is primitive substitutive in arithmetic
progression (PSAP), if 224152425 - - - are primitive substitutive for all @ > 0 and b > 0.
Theorem 2 implies that a primitive substitutive rotation word is PSAP. Can we
characterize PSAP words among primitive substitutive words? Durand had shown in
Proposition 1.6 of [13] that z,z41+52a+2b - - - is an image of the morphism of the fixed point
of the substitution, not necessarily primitive. Their primitivity seem to be a subtle
question.
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