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Abstract. This paper is concerned with the convergence rates to viscous shock

profile for general scalar viscous conservation laws. Compared with former results in

this direction, the main novelty in this paper lies in the fact that the initial disturbance

can be chosen arbitrarily large. This answers positively an open problem proposed by

A. Matsumura in [12] and K. Nishihara in [16]. Our analysis is based on the L1-

stability results obtained by H. Freistühler and D. Serre in [1].

1. Introduction and the statement of our main results.

This paper is concerned with the convergence rates to viscous shock profile

of solutions to the Cauchy problem for general scalar viscous conservation laws

ut þ f ðuÞx ¼ uxx; x A R; t > 0 ð1:1Þ

with initial data

uðt; xÞjt¼0 ¼ u0ðxÞ; x A R; ð1:2Þ

where f ðuÞ A C2ðRÞ on the domain under our consideration and the initial data

u0ðxÞ is asymptotically constant as x !Gy:

u0ðxÞ ! uG as x !Gy: ð1:3Þ

The traveling wave uðx� stÞ1 fðxÞ is called a viscous shock profile to (1.1)–

(1.3) if it satisfies

�sfx þ f ðfÞx ¼ fxx; fðxÞ ! uG as x !Gy: ð1:4Þ

Here the constants uG and s (shock speed) satisfy the Rankine-Hugoniot con-

dition

�sðuþ � u�Þ þ f ðuþÞ � f ðu�Þ ¼ 0 ð1:5Þ

and the generalized entropy condition
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hðuÞ1�sðu� uGÞ þ f ðuÞ � f ðuGÞ
< 0; if uþ < u < u�;

> 0; if u� < u < uþ:

�

ð1:6Þ

That is, the viscous shock profile f is a solution to

fx ¼ hðfÞ; fðGyÞ ¼ uG:

It is noted that the condition (1.6) implies

f 0ðuþÞa sa f 0ðu�Þ ð1:7Þ

which includes the following cases: the nondegenerate shock condition

f 0ðuþÞ < s < f 0ðu�Þ ð1:8Þ1

and the degenerate shock condition

f 0ðuþÞ ¼ s < f 0ðu�Þ; f 0ðuþÞ < s ¼ f 0ðu�Þ or s ¼ f 0ðuGÞ: ð1:8Þ2

We call the shock satisfying (1.8)1 Lax shock (regardless of viscous or inviscid

case) while those satisfying (1.8)2 are called marginal shock. In what follows, for

the marginal shock, we only pay our attention to the case f 0ðuþÞ ¼ s < f 0ðu�Þ

since the other cases can be treated similarly.

Stability results have a long history starting with the paper of A. M. Il’in

and O. A. Oleinik [4], in which they proved that the viscous shock profile in the

case of a convex flux function is indeed stable. Since then, a lot of good results

have been obtained by employing various methods (All references [1]–[18] are on

this line. Especially, see the survey paper [12]).

To go directly to the main point of this paper, we only review two results

which are closely related to ours. The most general result on the nonlinear

stability of the viscous shock profile is given by H. Freistühler and D. Serre in [1].

Theorem 1.1 (L1-stability). Let fðxÞ : R ! R be a bounded viscous shock

profile of (1.1), (1.2). Then for any u0ðxÞ satisfying u0ðxÞ � fðxÞ A L1ðRÞ, the

Cauchy problem (1.1), (1.2) admits a unique solution uðt; xÞ satisfying

lim
t!þy

kuðt; xÞ � fðx� stþ dÞkL1 ¼ 0; ð1:9Þ

where

d :¼

Ð

R
ðu0ðxÞ � fðxÞÞ dx

uþ � u�
: ð1:10Þ

Although the results obtained in Theorem 1.1 are quite perfect, no decay

rates have been obtained. On the other hand, A. Matsumura and K. Nishihara

[13], M. Nishikawa [17] have obtained the following decay properties via the L2-

energy method. Notations are given in Remark 1.1 below.
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Theorem 1.2 (Decay rates). (I) When f 0ðuþÞ < s < f 0ðu�Þ, suppose that

u0ðxÞ � fðxÞ is integrable and that

U0ðxÞ :¼

ð x

�y

fu0ðzÞ � fðzþ dÞg dz A H 2 VL2
aðRÞ:

Then there exists a su‰ciently small positive constant e1 such that if kU0ðxÞk2 < e1,

the Cauchy problem (1.1), (1.2) has a unique global solution uðt; xÞ satisfying

sup
x AR

juðt; xÞ � fðx� stþ dÞjaOð1Þð1þ tÞ�a=2ðku0 � fk1 þ jU0jaÞ: ð1:11Þ

(II) When f 0ðuþÞ ¼ s < f 0ðu�Þ, suppose that f ðuÞ A C nþ1ðRÞ such that

f 00ðuþÞ ¼ � � � ¼ f ðnÞðuþÞ ¼ 0 and f ðnþ1ÞðuþÞ0 0 for some nb 1 ð1:12Þ

and that u0ðxÞ � fðxÞ is integrable and U0ðxÞ A H 2 VL2
a;hxiþ

ð0 < a < 2=nÞ, then

there exists a su‰ciently small positive constant e1 > 0 such that if kU0k2 þ

jU0jhxiþ < e1, the Cauchy problem (1.1), (1.2) has a unique global solution uðt; xÞ

satisfying

sup
x AR

juðt; xÞ � fðx� stþ dÞjaOð1Þð1þ tÞ�a=4ðku0 � fk1 þ jU0ja;hxiþÞ: ð1:13Þ

Here

hxiþ :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p

; xb 0;

1; x < 0:

(

ð1:14Þ

Remark 1.1 (Notations). Here in the above and in what follows, by C

or Oð1Þ, we denote several generic constants and for each tb 0, Cðt� tÞ (or

Ciðt� tÞ for some i A Z
þ) will be used to denote some generic function which

is continuous with respect to t on ½t;yÞ. For two functions f ðxÞ and gðxÞ,

f ðxÞ@ gðxÞ as x ! a means

C�1f ðxÞa gðxÞaCf ðxÞ ð1:15Þ

in the neighborhood of a. H lðRÞ ðlb 0Þ denotes the usual Sobolev space with

norm k � kl and k � k0 ¼ k � k will denote the usual L2-norm. For the weighted

function wðxÞ > 0, L2
wðRÞ denotes the space of measurable functions f ðxÞ sat-

isfying
ffiffiffiffiffiffiffiffiffiffi

wðxÞ
p

f ðxÞ A L2ðRÞ with the norm

j f jw :¼

ð

R

wðxÞj f ðxÞj2 dx

� �1=2

: ð1:16Þ
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When C�1
awðxÞaC, we note that L2

wðRÞ ¼ L2ðRÞ with j � jw ¼ k � k. When

wðxÞ@ hxia ¼ ð1þ x2Þa=2, we write L2
wðRÞ ¼ L2

aðRÞ and j � jw ¼ j � ja without

confusion. Moreover, if wðxÞ is replaced by hxiawðxÞ, we denote the space by

L2
a;wðRÞ with the norm

j f ja;w :¼

ð

R

hxiawðxÞj f ðxÞj2 dx

� �1=2

: ð1:17Þ

From the above two results, it is easy to find that in Theorem 1.1, the initial

disturbance can be chosen arbitrarily large but no decay rates can be obtained.

In Theorem 1.2, some decay rates have been obtained but, due to the limitation

of their arguments, its initial disturbance should be small in certain Sobolev

space. Thus it is of interest how to get the decay without smallness condition.

In fact, such a problem is one of the open problems proposed by A. Matsumura

in [12] and K. Nishihara in [16]. Our main purpose of this paper is to give a

positive answer to this problem.

Theorem 1.3 (Main results). Let the initial data u0ðxÞ � fðxÞ A L1 VLyðRÞ

and U0ðxÞ A L2ðRÞ, then the following attsertions hold.

(I) When f 0ðuþÞ < s < f 0ðu�Þ, the estimate (1.11) holds provided U0ðxÞ A

L2
aðRÞ;

(II) When f 0ðuþÞ ¼ s < f 0ðu�Þ, the estimate (1.13) holds provided that the

assumption (1.12) holds and U0ðxÞ A L2
a;hxiþ

ðRÞ with 0 < a < 2=n.

Remark 1.2. When f 0ðuþÞ < s ¼ f 0ðu�Þ or s ¼ f 0ðuGÞ, then L2
a;hxiþ

ðRÞ in

(II) of Theorem 1.3 should be replaced by L2
a;hxi�

ðRÞ or L2
a;hxiðRÞ1L2

aþ1ðRÞ

respectively while the same results also hold. Here

hxi� :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p

; xa 0;

1; x > 0:

(

Remark 1.3. Compared with the results obtained in [13], [17], the regularity

assumptions on the initial data is also weaker than those in [13], [17].

Remark 1.4. As pointed out by A. Matsumura and K. Nishihara in [13],

for the Lax shock, the decay rates obtained in Theorem 1.3 is expected to be

optimal in the L2-setting. In fact, when f ðuÞ ¼ u2=2, by exploiting an explicit

formula, K. Nishihara showed in [15] that if

jU0ðxÞjaOð1Þjxj�a=2 as jxj ! þy;

then
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sup
x AR

juðt; xÞ � fðx� stþ dÞjaOð1Þt�a=2;

which is an optimal decay rate in general.

Before concluding this section, we give main ideas in deducing our main

result, Theorem 1.3. Decay rates (1.11), (1.13) in Theorem 1.2 have been ob-

tained by the weighted energy method developed by Kawashima, Matsumura and

Nishihara etc. in [6], [7], [13]. In their method, to obtain the a priori estimates is a

key point under the a priori assumption

NðtÞ :¼ sup
0asat

kUðs; �Þk2a e

for su‰ciently small positive constant e, so that the initial disturbance U0ðxÞ

should be small. However, we found that the a priori estimates are available

provided that kUðt; �ÞkLy is small. The L1-stability theorem, Theorem 1.1, by

H. Freistüler and D. Serre in [1] also shows that kUðt; �ÞkLy ! 0 as t ! y.

Therefore we can apply the weighted energy method on ½T1;yÞ � R for some

large T1.

Our plan is as follows. In Section 2, we give some preliminary results.

The proof of our main results will be given in Section 3.

2. Preliminary lemmas.

In this section, we give some preliminary lemmas which will be used in

proving our main results in the next section.

First, the existence of viscous shock profiles fðxÞ follows from Kawashima

and Matsumura [5].

Lemma 2.1 (Existence of the viscous shock profile). (i) If the Cauchy prob-

lem (1.1), (1.2) admits viscous shock profile fðx� stÞ connecting u� and uþ, then

u�; uþ and s must satisfy the Rankine-Hugoniot condition (1.5) and the generalized

entropy condition (1.6);

(ii) Conversely, suppose that (1.5) and (1.6) hold, then there exists a viscous

shock profile fðx� stÞ of (1.1), (1.2) which connects u� and uþ and is unique up to

a shift in x ¼ x� st and is monotone in x. Moreover, if

hðfÞ@ jf� uGj1þkG ð2:1Þ

as f ! uG with kGb 0, then it holds

jfðxÞ � uGj@ expð�CGjxjÞ as x !Gy if kG ¼ 0;

jfðxÞ � uGj@ jxj�1=kG as x !Gy if kG 0 0;

�

ð2:2Þ

for some positive constant CG.
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Note that kG ¼ n in (2.1) if h 0ðuGÞ ¼ � � � ¼ hðnÞðuGÞ ¼ 0 and hðnþ1ÞðuGÞ0 0

which are corresponding to (1.12).

We now define the shift d of the viscous shock profile fðx� stÞ as

ð
R

ðu0ðxÞ � fðxþ dÞÞ dx ¼ 0 ð2:3Þ

and set

U0ðxÞ :¼

ð x

�y

ðu0ðzÞ � fðzþ dÞÞ dz: ð2:4Þ

It is easy to see that d satisfies (1.10) and, without loss of generality, we

may take d ¼ 0. Following A. Matsumura and K. Nishihara [13], we put the

perturbation

uðt; xÞ ¼ fðxÞ þUxðt; xÞ; x ¼ x� st; ð2:5Þ

then the problem (1.1), (1.2) is reformulated to

Ut �Uxx þ h 0ðfÞUx ¼ Fðt; xÞ; ð2:6Þ

Uðt; xÞjt¼0 ¼ U0ðxÞ1

ð x

�y

ðu0ðzÞ � fðzÞÞ dz; ð2:7Þ

where

Fðt; xÞ :¼ �f f ðfþUxÞ � f ðfÞ � f 0ðfÞUxg: ð2:8Þ

Note that fðxÞ A LyðRÞ and U0xðxÞ A LyðRÞ. From the well-known result

on the global solvability of the Cauchy problem to scalar parabolic equations [1],

we have that

Lemma 2.2 (Global existence to the Cauchy problem (2.6), (2.7)). Suppose

that f ðuÞ A C1ðRÞ, u0ðxÞ � fðxÞ A L1 VLyðRÞ, then the Cauchy problem (2.6),

(2.7) admits a unique global smooth solution Uðt; xÞ satisfying

jUxðt; xÞjaC1; ð2:9Þ

where

C1 :¼ ku0ðxÞ � fðxÞkLy þ kfðxÞkLy : ð2:10Þ

From the Duhamel principle, the solution Uðt; xÞ to the Cauchy problem

(2.6), (2.7) has the following integral representation
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Uðt; xÞ ¼ Kðt; xÞ �U0ðxÞ þ
ð t

0

Kðt� s; xÞ � Gðs; xÞ ds: ð2:11Þ

Here � denotes the convolution in space and

Kðt; xÞ ¼ 1
ffiffiffiffiffiffiffi

4pt
p exp � jxj2

4t

 !

;

Gðt; xÞ ¼ �ð f ðfðxÞ þUxðt; xÞÞ � f ðfðxÞÞ � sUxÞ:

8

>

>

<

>

>

:

ð2:12Þ

Having obtained the above integral representation, we can deduce that

Lemma 2.3. In addition to the assumptions stated in Lemma 2.2, we assume

further that U0ðxÞ A L2ðRÞ, f ðuÞ A C1ðRÞ, then we have for each t > 0, T > 0 and

i ¼ 0; 1 that

q i

qx i
Uðt; xÞ

�

�

�

�

�

�

�

�

L2

aC2ðtÞt�1=2; ta taT : ð2:13Þ

Proof. Notice that

q i

qx i
Uðt; xÞ ¼ q i

qx i
Kðt; xÞ �U0ðxÞ þ

ð t

0

q i

qx i
Kðt� s; xÞ � Gðs; xÞ ds; i ¼ 0; 1 ð2:14Þ

and

Gðt; xÞ ¼ Oð1ÞjUxðt; xÞj: ð2:15Þ

By Hausdor¤-Young’s inequality and (2.9) we have that, for i ¼ 0; 1,

q i

qx i
Uðt; xÞ

�

�

�

�

�

�

�

�

L2

a
q i

qx i
Kðt; xÞ

�

�

�

�

�

�

�

�

L1

kU0ðxÞkL2 þ
ð t

0

q i

qx i
Kðt� s; xÞ

�

�

�

�

�

�

�

�

L1

kGðs; xÞkL2 ds

aOð1Þt�i=2kU0ðxÞkL2 þOð1Þ
ð t

0

ðt� sÞ�i=2kUxðs; xÞkL2 ds; ð2:16Þ

and hence

X

1

i¼0

q i

qx i
Uðt; xÞ

�

�

�

�

�

�

�

�

L2

aOð1Þð1þ t�1=2ÞkU0ðxÞkL2

þOð1Þ
ð t

0

ð1þ ðt� sÞ�1=2ÞkUxðs; xÞkL2 ds: ð2:17Þ
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Thus the singular Gronwall inequality gives

q i

qx i
Uðt; xÞ

�

�

�

�

�

�

�

�

L2

aCðtÞt�1=2kU0ðxÞkL2 ; ð2:17Þ

which is the desired estimates (2.13). This completes the proof of Lemma

2.3. r

Remark 2.1. Since the viscous shock profile fðxÞ satisfies

fxx ¼ ð f ðfÞ � sfÞx 1 h 0ðfÞfx; ð2:18Þ

we can deduce that, if f ðuÞ A C kðRÞ for some positive integer k > 0, then

qkþ1

qxkþ1
fðxÞ

�

�

�

�

�

�

�

�

�

�

aOð1Þ: ð2:19Þ

Combining the above observation with the technique used in the proof of

Lemma 2.3, we have the following lemma.

Lemma 2.4. In addition to the assumptions listed in Lemma 2.3, we assume

further that f ðuÞ A C kðRÞ for some positive integer k, then we have

q i

qx i
Uðt; xÞ

�

�

�

�

�

�

�

�

L2

aC3
t

2
; t�

t

2

� �

kU0ðxÞkL2 ; ta taT ; i ¼ 0; 1; . . . ; k: ð2:20Þ

Proof. We only treat the case k ¼ 2. The case k > 2 can be shown by

employing the induction method. In the case k ¼ 2, from Lemma 2.3, we only

need to estimate kUxxðt; xÞkL2 . We first have that for each t1 > 0

Uðt; xÞ ¼ Kðt� t1; xÞ �Uðt1; xÞ þ

ð t

t1

Kðt� s; xÞ � Gðs; xÞ ds; ð2:21Þ

and hence

Uxxðt; xÞ ¼ Kxxðt� t1; xÞ �Uðt1; xÞ þ

ð t

t1

Kxðt� s; xÞ � Gxðs; xÞ ds: ð2:22Þ

Since

Gxðt; xÞ ¼ Oð1ÞjfðxÞj jUxðt; xÞj þOð1ÞjUxxðt; xÞj; ð2:23Þ

we have from (2.9), (2.19), Lemma 2.3 and Hausdor¤-Young’s inequality that

for t > t1
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kUxxðt; xÞkL2aOð1Þðt� t1Þ
�1kUðt1; xÞkL2

þOð1Þ

ð t

t1

ðt� sÞ�1=2ðkUxðs; xÞkL2 þ kUxxðs; xÞkL2Þ ds

aOð1Þðt� t1Þ
�1
t
�1=2
1 C2ðt1ÞkU0ðxÞkL2

þOð1Þ

ð t

t1

C2ðsÞðt� sÞ�1=2
s�1=2kU0ðxÞkL2 ds

þOð1Þ

ð t

t1

ðt� sÞ�1=2kUxxðs; xÞkL2 ds

aOð1Þðt� t1Þ
�1
Cðt; t1ÞkU0ðxÞkL2

þOð1Þ

ð t

t1

ðt� sÞ�1=2kUxxðs; xÞkL2 ds: ð2:24Þ

Thus the singular Gronwall’s inequality deduces

kUxxðt; xÞkL2a ðt� t1Þ
�1
Cðt; t� t1; t1ÞkU0ðxÞkL2 : ð2:25Þ

Here Cðt; t� t1; t1Þ is a continuous, monotonically increasing function of t and

t� t1.

By (2.25), if we take t1 ¼ t=2 for each given t > 0, then we have

kUxxðt; xÞkL2a t�
t

2

� ��1

C t; t�
t

2
;
t

2

� �

kU0ðxÞkL2 ; ð2:26Þ

which shows (2.20) with k ¼ 2 and completes the proof of Lemma 2.4.

Our final result in this section is concerned with the weighted energy estimate

on the solution Uðt; xÞ obtained in Lemma 2.2.

Lemma 2.5. In addition to the assumptions in Lemma 2.2, suppose further

that U0ðxÞ A L2
wðRÞ, then the solution Uðt; xÞ obtained in Lemma 2.2 satisfies

k
ffiffiffiffiffiffiffiffiffiffi

wðxÞ
p

Uðt; xÞkL2aC4ðtÞk
ffiffiffiffiffiffiffiffiffiffi

wðxÞ
p

U0ðxÞkL2 ð2:27Þ

provided that the weighted function wðxÞ satisfies

w 0ðxÞ

wðxÞ

�

�

�

�

�

�

�

�

aOð1ÞwðxÞ: ð2:28Þ

Multiplying (2.6) by wðxÞUðt; xÞ and integrating the resultant equation with

respect to t and x over ½0; t� � R. If (2.28) holds, then we can employ the

Gronwall inequality and obtain (2.27). Since this is a standard way, we omit the

details.
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Remark 2.2. It is easy to check that all the weighted functions used in our

subsequent analysis satisfying (2.28).

3. The proof of Theorem 1.3.

In this section we devote ourselves to the proof of our main result, Theorem

1.3. The non-degenerate shock case can be treated easier than the degenerate

shock case. Hence we deal with the case s ¼ f 0ðuþÞ < f 0ðu�Þ. Without loss of

generality, we assume uþ < u� and hðfÞ < 0 for f A ðuþ; u�Þ. Consequently,

there is a unique number x� A R such that

fðx�Þ ¼ u :¼
uþ þ u�

2
: ð3:1Þ

To overcome the nonconvexity of f ðuÞ, as in [13], the weight wðxÞ is chosen

as

wðfÞ :¼
ðf� uþÞðf� u�Þ

hðfÞ
: ð3:2Þ

It is easy to find that

wðfðxÞÞ@
C; if f 0ðuþÞ < s < f 0ðu�Þ

jxj if f 0ðuGÞ ¼ s

�

ð3:3Þ

as x !Gy and

d 2

df2
ðhðfÞwðfÞÞ ¼ 2: ð3:4Þ

For the weight function wðxÞ chosen above, we have the following basic energy

estimates.

Lemma 3.1. Let Uðt; xÞ be the solution of the Cauchy problem (2.6), (2.7)

obtained in Lemma 2.5, then it follows that

1

2
jUðtÞj2wðfÞ þ

ð t

T1

k
ffiffiffiffiffiffiffiffiffi

�fx

q

UðsÞk2 ds

þ 1� C5 sup
½T1; t�

kUðtÞkLy

 !

ð t

T1

jUxðsÞj
2
wðfÞ dsaC6ðT1Þ: ð3:5Þ

Proof. Multiplying (2.6) by wðfðxÞÞUðt; xÞ, we have
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1

2
wðfÞU 2ðtÞ

� �

t

þ
1

2
ðwhÞ 0ðfÞU 2ðtÞ � wðfÞUðtÞUxðtÞ

� �

x

þ wðfÞU 2
x ðtÞ �

1

2
ðwhÞ 00ðfÞfxU

2ðtÞ ¼ wðfÞUðtÞFðtÞ: ð3:6Þ

Here we have used the fact that fxðxÞ ¼ hðfðxÞÞ:

Noticing fxðxÞ < 0 and Fðt; xÞ ¼ Oð1ÞjUxðt; xÞj
2, we can get (3.5) from

(2.27) and (3.4) immediately by integrating (3.6) with respect to t and x over

½T1; t� � R. This completes the proof of Lemma 3.1. r

The next lemma is concerned with the improvement of the estimate (3.5).

Lemma 3.2. For 0 < ba a < 2=n ðnb 1Þ, we have that the solution Uðt; xÞ

of the Cauchy problem (2.6), (2.7) satisfies

ð

R

wðfÞ1þb
U 2ðtÞ dxþ

ð t

T1

ð

x>0

wðfÞb�1
U 2ðsÞ dxds

þ 1� C7 sup
½T1; t�

kUðtÞkLy

 !

ð t

T1

ð

R

wðfÞbjfxjU
2ðsÞ dxds

þ

ð t

T1

ð

R

wðfÞ1þb
U 2

x ðsÞ dxds

aC8ðT1Þ þ C9 sup
½T1; t�

kUðtÞkLy

ð t

T1

jUxðsÞj
2
wðfÞ ds: ð3:7Þ

Proof. The proof of Lemma 3.2 follows essentially the arguments devel-

oped by A. Matsumura and K. Nishihara in [13]. Thus, we only give a sketch

of the proof, and the di¤erence between our arguments and those in [13] will be

emphasized.

Multiplying (2.6) by 2wðfÞ1þb
UðtÞ, we have similar to the proof of Lemma

6.1 in [13] that

ðwðfÞ1þb
U 2ðtÞÞt þ ð� � �Þx þ 2ð1� eÞwðfÞ1þb

U 2
x ðtÞ

þ 2f�2wðfÞbfx þ bwðfÞb�1
hðfÞð2ðu� fÞ � bw 0ðfÞhðfÞ=2eÞgU 2ðtÞ

a 2wðfÞ1þbjUðtÞFðtÞj: ð3:8Þ

Here e A ð0; 1Þ is an arbitrarily chosen constant.

On the other hand, if d ¼ fðxÞ � uþ > 0 and ~uu ¼ u� � uþ > 0, then
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IðxÞ :¼ bwðfðxÞÞb�1
w 0ðfðxÞÞhðfðxÞÞð2ðu� fðxÞÞ � bw 0ðfðxÞÞhðfðxÞÞ=2eÞ

¼ bwðfðxÞÞb�1ð~uunþOðdÞÞð~uuð1� bn=2eÞ þOðdÞÞ ð3:9Þ

as x ! þy.

Since ba a < 2=n, we can always choose e A ð0; 1Þ such that 1� bn=2e > 0.

Consequently, there are positive constants C10 and R1 such that

IðxÞbC10 for xbR1: ð3:10Þ

Noticing also C�1
awðfðxÞÞaC, C�1

aw 0ðfðxÞÞaC as x ! �y, we have

from (3.5) that

ð t

T1

ð

xaR1

2IðxÞU 2ðs; xÞ dxdsaOð1Þ

ð t

T1

jfxðxÞjU
2ðs; xÞ dxds

aCðT1Þ þOð1Þ sup
½T1; t�

kUðt; xÞkLy

ð t

T1

jUxðs; xÞj
2
wðfÞ ds ð3:11Þ

and

ð t

T1

ð

R

wðfðxÞÞ1þbjUðs; xÞF ðs; xÞj dxds

aOð1Þ sup
½T1; t�

kUðt; xÞkLy

ð t

T1

ð

R

wðfðxÞÞ1þb
U 2

x ðs; xÞ dxds: ð3:12Þ

Integrating (3.8) with respect to t and x over ½T1; t� � R, we can immediately

get (3.7) from (3.10)–(3.12). This completes the proof of Lemma 3.2. r

Lemma 3.3. For each given a > 0, the solution Uðt; xÞ to the Cauchy problem

(2.6), (2.7) satisfies for b A ½0; a�

ð1þ tÞgjUðtÞj2b;wðfÞ þ 1� C11 sup
½T1; t�

kUðt; xÞkLy

 !

ð t

T1

ð1þ sÞgjUxðsÞj
2
b;wðfÞ ds

þ b

ð t

T1

ð1þ sÞgjUðsÞj2b�1 ds

aC12ðT1Þ

�

1þ g

ð t

T1

ð1þ sÞg�1jUðsÞj2b;wðfÞ ds

þ b

ð t

T1

ð1þ sÞg
ð

R

hx� x�i
b�1wðfðxÞÞjUðs; xÞUxðs; xÞj dxds

�

:

ð3:13Þg;b
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Proof. Putting hx� x�i :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðx� x�Þ
2

q

and multiplying (2.6) by

2ð1 þ tÞghx� x�i
bwðfðxÞÞUðt; xÞ, we get

ðð1þ tÞghx� x�i
bwðfÞU 2ðtÞÞt þ ð2ð1þ tÞghx� x�i

bUðtÞUxðtÞðwðfÞ þ ðwhÞ 0ðfÞÞÞx

þ 2ð1þ tÞghx� x�i
bwðfÞU 2

x � gð1þ tÞg�1
hx� x�i

bwðfÞU 2ðtÞ

þ ð1þ tÞghx� x�i
b�1AbðxÞU

2ðtÞ

þ 2bð1þ tÞghx� x�i
b�2ðx� x�ÞwðfÞUðtÞUxðtÞ

¼ 2ð1þ tÞghx� x�i
bwðfÞUðtÞFðtÞ: ð3:14Þ

Here

AbðxÞ :¼ �hx� x�ifxðxÞðwhÞ
00ðfðxÞÞ � ðbðx� x�Þ=hx� x�iÞðwhÞ

0ðfðxÞÞ

¼ �2hx� x�ifxðxÞ � ð2bðx� x�Þ=hx� x�iÞðfðxÞ � uÞ: ð3:15Þ

Due to (3.1), there exists a positive constant C0 independent of b such that

AbðxÞbC0b for any x A R: ð3:16Þ

Integrating (3.14) with respect to t and x over ½T1; t� � R, it is deduced by

(3.16) that

ð1þ tÞgjUðtÞj2b;wðfÞ þ 2

ð t

T1

ð1þ sÞgjUxðsÞj
2
b;wðfÞ dsþ C0b

ð t

T1

ð1þ sÞgjUðsÞj2b�1 ds

a ð1þ T1Þ
gjUðT1Þj

2
b;wðfÞ þ g

ð t

T1

ð1þ sÞg�1jUðsÞj2b;wðfÞ ds

þ 2b

ð t

T1

ð

R

ð1þ sÞghx� x�i
b�1wðfÞjUðsÞUxðsÞj dxds

þ 2

ð t

T1

ð

R

ð1þ sÞghx� x�i
bwðfÞjUðsÞFðsÞj dxds: ð3:17Þ

Due to

ð t

T1

ð

R

ð1þ sÞghx� x�i
bwðfÞjUðsÞFðsÞj dxds

aC11 sup
½T1; t�

kUðt; xÞkLy

ð t

T1

ð1þ sÞgjUxðsÞj
2
b;wðfÞ ds; ð3:18Þ
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we can get (3.13)g;b immediately by substituting (3.18) into (3.17), which com-

pletes the proof of Lemma 3.3. r

Now from the L1-stability result, Theorem 1.1, by H. Freistühler and D.

Serre in [1], we conclude that

lim
t!y

kUðt; xÞkLya lim
t!y

ð

R

juðt; xÞ � fðx� stÞj dx ¼ 0: ð3:19Þ

Thus if we choose T1 su‰ciently large such that

sup
½T1;y�

kUðt; xÞkLy <
1

2
min

1

C5
;
1

C7
;
1

C11

� �

; ð3:20Þ

then we have from (3.20) and Lemma 3.1–Lemma 3.3 that

Corollary 3.1. For T1 chosen as above and 0 < ba a < 2=n ðnb 1Þ; the

solution Uðt; xÞ to the Cauchy problem (2.6), (2.7) satisfies for tbT1

1

2
jUðtÞj2wðfÞ þ

ð t

T1

k
ffiffiffiffiffiffiffiffiffi

�fx

q

UðsÞk2 dsþ

ð t

T1

jUxðsÞj
2
wðfÞ dsaC6ðT1Þ; ð3:21Þ

ð

R

wðfÞ1þb
U 2ðtÞ dxþ

ð t

T1

ð

x>0

wðfÞb�1
U 2ðsÞ dxds

þ

ð t

T1

ð

R

wðfÞbjfxjU
2ðsÞ dxdsþ

ð t

T1

ð

R

wðfÞ1þb
U 2

x ðsÞ dxdsaC8ðT1Þ ð3:22Þb

and

ð1þ tÞgjUðtÞj2b;wðfÞ þ

ð t

T1

ð1þ sÞgjUxðsÞj
2
b;wðfÞ dsþ b

ð t

T1

ð1þ sÞgjUðsÞj2b�1 ds

aC12ðT1Þ

�

1þ g

ð t

T1

ð1þ sÞg�1jUðsÞj2b;wðfÞ ds

þ b

ð t

T1

ð1þ sÞg
ð

R

hx� x�i
b�1wðfðxÞÞjUðs; xÞUxðs; xÞj dxds

�

: ð3:23Þg;b

The proof of (II) of Theorem 1.3 follows from (3.21), (3.22)b and (3.23)g;b,

in a similar fashion to that in [13], [17]. For completeness, we give the outline.
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First, letting g ¼ 0 and ba a in (3.23)g;b, we can estimate the corresponding

last term as in the following

jlast term in ð3:23Þ0;bja
b

2

ð t

T1

jUðsÞj2b�1 ds

þOð1Þ

ð t

T1

ð

R

hx� x�i
b�1wðfðxÞÞ2U 2

x ðs; xÞ dxds :¼ I1 þ I2: ð3:24Þ

Noticing

wðfðxÞÞ
@x as x ! þy;

@Const: as x ! �y;

�

ð3:25Þ

we can find two positive constants R2 > 0 and R3 > 0 such that

I2a
1

2

ð t

T1

ð

x<�R3

hx� x�i
bwðfÞU 2

x ðsÞ dxds

þOð1Þ

ð t

T1

ð

x>R2

wðfÞbþ1
U 2

x ðsÞ dxdsþOð1Þ

ð t

T1

ð

�R3axaR2

U 2
x ðsÞ dxds

a
1

2

ð t

T1

jUxðsÞj
2
b;wðfÞ dsþOð1Þ

ð t

T1

ð

R

wðfÞ1þb
U 2

x ðsÞ dxds

þOð1Þ

ð t

T1

ð

R

U 2
x ðsÞ dxds

aCðT1Þ þ
1

2

ð t

T1

jUxðsÞj
2
b;wðfÞ ds: ð3:26Þ

Here we have used (3.21) and (3.22)b.

Substituting (3.26) and (3.24) into (3.23)0;b and letting b ¼ a, we have for

a < 2=n ðnb 1Þ that

jUðtÞj2a;wðfÞ þ

ð t

T1

ðjUðsÞj2a�1 þ jUxðsÞj
2
a;wðfÞÞ dsaC13ðT1Þ ð3:27Þ

provided that tbT1.

Next, we consider (3.23)g;b with g ¼ a=2þ e and b ¼ 0

ð1þ tÞa=2þejUðtÞj2wðfÞ þ

ð t

T1

ð1þ sÞa=2þejUxðsÞj
2
wðfÞ ds

aC12ðT1Þ 1þ

ð t

T1

ð1þ sÞa=2þe�1jUðsÞj2wðfÞ ds

� �

: ð3:23Þa=2þe;0
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Here e > 0 is chosen su‰ciently small such that

e <
a

2
;

a

2
þ e <

1

n
a 1:

Since

ð

t

T1

ð1þ sÞa=2þe�1jUðsÞj2
wðfÞ dsa

ð

t

T1

ð1þ sÞa=2þe�1

ð

x>0

þ

ð

xa0

� �

wðfÞU 2ðs; xÞ dxds

aOð1Þ

ð

t

T1

ð1þ sÞa=2þe�1

ð

x>0

wðfÞU 2ðsÞ dxds

þOð1Þ

ð

t

T1

ð1þ sÞa=2þe�1

ð

xa0

U
2ðsÞ dxds

:¼ J1 þ J2; ð3:28Þ

we have from (3.25) and (3.22) that

J1aOð1Þ

ð

t

T1

ð1þ sÞa=2þe�1

ð

x>0

wðfÞ1þa
U

2ðsÞ dx

� �ð2�aÞ=2

�

ð

x>0

wðfÞa�1
U

2ðsÞ dx

� �a=2

ds

aCðT1Þ

ð

t

T1

ð1þ sÞa=2þe�1

ð

x>0

wðfÞa�1
U

2ðsÞ dx

� �a=2

ds

aCðT1Þ

ð

t

T1

ð1þ sÞ�1þ2e=ð2�aÞ
ds

� �ð2�aÞ=2

�

ð

t

T1

ð

x>0

wðfÞa�1
U

2ðsÞ dxds

� �a=2

aCðT1Þð1þ tÞe: ð3:29Þ

As to J2, if ab 1 (consequently n ¼ 1), we have from a=2þ e < 1 that

J2aOð1Þ

ð

t

T1

ð

x<0

U
2ðs; xÞ dxdsaOð1Þ

ð

t

T1

jUðsÞj2a�1 dsaCðT1Þ: ð3:30Þ

When nb 2 (consequently a < 1), we have from (3.25) and (3.27) that
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J2aOð1Þ

ð t

T1

ð1þ sÞa=2þe�1

ð

x<0

hx� x�i
aU 2ðs; xÞ dx

� �1�a

�

ð

x<0

hx� x�i
a�1U 2ðs; xÞ dx

� �a

ds

aOð1Þ

ð t

T1

ð1þ sÞa=2þe�1

ð

x<0

hx� x�i
awðfÞU 2ðs; xÞ dx

� �1�a

�

ð

x<0

hx� x�i
a�1U 2ðs; xÞ dx

� �a

ds

aCðT1Þ

ð t

T1

ð1þ sÞa=2þe�1jUðsÞj2aa�1 ds

aCðT1Þ

ð t

T1

ð1þ sÞ�ð1�a=2�eÞ=ð1�aÞ
ds

� �1�a ð t

T1

jUðsÞj2a�1 ds

� �a

aCðT1Þ ð3:31Þ

since e < a=2.

Inserting (3.28)–(3.31) into (3.23)a=2þe;0 deduces

ð1þ tÞa=2þejUðtÞj2wðfÞ þ

ð t

T1

ð1þ sÞa=2þejUxðsÞj
2
wðfÞ dsaC14ðT1Þð1þ tÞe ð3:32Þ

provided that tbT1. Thus we have the following lemma.

Lemma 3.4. Under the conditions (II) in Theorem 1.3, the solution Uðt; xÞ to

the Cauchy problem (2.6), (2.7) satisfies (3.32) for any tbT1 and some su‰ciently

small e > 0.

Now we turn to get the decay rates for derivatives of Uðt; xÞ. We first have

Lemma 3.5. In additional to the assumptions listed in Theorem 1.3, suppose

that f ðuÞ A C kðRÞ for some k A Z
þ, then, for each fixed t > 0, the solution Uðt; xÞ

to the Cauchy problem (2.6), (2.7) satisfies

sup
½t;yÞ

q j

qx j
Uðt; xÞ

�

�

�

�

�

�

�

�

Ly

aC15ðtÞ < y; j ¼ 1; . . . ; k: ð3:33Þ

Proof. We only prove (3.33) for the case k ¼ 2 since the rest can be treated

similarly. For each 0 < t1 < t2 < ta taT , we have

Uxðt; xÞ ¼ Kxðt� t1; xÞ �Uðt1; xÞ þ

ð t

t1

Kxðt� s; xÞ � Gðs; xÞ ds;

Uxxðt; xÞ ¼ Kxxðt� t2; xÞ �Uðt2; xÞ þ

ð t

t2

Kxðt� s; xÞ � Gxðs; xÞ ds:

8

>

>

>

<

>

>

>

:

ð3:34Þ
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On the other hand, we have from the L1-stability result obtained in [1] that

kUðt; xÞkLyaOð1Þ: ð3:35Þ

Consequently from (2.9), (3.34) and (3.35), we have by the iteration argu-

ments used in Lemma 2.4 that for ta taT

q j

qx j
Uðt; xÞ

�

�

�

�

�

�

�

�

Ly

aC16ðt� tj; t1; . . . ; tj�1Þ; j ¼ 1; 2: ð3:36Þ

Having obtained (3.36), we now turn to prove (3.33).

First we notice that (3.36) holds for each given t1; t2;T . Hence, for each

fixed t > 0, letting t2 ¼ 2t1 ¼ t=2, T ¼ 2t1 (where t1 > t is an arbitrarily given

positive constant), we have from (3.36) that

sup
½t;2t1�

q j

qx j
Uðt; xÞ

�

�

�

�

�

�

�

�

Ly

aC17ð2t1 � tj; t1; . . . ; tj�1Þ; j ¼ 1; 2: ð3:37Þ

Now suppose that for some 1 < m A Z
þ

sup
½t; ðmþ1Þt1�

q j

qx j
Uðt; xÞ

�

�

�

�

�

�

�

�

Ly

aC17ð2t1 � tj; t1; . . . ; tj�1Þ; j ¼ 1; 2; ð3:38Þ

then it holds that

sup
½mt1þt; ðmþ2Þt1�

q j

qx j
Uðt; xÞ

�

�

�

�

�

�

�

�

Ly

aC17ð2t1 � tj; t1; . . . ; tj�1Þ; j ¼ 1; 2: ð3:39Þ

In fact, letting T ; t1; t2 in (3.36) be equal to ðmþ 2Þt1;mt1 þ t1;mt1 þ t2
respectively, we can get (3.39). By setting t1 ¼ 2t and C15ðtÞ ¼ C17ð4t� jt=4;

t=4; . . . ; ð j � 1Þt=4Þ, (3.33) follows easily. This completes the proof of Lemma

3.5. r

Since

jUxðt; xÞj
2 ¼ juðt; xÞ � fðxÞj2a kðuðt; xÞ � fðxÞÞxkLykuðt; xÞ � fðxÞkL1

¼ kUxxðt; xÞkLykUðt; xÞkLy ;

we have from Lemma 3.5 and Theorem 1.1 that

lim
t!y

kUxðt; xÞkLy ¼ 0: ð3:40Þ

Furthermore, from Lemma 2.4, under the assumption that U0ðxÞ A L2ðRÞ, we

have
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kUðT1; xÞkH 2aC18ðT1Þ ð3:41Þ

for each given T1 > 0. With (3.40) and (3.41), we also have the following lemma.

Lemma 3.6. Let l ¼ 1; 2 and assume that the conditions listed in Lemma 3.4

are satisfied, then it holds for any tbT1 and some su‰ciently small e > 0 that

ð1þ tÞa=2þe q l

qx l
UðtÞ

�

�

�

�

�

�

�

�

�

�

2

þ

ð t

T1

ð1þ sÞa=2þe q l

qx l
UxðsÞ

�

�

�

�

�

�

�

�

�

�

2

dsaC19ðT1Þð1þ tÞe: ð3:42Þ

Combining Lemma 3.4 with Lemma 3.6, we can deduce that

sup
x AR

juðt; xÞ � fðx� stÞj ¼ sup
x AR

jUxðt; xÞj

aCðT1ÞkUxðtÞk
1=2kUxxðtÞk

1=2
aCðT1Þð1þ tÞ�a=4;

which proves (II) of Theorem 1.3.
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