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Abstract. We prove that a countable regular space has a continuous selection if
and only if it is scattered. Further we prove that a paracompact scattered space admits
a continuous selection if each of its points has a countable pseudo-base. We also
provide two examples to show that: (1) paracompactness can not be replaced by
countable compactness even together with (collectionwise) normality, and (2) having
countable pseudo-base at each of its points can not be omitted even in the class of
regular Lindelof linearly ordered spaces.

1. Introduction.

Let X be a topological space, and let % (X) be the set of all non-empty
closed subsets of X. Let us recall the definition of the Vietoris topology ty on
Z(X). The base for 7 is defined by the collection of sets

Iy={FeZF(X):Fc|)7 and FNV # & for all V eV}

where 7~ runs over all finite families of non-empty open subsets of X. If 7" =
{Vo, i,..., V,} is a finite family of open subsets of X, then in some cases, we
shall write <V, V1,..., V,> instead of (¥"). Let F <« Z#(X). Amapo:F —X
is a selection for 7 if o(F)e F for every F e #. A selection 6: # — X is a
continuous selection for # if it 1s continuous with respect to the relative topology
of the Vietoris topology 7 on Z(X). We say X has (or does not have) a con-
tinuous selection if there is (no) continuous selection for #(X).

Ernest Michael has discovered a simple sufficient condition for the existence
of a continuous selection on a Hausdorff space X: if there exists a linear order <
on X such that the induced order topology is weaker than the original topology
and every non-empty closed subspace of X has <-minimal element, then the space
X has a continuous selection [9]. The selection in this case is constructed by
assigning to each non-empty closed subset of X its <-minimal element. In fact
Michael has proved that this condition is not only sufficient but also necessary for
connected Hausdorff spaces. Later on, van Mill and Wattel have proved the
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same for compact Hausdorff spaces [1I]. It is still unknown if the condition is
necessary for all regular spaces, that is all presently known regular spaces with
continuous selections satisfy it as well. While this shows that the existence of a
special linear order on a space with continuous selection plays an important role,
mere existence of some linear order does not suffice to imply the existence of a
continuous selection: the real line R is a linearly ordered (metric) space without
any continuous selection [4].

In the next section we completely characterize countable regular spaces
which admit a continuous selection by proving that a countable regular space has
a continuous selection if and only if it is scattered, see [Theorem 2.4. A space is
scattered 1f and only if every its non-empty closed subset has an isolated point.
We also give an example of a countable Hausdorff scattered space without
any continuous selection (see Example 2.5), thereby demonstrating that the as-
sumption of regularity is essential in the above characterization. Unfortunately,
scatteredness is no longer a sufficient condition for the existence of a continuous
selection outside of the class of countable spaces. Indeed, in Section 3 we con-
struct an example of a scattered (collectionwise) normal, countably compact, first
countable space which does not have a continuous selection, see Example 3.1.
The first countability is a novel feature of our example, since without it the one
point compactification of an uncountable discrete set provides an example of a
Hausdorff compact scattered space without any continuous selection. Further,
in Section 4, we show that scatteredness and linear orderability even combined
together do not guarantee the existence of a continuous selection. This is ac-
complished by constructing an example of a Lindelof scattered linearly ordered
space without a continuous selection, see Example 4.1. It should be pointed out
that both our examples have size w;, which is the smallest possible cardinality.
Finally, we prove that a paracompact scattered space admits a continuous se-
lection provided that every point has a countable pseudo-base, see [Theorem 2.3.
This is a possible approach to investigate relations between order-like conditions
on topological bases and continuous selections for Vietoris hyperspaces (for
similar results in the metric case, see [5]). Concerning the condition of para-
compactness, our Example 3.1 shows that, in [Theorem 2.3, paracompactness
cannot be weakened to collectionwise normality.

Throughout this paper, all spaces are assumed to be Hausdorff.

2. Countable spaces.
We start with the following easy lemma.

LemMA 2.1. Let X be a space which has a disjoint cover {U, : o€k} of
clopen subsets such that each U, has a continuous selection. Then X has a con-
tinuous selection.
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A family % of open subsets of X is a pseudo-base at x e X if (% = {x}.

LemMA 2.2. Let X be a space and x € X. Let {U, :n € w} be a decreasing
pseudo-base at x consisting of clopen subsets of X. Suppose Uy = X. If there
exists a continuous selection a, for F (U, — U,y1) for n€ w, then X has a con-
tinuous selection.

Proor. Let E,=U,— U,;;. For FeZ(X)—{{x}} let n(F)=min{n:
FNE, #J}. Define a selection o: 7 (X)— X as follows: o(F) = o) (F N
E,ry) provided that F # {x}, and o({x}) = x. Now it is easy to check that o is
continuous. ]

For every ordinal number «, we define by transfinite induction the o-
derivative of a space X: X() X; X0+ = (X)) = {xe X® : x is not an
isolated point of X(*}. X ﬂ X if o is limit. Notice that X is
scattered if and only if X = ¥ for some ordinal «. For a scattered space X,
the height h(X) of X is the smallest ordinal o such that X = . The set
X — x(=+1) i5 called the o-th level of X. For every o, each x € X® — X1 s
an isolated point of X () thus there exists a neighborhood V, of x such that
V,NX® = {x}.

THEOREM 2.3. Let X be a paracompact scattered space such that every point
x € X has a countable pseudo-base. Then X has a continuous selection.

ProOOF. We prove our theorem using transfinite induction for the height of
a space. If A(X)=1 then X is a discrete space, and so X has a continuous
selection by [Lemma 2.1.

Suppose /(X)) < y implies that X has a continuous selection. Let A(X) =

Case 1. y=o+1 is a successor ordinal. Then X is a closed discrete
subset of X. Since a scattered paracompact space is strongly zero-dimensional,
for every xe X there exists a clopen nelghborhood V. of x such that the
collection {V; : x e X} is discrete in X and V,NX® = {x}. Let {U,:new}
be a decreasing countable pseudo-base at x consisting of clopen sets of X with
Uy = Vy. Since h(U,) < a, by inductive hypothesis each U, has a continuous
selection, and so does its closed subspace U, — U,.;. Therefore V= U=
\U,co,(Un — Uny1) has a continuous selection by Lemma 2.2 Let V=X —
J{¥ :xe X®}. Then V is clopen and 4(V) <y. Hence V has a continuous
selection by the inductive assumption. Since {V;:xe X®IU{V} is a discrete
cover of X, X has a continuous selection by [Cemma 2.1.

Case 2. y is a limit ordinal. Then X has a discrete clopen cover 7~
with h(V) <y for each V' e¥". Now X has a continuous selection by

2.1 O]
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In the above theorem paracompactness can not be weakened to collec-
tionwise normality, and countable pseudo-base can not weakened to either having
a nested base of size w; or linear orderability. The necessary counterexamples
will be provided in later sections. In the case that X is first countable instead of
countable pseudo-base the above theorem was proved in [I].

THEOREM 2.4. A countable regular space X has a continuous selection if and
only if it is scattered.

Proor. The “if” part of our theorem follows from [Theorem 2.3 since
regular countable spaces are paracompact and have countable pseudobase at all
points.

To prove the “only if” part, assume that X is a countable regular space that
is not scattered. Then X has a closed subspace without the Baire property.
(A space has the Baire property if the intersection of countably many open dense
subsets of it is dense.) Theorem 1.2 of [5] now implies that X does not have a
continuous selection. ]

The following example shows that Hausdorffness is not enough in
24.

ExaMpPLE 2.5. There exists a countable, first countable scattered Hausdorff
space without a continuous selection.

Let X = Q x {0,1}, and let Q, = Q x {i} for i € {0,1} where Q denotes the
rational numbers. For x € Q we write x” = {x} x {0} and x' = {x} x {1}. Let
the topology 7 on X be generated by the singletons of Q, together with all sets
of the form V,(x') = {x'}U{)’ e Q,: x —e <y < x+e} — {x}, where < is the
usual order of the real line, ¢ > 0 and x e Q. Clearly (X,7) is a first countable,
scattered, Hausdorff space. Since a point y € @, and the closed set Q, — {y}
can not be separated by disjoint open sets, X is not regular. We show that X
has no continuous selection. Suppose that there exists a continuous selection
o:7(X)— X. Let 6(Q;) =y, and o(S) =)', where S= 0, —{y}. Choose
disjoint neighborhoods ¥ of y and W of y’ such that VN Q, ={y}. By the
continuity of ¢ we can choose Vietoris open neighborhoods <{Vj, Vi,..., V>
of @ and Wy, Wy,...,W,,> of S such that o({Vp, Vi,...,V,») <V and
a({Wo, Wi,..., W,>) = W respectively. Without loss of generality we may as-
sume that Vo < V. This implies /5N Q, ={y}. We may also assume that
yé¢ U:io W;. Since y and S can not be separated by disjoint open sets in X,
there exists ze (|, Wi) N ({Vi:y€ Vi}N Q. Since SU{z} eV, Wi,..., >N
Wo, Wiy ..., Wy, we must have a(SU{z}) e VN W, a contradiction.
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3. A scattered (collectionwise) normal, countably compact, first countable
example.

According to [Theorem 2.3 a compact scattered space with a countable
pseudo-base at each of its points has a continuous selection (hence it must be
linearly orderable by the theorem of van Mill and Wattel [11]). The following
example shows that compactness can not be weakened to countable compactness
and that paracompactness in can not be weakened to collectionwise
normality.

Recall that a subset 4 = w; 1s stationary if A has non-empty intersection
with any closed unbounded subset of w;.

ExampLE 3.1. Let X = w; X (w + 1) be the product of the space w; of count-
able ordinals and the convergence sequence w + 1. Then X is a scattered, (collec-
tionwise) normal, countably compact, first countable space that does not have a
continuous selection even for %,(X), where #,(X)={F e Z(X):|F| <2}.

PrOOF. Suppose that ¢: %,(X) — X is a continuous selection on F,(X).
For a,fewi,a < f and n,me w+ 1, we put

[0, if o(F) = {a,m)
o4F) = { L if o(F) = (Bn,

where F = {{a,m),{f,n)} € #»(X), and we define

[0,0] x (@ +1), if e({<o, @), {f,w>}) =0
(o, f] x (@0 + 1), if e({<a, @), {f,w>}) = 1.

Then W(a,p) is a neighborhood of a({<a, @), {f,w)}).
For a,few;, « < f and ne w, we use the following notations:

Ve, Bn) = (] x ({m:m = n} U{o}),
V(a,1,n) = (a,01) X ({m:m = n}U{w}).

") = |

By the continuity of g, for every o, € w; with o < f there exist three ordinals
p(0,B), Ao,B), n(s,B) such that p(x, B) < x < Az, B) < B, n(s,f) < w and

a(<V (p(a, B), o, n(e, B)), V(4(er, ), B, (2, B)) ) = W (e, ).

Hence, by using the pressing down lemma and a well-known fact that every
countable union of non-stationary sets of w; is non-stationary, for every o < w;
we can choose four ordinals p(a),A(a),n(x),i(«) and a stationary set S, of
such that

plo) <o < Aa) <wy, n@) <o, ila)<2



278 S. Fum, K. Mivyazaki and T. NOGURA

and

ple, B) = p(a), Ao, B) = Ale),  n(o,p) =n(x), e({<ow),{B,w)}) = i(a)
for every f e S,.
Therefore we have ¢(F) =i(a) for every F e {V(p(a),a,n(a)), V(A(a),w,
n(a))y and every a < w;.
Again by the pressing down lemma, we obtain the following fact:

Fact. There exist three ordinals p,, ng, iy and a stationary set S of w; such
that

Po < wp, ny<w, iy < 2
and
ple) = po,  n(a) =no, (o) = o

for all a e S.
This fact implies that

(1) e(F) =iy for every Fe<V(py,a,n), V(Aa),w1,n9)y and o€ S.
Let D be the set of accumulating points of § in w;, and put

Dy={feD:Ay) <p for any y < f}.

Then it is easily seen that Dy is a closed unbounded set of w;, so we pick a
peDy. We choose s, € w satisfying nyp < s, np <t and s #¢. We now suppose
a({{B,s),{P,t)}) = {P,s). Then, by the continuity of g, there exists an oy € w,
such that p, < oy < f and

(2) a({ (o0, B] x {s}, (%0, B] x {1}) = (po, ] x {s}.

By the definitions of D and Dy, we can find an o € S so that oy < o < A(a) < S.
Now we choose an E € #,(X) with E < {o,f} x {s,¢} which leads us to a
contradiction, as follows. Set

E = { {<OC’ t>’ <ﬂ75>}; if io =0
{<o 8y, <, 1Y}, if g = 1.

Case 0: i =0. By (1) and a < f we get g(E) =<o,t). On the other
hand, by (2), a(E) = {f,s), a contradiction.

Case 1: jp=1. By (1) and a < f we get a(E) =<f,t). On the other
hand, by (2), o(E) =<a,s), a contradiction. O

RemARk. If one glues together the first point 0 of two copies of the long
line, then the resulting space is a linearly ordered, collectionwise normal, count-
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ably compact, first countable and it does not have a continuous selection [7].
However, unlike Example 3.1, the space is not scattered.

4. A scattered linearly ordered example.

As we described in the introduction, orderability is the key notion for
the existence of continuous selections. Since scattered metrizable spaces are 0-
dimensional and complete, such spaces have continuous selections [2], [4] because
of topological well-orderability. However linear orderability is not enough to
guarantee the existence of continuous selections even for Lindelof scattered
(hence 0-dimensional) spaces. Example 4.1 shows that Lindelof scattered linearly
ordered spaces need not have continuous selections.

Let M be the quotient space obtained from the product space w; x {0,1}
by identifying the points <{w;,0) and {w, 1) to a single point oo (we consider
the discrete topology on {0,1}). For convenience of explanation we write o’ =
(a,0) and a! = o, 1) for xew;, and © = w? =w]. We consider a natural
order on M which induces the same topology on M, that is: o° < g' for
a,few, and o < f° and o' > p' for a <f<w+1. We define [«°,p'] =
{yeM:0"<y<a? or o >y>p'}. The other notations are somewhat
standard, for instance [0°, %] ={yeM : 0’ <y<p’}, [B,a]={yeM: :p' >
y>al}, etc.

A space 1s a GO-space if it is homeomorphic to a subspace of a linearly
ordered space.

ExampLE 4.1. Let S < w; be a stationary set such that w; — S is also
stationary (such a set exists; see [8]). Let L={a'e M :0eS,i=0,1}U{c0} be
a subspace of M. Then L is a regular Lindelof scattered GO space which has no
continuous selection.

PrOOF. Assume that there exists a continuous selection ¢ : # (L) — L.

Cramm 1. For every o€ S there exist f(o) € S and y(«) € S such that

(1) o<p(a) <y(x) <o, and

(i) o([2",0]NL) = p()" for d€[p(=)°p()).

Let A= (w;—S)N(x,m;). Note that for each e 4 one has a([«°,0°]NL)<
0" because ¢° is not in L.

Since A4 is stationary, by the pressing down lemma, there exists f(«) such
that B={0e A :p(a)" = o([«*,6°] N L)} is stationary. By the continuity of o,
o([0%, )N L) = f(«)°. Again by the continuity of ¢ at the point [a,?] N
Le 7 (L), for each § < f(«) there exists an open set 75 = <V, V°,..., V2> of
Z (L) such that o(7;) < (0,8(«)°]. Let V;= Uicy, V- Since o) = of € ¥,

there exists y; < w; such that [a%,y]NLe¥; for all ye[yd,yi]. Let y(a) =
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sup{y; : 6 < a}. Then o([a®,y]NL) = p(x) for ye[px)°,7(@)']. The proof of
Claim 1 is complete.

The same claim holds for «!.

Cram 2. For each a € S there exist {(«) € S and 5(x) € S such that

(1) a<{(a) <n(x), and

(i) o([6,2']NL) ={(2)" for deln(@)’,n(x)].

Let C, = [y(2),®1) and D, = [y(a),w;) for 2 € S, and C, = D, = w; for a €
w; — S. We take the diagonal intersection £ = {0 :0 € C,N D, for each a < J}
of C,ND,’s. Then E is a closed unbounded set in w; (see ) Choose points p
and o, in SNE such that oy <oy <--- <o, <--- and p=I1im,_, a, Since
peE and o, <p, it follows that pe C,. Hence a([el,p!]NL)= Blon)’.
Keeping in mind this fact, we can prove o([p° p'|N L) = a(lim,_ [, p!]N L) =
lim,_, o([0%, p']N L) = lim,_. f(2,,)° = p°. On the other hand, by the same
argument, we have: o([p° p!|NL) = a(lim,_..[p°, el]N L) = lim,_, L) =pt,
a contradiction. ]

There is a standard way (see for instance [12]) to embed a GO-space X as
a closed subspace in a linearly ordered space X * which, in turn, is a subspace
of the linearly ordered space X x Z equipped with the lexicographical order
of X and Z, here Z denotes the set of integers. In our case the resulting
linearly ordered space X* is automatically Lindel6f and scattered. Therefore
there exists a Lindelof scattered linearly ordered space which has no continuous
selection.

The authors thank Professor V. Gutev for his helpful comments especially
for his suggestions for the improvement of [Theorem 2.3. The authors also thank
the referee and Professor D. Shakhmatov for their valuable comments on their
manuscript.
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