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Abstract. The existence of time local Cy-solutions is shown for Cauchy problem

of the porous medium equations. Our arguments rely on the ``Ly-energy method''

developed in our previous paper [16] and a new method based on the theory of evolution

equations in the L2-framework which enables us to handle with perturbations which can

be decomposed into monotone parts and small parts in Sobolev spaces of higher order.

1. Introduction.

In this paper, we are concerned with Cauchy problem for the following

nonlinear parabolic equations:

�P�
ut � �ulux�x; �x; t� A R� �0;y�;

u�x; 0� � u0�x�; x A R:

�

�1:1�

This equation is widely known as the porous medium equations, which describes

the isentropic ¯ow of an ideal gas through a homogeneous porous medium and

other physical phenomena such as in gas dynamics and plasma physics, (see

Aronson [1]). It is well known that (P) possesses self-similar special solutions

constructed by Barenblatt [5], and that (P) admits a unique (time) global weak

solution, which is proved by Oleinik-Kalashnikov-Chzhou [15]. After these

pioneering works, enormous number of studies in various aspects were devoted to

this equation.

As for the regularity of weak solution u, HoÈlder continuity with respect to x
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and t is established, (see Aronson [2], Kruzhkov [12], Gilding [10], and Ca¨arelli-

Friedman [7]).

Furthermore, higher regularity is known for the so-called pressure of gas

given by v � ��l� 1�=l�ul. In fact, v enjoys Lipschitz continuity in x and t,

(see Aronson [2], DiBenedetto [9], BeÂnilan [6], and Aronson-Ca¨arelli [3] and

Ca¨arelli-Vazquez-Wolanski [8]), and if the space dimension is one, then v

becomes Cy on each side of the (moving) interface after the ``waiting time'', (see

Aronson-Vazquez [4]).

However, as to the derivative estimates of solution u itself, little is inves-

tigated except in our previous result [16], where a time local solution is con-

structed in W 1;y�RN�. Our main concern here is the existence of smooth (say

Cy) solution of (P). In studying this kind of problem, it should be recalled that

by the result of Kalashnikov [11], we can not expect the global existence of

classical solution for (P). So we are led to the very natural and basic problem

whether (P) admits a time local Cy-solution or not. Our goal in this paper is to

give an a½rmative answer to this important open problem left unsolved for a

long time. The precise statement of our main result is given in the next section.

To achieve our aim, we ®rst introduce approximate equations for (P). In order

to construct global Cy-solutions of approximate equations, we introduce a new

method based on the theory of evolution equations in the L2-framework which

enables us to handle with perturbations which can be decomposed into monotone

parts and small parts in Sobolev spaces of higher order. Furthermore, to es-

tablish a priori bounds for solutions of approximate equations, we expand the

``Ly-energy method'', which is developed in [16]. We shall carry out these

procedures in O4 and O5. For this purpose, some lemmas are prepared in O3, and

the proof of main theorem is given in the last section.

2. Main Theorem.

Our basic assumptions imposed on the parameter l and the initial data u0
are the following (A.1) and (A.2).

(A.1) l is an even natural number.

(A.2) u0�x� A 7y

m�0
Hm�R�.

Then our main result is stated as follows.

Theorem. Let (A.1) and (A.2) be satis®ed, then there exists a positive

number T0 depending on ku0kLy�R� and ku0xkLy�R� such that Cauchy problem (P)

has a unique solution u A Cy��0;T0� � R� such that

sup
0ataT0

ku��; t�kLy�R�a ku0kLy�R�: �2:1�
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Moreover T0 can be chosen as a monotone decreasing function of ku0xkLy�R� such

that T0 tends to 0 as ku0xkLy�R� tends to �y.

As an immediate consequence of this theorem, we can derive the following

observation.

Corollary 2.1. A solution u A Cy��0;T� � R� of (P) can be continued as a

Cy-solution to the right of t � T , if and only if kux��; t�kLy�R� is bounded on �0;T�.

Furthermore, if u can not be continued as a Cy-solution to the right of t � T , then

it holds that

lim
t"T

kux��; t�kLy�R� � �y: �2:2�

Remark 2.2. Since �ulux�x � �1=�l� 1���ul�1�xx and the function r 7! jrjlr

�l > 0� belongs to Cy�R� if and only if l is an even integer, it seems rather

plausible to assume (A.1) for the argument in the Cy-category.

3. Some Lemmas.

In this section, we shall prepare several lemmas which will be often used in

the next section, the main parts of our arguments. We ®rst ®x some notations

which will appear frequently in what follows.

We use the simpli®ed notations:

Notations

(1) D � q=qx, Dm � �q=qx�m, D0 � Id .

(2) Lr � Lr�R�, k � kL r � k � kL r�R�, �1a ray�.

(3) k � kH n � k � kH n�R�, �n A N�, k � kH 0 � k � kL2�R�.

(4) �u; v� � �u; v�L2�R�, kuk � kukL2 .

Let A � ÿD2 and put Hk � H 2k�R�. We de®ne the inner product of Hk by

(5) �u; v�Hk
� �u; v�H 2k � �u; v� � �Aku;Akv�, k A N .

We ®rst note the following property.

Lemma 3.1. It holds that

kD jukL2a kukHk
for all u A Hk; 0a ja 2k; k A N : �3:1�

Proof. From the de®nition of the topology of Hk, the cases j � 0 and

j � 2k are obvious. In order to verify the other cases 1a ja 2k ÿ 1, it su½ces

to derive the following inequalities.

kD juka kDnuk j=n � kuk1ÿj=n for all u A H n; n A N ; 1a ja nÿ 1: �3:2�
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Indeed, (3.2) with n � 2k yields (3.1), since kD2kuk j=2k � kuk1ÿj=2k
a kukHk

.

We are going to prove (3.2) by induction.

Since kDuk2 � �Du;Du� � �ÿD2u; u�a kD2ukkuk, (3.2) holds true with

n � 2.

Assume that (3.2) hold true with n � mÿ 1 for all 1a jamÿ 2, (mb 3).

Then, by using (3.2) with n � mÿ 1, and j � mÿ 2, we get

kDmÿ1uk2 � ÿ
�

R

DmuDmÿ2 dxa kDmuk � kDmÿ2uk

a kDmuk � kDmÿ1uk�mÿ2�=�mÿ1� � kuk1=�mÿ1�;

whence follows

kDmÿ1uka kDmuk�mÿ1�=m � kuk1=m; �3:3�
which implies that (3.2) holds with n � m, j � mÿ 1.

For any 1a jamÿ 2, (3.2) with n � mÿ 1 and (3.3) assure

kD juka kDmÿ1uk j=�mÿ1� � kuk1ÿj=�mÿ1�

a �kDmuk�mÿ1�=m � kuk1=m� j=�mÿ1� � kuk1ÿj=�mÿ1� � kDmuk j=m � kuk1ÿj=m:

This completes the proof. r

The following two lemmas are standard results from embedding theorems.

Lemma 3.2. The following inequalities hold.

kukLy a

���

2
p

kuk1=2
L2 � kuxk1=2L2 for all u A H 1�R�; �3:4�

kD jukLy a

���

2
p

kukHk

for all u A Hk with kb 1 and 0a ja 2k ÿ 1: �3:5�

Proof. By the density argument, we have only to show (3.4) for u A Cy
0 �R�.

Since �1=2��d=dx��u�x��2 � u�x� � ux�x�, integrating this identity on �ÿy; x�, we
have

u�x�2 � 2

� x

ÿy

u�x�ux�x� dxa 2kukL2kuxkL2 ;

which gives (3.4).

Then, applying (3.4) for u � D ju and Lemma 3.1, we get

kD jukLy a

���

2
p

kD juk1=2
L2 � kD j�1uk1=2

L2 a

���

2
p

kukHk
: r

Lemma 3.3. It holds that

kuk4L4 a 2kuk3L2 � kuxkL2 for all u A H 1�R�: �3:6�
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Proof. By using HoÈlder inequality and (3.4), we obtain

kuk4L4 a kukL2 � kuk2L4 � kukLy a

���

2
p

kuk3=2
L2 � kuk2L4 � kuxk1=2L2 ;

whence follows (3.6). r

The following lemmas play an important role in establishing the Ly-

estimates of solutions.

Lemma 3.4. Let W be a domain in R
N and suppose that there exist r0 b 1

and Cr > 0 with limr!y Cr � Cy < �y such that

kukL r�W� aCr for all r A �r0;y�: �3:7�

Then u belongs to Ly�W� and satis®es

kukLy�W� aCy: �3:8�

Proof. Let Wk � WV fx A R
N
; kxk < kg and let un�x� � jux�x�j � sign u�x�

with jun�x�j � min�n; ju�x�j�. Noting that un A Ly�Wk� and kunkL r�Wk� aCr, we

®nd that limr!ykunkL r�Wk� � kunkLy�Wk� aCy for all n and k, (see Theorem 1 of

Yosida [18], p34). Since un�x� ! u�x� a.e. x in Wk as n ! y and jun�x�jaCy,

we get kukLy�Wk� aCy for all k. Therefore, for any e > 0, there exist null sets

ek HWk such that ju�x�jaCy � e for all x A Wknek and k. Hence ju�x�ja
Cy � e for all x A Wne, e � 6y

k�1
ek, which assures u A Ly�W� and kukLy�W� a

Cy. r

Lemma 3.5. Let W be a domain in R
N . Suppose that w A L1�0;T ;L r�W��

for all r A �r0;y�, v�0� � v0 A Ly�W� and v A W 1;1�0;T ;L r�W�� for all r A �r0;y�.
If it holds that

d

dt
kv�t�kL r�W� a kw�t�kL r�W� for all r A �r0;y� and a:e: t A �0;T �: �3:9�

Then we have

kvkLy�0;T ;Ly�W�� a kv0kLy�W� � kwkL1�0;T ;Ly�W��: �3:10�

Proof. Integrating (3.9) on �0; t� and using Young's inequality, we get

kv�t�kL r�W� a kv0kL r�W� � kwkL1�0;T ;L r�W��

a kv0k�rÿr0�=r
Ly�W� � kv0kr0=r

L r0 �W� �
� t

0

kw�s�k�rÿr0�=r
Ly�W� � kw�s�kr0=r

L r0 �W� ds

a
rÿ r0

r
kv0kLy�W� �

r0

r
kv0kL r0 �W�

� rÿ r0

r
kwkL1�0;T ;Ly�W�� �

r0

r
kwkL1�0;T ;L r0 �W��:

Hence, by letting r 7! y and applying Lemma 3.4, we obtain (3.10). r
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In the next section, we shall establish a priori estimates for higher derivatives

of solutions. To carry out this, we need the following lemmas.

Lemma 3.6. For any u A H n�2�R�, it holds that

Dn�ulD2u� � I 1n � I 2n � I 3n � R1
n � R2

n for nb 2; �3:11�

where

I 1n � ulDn�2u;

I 2n � nC1lu
lÿ1DuDn�1u;

I 3n � fnC2l�lÿ 1�ulÿ2�Du�2 � �nC2 � 1�lulÿ1D2ugDnu; �nb 3�;

I 32 � lulÿ1�D2u�2;

R1
n �

Xnÿ1

i�3

nCiD
i�ul�Dnÿi�2u for nb 4 and R1

2 � R1
3 � 0;

R2
n �

Xnÿ1

i�1

nÿ1CiD
i�lulÿ1�DnÿiuD2u:

Furthermore we have

sup
2aray

�kDR1
nkL r � kDR2

nkL r�a 2�l� 1�n�1�Mn;y�l�1
; �3:12�

kDR1
nkL2 � kDR2

nkL2 a 2�l� 1�n�1�Mnÿ1;y�lMn for nb 3; �3:13�

where

Mm;y � supfkD jukL r ; 2a ray; 0a jamg;

Mm � supfkD jukL2 ; 0a jamg:

Proof. By Leibniz's formula, we get

Dn�ulD2u� �
Xn

i�0

Ei; Ei � nCiD
i�ul� �Dnÿi�2u:

It is clear that I 1n � E0, I 2n � E1 and R1
n �

Pnÿ1
i�3 Ei, �nb 4�.

Since

En � Dnÿ1�lulÿ1Du�D2u � lulÿ1DnuD2u� R2
n ;
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we ®nd

E2 � lulÿ1�D2u�2 � l�lÿ 1�ulÿ2�Du�2D2u; �n � 2�;

E2 � En � I 3n � R2
n ; �nb 3�:

Hence (3.11) is derived.

In order to establish the Ly-estimate for D i�ul�, we ®rst note that the

number of ways of distributing D i to ul, denoted by Ai;l, is given by

Ai;l � l
i,

since the number of ways for operating D to ul � u � u � � � u
|�����{z�����}

l

is l. Then we obtain

kD i�ul�kLy a l
i �Ml

i;y: �3:14�

Hence, by (3.14),

kD i�ul�kL2 � kD iÿ1�lulÿ1Du�kL2

a klulÿ1D iukL2 � l

Xiÿ1

j�1

iÿ1CjkD
j�ulÿ1�D iÿjukL2

a lMlÿ1
0;yMi � l

Xiÿ1

j�1

iÿ1Cj�lÿ 1� jMlÿ1
j;y Miÿj

a lMiM
lÿ1
iÿ1;y 1�

Xiÿ1

j�1

iÿ1Cj�lÿ 1� j
 !

� lMiM
lÿ1
iÿ1;y

Xiÿ1

j�0

iÿ1Cj�lÿ 1� j

a l
iMlÿ1

iÿ1;yMi: �3:15�

Therefore

kDR1
nkL r a

Xnÿ1

i�3

nCifkD
i�1�ul�kLy � kDnÿi�2ukL r � kD i�ul�kLy � kDnÿi�3ukL rg

a

Xn

i�0

nCi�l
i�1 � l

i� �Ml�1
n;y

� �l� 1�Ml�1
n;y �

Xn

i�0

nCil
i

� �l� 1�n�1 �Ml�1
n;y ;

Energy estimates in Ly and porous medium equations 751



and

kDR
2
n
k
L r a

Xnÿ1

i�1

nÿ1Ci�kD
i�1�lulÿ1�k

Ly � kDnÿi
uk

Ly � kD2
uk

L r

� kD i�lulÿ1�k
Ly � fkDnÿi�1

uk
LykD2

uk
L r � kDnÿi

uk
LykD3

uk
L rg�

a

Xnÿ1

i�0

nÿ1Cifl�lÿ 1� i�1 � l�lÿ 1� ig �Ml�1
n;y

a l
2
M

l�1
n;y

�
Xnÿ1

i�0

nÿ1Ci�lÿ 1� i

� l
n�1 �Ml�1

n;y
:

Thus (3.12) is veri®ed.

Similarly, by virtue of (3.14) and (3.15), we ®nd

kDR
1
n
k
L2 a

Xnÿ1

i�3

nCifkD
i�1�ul�k

L2 � kDnÿi�2
uk

Ly � kD i�ul�k
Ly � kDnÿi�3

uk
L2g

a

Xnÿ1

i�0

nCi�l
i�1 � l

i� �Ml

nÿ1;y �Mn

� �l� 1�n�1
M

l

nÿ1;y �Mn;

kDR
2
n
k
L2 a

Xnÿ1

i�1

nÿ1Ci�kD
i�1�lulÿ1�k

L2 � kDnÿi
uk

Ly � kD2
uk

Ly

� kD i�lulÿ1�k
Ly � fkDnÿi�1

uk
L2kD2

uk
Ly � kDnÿi

uk
LykD3

uk
L2g�

a

Xnÿ1

i�1

nÿ1Ci�l�lÿ 1� i�1
M

lÿ1
i;y

Mi�1Mnÿi;yM2;y

� l�lÿ 1� i �Mlÿ1
i;y

�Mnÿi�1M2;y �Mnÿi;yM3��:

Therefore for nb 3,

kDR
2
n
k
L2 a

Xnÿ1

i�1

nÿ1CiMnM
l

nÿ1;y�l�lÿ 1� i�1 � l�lÿ 1� i�

� l
n�1 �Ml

nÿ1;yMn:

whence follows (3.12) and (3.13). r
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Lemma 3.7. For any u A H n�1�R�, it holds that

Dn�lulÿ1�Du�2� � J 1
n � J 2

n � S1
n � S2

n � S3
n � S4

n for nb 3; �3:16�

where

J 1
n � 2lulÿ1DuDn�1u;

J 2
n � f�2n� 1�l�lÿ 1�ulÿ2�Du�2 � 2nlulÿ1D2ugDnu;

S1
n �

Xnÿ1

i�2

nCiD
i�lulÿ1�Dnÿi��Du�2�;

S2
n � 2lulÿ1

Xnÿ2

i�2

nÿ1CiD
i�1uDnÿi�1u for nb 4 and S3

2 � 0;

S3
n � 2nl�lÿ 1�ulÿ2Du

Xnÿ2

i�1

nÿ2CiD
i�1uDnÿiu;

S4
n � l�lÿ 1�

Xnÿ1

i�1

nÿ1CiD
i�ulÿ2�Dnÿiu�Du�2:

Furthermore, we have

sup
2aray

X4

j�1

kS j
nkL r a 2nl2�l� 1�n�Mnÿ1;y�l�1

; �3:17�

X4

j�1

kS j
nkL2 a 2nl2�l� 1�n�Mn�

;y�lMnÿ1; �3:18�

where n� � max�3; nÿ 2� and Mm;y, Mm are the constants de®ned in Lemma 3.5.

Proof. Leibniz's formula gives

Dn�lulÿ1�Du�2� �
Xn

i�0

Fi; Fi � nCiD
i�lulÿ1�Dnÿi��Du�2�:

Obviously

S1
n �

Xnÿ1

i�2

Fi:

Furthermore,

Energy estimates in Ly and porous medium equations 753



F0 � lu
lÿ1 � 2Dnÿ1�DuD

2
u�

� 2lulÿ1
DuD

n�1
u�

X

nÿ1

i�1

nÿ1CiD
i�1

u �Dnÿi�1
u

( )

� J
1
n
� 2nlulÿ1 �Dn

uD
2
u� S

2
n
;

F1 � nl�lÿ 1�ulÿ2
Du � 2Dnÿ2�DuD

2
u�

� 2nl�lÿ 1�ulÿ2�Du�2Dn
u� S

3
n
;

Fn � D
nÿ1�l�lÿ 1�ulÿ2

Du��Du�2

� l�lÿ 1�ulÿ2
D

n
u�Du�2 � S

4
n
:

Thus (3.16) is derived.

Moreover, by virtue of (3.14), we get

kS1
n
k
L ra

X

nÿ1

i�2

nCikD
i�lulÿ1�k

Ly � kDnÿi��Du�2�k
L r

a l

X

nÿ1

i�2

nCi � �lÿ 1� iMlÿ1
i;y

� 2nÿi
M

2
nÿ1;y

a l

X

n

i�0

nCi�lÿ 1� i � 2nÿi �Ml�1
nÿ1;y

� l�l� 1�n �Ml�1
nÿ1;y;

kS2
n
k
L ra 2lkuklÿ1

Ly �
X

nÿ2

i�2

nÿ1CiM
2
nÿ1;y

a 2n
l �Ml�1

nÿ1;y;

kS3
n
k
L ra 2nl�lÿ 1�kuklÿ2

Ly kDuk
Ly �

X

nÿ2

i�1

nÿ2CiM
2
nÿ1;y

a 2nÿ1
nl�lÿ 1� �Ml�1

nÿ1;y;

kS4
n
k
L ra l�lÿ 1� �

X

nÿ1

i�1

nÿ1Ci�lÿ 2� i �Ml�1
nÿ1;y

� l�lÿ 1�n �Ml�1
nÿ1;y:

Hence, these estimates assure (3.17). Moreover, we have
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kS1

nkL2a

Xnÿ2

i�2

nCikD
i�lulÿ1�kLy � kDnÿi�Du�2kL2

� nCnÿ1kD
nÿ1�lulÿ1�kL2kD��Du�2�kLy

a l

Xnÿ2

i�2

nCi�lÿ 1� iMlÿ1

i;y � 2nÿiMnÿi;yMnÿi�1

� nl�lÿ 1�nÿ1
Mlÿ2

nÿ2;y
Mnÿ1 � 2M1;yM2;y

a l

Xnÿ2

i�2

nCi�lÿ 1� i � 2nÿi �Ml

nÿ2;y
Mnÿ1 � 2nl�lÿ 1�nÿ1

Mlÿ1

nÿ2;y
M2;yMnÿ1

a l

Xnÿ1

i�2

nCi�lÿ 1� i � 2nÿiMl

n �
;y
Mnÿ1

a l�l� 1�nMl

n�Mnÿ1;

kS2

nkL2a 2lkuklÿ1

Ly �
Xnÿ3

i�2

nÿ1CikD
i�1ukLykDnÿi�1ukL2

� 2lkuklÿ1

Ly nÿ1Cnÿ2kD
nÿ1ukL2kD3ukLy

a 2lkuklÿ1

Ly �
Xnÿ3

i�2

nÿ1CiMnÿ2;yMnÿ1 � 2l�nÿ 1�kuklÿ1

Ly M3;yMnÿ1

a 2lMlÿ1

0;y
�
Xnÿ2

i�2

nÿ1CiMnÿ1Mn�

a 2
n
l �Ml

n �
;y
Mnÿ1;

kS3

nkL2a 2nl�lÿ 1�kuklÿ2

Ly kDukLy �
Xnÿ3

i�1

nÿ2CikD
i�1ukLykDnÿiukL2

� 2nl�lÿ 1�kuklÿ2

Ly kDukLykDnÿ1ukL2kD2ukLy

a 2nl�lÿ 1� �Ml

nÿ2;y

Xnÿ3

i�1

nÿ2CiMnÿ1 � 2nl�lÿ 1�Mlÿ1

nÿ2;y
M2;yMnÿ1

� 2nl�lÿ 1�Ml

n �
;y
Mnÿ1

Xnÿ2

i�1

nÿ2Ci

� 2nl�lÿ 1�Ml

n �
;y
Mnÿ12

nÿ2

� 2
nÿ1nl�lÿ 1�Ml

n �
;y
Mnÿ1;
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kS4
nkL2a l�lÿ 1� �

X

nÿ2

i�1

nÿ1CikD
i�ulÿ2�kLykDnÿiukL2k�Du�2kLy

� l�lÿ 1�kDnÿ1�ulÿ2�kL2k�Du�3kLy

a l�lÿ 1� �
X

nÿ2

i�1

nÿ1Ci�lÿ 2� iMlÿ2
i;y Mnÿ1M

2
1;y

� l�lÿ 1��lÿ 2�nÿ1
Mlÿ3

nÿ2;yMnÿ1M
3
1;y

a l�lÿ 1�Ml

nÿ2;yMnÿ1 �
X

nÿ2

i�1

nÿ1Ci�lÿ 2� i

� l�lÿ 1�Ml

nÿ2;yMnÿ1 � �lÿ 2�nÿ1

� l�lÿ 1�n �Ml

nÿ2;yMnÿ1:

Therefore,

X

4

j�1

kS j
nkL2a l�l� 1�nMl

n �
;y
Mnÿ1 � 2n

l �Ml

n �
;y
Mnÿ1

� 2nÿ1nl�lÿ 1�Ml

n�
;y
Mnÿ1 � l�lÿ 1�n �Ml

nÿ2;yMnÿ1

a �l�l� 1�n � 2n
l� 2nÿ1nl�lÿ 1� � l�lÿ 1�n�Ml

n �
;y
Mnÿ1

� l��l� 1�n � 2n � 2nÿ1n�lÿ 1� � �lÿ 1�n�Ml

n �
;y
Mnÿ1

a l��l� 1�n � 2nn� �lÿ 1��2nÿ1n� �lÿ 1�nÿ1��Ml

n�
;y
Mnÿ1

a l��l� 1�n � 2nn��lÿ 1� 1�Ml

n �
;y
Mnÿ1

� l
2��l� 1�n � 2nn�Ml

n �
;y
Mnÿ1

a 2nl2�l� 1�nMl

n�
;y
Mnÿ1:

Hence, these estimates assure (3.18). r

4. Approximate Equations.

In order to approximate the original problem (P), we have introduced the

following equations:

�P�e
ut � �ul � e�uxx � lulÿ1�ux�

2
; �x; t� A R� �0;y�;

u�x; 0� � u0�x�; x A R:

(

The purpose of this section is to show the existence of global smooth solutions for

�P�e, which reads
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Proposition 4.1. Let (A.1) and (A.2) be satis®ed. Then, for every T > 0

and e > 0, �P�e has a unique solution ue belonging to Cy��0;T � � R�.

By the standard argument, it is easy to see that Proposition 4.1 can be derived

from the following fact.

Proposition 4.2. Let (A.1) and (A.2) be satis®ed. Then, for every T > 0,

k A N �kb 2� and e > 0, �P�e has a unique solution ue belonging to B
k
T :�

fv A C��0;T �;H 2k�1�R��; vxx; vt A L2��0;T �;H 2k�R��g.

The proof of Proposition 4.2 is divided into three steps in the following

subsections 4.1, 4.2 and 4.3.

4.1. Approximation for leading term.

As the ®rst step, we consider the partial approximation which consists only

of leading terms.

�P�e0
ut � �ul � e�uxx � f �x; t�; �x; t� A R� �0;y�;

u�x; 0� � u0�x�; x A R:

�

Our aim here is to show the following fact.

Lemma 4.3. For given f A L2�0;T ;H 2k�R�� and u0 A H 2k�1�R�, �P�e0 has a

unique solution u belonging to B
k
T , the same class of solutions given in Proposition

4.2.

By putting A � ÿ�q=qx�2 and Hk � H 2k�R�, we rewrite �P�e0 as evolution

equations in Hk:

�P�e0
�d=dt�u�t� � eAu�t� � ulAu�t� � f �t�; 0a taT ;

u�0� � u0:

�

At a glance, it is easily seen that ulAu can be regarded as a monotone

perturbation for eAu in L2�R�. However, the chief di½culty of this equation lies

in the facts that ulAu does not behave as a monotone perturbation anymore in

higher order spaces Hk �kb 1�, and that ulAu is not a small perturbation for eAu

even in H0 � L2�R�.

In order to get over the ®rst di½culty, we shall show that ulAu can be

decomposed into the sum of monotone perturbations and small perturbations.

To avoid the second di½culty, we introduce the following auxiliary equations

with two parameters e > 0 and l A �0; 1�.

�P�e;l
�d=dt�u�t� � eAu�t� � lulAu�t� � h�t� � f �t�; 0a taT ;

u�0� � u0: in Hk.

�

For any f ®xed in L2�0;T ;Hk� and given h A L2�0;T ;Hk�, denote by uh the
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unique solution of �P�e;l belonging to B
k
T . For any h > 0, we can de®ne an

operator F
l

h by

F
l

h : h 7! uh 7! ÿh�uh�l � Auh:

To prove Lemma 4.3, it su½ces to establish the following fact on F
l

h .

Lemma 4.4. There exist a positive number R and a (su½ciently small ) posi-

tive number h0 depending on ku0kH 2k�1 ; e;R and T but not on l such that for every

h A �0; h0� and l A �0; 1�, Fl
h becomes a contraction from K T

R :� fv A L2�0;T ;Hk�;

kvkL2�0;T ;Hk�
aRg into itself, provided that �P�e;l admits a unique solution in B

k
T .

In fact, the following argument shows that Lemma 4.3 is a direct conse-

quence of Lemma 4.4.

Proof of Lemma 4.3. We ®rst choose m A N and h1 A �0; h0� such that

mh1 � 1. Since eA becomes a self-adjoint operator in Hk with D�A� � Hk�1 �

H 2�k�1��R�, the standard result of the theory of evolution equations says that for

every h A K T
R , �P�e;l with l � 0 admits a unique solution uh in B

k
T (see Tanabe

[17]). Then Lemma 4.4 assures that F
0

h1
has a ®xed point h0 A K T

R , in other

words, uh0 satis®es

d

dt
uh0�t� � eAuh0�t� � h0�t� � f �t�

� F
0

h1
�h0� � f �t�

� ÿh1�u
h0�lAuh0 � f �t�:

Hence uh0�t� gives a unique solution of �P�e;l with l � h1 and h � 0. This

observation implies that �P�e;h1 admits a unique solution in B
k
T . Therefore, ap-

plying Lemma 4.4 again with l � h1, we ®nd that Fh1
h1

has a ®xed point h1 A K T
R .

Then, by the same argument as above, it is easily seen that uh1�t� gives a unique

solution of �P�e;l with l � 2h1 and h � 0. Thus we can repeat this procedure for

l � kh1, up to k � m, and ®nd that �P�e;l with l � mh1 � 1 and h � 0, nothing

but �P�e0, admits a unique solution in B
k
T . r

In order to derive Lemma 4.4, we need to establish a series of a priori

estimates for solutions of �P�e;l.

Lemma 4.5. Let u be a solution of �P�e;l belonging to B
k
T . Then there exist

numbers fMmg
2k
m�0, fMm;yg2kÿ1

m�0 such that

MmaMm;yaMm�1; 0ama 2k ÿ 1; �4:1�
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sup
0ataT

kDmu�t�kL2 aMm; 0ama 2k; �4:1�m

sup
0ataT
2aray

kDmu�t�kL r aMm;y; 0ama 2k ÿ 1: �4:1�m;y

Here Mm and Mm;y do not depend on e but on u0; f ; h and other parameters, more

precisely,

M0 � M0�ku0kL2 ; k f � hkL1�0;T ;L2��;

Mm � Mm�kDmu0kL2 ; kDm� f � h�kL1�0;T ;L2�;m; l;Mmÿ1;y�; 1ama 2k;

M0;y � M0;y sup
2aray

ku0kL r ; sup
2aray

k f � hkL1�0;T ;L r�

� �

;

Mm;y � Mm;y sup
2aray

kDmu0kL r ; sup
2aray

kDm� f � h�kL1�0;T ;L r�;m; l;Mmÿ1;y

� �

m0 2;

M2;y �
���

2
p

M
1=2
2 �M 1=2

3 :

Furthermore, the following estimate holds.

sup
0ataT

kDu�t�kHk
� e

�T

0

kD2u�t�k2Hk
dt

� �1=2

aM e

2k�1; �4:2�k

where M e

2k�1 � M e

2k�1�M2k;M2;y; e; k; l; kDu0kHk
; k f � hkL2�0;T ;Hk��.

Proof. We are going to verify �4:1�m in several steps, i.e., the cases m �
0; 1; 2 and mb 3. For the sake of simplicity, throughout the present paper, we

denote by Cm positive numbers depending only on l and m. We also denote by

Mm (or Mm;y) positive numbers depending only on l;m and Mm (or Mm;y).

These numbers Cm and Mm will in general have di¨erent values in di¨erent

places.

(The case mF 0)

Multiply �P�e;l by jujrÿ2
u and integrate over R, then the integration by parts

gives

kukrÿ1
L r � d

dt
kukL r � e�rÿ 1�

�

jujrÿ2�Du�2 dx� l�l� rÿ 1�
�

jujl�rÿ2�Du�2 dx

�
�

� f � h�jujrÿ2
u dx

a k f � hkL r � kukrÿ1
L r :
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Hence, we deduce �4:1�0 and �4:1�0;y with

M0 � ku0kL2 � k f � hkL1�0;T ;L2�;

M0;y � sup
2aray

fku0kL r � k f � hkL1�0;T ;L r�g;

we obtain �4:1�m and �4:1�m;y
with m � 0.

(The case mF 1)

Multiplication of �P�e;l by ÿD�jDujrÿ2
Du� � ÿ�rÿ 1�jDujrÿ2�D2u�2 gives

kDuk rÿ1
L r �

d

dt
kDukL r � e�rÿ 1�

�

jDujrÿ2�D2u�2 dx� l�rÿ 1�

�

uljDujrÿ2�D2u�2 dx

� ÿ

�

D� f � h�D�jDujrÿ2
Du� dx

a kD� f � h�kL r � kDukrÿ1
L r ;

whence follows (4.1), �4:1�1 and �4:1�1;y with

M1 � max�M0;y; kDu0kL2 � kD� f � h�kL1�0;T ;L2��;

M1;y � max M0;y; sup
2aray

fkDu0kL r � kD� f � h�kL1�0;T ;L r�g

� �

:

(The case mF 2)

The argument similar to those above does not work well for the case

m � 2. So we here try to derive �4:1�2;y via the L2-estimates for D2u and D3u.

Multiplication of D2�P�e;l by D2u gives

1

2

d

dt
kD2u�t�k2L2 � ekD3u�t�k2L2 ÿ l�D2�ulD2u�;D2u�L2

� �D2� f � h�;D2u�L2

a
1

2
kD2� f � h�k2L2 �

1

2
kD2u�t�k2L2 : �4:3�

Here, applying the integration by parts, we get

ÿ�D2�ulD2u�;D2u�L2 �

�

ul�D3u�2 dx� l

�

ulÿ1DuD2uD3u dx;

and

ÿl

�

ulÿ1DuD2uD3u dxa
1

2

�

ul�D3u�2 dx�
l
2

2

�

ulÿ2�Du�2�D2u�2 dx

a
1

2

�

ul�D3u�2 dx�M1;ykD2uk2L2 :
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Substituting these relations in (4.3), we obtain

d

dt
kD2u�t�k2L2a �M1;y � 1�kD2u�t�k2L2 � kD2� f � h�k2L2�0;T ;L2�:

Then Gronwall's inequality yields

sup
0ataT

kD2u�t�kL2aM2 :� �k f � hk2L2�0;T ;H1�
� ku0k

2
H1
�1=2 � e�M1;y�1��T=2�: �4:4�

Next, we calculate �D3�P�e;l;D3u� to get

1

2

d

dt
kD3u�t�k2L2 � ekD4u�t�k2L2 ÿ l�D3�ulD2u�;D3u�L2

a kD3� f � h�kL2 � kD3u�t�kL2 : �4:5�

Here, by Lemma 3.6 with n � 2, we have

ÿ�D3�ulD2u�;D3u�L2 �

�
D2�ulD2u�D4u dx

�

�
ul�D4u�2 dx� I 22 � I 32 � R2

2; �4:6�

where

I 22 � 2l

�
ulÿ1DuD3uD4u dx;

I 32 � l

�
ulÿ1�D2u�2D4u dx;

R2
2 � l�lÿ 1�

�
ulÿ2�Du�2D2uD4u dx:

On the other hand, we obtain

jI 22 ja
1

4

�
ul�D4u�2 dx� 4l2

�
ulÿ2�Du�2�D3u�2 dx

a
1

4

�
ul�D4u�2 dx�M1;ykD3uk2L2 ; �4:7�

and by Lemma 3.3 and (4.4),

jI 32 ja
1

4

�
ul�D4u�2 dx� l

2

�
ulÿ2�D2u�4 dx

a
1

4

�
ul�D4u�2 dx�M1;yM 3

2 � kD3ukL2 : �4:8�

Furthermore, the integration by parts for R2
2 gives
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R2
2 � ÿl�lÿ 1�

�
�

�lÿ 2�ulÿ3�Du�3D2uD3u dx

� 2

�

ulÿ2Du�D2u�2D3u dx�
�

ulÿ2�Du�2�D3u�2 dx
�

:

Then, by virtue of Lemma 3.3 and (4.4),

jR2
2jaM1;yM2kD3ukL2 �M1;yM

3=2
2 kD3uk3=2

L2 �M1;ykD3uk2L2 : �4:9�

Thus, from (4.5) to (4.9) we derive

d

dt
kD3u�t�kL2aM1;y�kD3ukL2 �M

3=2
2 kD3uk1=2

L2 �M 3
2 �M2� � kD3� f � h�kL2

aM1;ykD3ukL2 �M1;y�M 3
2 �M2� � kD3� f � h�kL2 :

Then �4:1�3 holds with

M3 � max�2M2; �kD3u0kL2 � kD3� f � h�kL1�0;T ;L2�

�M1;y�M 3
2 �M2�� � expfM1;yTg�: �4:10�

Furthermore, we de®ne M2;y by M2;y �
���

2
p

M
1=2
2 M

1=2
3 , then 2M2aM2;yaM3

holds and by (3.4) in Lemma 3.2, we ®nd

sup
0ataT0

kD2u�t�kLya

���

2
p

M
1=2
2 M

1=2
3 � M2;y:

Since

sup
2aray

kD2ukL ra sup
2aray

�kD2uk�rÿ2�=r
Ly � kD2uk2=r

L2 �

a sup
2aray

�M�rÿ2�=r
2;y �M 2=r

2 �aM2;y;

(4.1) and �4:1�m;y hold with m � 2.

(The case 3ama 2kC 1)

Multiply Dmÿ1�P�e;l by ÿD�jDmujrÿ2
Dmu�, then by Lemma 3.6 with n � mÿ 1,

we get

kDmukrÿ1
L r � d

dt
kDmukL r � e�rÿ 1�

�

jDmujrÿ2�Dm�1u�2 dx

� lImÿ1 � kDm� f � h�kL r � kDmukrÿ1
L r ; �4:11�

Imÿ1 � ÿ
�

Dmÿ1�ulD2u� �D�jDmujrÿ2
Dmu� dx

�
�

�I 1mÿ1 � I 2mÿ1 � I 3mÿ1 � R1
mÿ1 � R2

mÿ1� � �ÿD�jDmujrÿ2
Dmu�� dx:
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We are going to estimate these 5 terms.

I
1

mÿ1 �

�
I 1mÿ1 � �ÿD�jDmujrÿ2

Dmu�� dx

� ÿ�rÿ 1�

�
uljDmujrÿ2�Dm�1u�2 dxa 0; �4:12�

I
2

mÿ1 �

�
I 2mÿ1 � �ÿD�jDmujrÿ2

Dmu�� dx

� ÿ
rÿ 1

r
�mÿ 1�

�
lulÿ1Du �D�jDmujr� dx

�
�rÿ 1��mÿ 1�l

r

�
�ulÿ1D2u� �lÿ 1�ulÿ2�Du�2� � jDmujr dx

aM2;ykDmukr
L r : �4:13�

For the case mb 4, we get

I 3mÿ1 �

�
I 3mÿ1 � �ÿD�jDmujrÿ2

Dmu�� dx

�

�
fmÿ1C2l�lÿ 1�ulÿ2�Du�2 � �mÿ1C2 � 1�lulÿ1D2ugDmu � jDmujrÿ2

Dmu dx

�

�
D�mÿ1C2l�lÿ 1�ulÿ2�Du�2�Dmÿ1u � jDmujrÿ2

Dmu dx

�

�
D��mÿ1C2 � 1�lulÿ1D2u�Dmÿ1u � jDmujrÿ2

Dmu dx:

Then it is easy to obtain

I 3mÿ1 aM2;ykDmukr
L r �Mmÿ1;ykDmukrÿ1

L r ; �mb 4�: �4:14�m

As for the case m � 3, it holds

E2 � I
3

3ÿ1 � R
2

3ÿ1

�

�
flulÿ1�D2u�2 � l�lÿ 1�ulÿ2�Du�2D2ug � fÿD�jD3ujrÿ2

D3u�g dx

�

�
f2lulÿ1D2u� l�lÿ 1�ulÿ2�Du�2gD3ujD3ujrÿ2

D3u dx

�

�
fl�lÿ 1�ulÿ2Du�D2u�2 � l�lÿ 1��lÿ 2�ulÿ3�Du�3D2u

� 2l�lÿ 1�ulÿ2Du�D2u�2g � jD3ujrÿ2
D3u dx:
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Hence, (4.11), (4.12) and (4.13) yield

d

dt
kD3ukL r aM2;y�kD3ukL r � 1� � kD3� f � h�kL r :

Then �4:3�m�3 holds with

M3;y � max�M3;M3;y�;

M3;y � M2;y � sup
2aray

fkD3u0kL r � kD3� f � h�kL1�0;T ;L r�g

� �

� eM2;yT
:

Furthermore, for the case mb 4, we note that (3.12) implies

�

�R1
mÿ1 � R2

mÿ1� � �ÿD�jDmujrÿ2
Dmu�� dx

�

�

�

�

�

�

�

�

a 2�l� 1�m �Ml�1
mÿ1;y � kDmukrÿ1

L r :

�4:15�

Thus, in view of (4.11), (4.12), (4.13), (4.14)m and (4.15), we obtain

d

dt
kDmukL r aCmM2;ykDmukL r �Mmÿ1;y � kDm� f � h�kL r :

Therefore �4:1�m and �4:1�m;y
are valid with

Mm � max�Mmÿ1;y;Mm;2�; Mm;y � max Mmÿ1;y; sup
2aray

Mm; r

� �

;

Mm; r � �Mmÿ1;y � kDmu0kL r � kDm� f � h�kL1�0;T ;L r�� � e
CmM2;yT

:

Now we are going to verify �4:2�k. To do this, we take the inner product of

Hk between �P�e;l and Au to get

1

2

d

dt
kDuk2Hk

� ekAuk2Hk
� ÿl�ulAu;Au�Hk

� � f � h;Au�Hk
; �4:16�

where

ÿl�ulAu;Au�Hk
� ÿl�ulAu;Au�L2 ÿ l�Ak�ulAu�;Ak�1u�L2

� ÿl

�

ul�Au�2 dx� I2k�2�:

Lemma 3.6 with n � 2k gives

I2k�2� � ÿ�ÿ1�2k�2
l

�

D2k�ulD2u� �D2k�2u dx

aÿl

�

ul�D2k�2u�2 dx� I 22k�2� � I 32k�2� � R1
2k�2� � R2

2k�2�:
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Here we obtain

I 22k�2� � ÿ

�

2kC1lu
lÿ1DuD2k�1uD2k�2u dx

a 2klMl

1;ykDukHk
kAukHk

a
e

4
kAuk2Hk

�
1

e
CkM1;ykDuk2Hk

;

I 32k�2� � ÿ

�

�2kC2l�lÿ 1�ulÿ2�Du�2 � �2kC2 � 1�lulÿ1D2u� �D2kuD2k�2u dx

a 2k2
l
2Ml

2;yM2kkAukHk

a
e

4
kAuk2Hk

�
1

e
CkM2;yM 2

2k;

and by (3.13)

R1
2k�2� � R2

2k�2� � ÿ

�

�R1
2k � R2

2k� �D
2k�2u dx

a 2�l� 1�2k�1 �Ml�1
2k � kD2k�1ukL2

aM2k � kDuk2Hk
:

Then, by substituting these estimates in (4.16), we have

1

2

d

dt
kDuk2Hk

�
e

4
kAuk2Hk

a
1

e
CkM1;y � 1

� �

kDuk2Hk
�
1

e
M2;yM2k �M2k �

1

e
k f � hk2Hk

:

Thus Gronwall's inequality assures �4:2�k. r

In showing that Fl
h becomes a contraction, we need to investigate how the

solution u of �P�e;l depends on h. In fact, we get the following estimates.

Lemma 4.6. Let f A L2�0;T ;Hk� and h1; h2 A K T
R :� fv A L2�0;T ;Hk�;

kvkL2�0;T ;Hk�
aRg. Let u1 and u2 be solutions of �P�e;l belonging to B

k
T with h

replaced by h1 and h2 respectively. Then there exist constants G1 and G2 de-

pending only on R; k; l and 1=e such that

sup
0ataT

�ku1�t� ÿ u2�t�k
2
Hk

� kD�u1�t� ÿ u2�t��k
2
Hk
�

aG1e
G2Tkh1 ÿ h2k

2
L2�0;T ;Hk�

; �4:17�

e

�T

0

kD�u1 ÿ u2�k
2
Hk

dtaG1e
G2Tkh1 ÿ h2k

2
L2�0;T ;Hk�

; �kb 1�: �4:18�
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Proof. As in the proof of Lemma 4.5, we adopt the expedient notations

Cm;Mm and Mm;y to mean positive numbers with the dependence Cm�l;m�;

Mm�l;m;Mm� and Mm;y�l;m;Mm;y�.

Since u1; u2 A B
k

T
, we note by Lemma 4.5 that u1 and u2 satisfy estimates

�4:1�
m

and �4:1�
m;y

and �4:2�
k
. It is easy to see that w � u1 ÿ u2 satis®es

wt � eAw� lu
l

1Aw� lwdlAu2 � dh; �4:19�

where

dl � u
lÿ1
1 � u

lÿ2
1 u2 � � � � � u1u

lÿ2
2 � u

lÿ1
2 ; dh � h1 ÿ h2: �4:20�

Then, by taking the inner product of Hk between (4.19) and w, we have

1

2

d

dt
kwk2

Hk
� ekDwk2

Hk
� dI1 � dI2 � dI3 � dI4a

1

2
kwk2

Hk
�
1

2
kdhk2

Hk
; �4:21�

dI1 � l�ul1Aw;w�; dI2 � l�Ak�ul1Aw�;A
kw�;

dI3 � l�wdlAu2;w�; dI4 � l�Ak�wdlAu2�;A
kw�:

Here it is easy to get

jdI1ja kul1kLykD2
wk

L2kwkL2aM0;ykwk2
Hk
; �4:22�

jdI3ja kwk
L2kdlkLykAu2kLykwkL2

aM2;ykwk2
Hk
: �4:23�

Furthermore by virtue of (3.1), (3.5), (3.14) and (3.15) and the argument similar

to that in the proof of Lemma 3.6, we obtain

jdI2ja

�
jD2k�ul1D

2
w� �D2k

wj dx

a

�
jul1D

2k�2
w �D2k

wj dx� Ck

�
julÿ1

1 Du1D
2k�1

w �D2k
wj dx

� Ck

X2kÿ1

i�2

�
jD i�ul1�D

2kÿi�2
w �D2k

wj dx�

�
jD2k�u1�

l
D

2
w �D2k

wj dx

aM0;ykAwk
Hk

� kwk
Hk

� CkM1;ykDwk
Hk

� kwk
Hk

�M2kÿ1;ykwk2
Hk

� l
2k
M

lÿ1
2kÿ1;yM2kkD

2
wk

Ly � kwk
Hk

aM2k�kAwkHk
� kDwk

Hk
� kwk

Hk
�kwk

Hk
; �4:24�
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jdI4ja

�

jD2k�wdlD
2u2� �D

2kwj dx

a

�

jwdlD
2k�2u2 �D

2kwj dx� Ck

�

jD�wdl�D
2k�1u2 �D

2kwj dx

� Ck

X

2k

i�2

�

jD i�wdl�D
2kÿi�2u2 �D

2kwj dx:

aM0;ykAk�1u2kL2kwkLykD2kwkL2

� Ck�kDwkLykdlkLy � kwkLykDdlkLy�kD2k�1u2kL2kD2kwkL2

� Ck

X

2k

i�3

kD i�wdl�kL2kD2kÿi�2u2kLykD2kwkL2

� CkkD
2�wdl�kLykD2ku2kL2kD2kwkL2

aM0;ykAk�1u2kL2kwk
2
Hk

� CkM1;yM e

2k�1kwk
2
Hk

� Ck

X

2k

i�3

kD i�wdl�kL2M2kÿ1;ykwkHk
� CkkD

2�wdl�kLyM2kkwkHk
:

By the same veri®cation for (3.14) and (3.15), we ®nd that

kD jdlkLya l�lÿ 1� jMlÿ1
2kÿ1;y for 0a ja 2k ÿ 1;

kD jdlkL2a l�lÿ 1� jMlÿ2
2kÿ1;yM2k

a l�lÿ 1� jMlÿ1
2k for 0a ja 2k:

Hence, by (3.1),

kD i�wdl�kL2 �
X

i

j�0

iCjD
jdl �D

iÿjw































L2

a

X

i

j�0

iCjl�lÿ 1� jMlÿ1
2kÿ1;ykwkHk

a l
i�1Mlÿ1

2k kwkHk
; �0a ia 2k ÿ 1�; �4:25�i
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kD2k�wdl�kL2 �
X

2k

j�0

2kCjD
jdl �D2kÿjw































L2

a

X

2kÿ1

j�0

2kCjl�lÿ 1� jMlÿ1
2kÿ1;ykwkHk

� kD2kdlkL2kwkLy

a

X

2kÿ1

j�0

2kCjl�lÿ 1� j �
���

2
p

l�lÿ 1�2k
 !

Mlÿ1
2k kwkHk

a

���

2
p

l
2k�1Mlÿ1

2k kwkHk
; �4:25�2k

kD i�wdl�kLy �
X

i

j�0

D jdl �D iÿjw































Ly

a

X

i

j�0

iCjl�lÿ 1� jMlÿ1
2kÿ1;ykD iÿjwkLy

a

���

2
p

l
i�1Mlÿ1

2kÿ1kwkHk
: �4:25�i;y

Then

X

2k

i�3

kD i�wdl�kL2 � kD2�wdl�kLy

a

���

2
p X

2k

i�3

l
i�1 �

���

2
p

l
2�1

 !

Mlÿ1
2k kwkHk

a 2
���

2
p

kl2k�1Mlÿ1
2k kwkHk

: �4:26�
Therefore,

jdI4jaM0;ykAk�1u2kL2kwk2Hk
� CkM1;yM e

2k�1kwk
2
Hk

�M2kkwk2Hk
:

Consequently, in view of (4.21)±(4.26), we deduce

1

2

d

dt
kwk2Hk

� ekDwk2Hk

a
e

8
kAwk2Hk

� 1

2
kDwk2Hk

� 1

2
kdhk2Hk

� 1

e
M2k �M2k �M2;y � CkM1;y �Me

2k�1 �M0;ykA2k�1u2kL2

� �

kwk2Hk
:

�4:27�

Now we are going to establish the same type of estimate for Dw in Hk. To do

this, we take the inner product of Hk between (4.19) and Aw to get
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1

2

d

dt
kDwk2Hk

� ekAwk2Hk
� dI5 � dI6 � dI7 � dI8 a

e

8
kAwk2Hk

� 2

e
kdhk2Hk

; �4:28�

dI5 � l�ul1Aw;Aw�; dI6 � l�Ak�ul1Aw�;Ak�1w�;

dI7 � l�wdlAu2;Aw�; dI8 � l�Ak�wdlAu2�;Ak�1w�:

Then it is easy to see that

dI5 b 0; jdI7jaM2;ykwkL2kAwkL2 aM2;ykwk2Hk
: �4:29�

Furthermore, by much the same arguments as for (4.24) and (4.25), we can derive

ÿdI6 � ÿl

�

ul1�Ak�1w�2 dx� lCk

�

lulÿ1
1 Du1D

2k�1w � Ak�1wdx

� Ck

X

2kÿ1

i�2

�

D i�ul1�D2kÿi�2w � Ak�1wdx�
�

D2k�ul1�D2w � Ak�1wdx

aCkM1;ykD2k�1wkL2 � kAk�1wkL2 � Ck

X

2kÿ1

i�2

Ml

i;ykwkHk
� kAk�1wkL2

� kD2k�ul1�kL2 � kD2wkLy � kAk�1wkL2

aCkM1;ykDwkHk
� kAwkHk

�M2kÿ1;ykwkHk
kAwkHk

�
���

2
p

l
2kMlÿ1

2kÿ1;yM2kkwkHk
kAwkHk

aCkM1;ykDwkHk
kAwkHk

�M2kkwkHk
kAwkHk

; �4:30�

jdI8ja
�

jwdlD2k�2u2 � Ak�1wj dx� Ck

�

jD�wdl�D2k�1u2 � Ak�1wj dx

� Ck

X

2k

i�2

�

jD i�wdl�D2kÿi�2u2 � Ak�1wj dx

aM0;ykwkLykAk�1u2kL2kAk�1wkL2 � Ck�kDwkLykdlkLy � kwkLykD�dl�kLy�

� kD2k�1u2kL2kAk�1wkL2 � Ck

X

2k

i�3

kD i�wdl�kL2kD2kÿi�2u2kLykAk�1wkL2

� CkkD2�wdl�kLykD2ku2kL2kAk�1wkL2

aM0;ykAk�1u2kL2kwkHk
kAwkHk

� CkM1;yM e

2k�1kwkHk
kAwkHk

�M2kkwkHk
kAwkHk

�M2;ykwkHk
M2kkAwkHk

a �M0;ykAk�1u2kL2 � CkM1;yM e

2k�1 �M2k�M2;y � 1��kwkHk
kAwkHk

: �4:31�
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Thus, in view of (4.28)±(4.31), we get

1

2

d

dt
kDwk2Hk

� ekAwk2Hk

a
e

8
kAwk2Hk

� 2

e
kdhk2Hk

� �M0;ykAk�1u2kL2 � CkM1;yM e
2k�1 �M2k�kwkHk

kAwkHk

� CkM1;ykDwkHk
kAwkHk

�M2;ykwk2Hk

a
3e

8
kAwk2Hk

� 2

e
kdhk2Hk

� 1

e
M2kkDwk2Hk

� 1� 1

e

� �

M2k�kA2k�1u2k2L2 � �M e
2k�1�

2 �M2;y � 1�kwk2Hk
: �4:32�

Therefore, combining (4.27) with (4.32), we ®nd that there exists a constant K1

depending only on 1=e; k; l;M2;y;M2k;M
e
2k�1 such that

1

2

d

dt
�kwk2Hk

� kDwk2Hk
� � e

2
kAwk2Hk

aK1�kwk2Hk
� kDwk2Hk

��kAk�1u2k2L2 � 1� � 2

e
� 1

2

� �

kdhk2Hk
:

Hence, since kAk�1u2k2L2 belong to L1�0;T� by �4:2�k, Gronwall's inequality

yields (4.17) and (4.18). r

Now we are ready to prove Lemma 4.4.

Proof of Lemma 4.4. We choose a positive number such that

R2 � ku0k2H 2k�1 � k f k2L2�0;T ;Hk� � 1: �4:33�

Let h A K T
R :� fv A L2�0;T ;Hk�; kvkL2�0;T ;Hk�aRg and let u be a unique solution

of �P�e;l belonging to B
k
T . Then, Lemma 4.5 assures that there exist numbers

M2k � M2k�k; l;R� and M e
2k�1 � M e

2k�1�k; l;R;M2k; e� such that

sup
0ataT
2aray

0ama2kÿ1

kDmu�t�kL r � sup
0ataT
2ama2k

kDmu�t�kL2aM2k; �4:34�

sup
0ataT

kDu�t�kHk
�

��

e
p

kD2u�t�kL2�0;T ;Hk�aM e
2k�1: �4:35�

We are going to show below that Fl
h maps K T

R into itself for a su½ciently small

h. We ®rst note that

kFl
h �h�kL2�0;T ;Hk� � h�kulAukL2�0;T ;L2� � kAk�ulAu�kL2�0;T ;L2��;

kulAukL2�0;T ;L2� � Ml�1
2k

����

T
p

:
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Moreover, by using (4.34), (4.35), Lemma 3.6, (3.14) and (3.15), we get

kAk�ulAu�kL2�0;T ;L2�

a kulD2k�2ukL2�0;T ;L2� � k2kC1lu
lÿ1DuD2k�1ukL2�0;T ;L2�

�
X

2kÿ1

i�2

2kCikD i�ul�D2kÿi�2ukL2�0;T ;L2� � kD2k�ul�D2ukL2�0;T ;L2�

a
1
��

e
p Ml

2kM
e
2k�1 �

����

T
p

2kC1lM
l

2kM
e
2k�1 �

X

2kÿ1

i�2

2kCil
iMl�1

2k � l
2kMl�1

2k

 !

a
1
��

e
p Ml

2kM
e
2k�1 � �l� 1�2kMl

2k�M2k �M e
2k�1�

����

T
p

:

Thus we ®nd

kFl
h �h�kL2�0;T ;Hk�a hP1�R�;

P1�R� � Ml�1
2k

����

T
p

� 1
��

e
p Ml

2kM
e
2k�1 � �l� 1�2kMl

2k�M2k �M e
2k�1�

����

T
p� �

:

Here F
l

h maps K T
R into itself for all h such that haR=�P1�R��.

Next, we are going to show that Fl
h becomes a contraction, let h1; h2 A K R

T

and let u1 and u2 be the solutions of �P�e;l with h replaced by h1 and h2 re-

spectively, then we get

kFl
h �h1� ÿF

l
h �h2�kHk

a h�kul1A�u1 ÿ u2�kHk
� k�ul1 ÿ ul2�Au2kHk

�: �4:36�

Using the same notations w � u1 ÿ u2; dl and the same argument as in the proof

of Lemma 4.6, we obtain

kul1AwkHk
� kul1AwkL2 � kAk�ul1Aw�kL2

aMl

2kkAwkL2 �
�

kul1Ak�1wkL2 � k2klulÿ1
1 Du1D

2k�1wkL2

�
X

2kÿ1

i�2

2kCikD i�ul1�D2kÿi�2wkL2 � kD2k�ul1�D2wkL2

�

aMl

2kkAwkHk
� 2klMl

2kkDwkHk

�
X

2kÿ1

i�2

2kCil
iMl

2kkwkHk
�

���

2
p

l
2kMl

2kkwkHk

aMl

2k�kAwkHk
� 2klkDwkHk

�
���

2
p

�l� 1�2kkwkHk
�; �4:37�
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k�ul1 ÿ ul2�Au2kHk

� kwdlAu2kHk

� kwdlAu2kL2 � kAk�wdlAu2�kL2

a lMlÿ1
2k kwkLykAu2kL2 � kwdlAk�1u2kL2 � k2kD�wdl�D2k�1u2kL2

�
X

2kÿ1

i�2

2kCikD i�wdl�D2kÿi�2u2kL2 � kD2k�wdl�D2u2kL2

a

���

2
p

lMl

2kkwkHk
�

���

2
p

lMlÿ1
2k kAk�1u2kL2kwkHk

� 2
���

2
p

kl2Mlÿ1
2k M e

2k�1kwkHk

�
���

2
p X

2kÿ1

i�2

2kCil
i�1Mlÿ1

2k kwkHk
M2k �

���

2
p

l
2k�1M 2lÿ1

2k kwkHk
M2k

a kwkHk

"

Ml

2k

���

2
p

l�
���

2
p X

2kÿ1

i�2

2kCil
i�1 � l

2k�1

 ! !

�
���

2
p

lMlÿ1
2k kAk�1u2kL2 � 2

���

2
p

kl2Mlÿ1
2k M e

2k�1

#

a kwkHk
Mlÿ1

2k

���

2
p

l��1� �l� 1�2k�M2k � kAk�1u2kL2 � 2klM e
2k�1�: �4:38�

Then, by substituting estimates (4.17) and (4.18) in (4.37) and (4.38), we ®nd that

there exists a number P2�R� > 0 depending only on R; k; l; e and T such that

kFl
h �h1� ÿF

l
h �h2�kL2�0;T ;Hk�

a heG2TP2�R�kh1 ÿ h2kL2�0;T ;Hk�:

Therefore, for every h A �0; h0� with h0 � min�R=�P1�R��; 1=�2P2�R�eG2T ��, F
l

h

becomes a contraction from K T
R into itself. r

4.2. Approximate equations: local existence.

In this subsection, we are going to show that approximate equations �P�e
admit local solutions.

Lemma 4.7. Let u0 A H 2k�1�R�, k A N �kb 2�, then there exists a positive

number T0 depending only on e; k; l and ku0kH 2k�1 such that �P�e has a unique

solution u belonging to B
k
T0
.

To prove this lemma, we shall apply the arguments similar to those in the

proof of Lemma 4.3. We introduce the following auxiliary equations.

�P�eh
�d=dt�u�t� � eAu�t� � ulAu�t� � h�t�; 0a taT ;

u�0� � u0:

�
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Lemma 4.3 assures that for any h A L2�0;T ;Hk� and u0 A H 2k�1�R�, �P�eh has a

unique solution u belonging to B
k
T . So we can de®ne an operator S by

S : h 7! u 7! l�u�lÿ1�ux�
2
:

Therefore, to prove Lemma 4.7, it su½ces to show that S becomes a con-

traction from K T0

R :� fv A L2�0;T0;Hk�; kvkL2�0;T0;Hk�
aRg into itself for suitable

R and T0.

Proof of Lemma 4.7. We choose R > 0 such that

R2 � ku0k
2
H 2k�1 � 1:

Let h A K T0

R with 0 < T0aT , and let u be a unique solution of �P�eh belonging to

B
k
T0
. Then, Lemma 4.5 says that there exist numbers M2k � M2k�k; l;R� and

M e

2k�1 � M e

2k�1�k; l;R;M2k; e� such that (4.34) and (4.35) hold true. We easily

note that

kS�h�kHk
� klulÿ1�Du�2kL2 � kD2k�lulÿ1�Du�2�kL2 ;

klulÿ1�Du�2kL2a �lkuklÿ1
Ly kDuk2L4�a lMl�1

2k :

Moreover, by Lemma 3.7, we get

kD2k�lulÿ1�Du�2�kL2a kJ 1
2kkL2 � kJ 2

2kkL2 �
X

4

j�1

kS j
2kkL2 ;

kJ 1
2kkL2 � k2lulÿ1DuD2k�1ukL2a 2lMl

2kM
e

2k�1;

kJ 2
2kkL2 � k��4k � 1�l�lÿ 1�ulÿ2�Du�2 � 4klulÿ1D2u�D2kukL2

a �4k � 1�l2Ml�1
2k ;

X

4

j�1

kS j
2kkL2a 4kl2�l� 1�2kMl�1

2k :

Hence, we obtain

kS�h�kL2�0;T ;Hk�
a

������

T0

p

Q1�R�; �4:39�

Q1�R� � Ml

2kl�2M
e

2k�1 � ��4k � 2�l� 4kl�l� 1�2k�M2k�:

Let h1; h2 A K T0

R and let u1 and u2 be the unique solutions of �P�eh with h replaced

by h1 and h2 respectively. Then, by using the notations w � u1 ÿ u2 and

dlÿ1 � ulÿ2
1 � ulÿ3

1 u2 � � � � � u1u
lÿ3
2 � ulÿ2

2 ;

we have

S�h1� ÿS�h2� � lulÿ1
1 D�u1 � u2�Dw� ldlÿ1�Du2�

2
w:

Energy estimates in Ly and porous medium equations 773



Hence

kS�h1� ÿS�h2�kHk
a klulÿ1

1 D�u1 � u2�DwkL2 � kD2k�lulÿ1
1 D�u1 � u2�Dw�kL2

� kldlÿ1�Du2�2wkL2 � kD2k�ldlÿ1�Du2�2w�kL2 :

It is easy to see

klulÿ1
1 D�u1 � u2�DwkL2 � kldlÿ1�Du2�2wkL2a 2lMl

2kkwkHk
� l�lÿ 1�Ml

2kkwkHk

a l�l� 1�Ml

2kkwkHk
: �4:40�

Furthermore we obtain, by (3.14)

kD2k�lulÿ1
1 D�u1 � u2�Dw�kL2

a klulÿ1
1 D�u1 � u2�D2k�1wkL2 �

X

2kÿ2

i�1

2kCikD i�lulÿ1
1 D�u1 � u2��D2kÿi�1wkL2

� k2kC2kÿ1D
2kÿ1�lulÿ1

1 D�u1 � u2��D2wkL2 � kD2k�lulÿ1
1 D�u1 � u2��DwkL2

a 2lMl

2kkD2k�1wkL2 � l

X

2kÿ2

i�1

2kCi

X

i

j�0

iCjkD j�ulÿ1
1 �kLykD iÿj�1�u1�u2�kLykwkHk

� 2kl
X

2kÿ1

i�0

2kÿ1CikD i�ulÿ1
1 �kLykD2kÿi�u1 � u2�kL2kD2wkLy

� l

X

2kÿ1

i�0

2kCikD i�ulÿ1
1 �kLykD2k�1ÿi�u1 � u2�kL2kDwkLy

� lkD2k�ulÿ1
1 �kL2kD�u1 � u2�kLykDwkLy

a 2lMl

2kkD2k�1wkL2 � l

X

2kÿ2

i�1

2kCi

X

i

j�0

iCj�lÿ 1� jMlÿ1
2k 2M2kkwkHk

� 2kl
X

2kÿ1

i�0

2kÿ1Ci�lÿ 1� iMlÿ1
2k 2M2k

���

2
p

kwkHk

� l

X

2k

i�0

2kCi�lÿ 1� iMlÿ1
2k 2�M2k �M e

2k�1�
���

2
p

kwkHk

a 2lMl

2kkDwkHk

� 2lMlÿ1
2k kwkHk

"

X

2kÿ2

i�1

2kCil
i � 2

���

2
p

kl2kÿ1

 !

M2k �
���

2
p

l
2k�M2k �M e

2k�1�
#

a 2lMl

2kkDwkHk
� 2

���

2
p

lMlÿ1
2k �M2k �M e

2k�1��l� 1�2kkwkHk
: �4:41�
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Here, by the same argument as in the proof of Lemma 4.6, we ®nd

kD i�dlÿ1�Du2�2�kLy

a k�D idlÿ1��Du2�2kLy �
X

i

j�1

iCjk2D jÿ1�Du2D
2u2�D iÿj�dlÿ1�kLy

a �lÿ 1��lÿ 2� iMlÿ2
2k M 2

2k �
X

i

j�1

iCj2 � 2 jÿ1M 2
2k�lÿ 1��lÿ 2� iÿj

Mlÿ2
2k

a �lÿ 1�l iMl

2k; �0a ia 2k ÿ 2�:

Similarly we get

kD2kÿ1�dlÿ1�Du2�2�kL2a �lÿ 1�l2kÿ1Ml

2k;

kD2k�dlÿ1�Du2�2�kL2a �lÿ 1�l2kMlÿ1
2k �M2k �M e

2k�1�:

Therefore,

kD2k�ldlÿ1�Du2�2�wkL2

a

X

2kÿ2

i�0

2kCikD i�dlÿ1�Du2�2�D2kÿiwkL2

� 2kC2kÿ1kD2kÿ1�dlÿ1�Du2�2�DwkL2 � kD2k�dlÿ1�Du2�2�wkL2

a l�lÿ 1�
 

X

2kÿ2

i�0

2kCil
iMl

2kkwkHk
� 2kl2kÿ1Ml

2kkD2wkLy

� l
2kMlÿ1

2k �M2k �M e

2k�1�kwkLy

!

a

���

2
p

l�lÿ 1��l� 1�2kMlÿ1
2k �M2k �M e

2k�1�kwkHk
: �4:42�

Thus, by substituting (4.17) in (4.40)±(4.42), we ®nd that there exists a number

Q2�R� depending only on R; k; l and e such that

kS�h1� ÿS�h2�kL2�0;T0;Hk�a
������

T0

p

eG2T0Q2�R�kh1 ÿ h2kL2�0;T0;Hk�: �4:43�

In view of (4.39) and (4.43), we set

T0 � min 1;
R

Q1�R�

� �2

;

R

2Q2�R�eG2T

� �2
 !

;
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then S becomes a contraction from K T0

R into itself. Therefore there exists a

®xed point h0 of S in K T0

R and it is clear that the solution of �P�eh with h replaced

by h0 gives the unique solution of �P�e. r

4.3. Approximate equations: global existence.

In this subsection, we are going to show that the local solutions of �P�e
constructed in the previous subsection can be continued globally. As we ob-

served in the Proof of Lemma 4.7, the solution u�t� on �0;T0� can be continued

to the right of t � T0 if ku�t�kH 2k�1 is bounded on �0;T0�. Therefore, in order to

prove the existence of global solutions of �P�e, we have only to establish the a

priori bound for the H 2k�1-norm of solutions. In fact, our main results in this

subsection are as follows.

Lemma 4.8. Let u0 A H 2k�1�R� with k A N �kb 2�, then �P�e has a unique

global solution u such that u A B
k
T for all T > 0.

This lemma is a direct consequence of Lemma 4.7 and the following Lemma

4.9.

Lemma 4.9. Let u be a solution of �P�e belonging to B
k
T . Then there exist

numbers fLmg2k�1
m�0 , fLm;yg2km�0 such that

Lm aLm;y aLm�1; 0ama 2k; �4:44�

sup
0ataT

kDmu�t�kL2 aLm; 0ama 2k � 1; �4:45�m

sup
0ataT
2aray

kDmu�t�kL r aLm;y; 0ama 2k: �4:45�m;y

Here Lm and Lm;y do not depend on e explicitly except L1;y, more precisely,

L0 � L0�ku0kL2�; L0;y � L0;y sup
2aray

ku0kL r

� �

;

L1 � L1;y � L1;y sup
2aray

kDu0kL r ; l;L0;y; e

� �

;

L2 � L2�kD2u0kL2 ; l;L1;y�;

L3 � L3�kD3u0kL2 ; l;L1;y;L2�;

L2;y �
���

2
p

L
1=2
2 L

1=2
3 ;

Lm � Lm�kDmu0kL2 ; l;Lmÿ1;y�;

Lm;y � Lm;y sup
2aray

kDmu0kL r ; l;Lmÿ1;y

� �

; �mb 3�:
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Proof. We repeat the same type of arguments as in the proof of Lemma

4.5. We here denote by Lm (or Lm;y) positive numbers depending only on l;m

and Lm (or Lm;y), which will have di¨erent values in di¨erent places.

(The case mF 0)

Multiplication of �P�e by jujrÿ2
u gives

kukrÿ1
L r

d

dt
kukL r � e�rÿ 1�

�
jujrÿ2�Du�2 dx� �l� rÿ 1�

�
jujl�rÿ2�Du�2 dx

� l

�
jujl�rÿ2�Du�2 dx;

whence follows

kuk rÿ1
L r

d

dt
kukL ra 0:

Then we get

sup
0ataT

kukL ra ku0kL r for all r A �2;y�; �4:46�

which yields �4:45�m and �4:45�m;y with m � 0.

(The case mF 1)

The direct energy method as in the proof of Lemma 4.5 does not work for this

case. However, we can apply the argument of Oleinik and Kruzhkov [14] based

on the change of variables and the maximum principle to get a priori bound of

kDukLy . For example, Theorem 11.16 of Lieberman [13] assures that there

exists a constant C1;y depending only on kDu0kLy ; l;L0;y and e such that

sup
0ataT

kDu�t�kLyaC1;y: �4:47�

On the other hand, multiplication of �P�e by ÿD2u and the integration by parts

yield

1

2

d

dt
kDuk2L2 �

�
�e� ul��D2u�2 dx � l�lÿ 1�

�
ulÿ2�Du�4 dx

aL0;yC2
1;ykDuk2L2 :

Hence, by Gronwall's inequality and the inequality kukL ra kuk
2=r

L2 kuk
�rÿ2�=r
Ly , we

deduce �4:45�m and �4:45�m;y with m � 1.
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(The case mF 2)

Multiplication of D2�P�e by D2u with the integration by parts gives

1

2

d

dt
kD2

uk2
L2 � ekD3

uk2
L2 � �D2�ulD2

u�;D2
u�

L2 � �D2�lulÿ1�Du�2�;D2
u�

L2

� ÿ

�
u
l�D3

u�2 dxÿ 3l

�
u
lÿ1

DuD
2
uD

3
u dx

ÿ l�lÿ 1�

�
u
lÿ2�Du�3D3

u dx:

Here we get

ÿ3l

�
u
lÿ1

DuD
2
uD

3
u dxa

3

4

�
u
l�D3

u�2 dx� 3l2
�
u
lÿ2�Du�2�D2

u�2 dx

a
3

4

�
u
l�D3

u�2 dx� L1;ykD2
uk2

L2

and by Lemma 3.2

ÿl�lÿ 1�

�
u
lÿ2�Du�3D3

u dx � l�lÿ 1�

�
D�ulÿ2�Du�3�D2

u dx

aL1;y � kD2
uk2

L2 :

Hence it holds that

d

dt
kD2

uk
L2aL1;ykD2

uk
L2 :

Therefore, by Gronwall's inequality, �4:45�
m

with m � 2 is assured with L2 �

max�L1;y; exp�L1;yT�kD2u0kL2�.

Next, we calculate �D3�P�e;D3u� to get

1

2

d

dt
kD3

uk2
L2 � ekD4

uk2
L2 � �D3�ulD2

u�;D3
u�

L2 � �D3�lulÿ1�Du�2�;D3
u�

L2 :

By exactly the same arguments as for (4.6)±(4.9), we can obtain

�D3�ulD2
u�;D3

u�
L2aÿ

1

2

�
u
l�D4

u�2 dx� L2�kD
3
uk

L2 � kD3
uk2

L2�: �4:48�

On the other hand, Lemma 3.7 with n � 3 yields

�D3�lulÿ1�Du�2�;D3
u�

L2 � J
1
3 � J

2
3 � S; S � S1 � S2 � S3;
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where

J 1
3 �

�
2lulÿ1DuD4uD3u dx;

J 2
3 �

�
f7l�lÿ 1�ulÿ2�Du�2 � 6lulÿ1D2ug�D3u�2 dx;

S1 �

�
9l�lÿ 1��lÿ 2�ulÿ3�Du�3D2uD3u dx;

S2 �

�
12l�lÿ 1�ulÿ2Du�D2u�2D3u dx;

S3 �

�
l�lÿ 1��lÿ 2��lÿ 3�ulÿ4�Du�5D3u dx:

Here we have

J 1
3a

1

4

�
ul�D4u�2 dx� L1;ykD3uk2L2 ;

J 2
3 aL1;ykD3uk2L2 � 3l

�
ulÿ1D3uD��D2u�2� dx;

and by (3.6),

3l

�
ulÿ1D3uD��D2u�2� dx � ÿ3l

�
ulÿ1�D2u�2D4u dxÿ

1

4
S2

a
1

4

�
ul�D4u�2 dx� 9l2

�
ulÿ2�D2u�4 dxÿ

1

4
S2

a
1

4

�
ul�D4u�2 dx� L2kD

3ukL2 ÿ
1

4
S2:

Furthermore, by (3.4),

S1 � S2aL1;yL2kD
3ukL2�1� L2 � kD3ukL2�;

S3aL1;ykD3ukL2 :

Consequently, we deduce

�D3�lulÿ1�Du�2�;D3u�L2a
1

2

�
ul�D4u�2 dx� L2kD

3ukL2�kD3ukL2 � 1�: �4:49�

Thus, in view of (4.48) and (4.49), we obtain

d

dt
kD3ukL2aL2�kD

3ukL2 � 1�:
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Then �4:45�
m

with m � 3 holds with

L3 � max�2L2; �kD
3u0kL2 � L2� exp�L2T��:

Now we can apply the same veri®cation for �4:1�
m;y

with m � 2 to derive

�4:45�
m;y

with m � 2.

(The case 3ama 2k)

We multiply Dmÿ1�P�e by ÿD�jDmujrÿ2
Dmu� to get

kDm
ukrÿ1

L r

d

dt
kDm

uk
L r � e�rÿ 1�

�
jDm

ujrÿ2�Dm�1
u�2 dx � Imÿ1 � Jm;

Imÿ1 � ÿ

�
D

mÿ1�ulD2
u� �D�jDm

ujrÿ2
D

m
u� dx;

Jm �

�
D

m�lulÿ1�Du�2�jDm
ujrÿ2

D
m
u dx:

We ®rst note that exactly the same arguments as for (4.12)±(4.15) give

Imÿ1aÿ�rÿ 1�

�
u
ljDm

ujrÿ2�Dm�1
u�2 dx

� kDm
ukrÿ1

L r �L2;ykDm
uk

L r � Lmÿ1;y�: �4:50�

Making use of Lemma 3.7 with n � m, we get

Jm � J
1
m
� J

2
m
�
X4

i�1

S
i

m
;

J
i

m
�

�
J
i

m
jDm

ujrÿ2
D

m
u dx �i � 1; 2�;

S
i

m
�

�
S

i

m
jDm

ujrÿ2
D

m
u dx �i � 1; 2; 3; 4�:

�4:51�

It is easy to see

J
2
m
aL2;ykDm

ukr

L r ; �4:52�

and by (3.17)

X4

i�1

S
i

m
aLmÿ1;ykDm

uk rÿ1
L r : �4:53�
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Moreover, by Schwarz's inequality, we have

J 1
m � 2l

�
ulÿ1DuDm�1ujDmujrÿ2

Dmu dx

a
1

4

�
uljDmujrÿ2�Dm�1u�2 dx� L1;ykDmukr

L r : �4:54�

Hence we deduce

d

dt
kDmukL raL2;ykDmukL r � Lmÿ1;y:

Now it is clear that there exist numbers Lm and Lm;y satisfying �4:45�m and

�4:45�m;y
for all 3ama 2k.

(The case mF 2kB 1)

Multiplying Ak�P�e by Ak�1u, we get

1

2

d

dt
kD2k�1uk2L2 � ekAk�1uk2L2 � I2k � J2k�1; �4:55�

where

I2k � ÿ

�
D2k�ulD2u�D2k�2u dx;

J2k�1 �

�
D2k�1�ulÿ1�Du�2�D2k�1u dx:

Then Lemma 3.6 with n � 2k gives

I2k � ÿ

�
ul�D2k�2u�2 dx� I 2

2k � I 32k � R1
2k � R2

2k;

I 22k �

�
2kC1lu

lÿ1DuD2k�1uD2k�2u dx;

I 32k �

�
f2kC2l�lÿ 1�ulÿ2�Du�2 � �2kC2 � 1�lulÿ1D2ugD2kuD2k�2u dx;

R i
2k �

�
R i

2k �D
2k�2u dx; �i � 1; 2�:

By the integration by parts and (3.13), we easily ®nd

I 32kaL2;ykD2k�1uk2L2 � L3;ykD2kukL2kD2k�1ukL2 ;

R1
2k � R2

2kaL2kkD
2k�1ukL2 :
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Moreover, by Schwarz's inequality,

I 2
2k a

1

4

�
ul�D2k�2u�2 dx� L1;ykD2k�1uk2L2 :

On the other hand, by Lemma 3.7 with n � 2k � 1, we get

J2k�1 �

�
D2k�1�lulÿ1�Du�2�D2k�1u dx

a

�
2lulÿ1DuD2k�2uD2k�1u dx

�

�
��4k � 3�l�lÿ 1�ulÿ2�Du�2 � 2�2k � 1�lulÿ1D2u��D2k�1u�2 dx

�

�X4

j�1

S
j
2k�1D

2k�1u dx

a
1

4

�
ul�D2k�2u�2 dx� kD2k�1ukL2�L2;ykD2k�1ukL2 � L2kÿ1;yL2k�:

Thus we deduce

d

dt
kD2k�1ukL2 aL2;ykD2k�1ukL2 � L2k;

whence follows �4:25�m with m � 2k � 1. r

5. Proof of Theorem.

In this section, we give a proof of our main theorem. To do this, it su½ces

to observe that the following theorem holds true.

Theorem 5.1. Let u0 A H 2k�1�R� with k A N �kb 2�, then there exists a posi-

tive number T0 depending only on l; ku0ky and k�u0�xky such that (P) has a uni-

que solution u belonging to C
k
T0

:� fv A C��0;T0�;H
2k�R��; v A Ly�0;T0;H

2k�1�R��;

vt A L2�0;T0;H
2k�R��; vlD2v A L2�0;T0;H

2k�R��g, such that

sup
0ataT0

ku��; t�kLy�R� a ku0kLy�R�: �5:1�

Moreover T0 can be chosen as a monotone decreasing function of k�u0�xkLy such

that T0 tends to 0 as k�u0�xkLy tends to y.

As an immediate consequence of this theorem, the following corollary holds.

Corollary 5.2. A solution u of (P) in �0;T� belonging to C
k
T0

for all

T0 A �0;T� can be continued as a solution of (P) belonging to C
k
T1

for some T1 > T ,
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if and only if kux��; t�kLy�R� is bounded on �0;T�. Furthermore, if u can not be

continued as a solution of (P) belonging to C
k
T1

for some T1 > T , then it holds that

lim
t"T

kux��; t�kLy�R� � �y: �5:2�

To prove Theorem 5.1, we prepare the following lemma.

Lemma 5.3. Let u0 A H 2k�1�R� with k A N �kb 2� and let u be the unique

global solution of �P�e belonging to B
k
T for all T > 0 (whose existence is assured by

Lemma 4.8). Then there exists a positive number T0 depending only on l, ku0ky
and k�u0�xky not on e such that (4.44), �4:45�m, �4:45�m;y hold true with T

replaced by T0 and constants Lm �0ama 2k � 1� and Lm;y �0ama 2k� are

independent of e.

Furthermore it holds that

e

�T0

0

kD2k�2uk2L2 dtaL2k�1; �5:3�

�T0

0

�

ul�D2k�2u�t��2 dxdtaL2k�1; �5:4�

�T0

0

kutk2H 2k dtaL2k�1: �5:5�

Here T0 can be chosen as a monotone decreasing function of k�u0�xkLy such that

T0 tends to 0 as k�u0�xkLy tends to y.

Proof. Recalling the proof of Lemma 4.9, we ®nd that if we establish the a

priori bound for sup0ataT0
kDu�t�kLy for some T0 > 0, then (4.44), �4:45�m and

�4:45�m;y hold true with T � T0 and constants Lm and Lm;y do not depend on e.

Furthermore, in view of the arguments for the case m � 2k � 1 in the proof of

Lemma 4.9, we easily see that (5.4) holds true. Hence (5.3) is also derived form

(4.55). Moreover, since

kutkHk
� kutkL2 � kD2kutkL2

a kD�ulDu� � eD2ukL2 � kD2k�1�ulDu� � eD2k�2ukL2

a �l� 1�Ll

1;yL2 � eL2 �
�

�ulD2k�2u�2 dx
� �1=2

�
��

e

p
k

��

e

p
D2k�2ukL2

�
X

2k�1

i�1

2k�1CikD i�ul�D2k�2ÿiukL2 ;

it is easy to obtain (5.5).

Energy estimates in Ly and porous medium equations 783



Now we are going to derive the a priori bound of kDu�t�k
Ly . Multiplying

(P) by ÿD�jDujrÿ2
Du� � ÿ�rÿ 1�jDujrÿ2

D
2
u, we get, by (4.46),

kDukrÿ1
L r

d

dt
kDuk

L r � �rÿ 1�

�
u
ljDujrÿ2�D2

u�2 dx

� ÿ�rÿ 1�

�
lu

lÿ1�Du�2jDujrÿ2
D

2
u dx

� ÿ
rÿ 1

r� 1

�
lu

lÿ1
D�jDujrDu� dx

�
rÿ 1

r� 1

�
l�lÿ 1�ulÿ2jDujr�2

dx

a l�lÿ 1�ku0k
lÿ2
Ly kDuk2

LykDuk r

L r : �5:6�

Hence

kDu�t�k
L ra kDu0kL r � l�lÿ 1�ku0k

lÿ2
Ly

�
t

0

kDu�s�k2
LykDu�s�k

L r ds:

Noting that kDuk
L ra kDuk

�rÿ2�=r
Ly kDuk

2=r

L2 and letting r tends to y, we ®nd by

lemma 3.4 that

kDu�t�k
Lya kDu0kLy � l�lÿ 1�ku0k

lÿ2
Ly

�
t

0

kDu�s�k3
Ly ds: �5:7�

Here we de®ne T0 by

T0 �
1

l�lÿ 1�ku0k
lÿ2
Ly �kDu0kLy � 2�3

: �5:8�

Then the following estimate holds

kDu�t�k
Lya kDu0kLy � 2 �: K0 for all t A �0;T0�: �5:9�

Indeed, suppose that (5.9) does not hold, then there exists a number t1 A �0;T0�

such that kDu�t1�kLy > K0. Since kDu0kLy < K0 and kDu�t�k
Ly is a continuous

function, there exists t0 A �0; t1� such that kDu�t0�kLy � K0 and kDu�t�k < K0 for

all t A �0; t0�. Hence by (5.7) and the de®nition of T0, we obtain

K0 � kDu�t0�kLya kDu0kLy � l�lÿ 1�ku0k
lÿ2
Ly K

3
0T0

a kDu0kLy � 1;

which leads to a contradiction. Thus the a priori bound for kDu�t�k
Ly on �0;T0�

is derived. r
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Proof of Theorem 5.1. Let ue be the global solution of �P�e belonging to

B
k
T . Then, by Lemma 5.3, we know that fuege>0 is bounded in Ly�0;T0;

H 2k�1�R�� and (5.3)±(5.5) hold good with u � ue for all e > 0. Now we are

going to show below that fuege>0 forms a Cauchy sequence in C��0;T0�;H
2�R��.

For any e1 > 0, e2 > 0, we denote u1 � ue1 , u2 � ue2 and w � u1 ÿ u2. Then w

satis®es

wt ÿ e1D
2u1 � e2D

2u2

�
1

l� 1
D2�dl�1w� �5:10�

� ul1D
2w� dlD

2u2w� lulÿ1
1 D�u1 � u2�Dw� l�Du2�

2
dlÿ1w; �5:11�

where dl � ulÿ1
1 � ulÿ2

1 u2 � � � � � u1u
lÿ2
2 � ulÿ1

2 .

Multiplication of (5.10) by w gives

1

2

d

dt
kwk2L2a �e1kD

2u1kL2 � e2kD
2u2kL2�kwkL2 �

1

l� 1

�
dl�1wD

2wdx

a �e1 � e2�L2kwkL2 � Ll

1;ykwkL2kD2wkL2 : �5:12�

We di¨erentiate (5.11) once and multiply it by ÿD3w, then we have

1

2

d

dt
kD2wk2L2

a �e1kD
4u1kL2 � e2kD

4u2kL2�kD2wkL2 ÿ

�
ul1�D

3w�2 dxÿ

�
lulÿ1

1 Du1D
2wD3wdx

�

�
D2�dlD

2u2w�D
2wdxÿ

�
lulÿ1

1 D�u1 � u2�D
2wD3wdx

�

�
D�l�lÿ 1�ulÿ2

1 Du1D�u1 � u2�Dw�D2wdx

�

�
D�lulÿ1

1 D2�u1 � u2�Dw�D2wdx�

�
D�l�D2u2�

2
dlÿ1w�D

2wdx

a �e1 � e2�L4kD
2wkL2 ÿ

�
ul1�D

3w�2 dx�
1

4

�
ul1�D

3w�2 dx

�

�
l
2ulÿ2

1 �Du1�
2�D2w�2 dx� kD2�dlD

2u2w�kL2kD2wkL2 �
1

4

�
ul1�D

3w�2 dx

�

�
l
2ulÿ2

1 �D�u1 � u2��
2�D2w�2 dx

� l�lÿ 1�kD�ulÿ2
1 Du1D�u1 � u2�Dw�kL2kD2wkL2

� lkD�ulÿ1
1 D2�u1 � u2�Dw�kL2kD2wkL2

� lkD�D2u2�
2
dlÿ1w�kL2kD2wkL2 :
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Then it is easy to see that there exists a constant Cl depending only on l such

that

1

2

d

dt
kD2wk2L2a �e1 � e2�L4kD

2wkL2 � ClL
l

4kD
2wk2L2 : �5:13�

Hence, by (5.12), (5.13) and Gronwall's inequality, we obtain

kwkH 2a 2�e1 � e2�L4e
�Cl�1�Ll

4
t Et A �0;T0�:

Thus fuege>0 forms a Cauchy sequence in C��0;T0�;H
2�R��.

Here we note that ul
e
D2ue and lulÿ1

e
�Due�

2 are also bounded in

L2�0;T0;H
2k�R�� since ue is bounded in Ly�0;T0;H

2k�1�R�� and satis®es (5.4).

Therefore, in view of (5.3)±(5.5), we ®nd that there exists a sequence en ! 0 such

that fung � fueng satis®es

un ! u strongly in C��0;T0�;H
2�R��;

un * u weakly in L2�0;T0;H
2k�1�R��;

and weakly star in Ly�0;T0;H
2k�1�R��;

�un�t * ut weakly in L2�0;T0;H
2k�R��;

ulnD
2un * g weakly in L2�0;T0;H

2k�R��;

lulÿ1
n �Dun�

2
* w weakly in L2�0;T0;H

2k�R��;

enD
2un ! 0 strongly in L2�0;T0;H

2k�R��:

On the other hand, since the convergence of un to u in C��0;T0�;H
2�R�� implies

that un converges to u in Ly�0;T0;L
y�R��, it is clear that

ulnD
2un ! ulD2u strongly in L2�0;T0;L

2�R��;

lulÿ1
n �Dun�

2 ! lulÿ1�Du�2 strongly in L2�0;T0;L
2�R��;

whence follow g � ulD2u and w � lulÿ1�D2u�. Consequently u belongs to

W 1;2�0;T0;H
2k�R��, which implies that u A C��0;T0�;H

2k�R��. Then u turns out

to be the desired solution in Theorem 5.1. r

Now we are ready to prove our main theorem.

Proof of Theorem. Since u0 A 7y

m�0
Hm�R�, Theorem 5.1 says that solu-

tion u belongs to C
k
T0

for all k. Therefore ut A L2�0;T0;H
m�R�� for all m A N .

Noting that utt � D2�ulut�, we know utt A L2�0;T0;H
m�R�� for all m A N , which
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implies ut A C��0;T0�;H
m�R�� for all m A N . Repeating this procedure, we easily

®nd that D j
t u A C��0;T0�;H

m�R�� for all j;m A N . Then the standard argument

assures that u A Cy��0;T0� � R�. r

Concluding remarks.

(0) Our arguments can cover also porous medium equations with external

forces. For example, for any u0 A H 2k�1�R� and f A L2�0;T ;H 2k�R��, the

assertion of Lemma 4.8 holds true also for the equation: ut � �ul � e�uxx �

lulÿ1�ux�
2 � f �x; t�; u�x; 0� � u0�x�. Therefore, under additional assumption

�A:3� f A 7
y

m�0

L2�0;T ;Hm�R��VCy��0;T � � R�;

the non-autonomous equations: ut � �ulux�x � f �x; t�; u�x; 0� � u0�x�, admit

unique local Cy-solutions.

(1) Consider the following parabolic equation governed by the leading term

with the external force f :

�P�0
ut � uluxx � f �x; t�; �x; t� A R� �0;y�;

u�x; 0� � u0�x�; x A R:

�

Then Lemma 4.3 assures that for every f A L2�0;T ;H 2k�R�� and u0 A H 2k�1�R�,

the approximate equation �P�e0 of �P�0 admits a unique solution u belonging to

B
k
T . Moreover, in parallel with (4.46) and (5.6), i.e., multiplying �P�e0 by jujrÿ2

u

and ÿD�jDujrÿ2
Du�, we now have

kukrÿ1
L r

d

dt
kukL r � e�rÿ 1�

�

jujrÿ2�Du�2 dx� �l� rÿ 1�

�

jujl�rÿ2�Du�2 dx

a k f kL rkuk
rÿ1
L r ;

kDukrÿ1
L r

d

dt
kDukL r � �rÿ 1�

�

�e� ul�jDujrÿ2�D2u�2 dxa kDf kL rkDukrÿ1
L r :

Hence, we obtain the a priori estimate:

sup
0ataT

fku�t�kLy � kDu�t�kLyg

a ku0kLy � kDu0kLy �

�T

0

�k f kLy � kDf kLy� ds: �5:14�

Thus, by the same arguments as in the proofs of Lemma 4.5 and Theorem 5.1,

we conclude that for every f A L2�0;T ;H 2k�R�� and u0 A H 2k�1�R�, �P�0 has a

unique (global) solution u belonging to C
k
T . Furthermore, if f A Cy��0;T � � R�

V7y

m�1
L2�0;T ;Hm�R��, then the solution u of �P�0 belongs to Cy��0;T � � R�.
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(2) It is also possible to treat the initial boundary value problems in our

framework. For example, for homogeneous Dirichlet problem denoted by �P�D,

and homogeneous Neumann problem denoted by �P�N, in some interval I HR,

the same arguments as above with obvious modi®cations show that �P�D and

�P�N have the (time) local Cy-solutions, provided that u0 A 7y

m�0
Hm�I� satis®es

the following compatibility conditions �C�D and �C�N respectively:

�C�D D2jÿ2uj
qI � 0 for all j A N ;

�C�N D2jÿ1uj
qI � 0 for all j A N :

(3) Our framework can work also for the multi-dimension cases with some

modi®cations which contain much more heavy calculations than those in the one-

dimensional case. However, for the higher dimensional cases, the existence time

T0 depends on up to the second derivatives of the initial data, i.e., T0 �

T0�ku0kW 2;y�.
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