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Estimates of Oseen kernels in weighted L” spaces

By Stanislav KRACMAR®, Antonin NovornY and Milan POKORNY**)

(Received Sept. 3, 1999)

Abstract. We study convolutions with Oseen kernels (weakly singular and singular)
in both two- and three-dimensional space. We give a detailed weighted L” theory for
p € (1; 0] for anisotropic weights.

0. Introduction and basic notation.

This paper concerns convolution integrals whose kernels are given by the
Oseen fundamental tensor ((-;A) and its first or second gradients V{(-;41),
V20(-;2) as well as by the V&(x) and V?&(x), &(x) being the fundamental
solution to the Laplace equation, which play the role of the fundamental
pressure. We derive estimates of these weakly and strongly singular integral
operators in anisotropically weighted L? spaces. Such estimates can be applied
to the investigation of qualitative properties of solutions of the stationary
compressible Navier—Stokes equations in exterior domains using the method of
decomposition, see e.g. [10]. They can also be applied with some modifications
to the case of stationary flows of certain non-Newtonian fluids, see e.g. or
[11], [12].

It is well known that the Oseen tensor exhibits various decay properties in
various directions in R”, this is the mathematical reason for dealing with aniso-
tropically weighted L? spaces. Our work is based on the technique proposed by
Farwig in [2], [3], where the volume potentials VKO« f, k=0,1,2 are studied in
anisotropically weighted L? spaces with the weight function given by the formula
ng(x) = (1+ |x))*(1 + s(x))”, s(x) = |x| — x;. Similar results as those presented
in were obtained also by Kobayashi and Shibata by slightly different tech-
nique, see [7]. We also used the results of Kurtz and Wheeden concerning
singular integrals in L” weight spaces, see [9]. The aim of our work was to
generalize Farwig’s results on the case of L”, p € (1; oo] with the weight function
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ng, and with the weight function v(x) = |x|*(1 +5(x))” and also to the two-
dimensional case. In order to study the dependence of estimates on Reynolds
number Re, the weight functions vj(x; 2) = |x|*(1 + s(2x))?, ng(x;4) =ng(Ax; 1) =
(14 A|x)*(1 + s(Ax))?, 4 = 2Re are also used.

Our paper i1s organized as follows. We first introduce the fundamental
Oseen solution in both two- and three-dimensional cases and show their asymptotic
properties. In Section 2 we calculate L*-weighted estimates of a certain con-
volution which plays an essential role in the next section where the L*-estimates
of convolutions with Oseen kernels are studied. Applying this results we get,
in Sections 4 and 5, the L”-weighted theory of Oseen potentials (both weakly
singular and singular kernels).

In this paper, we use the following notation

¢, o, Cly-..,C,Co, Ci,...—positive constants

s(¥) =[xl —x1, [l = (F +od ++3) "7, xe R

& (x)—fundamental solution of the Laplace equation

(O(x; 4), 2(x))—fundamental solution of the Oseen problem
(¥(x),2(x))—fundamental solution of the Stokes problem

nj(x) = (L4 1) (1 +5(x)”, a(x) = |2l "s(x)”,

Vi) = [ (14507, " (0) = m ™ (o) ()

Vi A) = " (14 5(2x)), (s 2) = (14 14x])* (1 + 5(2x))”

L2(@w) = {51 11) .0 = Jo l/1Pwdx <+oo}, p>1, w>0 (usually w=rnj,
af, vj), Q< R, N=2,3

B.(a)={xeR" |x—a| <r}, B'(a)={xeR" |x—a|>r}, 0B.(a)={xeR",
Ix—a|=r}, reR', aeR", |- |—norm in RY

1. Oseen fundamental solution.

In this section we recall some basic facts about the fundamental solution to
the Oseen problem. Denote by O(-;4) = (0;(-;4)), Z = (#;) its fundamental
solution; it satisfies the identities

5j(9,j =0

(1.1)
A(Q,‘j + @9,- — /161(%- = 51]5

in the sense of distributions, where 6; denotes the Kronecker delta, while o0
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denotes the Dirac delta-distribution. The latter is equivalent to
—1;(x) = [0k Oy (-5 4) % O + P % Ojm; — 20;(- 5 4) % 01y (x)

Ve CF (RY).

In particular, it holds,

A(Oij(x; /1) — /181(9,-j(x; i) + 8]@,-()6) =0
pointwise in RV\{0}.
Now we shall study separately the three- and two-dimensional situations.

In three space dimensions we can easily verify (see e.g. [6]) that the fun-
damental solution can be written as

7x) = 046(x) = - o (12)
O5(x: ) = (054 — 012} (x: 2), (1.3)
where
oot ) = (“5) (14)
with
Iyt 0 qyitl
o) = [ =y (1)
and
s(x) = |x| — x1. (1.6)
The formulas (1.4)-{1.6) yield useful rescaling property
20(Ax; 1) = O(x; ). (1.7)
The integral representation implies
W)= (1—e")/t, ¥'(0)=(-1+e"+1)/r,
() = (2 -2 = 2te — 27 /P,
Y (1) = (=64 6e~" + 6te™ + 3% + ) /1,
The representation by the sum in yields,
" (—1)k+!
Y (t) = +0(t) ast—0, k=1,2,.... (1.8)

k
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When differentiating [1.6), we obtain

0s(x) X
o, | |—51,. (1.9)
From here we get the estimates
oy
x|
05| IDs(x)| < "(—“)1 (1.10)
Ox (%) x[*
f ™ (k #1)

From (1.4)—(1.6) and (1.10) it is seen that O(-;
for fixed x # 0, O(x;-) is an analytic function.

Ye C*((R\{0}) x R) and

Now we calculate the derivatives of ¢,(-;4) in order to establish the
asymptotic behaviour of ¢(-; 1) and of its first and second derivatives near zero

and at infinity.

—0ipo(x; 2) =
—0,0ip,(x; A) =

(2/8r)y" (As(x)/2)dis(x)
(1/167)" (As(x)/2)0,5(x)0;s(x) +

(1/8m)ys

"(As(x)/2)0,0;:5(x)

—0k0,0i00(X; 4) =

—01010,0ip4 (x5 A) =

These formulas, together with (1.8),

(223270 (As(x) /2) 0es(x) 0 (x) i (X)

+ (A/167)y" (As(x) /2)[0k0rs(X)0ss(X) + Oxdis(x)Drs(X)

+ 0,0;8(x)Ores(x)] + (1/87)y" (As(x)/2)0x0r0:5(x)

(4 /647y (As(x) /2)015(x) Dk (x)r(x) 85 (x)

+ (2% /32m)y " (25(x) /2)[010k(x)0,5(x) 0is (x)

+ 010,5(x) 05 (x)Bi5(x) + B13is(x)(x)0r5(x)

+ 0c0r(x) 0is(x) 015(x) + Ok 0is(x) 0rs(x) 01(x)

+ 0,0i5(x)es(x)0ys(x)] + (4/16m)y" (25(x) /2)
- [6160,5(x)B55(x) + B130:5(x)B5(x)

- 010,655(x)0u5(x) + O8rdis(x)1s(x)

+ 0:05(x)0,815(x) + 0, 0k5(x)B:d15(x)

+ 0:0r5(x)30615()] + (1/87)0 (25(x)/2) 81046, 0us(x)

(1.10) and (1.3) yield
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O(x; 1) = F(x)+40(1) as Alx| =0
VO(x;2) =VS(x)+120(1/Ax]) as Ax| — 0 (1.11)
V20(x; 1) = V2L(x) + 220(1/2x]?) as A|x| — 0,

where (&, 2) is the Stokes fundamental solution (see e.g. [6]),

—110; xix;
Fi(x) = o [ Lt f]. (1.12)

|X] |x]3

It can be shown (see e.g. [6] and also Section 5) that both the second derivative of
& and VZ represent Calderon—-Zygmund singular integral kernels.
In particular, for 21€(0;4), R>0 and |ix| <R

C(R; ﬂ(),k)

k+1

VEO(x; 2)| < (1.13)

x|

For any x # 0 formulas (1.3) and (1.10) together with the properties of the
function s(x) give

cl—e 2s(x)/2
O(x; 1) <
|0(x;4)] < 5 O
|V(9(x i)| - E 1 — e—/ls(x)/2 1 — e—)vs(x)/2 _ (is(x)/2)e‘“(x)/2
R IR SRR (1)
|V2(0(x- Dl < c (1 — o= M)/2 ] _ p=sx)/2 _ (As(x)/2) o—5(%)/2]
T AL sl s2(x)|x]?
This yields for |Ax| > R and any x >0
c(r, R)
O <
A< e+ 500)
C( ) 1/2
VO(x;A)| < 1.15
VO(x; 2)] P+ st (1.15)

c(k, R)A
[l (o + 5(2x))*

V20 (x; )| <

Formulas (1.12) and [1.15) give us in particular that ¢ and V(© are analogous
to 2 weakly singular kernels while the second derivative of ¢ can be written as a
sum of a singular kernel (%) and a weakly singular part.
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With (0, %) at hand, we can write explicitly a C*-solution of the problem

—Au; + A0 u; + 0,11 :f,'
Viu=yg
with f,g € C¥(R*). Namely

M,:—@U(,i)*ﬁ-Fg@l*g
Il =2jxfi4+g—101(6xg) =P xfj+9— AP *g.

In the case of /' =div# we have
up = =050 % Fjs + Pi* g
H:asyj*%s‘kg_}vgl *9+stg"}'s,

where Cisy J,8 = I,...,N are constants.

The two-dimensional case is a bit more complicated. Therefore, we shall
study this case in more detail. Let Ky(z) be the modified Bessel function, i.e.
Ky(z) solves the modified Bessel equation

22K (2) + 2K} (z) — 22Ko(2) = 0 (1.16)

for z # 0 and it is singular at 0, i.e.

) =) 25 (n3) 35 ()

1 (1 2\ 2

k=1 =1

for z # 0 sufficiently small (see e.g. [8]); here y is the Euler constant. We put

L[
P(x) = 4—MJ {logy /72 + x3 + Ko(A\ /7% + x2)e "} dr. (1.18)

o0

The problem consists in the right choice of the constants which in turn
corresponds to the right choice of lower bound for the integral in [1.18)]. The
lower bound is, at least formally, required to be equal to co. Unfortunately,
then the integral in does not converge, as Ky behaves regularly at infinity
(see (1.27)). We calculate formally the derivatives of and put

1 ,
G(x;24) = ) (logy/x? 4+ x3 + Ko(Ay/ X3 + x3)e™), (1.19)
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1 (] 2-x3 wia | ) 2253
X, 22 —+ K, (4 T2 +Xx
( ) 47_[}“J l(12+x%)2 ( 0( 2)12+X§

/ At? )
+ Ké(}v T2 + X%) m>€_”] dT, (120)

i.e. G is formally taken derivative of [1.18) with respect to x; multiplied by —1, H
the second derivative of with respect to x3. First we express in a
more appropriate way (without the integrals).

We formally calculate

o(x) 1 ([ 22— 22 x3
— K// A 2 2 2
ax% 4nijw [(T2+X%)2+ ( O( T ‘l‘-xZ)T

j‘fz -t
+ Ky(24 /72 + x%)ﬁ>e ] dr

+ x32

1 A
=i\ 2 )j:x | Kyl /x? + 33—~ Koy} + )2
1 2 \/m

Following [6] it can be verified that 0;(x;1) = (6;4 — 0;0;)®(x), where the
derivative are calculated formally—the integral in |1.18) is not finite.

/l

Nevertheless we shall verify that the formally deduced function is really the
fundamental solution being sought. We put (r=y/x{ +x3)

O11(x;22) = H(x;27) = 4;{’” lKé(/lr)i%—Ko(ir)l] }

. _ . _i 1 / /1 2 )Xl
(912()6, 2].) = (921()6, 2].) o G(X 2}#) in i l -|—K (i ) ; ] (121)
On(3:20) = =~ G 22) = — L5 ki 20 4 ko) e
2T T Ay T ) | 2 0 r 0
| X .

From (1.21) and we get for small A|x|
Oii(x;22) = S(x) — (1/4n)log(1/2) + O(1)
Oii(x;24) = S5(x) + O(Arlog(ir)) i #j
(1.23)
VOi(x;22) = V.S5(x) + A0(log(4r))

V20;(x;20) = V2y(x) + 2201 ) or),
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where 7;(x) = —(1/4n)[0;1og(1/r) + x;x;/r?] is the fundamental Stokes tensor

(see [6]).

The explicit formulas (1.21) also imply the following homogeneity property
O;(x;22) = O(24x; 1). (1.24)

We are going to verify that (0,2 solve (1.1) in the sense of distributions.
Let us observe that

On1(x;24) =
(912()6; 2).) = (921 (X; 21) = (1/21)(55/5)62)()6) — (1/2/1)(@@1/5)62)()6; 2/1) (125)
= —(1/22)(06 /0x1)(x) + (1/22)(0@1 [ 0x1)(x; 27),

= —(

(1/22)(06 [ 0x1)(x) — (1/22) (01 /0x1)(x; 22) + @1 (x;24)

(922()6; 21)

where @;(x) 1/27)Ko(A|x])e*.  We therefore easily see that ¢, 2; solves
(1.1); for x #0. Moreover

@+@:0 for x #0
8x1 5)62

and

o0, n 001, o -1
0xy ox, 47l

<KO”(/1r)/12 +K; (/lr)% - /lzKo(ir)> e™ =0

for x #0. Moreover from (1.23) we have that |VO(x;1)| < C/|x| for |x| small
and therefore

00,
8Xj

=0 in 2'(R?).

It remains to verify that
(4 = 1201)0;; + 0,2 = 0;0.

Due to the asymptotic behaviour of ¢ and due to the fact that

e—0t

) 1
lim J Pi(x —y)ni(y)Fi(y)d,S = = Fj(x)dy
0B#() 2

it is enough to verify that

00, (x — 1
lim J MFJ(J/) d,S = = F;(x)dy. (1.26)
0B (x) on 2

e—0t

Namely, then we easily get (n is the outer normal to B(x), i.e. the inner normal
to B.(x))
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| leste—nin|(a=22) 80| + 200 T2 0] @0

oy

0P;
—vp [ (4=t + S )| B0V
Xj
e—0t

Oi(x = y; A
+ lim “aB /AR AL7) ) Fi(y)d,sS — ,ILB( )(Oij(x—y; Ani(y)F;(y)d,S

+ J Zi(x = y)ni(»)Fi(y) dyS]
0B*(x)

— lim LBF Fa@n” (X — p; A) + Pi(x — y)n,-(y)] Fi(y)d,S = Fj(x)dy.

e—0t

From (1.22) and we find after a bit tedious but straightforward calculations
that

o0y 11

on  4rm r+ O(inr)
001, 00y
Tn = an - o)
00y 11

a—n— _Ef;-l_ O(hll")

and therefore follows.

The next part is devoted to the asymptotic properties when Ar — co. Unlike
the Stokes fundamental tensor we get anisotropic structure. First, let us recall
that for z — oo (see e.g. [8]):

Ko(z) = (n/(22)) e " [1 — 1/(82) + 9/(2!(82)%) + O(z )]
Kl(z) = (n/(22)) e~ [-1 — 3/(82) + 15/(1282%) + O(z™%)] o
KJ(z) = (n/(22))" e *[1 +7/(8z) + 57/(1282%) + O(z )]
K!"(z) = (n/(22))"?e 7 [-1 — 11/(82) — 225/(1282%) + O(z )]
Using the polar coordinates x; = rcos¢p, x, = rsing we get from
s(x) = (r = x1) = r(1 - cosp)

and (1.21) yields the following asymptotic expansion of (:
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O11(x;22) = (1/4nr) cos p — (1/4V2mir)e *[cos g + 1
+(1/2r)((3/8) cos ¢ — 1/8) + v(ir)]
O12(x;22) = (1/4nir) sing — (1/4v2mir)e " sing[1 + 3/(84r) + v(4r)]  (1.28)
U (x;22) = —(1/4mir) cos ¢ + (1/4v2mr)e*[(cos p — 1)
+ (1/4)((3/8) cos ¢ + 1/8) + v(r)).
Using several straightforward properties of the function s(x)

os  —s 0s X )
. AL . 1.2
ox; r’ 0xy r S, (1.29)

dp _cosp  Op sin ¢

=— 1.30
0x, ro0x r (1.30)
2
s~r for x; <0 but s~ (xi) for x; > 0, (1.31)
e 2 sin? pAr = Ase (1 +cosp) < e !, (1.32)
we get the following uniform behaviour
‘(912()6; 21)‘, ’(922()6; Zi)’ < C/(il’)
as Ar — oo. (1.33)

|041(x;24)| < C/Vor

Moreover, from (1.28), we may deduce the following anisotropic structure

|01 (x;24)| < (1.34)

C
Vir -1+ s

Now we could calculate all the derivatives and get the asymptotic expansions of
them. But we are interested only in the estimates of the type (1.33)—(1.34).

The formulas [1.29}{1.32) yield
02011 (x;24)| < C/(r(1 + 4s))
102012(x;22) 01011 (x: 22)| < C/(r/ar(1 + 23)) (1.35)
101012(x;22)], 101022 (x;22) |, |02022 (x; 22)| < C/(Ar?).

For higher derivatives we do not need such precise estimates. We therefore
only observe that

10,0,011(x;22)| < CV) (P11 + 4s)*?), (1.36)
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while for the other terms we have the following uniform estimate

X C
ID>0(x;22)| < wE (1.37)

where D20 contains the second gradient of @ except of 0,0,();,. For higher
derivatives we get analogously

Ck/2-1/2

VEO(x;20)| < — e for k=3, (1.38)

The formulas (1.33)—(1.38) are valid for Ar > 1.

Let us summarize the asymptotic behaviour of ( and its derivatives using the
weights v, ,u;’y and 7z, introduced in Section 0. Moreover, we assume A =1
and for A # 1 we may use the homogeneity properties and (1.24). Then we
have for N =3 and x e R*\{0}

|0(x; 1)] < CvZi(x)
VO(x;1)] < Cul3)y (%)
(1.39)
1010(x;1)| < Cv73(x)
V20(x;1) = V2P (x)] < Cv3(x)
and for N =2 and x e R*\{0}
011 (x5 1)| < Cp”5(x) log(2 + 1]
|05(x; D] < Crpgt(x) log(2+ 1/|x]) i, j > 1
02001 (x; 1) < OV (x)
101011 (x; 1) )
102012(x;1)| » < Cﬂjﬁﬁl(x)
10202011 (x; 1) — 3202911 (x)] | (1.40)
101012(x;1)]
10102 (x;1)]

|
) )

)
)
10200 (x; 1) p < Cpg™ ' (x).
101010 (x5 1) — 0401 S pn(X)
(k,l,m,n) # (2,2,1,1
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2. L -estimates of a convolution in R".

This section is devoted to the study of an auxiliary problem—the L%
estimates of certain convolution which will play a fundamental role in the
following sections. Our aim is to give conditions on a,b,c,d,e,f such that

(=5 +n=g)(x) < Kn“j(x), xeRY. (2.1)

We shall calculate the estimates for N > 2. Since we study the physically
interesting cases N = 2,3, the results will be summarized in Tab. 1-Tab. 4 only
in these situations. Nevertheless, the calculations will be performed for general
dimensions and the results can be easily read from the integrals Iy — I;s.

Before calculating estimates of the type (2.1), we shall first study the
asymptotic behaviour of the function

s(x) = |x| = x1.

In what follows, by f(x) ~ g(x) as |x| — A we mean the following: there exist
Cy, C; >0 and U(A), a neighbourhood of A4, such that

Cif(x) <g(x) < Gof(x) (2.2)

for all x such that |x| is from U(A4). If we write f(x) ~ g(x), xe M = R" then
the inequality holds for any x € M with constants independent of x.

Let us denote by x’ the vector of the last N — 1 components of x, i.e. x =
(x1,x").  We have

LemMMA 2.1, If x; > 0 then s(x) ~ |x'|*/|x|; otherwise s(x) ~ |x|.
Proor. Introducing the generalized spherical coordinates (N > 3)
x1 = Rcos b,
Xy = Rsin0; cos 0,
(2.3)
Xy_1 = Rsin6;---sinOy_,cosOy_;

Xy = Rsin@---sinfy_,sinly_q,

where 60,...,0y € (0;7), Oy_1 € (0;27), we have
_R(I_COSH)_z(Rsinﬁl)z sin(6) /2)\’
Y= = R Sil’l@l '

For x; > 0 we have
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0, € (0;m/2), ie. 2<M>2 e(1/2;1)

Siﬂ@]

which implies
1 |x/|2 - ( )< /|2
2 R W TRT

Analogously we proceed for x; < 0 where 0, € [r/2;n] and |x| < s(x) <2|x|. If
N =2 we use the polar coordinates and the only change consists in the fact that
¢ =0, € (—n/2;n/2) for x; >0 and ¢ € [n/2;3/2x] for x; <O0. O

Next we study the integral of #~¢(x) over the sphere for sufficiently large
R = |x|.

LemMmA 2.2. Let N >2. Then for the exponents a,b e R we have

J n_g(x)dS ~ RV-1mermn(WEDR20 (In R if b= (N-1)/2)  (24)
0Bg

as R — oo. Consequently, [pxn-5(x)dx < o0 < a+min((N —1)/2,b) > N.
Proor. Using the generalized spherical coordinates (if N > 3—see (2.3)) or
the polar ones (N =2) we get
J n0(x)dS = CJ
0Bx

(1+R)™“(145) "RV (sin0;)" 2 do,
0

- cJ (1+R) (1 + R(1 - cos0;)) "RV 'sin 0V 2 do,.
0

Changing the variables s = R(1 — cosf);) we estimate the last integral by
2R

C(1+ R)l_“J (1+5)""(V2sR — s2)V 7 ds. (2.5)

0

We estimate the integral (2.5) over three subintervals. Let us also note that
for N =3 it can be calculated explicitly. We have

1 1
J (1+5) " (2sR — s»)WV I g ~ RN/ J sN=312ds ~ RV-372,
0 0

R R
J (1+5) " (2sR — sV 2 ds ~ RN-312 J s IN=3/2 g
1 1

~ RN-2-minb.(N=D/2) (In R if b= (N — 1)/2),

2R
J (1+s5)""(2sR — sz)(N*W2 ds ~ RN-270
R
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which implies (2.4). As 57¢(-) e C(RY), the condition implying global integr-
ability follows trivially. [

We can start to deal with the convolution (2.1). Recall that similar esti-
mates were for the first time studied by Finn (see [4], [5]) in the three-dimensional
case (but only for special values of ¢, d) and by Smith (see [14]) in the two-
dimensional case. A generalization of their approach due to Farwig (see [2]) for
the three-dimensional case was adapted to the two-dimensional case by Dutto (see
[1]). We shall repeat their calculation in N dimensions where N > 2, arbitrary.

Finally note that the estimate (2.1) remains true if we replace the kernel

(x—y) by

a

N_p
K(z) ~p §77(z), y<N,zeR" (2.6)

(see also I; below).
In the sequel we shall use the following notation

X = (xlvxl) Y= (y17y/)

R=Is|  r=D] F=lx—]

s = s(x) t=y, I=x1—-

o=l o=I"-yl
In order to capture the anisotropic structure of the function #~§(-) we shall
study the convolution (2.1) in four different situations:

A) R<R
B) x>0, |x'| <1, R>Ry
C) x>0, [x'|=(1/2)R/*** R> Ry, c€l0;1/2]
D) x; >0, [x'|>R/2, R> Ry or x; <0, R> Ry.
Using [Lemma 2.1 we easily verify that

(1, r<l
r e, r>1, t>0, o</t
n_p(y) ~ 3
e s 1 >0, o= /1
Ve r>1, t<0
(2.8)
(1, F<l
iC, Fi>1, >0, o

<
n_g(x—y)~q __ . i ~ ~
d Fretdg2d  Fs 1 (>0, 4>

e, F>1, i<0.
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Q13
il ™ T
Q10 Q9
{24
A o
Q12 d Q11
Qe Q4 Qs
% ~RY
0 { .
U
Q4
~R ~R/2 ~R/2 ~R
Fig. 1.

For notational convenience we denote v=0¢+1/2 and b* = min((N — 1)/
2,b); analogously d* = min((N —1)/2,d).

We start with the case A). Applying to the halfspaces y; > 0
and y; <0 we find that the convolution is uniformly bounded if

a+b*+c+d>N a+b+c+d >N. (2.9)

Next we continue with the most complicated case C). We follow Farwig
(see [2]) and divide RY into 16 subdomains as shown in Fig. 1. If N =2 the
subdomains are plane, otherwise they are cylindrical.

We calculate the convolutions separately on each subdomain. For the
reader’s convenience, the results are summarized in Tab. 1, Tab. 2 (for N = 3)
and Tab. 3, Tab. 4 (for N =2). We denote by I; the corresponding part of the
integral (2.1) over @, k=0,1,...,15. We shall get

I(x) < KR~ g4 (x),

Unfortunately in many cases additional logarithmic terms will appear which
will cause some losses in the weighted estimates later on.
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REMARK 2.1. Let A be a positive function. We denote
In; A =max(In4,1).
We start by estimating the convolutions over the sixteen subdomains.

Iy Wehave Qy={yeR" :|f| <(1/8)R"; 0 < (1/8)R"} and therefore n~¢()
~r (1 +5(y)7", n7%x — y) ~ R<"29_ Applying [Cemma 2.2 we get

R

Iy~ R—C—MJ (1+nV"7 (Iny r, if b= (N —1)/2)dr
0

~ R—(c+(1/2)min(O,a+b*—N))—2a(d+min(O,a+b*—N))

InR ifa+b*=Nb#(N-1)/2
ora+b*<N,b=(N-1)/2
In*R ifa+b*=N,b=(N-1)/2.

The results are summarized in Tab. 1-Tab. 4.

I; The integral can be estimated in the same way by exchanging a, b for c,
d. Assuming the kernel (2.6) instead of #~¢ we have

hi(x) = J K(x — p)p-4(x) dx ~ R
B (0)

since y < N. Again, the summarized results can be found in Tab. 1-
Tab. 4.

I, We have in @, that r ~te (R%R). So n74(y) ~r“ for p </t and
n=4(y) ~r o2 for o> +/i. Further g ~R" and F~ R+ R"—r;
therefore =4 (x — y) ~ 7 “"R=4_ Thus

R N RY
L~ R—2dv J dV(R + R — V) d—c lr—a J QN_Z dQ + rb—a J\/_ QN—Z—Zb dé;|
v 0 r

R
= RMJ dr(R+ R — )"

v

. [rN/Z—(l/Z)—a + rb—a(Rv(N—1—2b) N rN/2—1/2—b)]

(InR'/\r if b=(N-1)/2)

R
~ R—Zv(b*—(N—l)/Z—l—d)J d}’(R-I—RV _ r)d—crb*_a

v

(InR"/\Fif b= (N—-1)/2) =J.
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In order to verify the last equivalence it is enough to consider first b >
(N—-1)/2,ie. b* = (N —1)/2, and then b < (N —1)/2, i.e. b* = b, and
estimate the integrals.

Let us divide J into two parts—the integral over (R"; R/2) and the
integral over (R/2;R). We estimate these two parts separately.

R/
RcHd=2v(b"~(N-1)/2+d) J

v

2
drr® =@ . (InR"/\/r if b=(N—-1)/2)
~ Rf(c+a7(N+1)/2)72c7(b*f(Nfl)/2+d)+(afl/2)min(O,b*chl)

-(Iny R/(1+5) if b#(N—-1)/2, a=b"+1)

((Inys,a< (N+1)/2) - (InR,a > (N +1)/2)

-(InRIny R/(1 +5), a=(N+1)/2) if b=(N-1)/2).
/|2

We used the fact that s(x)~ 2L ~R> and In,R/R' =

x|

(1/2)Iny R/R* ~In, R/(1 +5). Analogously

R
R—2v(b*—(N—1)/2+d)+b*—aJ dr(R + R — r)d—c ) (lnRV/\/? if b= (N . 1)/2)

R/2

o R(cHa=(N+1)/2)=20(b"~(N—1)/2+d)+(—1/2) min(0,d—c+1)
(Ing R/(1+s) if c=d+1) - (Inps if b=(N-1)/2).

The results may again be found in Tab. 1-Tab. 4.

We proceed analogously as for I, exchanging a, b for ¢, d.

Q4 can be considered as a subset of €2, and Q3. Therefore 14 can be
estimated by I, and I5.

We have in Qs t~r~R, so 774(y) ~R™* (o< 1) or n74(y) ~
R~ (o > /t) where p varies between 0 and R'. Further 7 ~
7] € (R";R). As <0 we have 5-5(x — y) ~ |7] 7.

R VR R
Is ~ J drr R“‘J oV dg+Rb—“J oV dy
v 0 \/E

~ Rl—c—d+(a—1/2) min(0, | —c—d) [R(N—l)/Z—a + (R(N—Z—Zb)v . R(N—2—2b)/2)

"R (In, s, if b=(N—-1)/2)]-(InR/R" if c+d=1)

~ Rl—c—d+(N—l)/2—a+(o—l/2) min(0, 1 —c—d)+20((N-1)/2-b*)

(Inysif b=(N-1)/2)-(Iny R/(1+3s) if c+d=1).
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It is sufficient to interchange a, b by ¢, d and use the result for Qs.
Denoting 7 = |f| € (R",R) we have in Q; that t~r~R, g~0~F€
(r;R). Therefore n=¢(y) ~ R“p=2b n=S(x — y) ~p~< ¢ and

R R
17 ~ R—cH—b J dr <J QN—Z—d—C—Zb dQ>

T

v

R
- Rb—aJ dp(RN-1-emd=2b _ (N-1-c=d-2b)

-(InR/t if c+d+2b=N—-1)

~ RN—a—b—c—d_|_RN—a—b—c—d+(a—1/2)min(07N—c—d—2b)
(InR/(1+s) if c+d+2b=N)
~ RN—a—b—c—d+(o-—1/2)min(O,N—c—d—2b) . (lnR/(l —I—S) if c+d+2b= N)

We get the result by interchanging a, b by ¢, d and using the result for
Q7.

Analogously as in ©; we have t ~r~ R, o~ g€ (R"7), F~T=]|i|€
(R",R); so n=§(y) ~ R p=2, y=§(x = y) ~ p~* and

R T
Iy ~ R—a+bJ | dTT_d_C (J QN—Z—ZIJ d@) ‘

If 5> (N —1)/2 the significant term in the inner integral will be the
lower bound and we can use /5. If b < (N —1)/2 the significant term

in the inner integral will be the upper bound and we can use I;. If b=
(N —1)/2 then

R T
Iy ~ R_a+<N_l)/2J V rd¢ lnﬁdr.

In comparison with /5 we get some additional logarithmic factors
b=(N-1)/2:(Iny R/(1+s) if c+d<1)
(I R/(1+5) if c+d=1).

As in Iy, we may use I for d > (N —1)/2, Iy for d > (N —1)/2 and
get some additional logarithmic factors to Iz for d = (N —1)/2.

The domain €, is unbounded. We have 7 ~re (R; ). Therefore
n=5(x = y) ~ 1=, y4(y) ~ (1 +s(»))"" and applying
under the assumption a+b*+c+d > N we get
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I ~ J drpV-1ma=br=c=d (Iny if b= (N —-1)/2)
R

~ RN-a=b'=e=d (InR if b= (N —1)/2).

We proceed as in the previous case and under the assumption a + b+
c+d* >N we get

Iy ~ RV-47b==d" (InR if d=(N—-1)/2).

The domain ;3 can be considered as a subset of €;; and
Q5. Therefore ;3 can be bounded by /;; and I)>.

In this subdomain we have r ~ R, o ~ g€ (R"; R). Moreover 7 ~ || +
o where 7€ ((—1/8)R";R/2). Then 7=4(y) ~ R0~ 5n=4(x — y) ~
((+0) "o 2 if >0 and y=4(x—y) ~ g ¢ if 1< 0. Let us note
that the strip 7€ ((—1/8)R;0) has no influence on the asymptotic be-
haviour since g > |¢| there.

R R/2

Ly ~ Rb—a dQQN—Z—Zb—ZdJ (Z_|_ p) d—c d7
JRY 0

. R“I= 14+d—-¢c>0
~ Rb-a dQQNfobeZd o 1ad—c<0
R

InR/o 1+d—-c=0.

Now we distinguish three cases.
a) 1+d—c>0
If b+d < (N —1)/2 then

Iy ~ RV7470=d (In, R/(1 +5) if b+d=(N—-1)/2),
while for b+d > (N —1)/2 we have

114 ~ R—a—c+(N+1)/2+20((N—1)/2—b—d) (See 12,13).
b) 1+d-c<0

114 ~ Rb—a JR Q—2b—c—d—|—N—1 dQ
and the integral can be estimated by 1.
c) l+d—c=0
R
114 ~ Rb—a J QN—2—2b—2d In (R/Q) dQ

Rl—v

— RN—a—b—c—d J ZZb+2d—N Inzdz.
1
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Now for b+d < (N —1)/2

and for b+d > (N —1)/2
L1a ~ RVHD/2-a=e=20(b4d=(N=D/2) 1g R /(] 4 )

which can be estimated by 1.

Iis Interchanging a, b by ¢, d we can use the results from Ij4.

We have now completed investigation of the situation C). The results are
summarized in Tab. 1, 2 (N =3) and Tab. 3, 4 (N =2).

The situation D) is almost trivial since we are left with subdomains of
the type @y, @25, Q1, Q1> and Q3. The integrals can be estimated by the
corresponding integrals in C) taking o =1/2, ie. v=1.

Finally in the case B) we proceed as in case C) but the subdomains Q,, 23
and Q, coincide. The other integrals can again be estimated by the corre-
sponding ones from the part C) taking ¢ =0, i.e. v=1/2.

The study of the convolution (2.1) is therefore completed. In the next
section, we shall apply the results in the study of L®-estimates of convolutions
with the Oseen kernels.

3. L%-estimates for weakly singular Oseen kernels.

Now we intend to get estimates for the functions Vi, ,ug’y by analogy with the
preceding section,

) = e 1) = (50, () = 7 () ),

This is the aim of [Lemma 3.1 and [Lemma 3.2. We will formulate these
lemmas in the case of RN, Ne N, N >2. Afterward, we apply the lemmas in
the study of L*-estimates of convolutions with Oseen kernels. Let 7, ,(x) denote
the following integral

LY (x) = J v (V) (x = ) dy = J Vo (x = ¥ vy () dy',
B1(0> Bl(x)

where x,y,y' € RY. For the notational convenience we also denote
In_|x| := max(1, —In|x|)
for x # 0.

Lemma 3.1. For a < N, y < N there exists a positive constant C| such that
for x € B(0)\{0} < RY
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v(;(Hy_N) (x), if a+y>N

L5)(x) < C1q In_|x], if a+y=N
1, if a+y<N.

Morerover, there exists a positive constant Cy such that for x € B*(0) = R"
N =y
Iog,y) (x) < Gy’ (x).

Proor. We divide the proof into two parts:
a) First we assume |x| <2. We will estimate integrals over sets, whose

union contains unit ball B;(0).

B1(0) < Biyj2(0) U Byj2(x) U { By (0)\(B)y/2(0) U By 2(x)) } U
{B4(0)\Byy(0)} = M U My U MU M,

1 1 e (M1 ¢
x_ 7Y =S ;1 drs — oy, a<N
Jay 191 Tx =y x| Jo 7 x|
1 1 ey (P21 cq
— ——dy < — —r T dr < — y< N
Jagy 191" [ =yl X[ Jo || 77N
1 1 Cs r'x Nl C6
—_——dy < —— T dr < ——
JM;IyI x—l" V= x| "7 Jo x| 7N
1 1 (4 Nl
J —aiydy£C7 7})(11’
a1V [x =yl Jap = 1] |

4 r Y 4
< cg ( ) rfocf“/Jerl dr < C9J rfanyerl dl”;
Jap \Ir = [x] | 2/x]

here we use the inequality r/|r— |x|| < 2.
The last integral can be estimated by cjolx|
if «+y=N and by some constant if o+ y < N.
b) Now we assume |x| > 2.

l 1 C11 J C12
dy < ~dy <
J V) x =l X" ) 5,0 |y| x|
The assertion of [Lemma 3.1 follows from these five estimates of convolution
integrals. ]

N AR a4y > N, by ¢ In_|x]

We define for pairs of real numbers [a,b] < [c,d]:a <c and a+b <c+d.
It is evident that n{(x) <2¢(x), x€ RN if [a,b] < [c,d].



84 S. KrRACMAR, A. Novorny and M. POKORNY

In the formulation of [Lemma 3.2 we use functions sy (x) = 17,7 (x)vp(x).
Let us note that s *(x) = n(x)vg(x) = vj(x), g7 (x) ~ nj(x), x € BY(0), g7 (x) ~
v(x) ~ vg(x), x € Bi(0)\{0}.

Lemma 3.2. Let a,b,c,d,e,f € R and positive constant C be such that for all
xe RN : [ovn=5(x — y)n~é(»)dy < Cn=§(x), NeN, N >2.

Let g< N, h <N, [e,f] <|[a,b], [e, f] < c,d]. Then there exists a positive
constant C' such that the following inequality is satisfied for x € RV \{0}:

pop N () g+h>N
LN pG T x =y () dy < C Ui (x),0> 0 g+h=N
up(x) =n5(x) g+h<N.

Proor. Evidently, for o, f € R! there exist positive constants ¢|, ¢», ¢3 and
¢s such that

a) ang(x) <vi(x) < cmj(x) for all xe B'(0)
b) anj(x) <nj(y) < camg(x) for all xe RY, yeB(x).
Now we will prove the assertion of the [Cemma 3.2k

iy 60 = | e ) d
<O e
Bl(X)

FG it )

We will study these two integrals separately. By using [Lemma 3.1 we get the
estimate of [, % "x =y y () dy = I, (0) 1y (x = y)vg™(y) dy.

J w4 x— () dy
B (0)

< max n_ZW(y)J W9 — e () dy
yeBi(x) Bi(0)

(v, " N(x), g+h>N
In_|x|, g+h=N };xeB\{0}

< C317:Z+g(x)<
1, g+h<N

L7707 (x) x € B!
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g —g— —e,—g—h+N
SN g+ h> N N x),  g+h>N

< (s ,u:‘bl’fé(x),é>0, g+h=N <G ,u:;-’_(s(x),é>0, g+h=N
N:Z’O(x)a g+h<N u:;70(x)577:}(x), g+h<N.

In the second inequality we use [Lemma 3.1 and the relation b). In the last
inequality we take into account the assumption [e, f] < [a, b].

We estimate the remaining integral JBl(x) nS(x—y)u_y ?(y)dy for xe
RM\{0} in the following way:

j 1 — () dy < j
B'(x)

X = s () dy

= JB n=5(x — y)vg?(»)dy + ng n_g(x— y)n_p(y)dy

< Cs max 775(y) j () dy + Co 8 (x) < Con ™ ().
yeBi(x) By (0)

The proof of follows from these estimates. ]

We now formulate main results of this section. We will use the following
notation

E(x;A) = ng(x;4) if no logarithmic factor appears, and

FE(s 1) = nE(x: ) { ig @2))

where function P(-) is a polynomial of the first or the second order, see also

Remark 3.1. Similarly we define vE(-;4). Then we have

if there are logarithmic factors,

TueoreM 3.1. Let A+ B*>1. Let f e L*(R* ni(-;1). Then we have
0] f € L* (R, GE(-: ))), where

A—1 for A < B*+1
E=S(A4+B*—1)/2 for AB+1,A+B<3 (1)
1 for A+ B* >3
A+B*—1 for A+ B* <3 ..
E+F =
- {2 for A+B* >3 (i)

with logarithmic factors
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In, (4s(x)) for A+ B<3,B<1, (iv)
(see Remark 3.1). Moreover we have
HOC DS i < €3 e G.1)
Let in addition for A, B the following conditions be satisfied
1<4<3, B>0, orA<B+5, 1<A+B<3, B<O0. (V)
Then for f € L*(R?,vi(-; 1)) we have |O(-; )| +f € L*(R*,VE(-; 1)) and
HOC A f oo, e < CE 7 E N oo, oy (3:2)

REMARK 3.1. The inequalities [3.1], must be understood in the fol-
lowing sense. If no logarithmic terms appear then

HOC DI oo, o me < CA2 N Moo sy e

Analogously for the weight vf(- ). ButforA+B*=30rAd=B+1, 0<B<
1 we have

H |(O( 3/1)| *fH007(17£(~;i)P(ln;l(M~|))),R3 = C/I_2||f||oo7(,7§1(.;g))7113 (3-3)
and for A+ B<3, B<1
O 4)] *f|| (In7! (s(2))), RS = Cll_2||f||oo,(}7§1(~;i)),R37 (3.4)

where P(-) is a polynomial. The order of the polynomial can be traced out from
the proof of [Theorem 3.1 using Tab. 1,2. Analogously for the weights vE(-; 1).
We can use instead of (3.3), (3.4) for ¢ >0

|| |(9( )| *f” (-31),R? <CA” ||f||00,(’7§1(';)»)),R37 (33/)
OG5 )] = Sl D& < CA2 S oo o) 15 (3.4)

respectively.
Finally, in the case of /=0 in Bj/,(0) (this is usually the case for @ = R”,
exterior domain) we can get for the weight vy (-; 1)

HOCs DU Ao, o < CE S o ot e
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The proof of [Theorem 3.1 is similar to the proof of the other theorems
in this section. We therefore give only the proof of which is in
applications the most often used one. The other theorems in both two- and
three-dimensional cases can be shown by analogy with this proof.

THEOREM 3.2. Let A+B>1/2, A> —1. Then for f € L°(R?,ni(-; 1)) we
have |VO|*f e L* (R, 1E(-; 1)), where

—1/2 Jor A<2A<B+1,B>0
3/2 for A+B* >3

E= 1
A+B—1/2 for B<0,A+B<1 (i)
(A+B)/2  for B<A-1,1<A+B<3
A+ B* for A<2,B>3/2
E+F={ A+B—-1/2 for A+B<17)2 (i)
3 for A+ B>17/2,4>2
with logarithmic factors
A+B*=3

A=B+1,0<B<1
A+B=1,B<0
B=-1/2,3/4 < A<5/4.

In, (4)x|) for (iii)

Moreover we have

VOGO *f e, capore < CF IS oo, sy (3.5)

Let in addition for A, B the following conditions be satisfied

B>—--, A<B+2. (iv)

1
27

l\)IU1

<A<

SN

Then for f € L*(R?,vi(-;1)) we have |VO(-; )| *f € L*(R*,vE(-; 1)) and

IVOC D f e sz apme < C S o, it e (3-6)

TuroreM 3.3. Let A+ B* >0. Let R=|V*0—-V>%| or R=10,0|. Then
for fe L*(R? nf(-; ) we have Rx*f e L*(R* E(-; 1)), where

A for —1<A<2,A<B+1,B>0
_ 2 for A+ B* >3 .
A+ B for B<0,0<A+B<1 (i)

(A+B+1)/2 for B<A—1,1<A+B<3
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A+ B* for A+ B* <3

E+F=
i {3 for A+ B >3

with logarithmic factors
Ing (Ax|) for A+ B* <3.

Moreover we have

HV20(:2) = V2L Ol S N itz < C oo gm0

1O )+ Sl oo, .03 < CA ||f||oo,(,7;(.¢)),1e3-
Let in addition for A, B the following conditions be satisfied
0<A<3 B>=-1, A<B+3.
Then for f € L*(R?,vi(-; 1)) we have Rxf e L*(R* vE(-; 1)) and

1V20(-:2) = V2L O 5 S N are < CA1E I Mo

010G DU S oo, e < C2 7 E N Mg sy e

(VA(-34), R

(ii)

(iii)

(3.9)

(3.10)

THEOREM 3.4. Let A+ B* > 1. Then for f € L*(R?, ni(-; 1)) we have | 2| *

feL*(R*FE(-; 1)), where

2 for A+B*>3,4>5/2
E=<4-1)2 for A<5/2,B>1/2
A+B*—1 for B<1/2,4A+B* <3

2 for A+ B* >3

E+F=
* {A—I—B*—l for A+ B* <3

with logarithmic factors

B=1/2,1/2<A4<5/2
In,(Ax|) for K B=1,2<A<5/2
A+B*=3,4>5/2

A+ B =32<4<5)2

Iny (As(x)) for {B: 1,0< 4 < 2.

Moreover we have

21 e zare < CA I Moo, oy e

(3.11)
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Let in addition for A, B the following conditions be satisfied

<A<3, B>0. (v)

DO —

Then for f € L*(R?,vi(-; 1)) we have |?|xf e L*(R*,vE(-; 1)) and
N2 f Nl sz apore < C 7B Nt e (3.12)

In the next part of this section we give formulations of the theorems in the
two-dimensional case:

THEOREM 3.5. Let A+ B* > 1. Then for feL*(R*ni(-;1)) we have
|O11] % f € L°(R*,7E(-; 1)), where

A-1 for A< B*+1
E=<¢(1/2)(4+B—-1) for A>B+1,A+B<?2 (1)
1/2 for A+ B*>2
1 for A+ B* >2 .
E+F=
i {A+B“4,ﬁrA+W§2 (i)
with logarithmic factors
A+ B*=2
)
. (4d) ﬂr{A:B+LO<B§1ﬂ (i1
Iny (As(x)) for {A+B<2,B<1/2. (iv)
Moreover we have
HOuC A g < M o ggemae G13)
Let in addition for A the following conditions be satisfied
1<A4<2. (V)
Then for f € L*(R*,vi(-; 1)) we have |O11(-;A)| *f € L*(R*,VE(-; 1)) and
HOn G Doz eomre < CATENF o o a2 (3.14)

TueoREM 3.6. Let A+B*>1, i,j=1,2, i-j#1, R=|0;] or R=|Z|.
Then for f € L*(R*,ng(-; 1)) we have Rxf e L™ (R*7E(-; 1)), where

1 A+ B*>2
E:E+F:{ for A+ B> (1)

A+B*—1 for A+ B*<2

with logarithmic factors
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A+ B =2
|
nG) o {40 25 g

Moreover, we have
OG5 Mo iz aore < CENS Moo o), 2

[REZ *f|| )R = Ci- ||f||oo,('7§(';ﬂ~))7R2'

Let in addition for A, B the followz'ng conditions be satisfied

A<2, B >0 (if R=|2|) or A<2, (if R=1|04)).

Then for f € L*(R*,vi(-; 1)) we have Rxf e L*(R* VE(-; 1)) and

OG5 D)5 f e s 22 < CATT47E

L (32)), R?

N2 o, 2y < CAT N N oy 2

Taeorem 3.7. Let A+ B*>0 and A+B>1/2. Then for

L*(R*,nf (-5 1)) we have |0:011(-;2)| xf € L*(R*,7E(-; 1)), where

1 for A+ B*>2

A-1/2 for —1/2<A<3/2B>0,4A<B+1
(A+B*)/2 for 1 <A+B<2,A>B+1
A+B-1/2 for B<0,A+B<1

2 for A+ B>5/2,4>3/2
E+F={ A+ B* for—1/2<A4<3/2,B>1
A+B—1/2 for A+B<5/2,B<1

with logarithmic factors

A+ B =2
Ing (Ax]) for K B=A4-1,0<B<1/2
A+B=1,B<0

In, (4s(x)) for A+ B=1,0< B <.

Moreover, we have

HE200 G DV oo iz oapome < CF N N o2
Let in addition for A, B the following conditions be satisfied
1 1
—<A<2, B>—--, B>A4-2.

2 2

(ii)

(3.15)

(3.16)

(iii)

(3.17)
(3.18)

fe
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Then for f € L*(R*,vi(-; 1)) we have |0,011(-; )| * f € L*(R* vE(-; 1)) and
10200 (5 DV S o 2. m2 < CA 7 E NS N sy (3.20)

THEOREM 3.8. Let A+ B* >0 and R= |V2(9—V29| or R= 10,04, i,],
k=1,2, except |0,011|. Then for feL*(R*ni(-;7)) we have Rx*fe
L°O(R2,77F( i 1)), where

3/2 for A+ B* >2
£ A for A<3/2,B>0,A<B+1 (0
) (4+B+1)/2 for 1<A+B<2,4A>B+1
A+ B for B<0,A+B<1
2 for A+B*>2 ..
E+F=
+ {A+B* for A+ B* <2, (i)
with logarithmic factors
Iny (4]x]) for A+ B* <2. (iii)
Moreover, we have
IV2O(-54) = V2F ()] oo, iz e < CU e, rc ). R (3.21)
Hox0s 5 D 11 ey < CE I o gope (322)
Let in addition for A, B the following conditions be satisfied
0<4<2, B>-1. (iv)
Then for f € L*(R*,vi(-; 1)) we have Rxf e L*(R* E(-; 1)) and
IV20(:2) = V2SOl f N,z oapore < CE 751 N e (3.23)
10O A st i < O E W g (3:29)

PROOF oOF THEOREM 32. Let feL®(R*ni(-;1)). Recalling that
VO(x — y; 1) < Cou Y3 *(x = y;1) we have

(VO D)+ f(0] < Cu 3y 2031 =il 1)()

< O3l 1) # (i (). (3.25)

We have therefore to study the convolution (3.25); we apply Tab. 1 and Tab. 2
with c =d =3/2, a= A, b = B and we get, under the condition 4 + B* > 1, that
(we skip the logarithmic factors, for the moment)
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-3/2 _ _
(3505 D) =74 (5 D)) < Cpf(x: 1)
with
E <min(3/2,(A+B*)/2,A—1/4,4—1/2,A+B—1/2,(A+ B)/2,A + B")
=min(3/2,(A+ B*)/2,A—1/2,A+ B —1/2) (3.26)
E+F£min<3,A+B*,A+B—%>.

We therefore easily get (i) and (ii), see Fig. 2 and Fig. 3 below:

D*:
| E= 3/2
D}
E=A-1/2
A
-] 3
D3:
E=(4+B)/2
Fig. 2
B
2 D, :
E4+F=A+B*
Da:
. E4+F=3
Dy .

E+F=A4B-1)2

NN
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Let us now regard the logarithmic factors. From €, we have In, (1|x|) whenever
B=1, A<2or A+ B*=3 and ¢y =3/2+ (1/2)min(0,4 + B* —3), ey +fo =
3+ min(0, 4 + B* —3). Therefore, if 4+ B* =3 the factor In,(A|x|) must be
taken into account. But for B=1, -1 <A4 <2 we have ¢g=(4+1)/2>
A—-1/2, eg+fy=A+B*>A+B—1/2 and therefore, there are in fact no
logarithmic factors.

Next in 23 we have In; (4]x|/(1 + As(x))) for 4=1+B. But if B>0
then e3 =4 —1/2 and e3+f3 = A+ B—1/2 and then for 0 < B <1 the factor
In, (4|x|) must be taken into account. But for B <0 we have e3 > A+ B—1/2
and for B > 1 we have es > 3/2. Thus (as if s(x) ~ |x| then A|x|/(1 + As(x)) ~ 1)
we can disregard the logarithmic factors in these situations.

Analogously we proceed in other sub-domains and get (iii). The estimate
for 2 =1 1s therefore shown. In order to show for 2 #1, let us
recall the homogeneity property of (;;(x — y;4). Namely, for N =3 we have
O(x — y;4) = A0;5(A(x — y); 1) and therefore

JR3 VO(x - z; 1)|f@ dz

<271 sup | (7)o DI=EGoxs )Py (In (21x0)) PaIn, (2v)

“R3 VO(x = y; ) () dy‘ =1

and so, as 7 (4x;1) = ni(x;4), we have [3.3).
Let us study the weight vi(x;4). From we have the following
conditions E > max(0,4 — 1) and 4 < 3 and therefore we get on D! that 4 >
1/2, on D? that A+ B—1/2> A1, ie. B> —1/2, on D? that (4+ B)/2 >
A—1,1ie. A<B+2 and on D* that 4 <5/2.
Finally, to show we proceed as in the case of the estimate [3.5).

Evidently, holds for A= 1. Therefore

| et =i

<27V sup [f()vA Ay DIvZE(Jx; 1) Py (Ing (A]x])) P (Iny s(Ax))
yeR3

= I g VR G 2Py I L) Palin s(2)). O

4. L’-estimates for weakly singular Oseen kernels.

This section is devoted to the L7-estimates of convolutions with Oseen
kernels. Here we shall use the results from the previous section, i.e. the L*-
theory. The proofs are again similar each to other and we give it at the end of
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this section only for for R = |V?0 — V>| which is in application
the most often used case.

THEOREM 4.1. Let T be an integral operator with the kernel |0|, T :f —
|0 f and let 1 < p < oo. Then T is a well defined continuous operator:

a) LP(R* 557 () e LP(RY 72 78(50)

Jor —e(p—=1)/p<B<p—1+e(p—1)/p, p/2—1—¢/p<oa+B<5p/2-3+¢,
a—pf<p/2—1+e+elp—1)/p, —p/2—¢/p<a<3p/2—2+¢ 0<e<p

b) LP(R vy 7R (5 20) o LP(RY v 781 0)

for —e(p=1)/p<B<p—T1+e(p—1)/p, p/2—1—¢/p <o+ <5p/2-3+¢,
a—pf<p/2—1+e+e(p—1)/p, max{—p/2 —¢/p,p/2 —3+¢} <a<min{3p/2
—2+4+¢5p/2-3}, 0<e<p.

Moreover we have for o, f specified in a) and b), respectively
a)

HOCs DU, s 0 < CE I N oo, o (4.1)

HOC DI ey e < CEP N o gy (42)

THEOREM 4.2. Let T be an integral operator with the kernel |VO|, T :f +—
\VO|xf, and let 1 <p < co. Then T is a well defined continuous operator:

a) LP(R* 55 ™2(-52)) = LP(R¥73(-5.2)

for 0<p<3p/2-3/2, -1 <a+p, a<3p/2-2, a—f<p/2—-1

b) LY (R v ™P(52)) = LY (R V(-3 4)

for 0 < f<3p/2-3/2, —1<oa+f, 3<a<3p/2-2,a—pF<p/2-1.
Moreover we have for o, [ specified in a) and b), respectively
a)

VO f gz e < €2 IA 7)), R (4.3)

1O ) e < CH AN, o, (44)
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THEOREM 4.3. Let R= V0 —V>¥| or R=10,0|. Let T be an integral
operator with the kernel R, T : f — Rxf, and let 1 <p < oo. Then T is a well
defined continuous operator:

a) L2 (R ™25 7)) v L2 (R 71270 (5 )
for —e(p—1)/p<p<p—1l+elp-1)/p, —=p/2—-1—¢/p<a+pf<5p/2-3+
e o—p<p2—l4+e+elp—1)/p, 3p/2—¢/p<a<3p/2—-2+4¢ 0<e<p
b) LY v (52)) = LP(R v 77 (5 2)
Jor — —e(p=l)/p<p<p-1+elp-1)/p, —p/2—-1-¢/p<a+f<5p/2-
3+¢ a—f<p/2—1+e+e(p—1)/p, max{-3p/2 —¢/p,—p/2 -3 +¢} <a<
min{3p/2 —2+¢,5p/2 -3}, 0 <e<p.

Moreover we have for o, [ specified in a) and b) respectively

a)
V2003 2) = VS O, oy i < O g (49)
[1010(:2)] + 11, m/z,))R3<cz Wl grcanms (46)

b)
120(32) = V2SOl ooy e < CEP I uon gy e (7)
T S S I PP ()

THEOREM 4.4. Let T be an integral operator with the kernel |?|, T
— |2 xf, i=1,2,3, and let 1 <p < co. Then T is a well defined continuous
operator:

a) LY (R 72(-50)) = LP (R PP (-1 )

for 0<p<p—1, p/2-3<a+pf<5p/2-3

b) LR} v (7)) LP(R

v Sy PR3 A)

Jor 0O<f<p—1, p/2-3<a+p<5p/2-3, p/2-3<a<5p/2-3.
Moreover we have for o, [ specified in a) and b), respectively
a)

NZL AN, gy e < €A A1, DEPR), R (4.9)



96 S. KrRACMAR, A. Novorny and M. POKORNY

” |<@| *f” e P/2 ), R? < CHf” ”P/z( ), R (4'10)

Next we formulate analogous results also in the two-dimensional case.

THEOREM 4.5. Let T be an integral operator with the kernel |0y|T : f +—
|Oy1| *f, and let 1 <p < oo. Then T is a well defined continuous operator:

a) L (R 5 75 2)) v L2 (R 7712705 0)

Jor —e(p=1)/p<B<p/2=1/24ep=1)/p, p/2—1—¢/p<a+p<3p/2-
24¢ a—p<p/2—1+e+e(p—1)/p, —1/2—¢/p<a<p—-3/2+¢ 0<e<
/2

b) LP(R% vy (-5 2)) = LP(R% vy 775 0)

Jor —e(p—1)/p<p<p/2-1/2+e(p—1)/p, p/2—1—¢/[p<a+f<3p/2—
24¢ a—f<p/2—1+e+elp—1)/p, max{—1/2—¢/p,p/2-2+¢}<a<
min{p —3/2+¢3p/2 -2}, 0 <e < p/2.

Moreover we have for o, [ specified in a) and b), respectively
a)

HOUC DI, oy g < CEE I s 1)

HOUCS AL o < CEP N o gy (412)

THEOREM 4.6. Let T be an integral operator with the kernel R = |0y|, i, j =
1,2, i-j#1 or R=|2|; T:f— Rxf, and let 1 <p < co. Then T is a well
defined continuous operator:

a) LP(R*5 ;7 (52)) = LY (R (5 2))

Jor 0<p<p/2-1/2, p/2-2<a+f<3p/2-2

b) LP(R* vy P (52)) = LY (R% vy 71 2)

Jor 0<p<p/2-1/2, p/2-2<a+f<3p/2-2, p/2-2<0<3p/2-2.
Moreover we have for o, f specified in a) and b), respectively

)
104D o e < CE Sy on e 413)

1205, g < O I o (4.14)
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NCsC5 DS, v ) 2 = € 71 V) R (4.15)
|| |<@| >I<f|| iy ])/2 (-:1)), R < C||f|| oH»p/Z( 1)), R (4.16)

THEOREM 4.7. Let T be an integral operator with the kernel |0,0y,|, T : f —
|02011| *f, and let 1 <p < oo. Then T is a well defined continuous operator:

a) LP(R* 55 72(-52)) = LP(R*73(-5.2)
for 0O<f<p—1, —-l<a+p, a<p-3/2, a—f<p/2—-1
b) LP(R* vy ™2(-32)) = LY (R% vy PP (-5 0)

for 0O<f<p—1, —-l<a+pf, 2<a<p-3/2, a—p<p/2-1.
Moreover we have for o, f specified in a) and b), respectively
a)

1102001 (5 DV A1y, gz .2 < A PR (), R (4.17)

110005 Dl iy < CE P ron e (418)

THEOREM 4.8. Let T be an integral operator with the kernel R =
V20 -~ V2|, or R=[0k0yl, i, ),k =1,2, except |0,011]; T :f + Rxf, and let
l<p<oo. Then T is a well defined continuous operator:

) L (R% ;75 2)) v L2 (R 71275 (5 1)
Jor —e(p—1)/p<p<p/2-1/2+e(p—1)/p, —=p/2—1—¢/p <a+p<3p/2—
246 a—p<p/2—1+e+e(p—1)/p, —p—1/2—¢/p<a<p—-3/2+4¢ 0<
e<p/2

oa+p/2 atp/2—e
b) LP(R* vy ™2 (-5 2)) = LP(R% vy ™85 2))
Jor —e(p—1)/p<p<p/2-1/2+e(p—1)/p, —=p/2—1—¢/p <a+f <3p/2—
24¢ a—f<p2—1+e+e(p—1)/p, max{—p—1/2—¢/p,—p/2—-2+¢} <
a<min{p —3/2+¢3p/2 -2}, 0<e<p/2.

Moreover we have for o, [ specified in a) and b), respectively
a)

1720032 = V2L O S, orn e < O ez (4419)

R A ] R (%)
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b)

|H\72(9(.;z)—\72y(.)|*f|| o R2<cx/f’||f\| N (4.21)

(-34)), (-:4)), R®

110605 (3 DS g ronnee iy, 2 < e Vi ) R (4.22)

PrOOF OF THEOREM 4.3.  We show only the case R = [V2(0 — V2.#|; the other
case differs only very slightly. We proceed similarly as in the case of L*-
weighted estimates. Studying first 77;,‘(-;/1) weights we show for A=1.
Applying the homogeneity properties of ;(-;4) we get in the general
situation A # 1. Next, using the results from a) together with we
show (4.7).

Let us denote

K(x,y) = R(x = p) ("2 o) PP ()72,

F(y) =) ()"

We easily observe that, in order to verify with 4 =1, it is sufficient to show

that there exists C > 0, independent of f, such that

| KCoFOIG| <cir, (4.23)
p

Let L(-) and M(-) be non-negative functions defined on R* such that for all
3
X, VER

B = | KL dy < COM () (4.24)

)= | IR IMe) ax < L, (4.25)

where C >0, 1 <p< oo and p~ '+ ¢ ' =1. Then relation [4.23) is satisfied.
Indeed,

p

| KCoFmG

p

j{ ([ eeonieorLe dy>l/pJo(x)1/q}p &

' J M(x)” J K (x )| [F(y)PL(») 7 dydx

IA

IA
Q

cr | IFOIPAMIL) T dy < CTF],



Oseen kernels in weighted L spaces 99

i.e. we get (4.23). We shall suppose the functions L(-), M(-) in the form L(x) =
M(x) = n:g/pz(x), AeR'. Denoting

ay=qA+a/p+1/2 ay=pA—oa/p—1/2+¢/p

bo=p/(p—1) by =0
we get that in order to verify we have to find such ay by that

J R’ R(x — )y (y)dy < Cy ™7 (x)
for all xe R® and in order to verify we have to find a; such that

JRs R(=x =y (=) dx < O ™7 ()

(4.26)

for all y e R>.
Applying with f=#_}’(-) we get for the first inequality the
following set of conditions
—¢e/p <by <1+¢/p, ayp<by+1+2/p, ay+b;>0,
ap+by <3+¢e/p, ap<2+¢/p,
while for the second inequality we directly apply Tab. 1 and Tab. 2 and get!
0<a <1+2¢/p, (4.28)

a;, b; defined in (4.26). The conditions on «;, b; can be satisfied for some 4 € R !
if we have for O0<e<p: —e(p—1)/p<f<p—1l+elp-1)/p, —p/2—1-
ef[p<a+p<5p/2-3+e oa—f<p/2-1+et+e(p—1)/p, —3p/2—¢/p<
«<3p/2—2+e Thus is proved for A= 1.

Next let 2#1. As |[V20(x— ;1) =V 7 (x)| = P|V2O(A(x - y); 1) -
V2% (Jx)| we easily have

[ ][ &= rmrma] g ax
R} |JR?

|,

< CﬂJ

SO

(4.27)

! 2
ngﬂj/ (Ax; 1) dx

JR3 R(Ax—z;1)f(z/A)dz

77;+p/2(z; 1)dz

3

= ci ¥ | P )

and we have with 1 # 1.

'The convolution on the left-hand side of [4.25] is again the same convolution as treated in
Section 3, but at the point —y.
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In order to prove (4.7) we redefine functions K(-,-) and F(-):
K(x,y) = Rlx = y) 5" (a) P o ") 7,

F(y) = ()5 ().

We will now proceed as in the first part of the proof, but now we search the
functions L(-), M(-) in the form L(x)= u:g/’];G(x), M(x) = u:g/’p_zH(x). De-
noting
co=qG+a/p+1/2 co=pH —a/p—1/2+¢/p
dy=qH+a/p+1/2—¢/p d =pG—o/p—1/2

we see that in order to verify and we have to find such a;, b; see
(4.26), (4.27) and c¢;, d; such that

(4.29)

| Ror= iy ()dy < Qo xe R0}

Jm R(=x = p)uy™ ™ (=x) dx < Cg P (), y e RO\{0}.

Recalling that |R(x — y)| < Cov=3(x — y; 1) we get from the following
two possible sets of conditions for ¢;, d;:

¢ <3
¢ <1
0 a+2>3 (i)
d; >0,
di>c¢—1

where in both cases i = 0,1. Conditions for a;, b; are the same as in the first
part of this proof. From the conditions (i) we get the following additional
condition

—p/2-34+e<a<5p/2-3.

Case (ii) gives more restrictive conditions on o, no extension of the result. So,
(4.7) is proved in the case 4= 1.

Finally to get (4.7) with 4 # 1 we proceed as in the case of the weights
na(-;4). We have

l,

g a+p/2—e
ve 7T (x 2) dx

| Re=rar(a

_ i—oc—p/2+£ J

R3

4
J R(Ox -z 1)f(z/2) dz v;;‘ﬂ’/z*‘sux;l)dx
R3
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< Cpe3 J Dz dz
R3

AN
R
and we have (4.7) with A # 1. This completes our proof. O]

5. Singular integrals.

The aim of this section is to present some results concerning L”-estimates of
certain singular operators and finally to apply them on the convolutions (defined
in the sense of principal value) of the type V2 xf, V2% «f and V20 xf.

We shall use the idea of Farwig (see [2]). Before formulating the result from
[9] we need to define some notation.

DEFINITION 5.1. The weight w,w > 0 belongs to the Muckenhoupt class A,
1 <p <+ if there is a constant C such that

(w100 werax) (117100 | w0

sup (1/\Q|)J w(x)dx < Cw(xg), VYxoeRY
0 0

sup <C<+w
0

(5.1)

for pe(l;00) and p =1, respectively. In the first case, the supremum is taken
over all cubes Q in R, in the second case only over those cubes which contain xo;
|Q| denotes the Lebesque measure of Q. The constant does not depend on Xxj.

REMARK 5.1. a) For p =1, the condition (5.1), can be replaced by
Mw(x) < Cw(x) for a.a. xe RY (5.2)

where Mg(x) is the Hardy-Littlewood maximal function which is defined by the
left hand side in (5.1),.

b) In (5.1) it is enough to take the supremum over all cubes with edges
parallel to an arbitrary chosen Cartesian system X.
To show this, let X be a Cartesian system in R and X’ another one arising from
X by any rotation. Then we have

1o 1 NN
o T |, " 5 T w0 s g | s 69

for any locally integrable function w>0. In (5.3) Q' is a cube with edges
parallel to the axes of X/, Oy is the greatest cube with edges parallel to the axes
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of X such that Q; = Q’, and Q, is the smallest cube with edges parallel to the
axes of X such that Q' < Q,.

Next part is devoted to the investigation under what condition the weights
defined in Section 1 belong to A4, for some 1 <p < +oc0. First we recall several
general results:

LemMA 5.1. a) If wy,wy € A; then for any 1 <p < +oo the weight w=
wiws € A,

b) If wi,wy € 4, for some 1 < p < +c0 then for any he [0;1], wy = wiwl ™ e
Ap.

c) If we A, for some 1 <p < +oo then for any I e [0;1], wh €A,.

Proor. It follows directly from the definition of 4, and in case b) from the
Holder inequality. ]

DEerINITION 5.2. Let u be a non-negative Borel measure. We define the
maximal function

1
Mu(x) = sgp@jQ du() (5.4)

where the supremum is taken over all cubes Q such that x € Q. Analogously we
define Mf(x) for f € L} (R"), replacing du(y) by |f|dy. (See also Remark 5.1
a) and b)).

The proof of the following lemma can be found in (Theorems IX.5.5
and 1X.3.4).

LemmMA 5.2. a) If My is finite for a.a. xeR™ then, for any hel0;1),
(Mp)" € 4.

b) Let we Ay. Then there exists a function f e L} (RY) such that w ~
(MPY" for some 1 e[0;1).

Using we can easily show

LEMMA 5.3.  The weights |x|™* and (1 + |x|)™* satisfy the A,-condition on R
for each a€|0;N).

PrROOF. We have that for u=d, the maximal function Mu(x) ~ |x|™"
and so |x| ™ e A4, Yhe[0;1). Further, if we define u(4)=|ANB;(0)| then
Mu(x) ~ (1+|x|)™" and again [Cemma 5.2 a) furnishes the result. ]

Now we shall concentrate on the two-dimensional case. We have

Lemma 54. For be(—1;1] and hel0;1) the function w(()2)(x) =
(|x|b_l/2/(s(x)1/2))h, x € R? is a weight of the class Ay in R>.
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Proor. Let be(—1;1]. We define the measure u by

u(4) = J X7 dxy
At

where At = {x; e R,x; > 0: (x,0) € 4} for A = R?, measurable. Evidently y is
a non-negative Borel measure on R*. We shall show that Mu ~ r?=1/2/s'/2; then
the assertion of the lemma follows from a).

Let Q, be a closed square containing x with sides parallel to the axes (see
Remark 5.1 b)) with the side length a > |x2|, g(a) = u(Q.)/|Q.| and |x| denoting
the maximum norm of x = (x;,x;) € R>. We have to distinguish several cases:

A) Let x; >0, |xp] < x; and b e (—1;0]. We first consider squares Q, with
|x2] <a<x and QF = [x; —a;x;]. Then we have

(@) = 1 xf’“—(xl—a)h“: 1 i@
I e b1t 7

with

B ERYAS
L™ ful
x|

Let b <0. Then ¢(07) =+, ¢(1)=1, ¢'(17) =o00. It is possible to show
that the function ¢ has exactly one local minimum on (0; 1) with a value less than
1. Therefore, there exists exactly one point y, € (0,1) such that ¢(y,) =1. If
|x2| < yp - X1 then ¢ achieves its maximum on [|x»|/x1, 1) at the point |x;|/x; and

xbo b1
max{q(a); |x2| <a<xi1}=q(|x2]) ~ Teal ~

If |xp| > yp - x1 then ¢ is maximal at the point 1 what yields

b
B r
max{q(a);|x:| <a < xi} =q(x1) ~x{’ b — as xp ~ |x2].

|02
Now let us consider squares Q, with ¢ > x; and Q) =[0;a). Then
ab!
Cb+1

q(a)

1s strictly decreasing in a > x;. Therefore

b—1 b

r

max{g(a);x; < a} = bl—l— < c|x2|.

Combining this with the fact that s(x) ~ |x2|*/r we get
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ph=1/2

Mu ~ AV

The case b =0 is trivial.
B) Let x; >0, |x2| > x1, and b e (—1;0]. It suffices to consider squares Q,
with @ > |x'| and QF =[0,a]. But then obviously

b—1/2

‘b—l -~ r
sl/2

max{g(a);a =[x} ~ g(|x2]) ~ [ as s(x) ~ |xa| ~ 1

C) Let x; >0 and b e (0;1]. It suffices to consider only squares Q, such
that a > |x»| and QF = [x;;x] +4a]. Therefore

L (a+ a)’th - xbt!
Cbh+1 a?

q(a)

and since ¢(a) is evidently decreasing, we get max{q(a);a > |x2|} = q(|x2]).
Now, if |x2| < x1 then g(|xa|) ~ x2/|xa| ~ rP=1/2/s1/2. On the other side, if |x,| >
x1 then g(|xz]) ~ |xa|”" ~ 0112 /5112,

D) Let x; <0. It suffices to consider only squares Q, with a>
max(|xz|, |xi|) and QF =[0;a — |x;|]. Then

B |x1|b71 a ' _(y_l)b+l
q(a) = (ﬂ<|xl|) with ¢(y) = )

The function ¢(y) vanishes at the point 1 and, if » < 1, at infinity. Thus for
b <1 there is a point y, > 1 such that ¢ is maximal in y, for y > 1. If |x;| <
¥b - |x1| then

b—1/2
T
max{q(a) : a = x|} = q(y, - |x1]) ~ xP71 ~ 7 As s~ for x; <O0.

But if |x3]| > yp - |x1| then

b—1/2

g2

r

b1
max{q(a);a = |xa[} = g(jxa]) ~ x| " ~

The case b =1 is trivial since ¢ is maximal for ¢ — oo yielding

w172
max{q(a);a > |x2|} ~ 1 ~ 7 O

Using this result we can now show the following

LemMaA 5.5. For be (—1;1/2] and h € [0;1) the function Wgz) = (vi/lz/z)ﬁ is a
weight of class Ay in R’
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Proor. We have to verify that (ngz))(x) < ngz) (x) ae. in R*. Let Q,
denotes, similarly as in the previous lemma, a closed square with sides parallel to
the axes, and with the side length a; R will be a sufficiently large constant. We
again distinguish several cases:

A) s(x)<1, r=|x|>R

a) a<(1/2)r!/?
Then for all y e Q, we have that wgz)( y) ~ Wgz) (x) and

j W2 (3) dy < C1Quw ().

a

B) a=(1/2)r'*7, ae(0;1/2]
Now O, c {ye R*||y| — 1| < cr'/?*7:5(y) < cr**} and we may use
rtcrl/2te Cr ds

dgo!/>Hb=1/2 J

) J
W dy<C e
JQa 1 (y) )y 0 S1/2(1—|—S)h

r—crl/2+o
< ClQJr" 1 < €| Qi (x)
as r=Ix|>R>1, s(x)<l.

y) ax=r/2
In this case Q, is contained in the ball Bs,. We use the following

InR, =12

R € (0; .
1, ﬁ;ﬁl/Z’ 6(7—'—00)

—0 —0 —min ,1 2
J v 5dS ~ RVHR+ 1) /){
0Bg
So we get
J W dS ~ OV L )2 e (0400).  (5.5)
St
This implies for —1 <b <1, R<r<2a

LVW@m&wsdngWsC@mWWsC@mWWW
3a

B) s(x)>1,r>=R
Because /7 > 0 we have

h h
b-1/2 b-1/2
2 — r r _ 2
wi(x) = ((1 +S)1/2> = < §1/2 >—Wo (x).

: 2
Since w(()) € Ay, we have
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As s(x) > 1, we have w(()z) (x) < ngz) (x).
C) r<R
a) If a/2 <R then easily

J WD (3) dy < C1Qulw ().

a

Here we use the condition b < 1/2 so Wgz) >c' > 0.
p) If a/2> R then Q, c Bs,; using (5.5) we have

J Wgz)(y) dy < C|Qula® 1P (1 4 q) -V

BSa

< C1|Qa|r<b_l/2)h(l +2R)(*1/2)h
< Cp|Qulr®=1A(1 4 5) 1A,

In the last two inequalities we used the conditions b < 1/2, a/2 >
R>r. ]

LEmMMA 5.6. For be (—1;1] and hel0;1) the function Wgz) = (}7?;/12/2)15 is a
weight of class A; in R>.

Proor. We proceed as in Lemma 5.3, The part A) remains the same. In
the part B) we use that for some C > 0

1\o-1/2 1\\/2 1\\/2
Q+) SQ+J gcQ+)
r r s

for all y € R? such that s(y) > 1, r(y) > R, if b < 1. In the part C«) the condi-
tion wéz) > C > 0 for |x| < R is satisfied without the necessity of the additional
condition b < 1/2 unlike in Lemma 5.3. In the part Cff) we proceed similarly as
in but we use

J W dS ~ t(z+ 1) 2 e (0 40)
S

instead of (5.5). Also here we do not need the condition b < 1/2. This is
why we get the under less restrictive condition on b than in
5.5. (]

Combining Lemmas 5.4, and with the properties of Muckenhoupt
classes 4, we can show the following

THEOREM 5.1. Let —1/2<f<(1/2)(p—1), -2<a+p<2(p—1). Then
the weights ng(x) and of(x) are A,-weights in R? for pe(1; ).
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Let —1/2<p<(1/2)(p—-1), 2<a+p<2(p-1), 2<a<2(p-1).
Then the weight vj(x) is Ap-weight in R? for pe(l; ).

Now we shall concentrate on the three-dimensional case.

LemMma 5.7. For be(—1;2] and hel0;1) the function w((f)(x) = (x|
(s, xe R is a weight of the class A; in R>.

The proof is analogous to the proof of [Lemma 5.4. For the proof see
also [2].

LemMa 5.8. For be(—1;1] and he|0;1) the function w?) = (vf]l)h is a
weight of class A; in R

The proof of the lemma is analogous to the proof of [Lemma 5.6. But in
the part Af) and Cp) the estimates are slightly less technical than in [Lemma 5.6.

LeMMA 5.9. For be(—1;2] and he|0;1) the function wg) = (nﬁ]l)h is a
weight of class Ay in R>.

Proor. We proceed as in [Lemma 5.3, Part A) remains the same. In part
B) we use the fact that for some C >0

b—1
(147) < (1+7)=c(1+])
r r s
for all y € R® such that s(y) > 1, r(y) > R, if b <2. In part Ce) the condition

w§3) > C >0 for |x| <R is satisfied without the necessity of any additional

condition on b. In part Cf) we proceed as in but we use

J Wi dS ~ t2(z 4+ 1) -2, -
S:

Combining Lemmas 5.7, B.8 and with the properties of Muckenhoupt
classes 4, we can show the following

THEOREM 5.2. Let —1<f<p—1, =3<a+p<3(p—1). Then the
weights 1(x) and of(x) are A,-weights in R® for pe(l; ).

Let —1<p<p—1, 3<a+f<3(p—-1), -3<a<3(p—1). Then the
weight vg(x) is Ap-weight in R® for pe(l; ).

In order to formulate the fundamental theorem used in this section we need
to define the so called L*-Dini condition. We will use the following notation in
the definition:

p-rotation of 0B;(0) with magnitude [p| = sup, o (g lpx — x].

DEFINITION 5.3. Let Q be a function defined on 0B;(0), Qe L*(0B;(0)).
We say that function Q satisfies the L*-Dini condition (2 € L*-Dini) if
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1

1

J,et0r5 40 < ven. where 0.200) = sup 190%) = 209
p|<

THEOREM 5.3. Let Ne N, N >2, Qe L*(0B1(0)), 2 € L*-Dini, [ o 2dS
=0, Q is a positively homogeneous function of degree zero, R(x) := Q(x")/|x|",
x"=x/|x|. Let T be an operator with the kernel R, i.e. Tf(x) = (Rx*f)(x) in the
principal-value sense and w e A, in RY, p>1. Then T is a continuous operator
LP(RY;w) — L?(R";w).

For a proof of the theorem see [9].

REMARK 5.2. The fact that R(-) satisfies the conditions formulated in

means that R(-) represents a Calderén-Zygmund singular integral
kernel. We will write in this case R(-) e CZ. It is known that V2%, V2 e CZ
in both the two- and three-dimensional cases. The operator T in is
in fact defined on C°(R™); but the closure of C(R") in the L?(R";w) norm
coincides with L?(R™;w) if we 4,, see e.g. [16].

As the corollary of we get

CorOLLARY 5.1. Let N =23, R be either 0,0;%; or 0%, i,j,r,s=
1,2,...N and f € LP(R";w), where w stands for ng, o5 or vg with 1 <p < oo and
let a,f be such that the corresponding weights are A,-weights. Then v.p.
(Rxf)eL?(RY;w) and

||Up(R *f)“p,(w).,RN < C“f”p.,(w),RN'

We will now formulate two theorems about V2 both of which follow from
Theorem

THEOREM 5.4. V2 .f —VPxf defines continuous operators:

a) LP(R ™) s L2 (R 77

for l<p<oo, - 1<f<p—1, -3—p2<oa+f<5p/2-3

atp/2 o 2
b) LY (R vy R (1 2)) = LY (R vy

Jor 1<p<oo, -1<pf<p—1, -3—p2<a<5p/2-3, -3—p/2<a+pf<
5p/2 - 3.

THEOREM 5.5. V2 . f —VPxf defines continuous operators:
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LP(R* ;%) e L2 (R 77) (5.6)

for l<p<oo, =1/2<p<1/2)(p—-1), -2—p/2<oa+p<3p/2-2
b)

LP(R% vy P (5 2)) = LP (R vy (5.7)

Jor l<p<oo, =12<p<(1/2)(p—1), 2—-p/2<a<3p/2-2, -2—-p/2<
a+p<3p/2-2.

The next two theorems follow from Theorems 4.3, 4.8, B., and
(Corollary 5.1

THEOREM 5.6. Let T be an integral operator in the principal-value sense with
the kernel 0;.0,0;(-;4), 1, j,k,1=1,2,3, T:f+— Rxf and let 1 <p < co. Then
T is a well defined continuous operator:

a) LY (R 7P (5 0)) = L (R 7 2)

for  max{—1,—e(p—-1)/p} <p<p-1, —p/2—1-e/p<at+f<5p/2-3,
a—p<p/2—1+e+elp—1)/p, =3p/2 —¢/p<a<3p/2—-2+4+¢ 0<e<p

b) LP(R vy P (5 4)) o LY (RS g PP (5 0))

(R3\.Q OH-P/Z( ,i)) s LP(R3;V;)§+p/2_8(- ,i))

for max{—1,—e(p—1)/p} <p<p-=1, =p/2—1—¢/p<a+p<5p/2—-3, a—
p<p/2—1+e+e(p—1)/p, max{—p/2—3,-3p/2 —¢/p} < a<min{5p/2 — 3,
3p/2—2+4¢}, 0 <e<p, Qc R*—an arbitrary domain, 0 € Q.

Moreover, we have for o, f specified in a) and b), respectively
a)

Jo2-@i0(5 ) 5 ), o < Uy ooy rs (59

||Up(8k§1(9,]( s ) *f)” ,¢+p/2 :“ ; )) R? < C||f|| x+p/2 xx+p/2( ;A)),R3 (59)

||Up(ak@1(9,j( s ) *f)” o<+p/2 L‘ ; )) R3\.Q >~ Clls/p”fH oc+p/2 ;2)),R3. (510)

THEOREM 5.7. Let T be an integral operator in the value-principal sense with
the kernel 0;.0,0;(-; ), 1,7k, 1 =1,2, T :f — Rxf, and let 1 <p < co. Then T
is a well defined continuous operator:
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a) L (R% 575 2)) v L2 (R 71275 (5 1)
Sfor max{—1/2,—e(p—1)/p} <p<p/2—-1/2, —p/2—1—¢/p <o+ <3p/2—
2, a—=p<p/2—1+ete(p—1)/p, -p—1/2—¢/p<a<p-=3/2+¢ 0<e<
p/2

b) L2 (R vy 723 2)) o L (R 72 )

LP(R\Q; vy (5 1)) = LY (R vy 72701 0))

Sfor max{—1/2,—e(p—1)/p} <p<p/2—-1/2, —p/2—1—¢/p <o+ <3p/2—

2, a—p<p2—-1+e+e(p—1)/p, max{—-p/2-2,—p—1/2—¢/p}<a<

min{3p/2 —2,p—3/2+¢}, 0<e< p/2, Q = R*—an arbitrary domain, 0 € Q.
Moreover, we have for o, f specified in a) and b), respectively

a)

0201035 2 1) ey e < CI oo s (5.11)

||Up(ak51(olj( s ) f)H 7 x+p/2 5( ;v C||f|| x+p/2 soc+p/2( ;A))sz, (512)

lo-p-(3k0105(-:2) 1), Sy R S C/l‘g/f’||f|| 0P R (5.13)
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