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Abstract. Generalizing the transfer maps concerned with the projective
spaces, we study some fundamental properties of transfer maps for sphere
bundles. We show that their cofibers are represented by Thom spectra, which
enables us to calculate the e-invariants of the transfer maps. We give some
concrete formula for the e-invariants of them and its application.

1. Introduction.

In this paper, we treat the transfer maps of sphere bundles, and give some formulas
for their e-invariants. Our results generalize the study of the S'-transfer map defined for
the principal S!-bundle over the complex projective space (cf. [11], [12], [13]).

Let (S(V), p, B) be the sphere bundle associated with a vector bundle (V, p, B) of
fiber dimension v > 0 over a finite complex B. Then, for each vector bundle W over B,
we have a map 7y (p) : BV®" — £S(V)?"" called an umkehr map as in [3] (see [2.1)).
Tw(p) is a stable map between the Thom spaces, and it also has a meaning as a map
between the Thom spectra when W is a virtual vector bundle. Throughout the paper,
X* denotes the Thom space (resp. spectrum) of a (resp. virtual) vector bundle o over X.

We impose an assumption on W in the above. Let j, : B— B" be the map defined
by the zero section of ¥, and assume that there exists a virtual vector bundle W over
B with

(1.1) jyW =W over B,

where =~ means an equivalence of virtual vector bundles. We also assume that the
virtual fiber dimension of W is equal to that of W, and denote it by an integer b. Since
sy L B - B is a cofiber sequence, the equivalence of (1.1) gives a trivialization

¢: p*W =~ R”, where R® denotes the trivial vector bundle of dimension b.
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Let ¢: 2S(V)»" i ZS(V) — 8" be the composition of the stable ho-

motopy equivalence 7(¢) defined by ¢ and the map ¢ defined by the collapsing map
S(V) — {+}. Then, we define a transfer map of the sphere bundle S(V’), which depends

on W of (1.1) and a trivialization ¢, to be
(1.2) tw=qotw(p): BVO" — o1

Then, it turns out that the transfer map is closely related with a map appearing in the
James cofiber sequence [10], and we show that the cofiber C(zy) of 7y is represented as

follows:
THEOREM 1. C(ty) is stably homotopy equivalent to Z(BV)W

This theorem is based on a result in [I1]. Let & be the canonical complex line
bundle over the complex projective space CP”. Then, the cofiber of p is CP"*!, and the
total space of the sphere bundle S(&) is S?"*!. For any virtual complex vector bundle W
over CP" there exists a virtual vector bundle W over CP"*! satisfying the condition
(1.1). The cofiber of the transfer map 7y of S(&) for W = —¢ has played an important
role in [11], [12], [6], [4], [8]. Thus, the following corollary is the source of [Theorem 1.

COROLLARY 2. (CP")<®" 2, gbt1 1, Z(CP”“)W is a cofiber sequence, where i is

the inclusion to the bottom sphere.

establishes a stable cofiber sequence S? — (BV)" L, prew v, gb+l,
which can be used several ways (see [Corollary § for an example). If W is orientable
with respect to a generalized cohomology theory E*(—), then it is immediately shown,
by making use of the cofiber sequence, that (zy)" = 0: E*(S**!) — E*(BV®"), that is,
the Adams—Novikov filtration of 7y with respect to E*(—) is more than or equal to 1.
But, a crucial use of the cofiber sequence enables us to calculate the e-invariant of 7y,
which is a starting point to apply the transfer maps and to generalize various results of
[11], [4] and so on. In order to state it, we first recall the definition of the e-invariant of
the transfer map (see [1I]).

Let E be a ring spectrum with unit 7z, and put EXG = X¥E A SG, where SG is the
Moore spectrum for a group G (cf. [3, Part III]). Then, associated to the exact sequence
Z — Q — Q/Z for the ring Z of the integers and the ﬁeld QO of the rational numbers,
we have a cofiber sequence S¥ —% SkQ 7% SkQ/Z —— Sk+1 of the Moore spectra.
Assume that W is orientable. Then, 7 is a torsion element of the stable cohomotopy
group 'Y (BVOW) that is, (ip),(tw) = 0e 1 (BV®"; Q). Therefore, there is an

element 7y € n?(B"®"; 0/Z) with B,(tw) = tw. Tw is uniquely defined by 7y since
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n?(B"®": Q) =0. Then, the E-theory e-invariant eg(ty) of the transfer map ty is
defined by

(1.3) er(tw) = hE(7y) € EY(BV®Y, 0/Z),

where h% is the E-theory Hurewicz homomorphism induced from 1z. When E = K,
the complex K-spectrum, the slant product eg(ty)\h¥X(x)e Q/Z for an element
xemns, ,(B"®") is equal to the classical e-invariant ec((tw),(x)) of the transfer
image (ty), (x) € 73, ,(S°).

Now, assume further that W and V are E-orientable (cf. [3, Part III, 10]), and
choose Thom classes U} € E*((B¥)") and Uj e E°(B") to satisfy (i1)"(Uf) =1z and
()" (UE) = 1 for the inclusions i; : S — (B”)" and i, : S* — B" respectively. Let
UVIEV’ eH b((BV)W;Z) be the Thom class of W in ordinary cohomology, and define
shE(—W) e E°(B!; Q) by the equality

(1.4) Ul =UEsh(-w) in E*(B")";0Q).

Here, we identify UZ and UJ with (ip),(Uf}) and (1),(UJ) for z:HOZgHOQz
S°0 £, E°Q respectively.

Let @y : EY(B,) — E™°(B") be the Thom isomorphism given by the Thom class
UE, and @ygw : E/(By) — E°(BY®W) the Thom isomorphism given by an ap-
propriately chosen Thom class of ¥ @ W. Then, under those assumptions on W and V,

the E-theory e-invariant of 7y is represented as follows:

THEOREM 3. Assume that n)(E; Q) =m(E;Q/Z) =0. Then, we have
eE(Tw) = @V@Wél_/l (ShE<—W) — 1)

Let e£(V) = j;,(UE) be the E-theory Euler class of V, where j, is the map as in
(1.1). Then, applying j*V(DVcDI‘/l@W on the equality of [Theorem 3, we have

et (V)P w(ep(tw)) = sh®(=W) -1

in E°(B,;Q/Z). Thus, the formula for eg(ty) becomes simpler than the one in
under the following conditions: There exists a map f : B— C for a finite
complex C; V is the induced bundle f* V' of a vector bundle V' over C; W = T(f) W'
for a virtual vector bundle W’ over C"" and the map T(f): BY — C"' induced from f;
S*(Ann(e£(V")))=0 for the annihilator Ann(ef(V'))={xe E°(C,;Q/Z)|xef(V')=0}

of ¢£(V’). Under these conditions we have the following:
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COROLLARY 4.

shE(—W) — 1>‘

ep(tw) = @V@W( (V)

According these formulas, we give some concrete calculation for the e-invariants of
generalized S!-transfer maps in §4.

The paper is organized as follows: In §2, we give the definition of transfer maps to
be discussed, and prove [Theorem 1. Some related properties of the transfer maps are
also commented. In §3, we study the e-invariants of the transfer maps, and prove
Mheorem 3. In §4, we extend the classical calculation for the e-invariant of the
Sl-transfer map by applying the results in §3.

2. Transfer maps of sphere bundles.

First, we recall the definition of an umkehr map. Let (V, p, B,F" G) be a vector
bundle over a finite complex B, where F is the field of the real, complex or quaternionic
numbers and G = O(n), U(n) or Sp(n) accordingly, and (E, p, B, G, G) the principal G-
bundle associated with V. Then, the sphere bundle (S(V), p, B, S(F"), G) associated to
V is given by S(V) = E xg S(F") for the unit sphere S(F") in F". Let ¢:(F"), —
XS(F"), be the Thom construction for the inclusion S(F") < F”, and put 7=1Xxg
t:E xg(F") L E xg ZS(F™) +» where {—}, denotes the one point compactification of
{—}. We denote by —V an inverse vector bundle of V, that is V@® (—V) = R" for
some integer N, which actually exists since B is a finite complex. & denotes the fiberwise
one point compactification of a vector bundle o. & and E xg Y for a space Y with
G-invariant base point are sectioned bundles in the sense of [9], and &/B = B*. We
also denote by f Apy the fiberwise wedge sum of sectioned bundles f and y. Then we

have

(E XG (F;)+) AW ~ ZNBV@W and (E XG 2S<§n>+) AB W

~ NSyt

Then, through these identification, the umkehr map 7/ (p) is defined to be the following

stable map:

_l‘~/\Bl

T BVOW . zs(v)yr'".

(2.1) tw(p)
Then, the transfer map 7 of S(V) is defined as ty = goty(p) for the map ¢:
ZS(V)P'" — §b+1 a5 defined in [T.2)

/l
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On the other hand, applying the construction ((E x¢ {—}) Az W)/B on each space
in the cofiber sequence S(F"), — D(F"), — (F"), — ZS(F")

cofiber sequence

4, we get the James
Sy L gv L grew L yg(pyr v,
Then, by the constructions of 7j(p) and 0, they are equivalent as follows:
Lemma 5 ([11, Lemma 2.12]). tw(p) is stably homotopic to 0 up to sign.

ProOOF OF THEOREM 1. In the definition of 7, we have used a stable homotopy
equivalence T(¢) : S(V)"" — S(V)® ~ 2S(V),. By Lemma 3, tw =qotw(p) ~
g o 0, and thus we have a map f : B — X~!C(t)) which makes the following diagram
stably homotopy commutative up to sign:

sy’ L v L, oprew L sV

| | |

SP . 271C(‘L’W) % Bvew _Tv Sh+1

Then, the cofiber spectrum C(f) of f is stably homotopy equivalent to the cofiber
spectrum C(q) of ¢, and C(q) ~ ZS(V) by the equivalence T(¢). Put h=po T(¢) ‘o
i': 2S(V) — B" for the inclusion i': X°S(V) — X?S(V),. In Held-Sjerve [7, The-
orem 3.4], it is shown that there is a cofiber sequence X’S(V) g L (BV)W.

Then, we have a diagram

sy i ospv L sy

| |

cf) —— =BV Lo Chw),

where two horizontal sequences are the cofiber sequences and the square is stably
homotopy commutative. Hence, there is a stable equivalence X(B V)W: C(tw), which
is the required result of [Theorem 1.

By definition, the transfer maps are natural in the following sense. Let X be a finite
complex, and g: X — B be a map. ¢ induces vector bundles V' = (¢*V, ¢,X) and
W' =g*W, and also defines maps T(g) : X" — B” and T(g) : XV @W' — BV®W  Let
W' =T(g)W. Then, a trivialization ¢’ : ¢*(W’) =~ R" is induced from the trivialization
¢ given by (1.1), and thus we have a transfer map 7y : X' O — §b+1 of S(V).
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Then, it is obvious that
(2.2) i =T T(g): X V'OV - gbtl,

When V' = V| @ R for some vector bundle V| over B, 7j can be interpreted as a
J-map in the following sense. In this case, BY = XB"1, and the classifying map of W has
the adjoint map B"" — SO. Thus, composing with the J-map J: SO — Q*S* and
taking its adjoint, we get a stable map J(W): BY — S'. Then, as is well known, the
cofiber of J(W) is stably homotopy equivalent to X!~?(B")". Thus, =(B")" ~
xb(stu sy C(BY)). Hence, we have the following corollary of Theorem 1

COROLLARY 6. When V =V, @ R, there exists an equivalence h: BV®W — BV

that satisfies Ty ~ J(W)h.

3. e-invariants of transfer maps.

By Mheorem 1, we get the stable cofiber sequence
(31) Sb _’> (BV)WL BV(-BW T_W) SbJrl.

We shall apply this sequence to study the e-invariant of 7. As defined in [1.3], the
E-theory e-invariant eg(ty) of ty is defined for a ring spectrum E with unit 15 if W is
orientable. When it is necessary, the Thom class Ug e H® ((BV)W; Z) of W is regarded
as an element of z¢((B")"; Q) through H -2 H°Q = 7°Q, and also as E((BV)"; 0)
through 15 : n°0Q — E°Q.

Now, assume further that E satisfies 7 (E; Q) = (E; Q/Z) =0 and that W is
E-oriented by a Thom class U% eEb((BV)W) satisfying i*(Uf) = 1z for the inclusion

i:8"— (B")". We denote (ip),(U E) simply by UE. Then, under these assumptions,
the calculation of the eg(ty) is reduced to determine an element g in the following

lemma.

LeMMA 7. There exists a unique element g € E*(BV®"W; Q) with j*(g) = Ug - Ug/
for j of (3.1), and eg(tw) = p,(g) holds.

Proor. Let S° N StQ Lz, stQ/z 2, Sb+1 be the cofiber sequence of the Moore
spectra. Then, since i*(Ug):iQen”(Sb;Q) for i of [3.1), there is an element
Ty enl(B"®W;Q/Z) with B,(tw) = tw and j*hE(ty) = (pz)*(UVg). Thus, Ty is the
element of [1.3), and the E-theory e-invariant eg(ty) is given by

(32) eE(Tw) = hE(fw).
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Put u= Ul - U eE”((BV) ;). Since i*(u) =0 in E’(S?; Q), we have an element
ge E”(BV@W, Q) with j*(g) =u. The indeterminacy of g lies in E’(S"*!; Q) =
n1(E; Q) =0, and thus ¢ is unique. Furthermore, we have j*((p,),(g9)) = (pz)*(UVI;) =
7*(hE(zw)), and, since j* is injective by the assumption that 7 (E; Q/Z) = 0, we get the
required equality (p,).(9) = ex(tw).

We have introduced in (1.4) a class sh®(—W)e E°(B};Q) that satisfies UZ =
UEsh®(—W). Then, by Lemma 7, we have

(3-3) J'(9) = Ug (sh®(=W) = 1).

ProOF OF THEOREM 3. By assumption, V' is E-oriented by a Thom class UE e
EY(BY), where v is the fiber dimension of V. Let x: BV®% — (B")" YA BV be the map
defined by ([x, (u,w)]) = [j;(x),w] A [x,u]. Here, we represent an element of a Thom
space Y* by [y,u] for y e Y and a vector u in the fiber over y, and j, : B— B" is the
map given by the zero section as in (1.1). Since x is of degree 1 when it is restricted on
the bottom spheres, we can define a E-theory Thom class of V&@® W by UI’f@W =
K*(Ug/ ® Uf). We denote by @) and ®@yqy the Thom isomorphisms associated to UE
and Ufg, respectively. Then, using Lemma 7, the following lemma establishes
MTheorem 3.

LEMMA 8. g = Ppaw Py (shE(—W) - 1).

ProoF. Let d: X*— X*A X, be the map defined by d[x,a] =[x,a]Ax, and
@Dy EX(BY) —>E*+b((BV)W) the Thom isomorphism associated to the Thom class
UL. By the definition of «, the composition (kAl)odoj: (B V)W—> BVowW _,
BV@W/\B — (BV) VA BV A B. is homotopic to the composition (1ad)o(1Ac)od:
(B — (BV)WABV — (BV)"AB" — (B")" "ABYAB,, where j is the map of [3.1)
and ¢’ :Bf — B" is the projection. Taking E-cohomology, we obtain the following
commutative diagram:

E'(B;) —— E"(B")

J/@V@W J/@Wo(cl)*

Ertbto(gYOw) J E*+b+”((BV)W).
Thus, j*(Py @ w(x)) = @y(Py(x)). Hence, by Lemma . j*(g) = @y (sh* (-~ W) — 1) =
J(Prew®y (shf(=W) —1)). Since j* : EP(B"®W; Q) — E*((B")"; Q) is injective, we

have completed the proof.

follows from by using the naturality of the transfer

maps.
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In the case E = K, the complex K-theory, ¥ and W are assumed to be the complex
vector bundles. Let ¢h: K — [], H*Q be the Chern character. Then, ch: K°(X; Q) —
S°,H?(X; Q) is an isomorphism if X is a finite complex. The class sh*(— W) is equal to
ch™'(bh(—W)) for the multiplicative characteristic class bh(W)e H*(B"; Q) (cf. [1])
defined by the relation ch(UK) = Ubh(W). In fact, we have UL = UKch™ bh(—W)
by applying ch. Thus, in this case, becomes

COROLLARY 9. ex(tw) = ®rew®,! (ch 'bh(—W) —1).

4. Generalized S'-transfer maps.

In this section, we apply to the transfer maps which generalize the S'-
transfer map. Let & be the canonical complex line bundle over the complex projective
space CPY. Then, S(¢) is the principal S'-bundle, and (CPY)< = CPV*!,

Now, we take a virtual vector bundle W = f(& = @Z:m arc* over CPVH! for the
finite Laurent series f(u) = S.r_ aiu* e Zu,u™"] with integer coefficients. Here, &*
denotes the k-fold (resp. (—k)-fold) tensor product of & (resp. the conjugate bundle & of
&) if k is a positive (resp. negative) integer, and (£)° = C. Then, we have the transfer

map
(41) T (CPN)f@Df(f) _ Sa+1

of S(¢) fora=2Y"}"_ ai. The S!-transfer map mentioned in §1 is the transfer map 7_
in the case of f(u) = —u. We shall calculate the e-invariant of /().

Let E be a ring spectrum as in the previous section, and assume further that & is E-
oriented with the E-theory Euler class xZ = ef(¢) € E>(CP*). Then, we have a formal
group law F over E associated to xf (cf. [3, Part II], [14, Appendix 2]). We put
17(z) = z, k¥ (z) = F(z, (k — 1)"(2)) for a positive integer k > 2, 07(z) = 0, and k¥ (z) =
(—k)"(c*(2)) for k < 0, where ¢*(z) is a power series of z in which the coefficient of z' is
the same with that of (x%)" in ¢*(x%) for the conjugation ¢ : CP* — CP*. Also, log”
denotes the logarithm series associated to F.

Let my : CP* LR Hk CP* 5 CP* be the composition of the diagonal map d and
the multiplication g, defined by the Hopf space structure on CP*. Then, &k = mi (&),
and thus ¢* is E-oriented with the E-theory Euler class e (¢*) = mj(x*) = k¥ (x*). For
the Thom class UkEeEz((CPN“)ék) of &* satistying j:(UE)=ef (") and i*(UF) = 1,

the class shf(¥) with UF = UFshE(&") is given as follows:
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Lemma 10. For an integer k # 0,

ShE(ék) - kF(xE)

=——+—— in E°(CPY"; 0).
klogF(xE) " (CPT50)

PrRoOF. We may assume k > 0, because sh(£7%) = c*(sh®(E5)) for the negative
case. Then, S(&) is homotopy equivalent to the standard mod p lens space L(k) of
dimension 2N + 3, and we have a cofiber sequence L(k) 2, cpiit L, (CPN“)ék,
where we put j= j«. Since E'(L(k); Q@) =0, j* :EZ((CPN“)ék; Q) — E*(CPN*!: Q)
is injective (in fact, isomorphic). Recall that j*(UF) =ef(&") =k¥(xF). On the
other hand, for the Thom class U eHz((CPN“)fk;Z) of ¢X and the Euler class
xe H*(CPN*1, Z) of & we have j*(Ul) = kx and x = log"(x¥). Hence, j*(UF) =
J(UFKE(xE) Jkx) = j*(UHKF (xF) /klog" (xF)), and we have the required result since
j* is injective.

We notice that is valid for eg(zs()) since 77(¢) is defined and natural for
every N > 0. Thus, by |Corollary 4 and [Lemma 10, we get the following formula, in

which a =2%"/_ a.

PROPOSITION 11.  Let @ : E*(CPY;Q/Z) — E**2((CPN)*®/©):0/Z) be the

Thom isomorphism. Then,

_ 1 [ (klogh (xF)\* .
(@ 1<eE<rf@>>=x—E(H(k§T2))) —1) n E2(CP):0/7)

k=m

ExampLE 12. For the case E = K, the complex K-theory, and f(u) = —u*, the

formula of |Proposition 11| becomes

) 1 (- tX) -1
(D) 1(€E(T_gk)) =Y (m

- 1) in K~2(CPY;0/2),

where 7€ m(K) is the Bott class, X =eX(¢&) =r1(1—¢)eK?*(CPY) and log is the

power series expansion of the usual logarithm function.
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