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Hardy’s inequalities for Laguerre expansions

By Makoto SATAKE
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Abstract. For the real Hardy spaces, we shall establish Hardy’s inequalities with
respect to Laguerre expansions. The inequalities for the Hardy spaces with exponents
smaller than one will be discussed.

1. Introduction.

The well-known Hardy inequality for the Fourier transforms says that

(1) | v@rier2de < cifl,
0 < p <1 (see Garcia-Cuerva and Rubio de Francia [3, ch. III, Corollary 7.23], Stein [7,
p. 128]). Here H?(R), 0 < p < 1, is the real Hardy space of the boundary distributions
f(x) = RF(x), where F(z) is an element of the Hardy space H”(R?), that is, F(z) is
analytic on the upper half plane Rfr ={z=x+1iy;y >0} with the norm

© 1/p
1y = 1Py = sup (| 1t i)
y>0 — o0
In this paper, we shall establish the Hardy inequalities with respect to the Laguerre
expansions.
The Laguerre function &, (x), « > —1 is defined by
L%(x) = t* L% (x)e*x*/?,

n

where 7/ = (I'(n+1)/I'(n+ o+ 1))1/2 and L}(x) = ()~ 'x~%e*(d /dx)"{x"T"e >} is the
Laguerre polynomial of degree n and of order «. Then {%*}”, is a complete
orthonormal system on the interval [0, c0) with respect to dx (see Szegd [8, 5.7]). We
have the formal expansion

F0)~ 3 ()2

n=0

of a function f(x) on [0,00), where
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is the n-th Fourier-Laguerre coefficient. The Hardy inequality was originally one of
inequalities with respect to the Fourier coefficients (see Zygmund [9, ch. VII, (8.7)]), and
the inequality for the Fourier transforms followed. Recently, Kanjin [4] changed the
role of the Fourier transforms for that of the Laguerre coefficients and got the Hardy
type inequality for H'(R) by using Askey’s transplantation theorem (see [1]) for the
Laguerre coefficients. The aim of this paper is to extend the Hardy inequality of the
Laguerre expansions to H”(R) with p smaller than one by estimating the derivatives of
Z(x) precisely.
Our theorem i1s as follows:

THEOREM. Let o0 > 0. Suppose /2 # integer and (/2 + 1)_1 <p<1. Then for
f € HP(R) supported in [0,00), the Fourier-Laguerre coefficients ci(f) are well-defined
and satisfy

o0
e ()1
o) < C, Pp
) > S Gl
with some constant C, independent of f. If «/2=0,1,2,..., then the above statement

holds for each p with 0 < p < 1.

Here and below constants (C,ci, Cy, C, p, etc.) may vary from inequality to in-
equality. They are always independent of f, n, etc. but may depend on o, p or other
explicitly indicated parameters.

We shall give two lemmas (Lemma 1 and [Lemma2) in §2, and a proof of [Theoreml
in §3, first for (p, co)-atoms a(x) supported in [0, 00) (Lemma 3J), and next for f(x) e
H?(R) supported in [0,00). The atomic decomposition characterization of H”(R), 0 <
p <1 will play an essential role. For convenience, we state the characterization. Let
0<p<land N =[l/p—1], where [u] denotes the greatest integer not exceeding u. A
(p, c0)-atom is a real-valued function a(x) on R such that (i) a(x) is supported in an
interval [b,b+h), (i) |a(x)| <h VP ae. x, and (ili) [px*a(x)dx =0 for all k =0,1,
2,...,N. An element f(x) of H?(R) is characterized by the decomposition

f(x) = EOC: 4745 (x),
=1

where each @; is a (p, c0)-atom and » ", [%]” < co, and

o0 U/p 0
Cl||f||Hp(R) < inf (Z Mj|p) L f = leaj < Cz||f||Hp(R)
=1

Jj=1 J
with two positive constants ¢; and ¢, independent of f (see Garcia-Cuerva and Rubio
de Francia [3, IIL.3], Stein [7, p. 107]). Further, the series Zjﬁl Aja; converges in H?
norm, consequently, also in the sense of tempered distributions. We shall deal with the
elements f € H?(R) supported in the interval [0, 00). These elements are also char-
acterized by f(x) =>7, 4ia;(x) with (p, c0)-atoms supported in [0, ) and

o 1/p
il £l oy < Inf (Z I/1J|”> < |l fllur )
j=1
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where the infimum is taken over all such decompositions of f (see Miyachi [5],

[6]).

2. Two Lemmas.

To prove Mheorem we need orders of the m-th derivatives (£)"™ (x) with respect to
n. will be assigned to estimate the derivatives (ff,‘f)(’") (x) for m <a/2 if
a/2 # integer and for all m if /2 =0,1,2,.... Further, if o/2 # integer, M = [o/2]
and 0 = «/2 — M, then the bounds of the Lipschitz J-norm of (3;‘)“” )(x) are necessary,

which will be given in [Lemma 2.

LEMMA 1. Let o> 0. If we set M = [a/2], then for each non-negative integer m <
M, the m-th derivative (3“)(m)(x) of &, (x) with respect to x has an estimate,

n

(3) (LA™ ()] < Comn™, m< M.

n

Furthermore, if a/2=0,1,2,..., then

(4) (£ (x)] < Cypn™, m=0,1,2,....

n

Here C, , are positive constants independent of n.

Proor. Let m < M. If we differentiate (33)(’") (x) m-times with respect to x, then
we have an expression

(5) (ZH"x) = Y ol (),

0<j+k<m

where ¢/} are some constants and

(©) o (x) = L (x)e Ak,

n'=n—j
Then it is enough to show |[¢}"; , (x)| < C,n/™%. We divide the matter into two cases

nx > 1 and nx < 1. First we argue the case nx > 1. We have

o3 ()] = ) L (o) e R,

We use two estimates

(7) el P < < ey PP
and
(8) 2P <5 x>0, =0

(see the table on p. 699 of ) where ¢, ¢; and c¢3 are constants independent of /. It
follows that

o (] < Con™ 2 (= )T

We have [p)",  (x)| < Cn/** by x! <n.
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Let 0 <nx < 1. Since
(9) ILP(x) < Glf, 0<ix<l,
(see [8, (7.6.8)]), it follows that
o4 (0] = L () P2
< Can’“/z(n _j>oc+jxoc/2fk
< C /2 /2K,
We have g, ;(x)| < C,n/T* by x < 1/n, which completes the proof of (3).
Next we deal with the case that o/2 =0,1,2,.... Since (x**)? =0, I > /2, we
see easily (£%)"™ has the same order, which completes the proof of [Lemma 1.

If /2 is not an integer, in order to prove [Theorem| we need more precise estimates
which are given by the following lemma.

LEMMA 2. Let o> 0 and let 0/2 be not an integer. We put a/2 =M +9, 0 <9 <
1. Then for the M-th derivative (%)™ (x) of L(x) with respect to x, we have an

n
estimate

(10) (2™ (x+h) — (2™ (x)] < Cn*h°,

where C, is a constant independent of n.

ProOF. By (5), we see that it is enough to show
(11) |(0%',k(x +h) — (/);%‘,k(x” < G/ R

with some constant C, independent of n, x and A, where 0 < j+k <M. If nh>1 and
nx > 1, then

|(0n] X+ h)| = f“|L“+f(x + h)‘ef(.wh)/z(x n h):x/27k
= 1%(t oc+/) |$oc+/<x_|_h)’<x+h)—j/2—k‘
Thus by (7) and (8), we have
|9 i (x + h)| < Cyn™ 2 (n — )2 (x4 gy 7127k,

which is bounded by C,n/**, since n(x+h) = 2. By nh =1, we have |p),  (x +h)| <
C,n/™0p? . Similarly, we have |p),  (x)| < C, n*/*(n — j)@2x=i/2k - Since nx >
1 and nh > 1, it follows that |, , (x)| < Cn/™*°h’. Therefore we have for this
case.

If nh > 1 and nx <1, then n(x+h) > 1, and as in the preceding case (nx > 1), we
have

(9% o (x + )| < CunI e,
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By (7) and (9), we have
|¢%7k(x)| — oc|Loc+/( )’e—x/zxoc/Z—k
< Canfa/z(n . j) ac+jxa/2,k
< anjw/zxa/z—k—éxq
Since /2 —k —J >0 and nx < 1, it follows that
(12) ot ()] < Cyn/ /22030 0 pithto o

which is bounded by C,n/™*h° since x < h. Therefore we have for the case nh >
l and nx <1.

Let nh < 1. We divide the case into two cases x < h and x > h. We first treat the
case x < h. Then we have nx <1 and thus we have also for this case. Further,
since n(x+h) <2, we have with x + / instead of x.

We shall treat the case nh <1 and x >h. To get the inequality [1T), we shall
estimate

(13) I, —T“|L0€+j<x+h) oH-J( )|€ A+/z)/2<x_|_h)oc/2 k
and
(14) Jo = TLEI)] [ (x4 ) = o2k,

Let us first deal with 7,. By the mean value theorem, we have

(15) I, = T | L7 (x + Oh) |he™ T2 (x4 )~/ 2 7%

n—j—1

= (N T LI (x4 O (1702

where 0 is some constant with 0 < § < 1. Since x > A, it follows 1 < (x+ h)/(x + Oh)
<2. If nx > 1, then we have (x+ 0h) U™/ < pl#D/2 and (x+h) ™" < n*. Thus, by
(7) and (8) we have

I, < Cn(]+1)/2 12,k — Cn”k(nh)
< C /oo,
For the last inequality, we used nh < 1. If nx <1, then applying (9) to we get
(16) I < Con P (n — j— 1) pem (/2 (x4 )22k,
Since x > h and nx < 1, it follows that (x +/)*** < (2/n)**. We have

(17) I, < Con/ ™ (nh) < Cn/ R0,
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We shall estimate J,. It follows
T < LIl M2 — ) x4y
n T;HLH;( Ve 2| (x + By M2 — x4k
= J,gl) + J,gz), say.
For J\", by (7) and the mean value theorem we have

(18) J (1) _ T,¢|LO£+]< >|e—(x+0h)/2h(x+ h)—cc/2—k

o/2
s Cor P e ()

for some 0 with 0 <@ < 1. If nx>1, then (x+h)"' <n. Since we have already
(1)

assumed /1 < x, the inequality 1 < (x+/A)/x <2 holds. Thus by (8) we have J,
Cn ™ (nh) < Cynd** (nh)® < C,n/ ™ 9p0. If nx < 1, then we apply (9) to and get
J’Sl) < Cul’la/2+jhxa/27k < Cana/2+jhnfa¢/2fk

< Cn/*nh < Cn" R0,

Last we estimate J,SZ). Let nx>1. If «/2—k >1, then by the mean value
theorem

(19) T = L (x) e h(x + On)* T+
(4)/2
|goc+]< ) (x ZOh) (x + OB) />

< Canj+k+5h5.
If 0<a/2—k<1, then j=0, 0 =0/2 -k, and
(20) JIEZ) _ |$’f(x)|xoc/2|(x+h)oc/2—k N xa/2—k‘ < C“noc/2h5

because x° is of Lipd (0 <d < 1). Let nx <1. If /2 —k > 1, then we apply (9) to
and obtain

Vi

o\
IR < Car = ()
n

If 0<a/2—k<1, then j=0, §=a/2 —k and by (9) and the fact x° is of Lipd we
have J,(,z) < C,n**°n% which completes the proof of [Cemma 2.
3. Proof of Theorem.

Now we shall prove [Theoreml Because finite linear combinations of (p, co)-atoms
are dense in H”(R), the following lemma is essential, which will be proved by using the
lemmas in the previous section.
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LEMMA 3. Suppose o >0, o/2 # integer and 1/p—1<a/2 2/(a+2)<p<1).
Then

0

len ()|
(21) ———— =< C
n=0 (l’l +1
for all (p,o0)-atoms a(x) supported in [0, ).
If 0/2=0,1,2,..., then the above inequality holds for all p with 0 < p < 1.

Proor. Let M =|n/2] and N=[1/p—1]. We put o/2=M+95. Let o/2 #
integer. We shall first deal with the case N = M. Let I =[b,b+ h] be an interval
defining a (p, o0)-atom a(x). The Taylor expansion of ¥;(x) in x at x =5 leads to

1 b+h
(22)  cy(a)= ML a(x) (L) M (b + 0(x — b)) (x — b)M dx
1 b+h Y " N
= @L a(x) x {(£HM b+ 0(x — b)) — (L™ (b)}(x — b)M dx

for some 0 with 0 < 0 < 1. The last equality follows from the cancellation property of
a (p,o0)-atom a(x). We have by

(23) |c(a)| < Ai[, <Jb+h |a(x)|(x—b)M+6 dx)nM+5,

and thus we have
1/2

1 b+h
lci(a)| < C, il llall, <J (x — b>2(M+6) dx) pM+0
! b

<C nM+5hM+5+1/2||a||2.

Since (p, o0)-atoms satisfy h < [lall,”/*™", it follows that
(24) c*(a)| < CunMJré||a||21—(2/(2—p))(M+(5+1/2)‘

Let R = a5 /@) 1t follows from the above inequality that

[HOIS P{1-(2p/(2-p))(M+5+1/2)} (M+0)-2
(25) ; CYlallz P20,
Lty 2
Since 1/p—1<a/2= M+, it follows that p(M +J) —2+ p > —1. Thus, we have
lcx(a)]”
26 ——=— < Gy,
2 ,;e(w o

where C, , depends only on « and p. For the sum over n > R, we have

(27) Zl“_ (Z la )P/z (Z % ><2p>/z

n>R (I’Z + n>R n>R
< Clla||?R~*P2 < C.

Therefore and give [21].
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Next we shall prove the case N < M. In this case, applying (3) to (22) with N + 1
instead of M, we have with 6 = 0 and N + 1 instead of M, and thus with 6 =0
and N + 1 instead of M holds. Thus we have in the same way.

For the case «/2=0,1,2,..., we apply (4) to (22) with N + 1 instead of M and
casily get the desired inequality [2I]. This completes the proof of [Lemma 3.

Now we shall finish the proof of Theoreml Let f be a general element in H”(R)
such that supp f = [0,00). Then there exist real numbers 4; and (p, co)-atoms a; with
suppa; < [0,00), j=1,2,... such that /' =3" Aa; and

(28) S Il < Collf 15
j=1

We put f; = Z]‘.Izl/ljaj. Since 0 < p <1, we have

o0 C;.lg p |Z ;{ J o0 aip
R Lo

n=0 n=0 (I’l +

Thus, leads to

(30) 1l if1n.
o (n+1 )

By the density arguement, we see that c}(f) are well-defined and the inequality (2)
holds.
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