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Integral representation for eigenfunctions of the Laplacian
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Abstract. We study entire functions of exponential type which are eigenfunctions of the

Laplacian. We represent them by an integral on the complex light cone. The integral

formula is closely related to the Fourier-Borel transformation for analytic functionals on

the complex sphere.

Introduction.

Let Dz ¼ ðq2=qz21 þ q
2=qz22 þ � � � þ q

2=qz2nþ1Þ be the complex Laplacian on ~EE ¼

C
nþ1; nV 2. We denote the Lie norm and the dual Lie norm by LðzÞ and L�ðzÞ

(for the definition, see Section 1). Oð ~BBðRÞÞ denotes the space of holomorphic functions

on the open Lie ball ~BBðRÞ ¼ fz A ~EE;LðzÞ < Rg with the topology of uniform conver-

gence on compact sets. It is an FS (Fréchet-Schwartz) space. Put

O
Dÿl

2ð ~BBðRÞÞ ¼ f f A Oð ~BBðRÞÞ;Dz f ðzÞ ¼ l
2 f ðzÞg;

O
Dÿl

2ð ~BB½R�Þ ¼ ind limfO
Dÿl

2ð ~BBðR 0ÞÞ;R 0 > Rg:

Since O
Dÿl

2ð ~BBðRÞÞ is a closed subspace of Oð ~BBðRÞÞ, it is an FS space and O
Dÿl

2ð ~BB½R�Þ is

a DFS (dual Fréchet-Schwartz) space (for FS spaces and DFS spaces see, for example,

[3]). We denote the spaces of entire eigenfunctions of exponential type ðRÞ and ½R� by

Exp
Dÿl

2ð ~EE; ðRÞÞ ¼ f f A O
Dÿl

2ð ~EEÞ; for all R 0 > R we have

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~EEg < yg; jljUR;

Exp
Dÿl

2ð ~EE; ½R�Þ ¼ f f A O
Dÿl

2ð ~EEÞ; there is R 0 < R such that

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~EEg < yg; jlj < R:

Then Exp
Dÿl

2ð ~EE; ðRÞÞ is an FS space and Exp
Dÿl

2ð ~EE; ½R�Þ is a DFS space.

Let ~SSl ¼ fw A
~EE;w2

1 þ � � � þ w2
nþ1 ¼ l

2g be the complex sphere. A holomorphic

function on ~SSl is called an entire function on ~SSl. Similarly, we denote by Expð ~SSl; ðRÞÞ

and Expð ~SSl; ½R�Þ the spaces of entire functions on ~SSl of exponential type ðRÞ and ½R�.

Put Oð ~SSlðRÞÞ ¼ Oð ~BBðRÞÞj ~SSl
and Oð ~SSl½R�Þ ¼ Oð ~BB½R�Þj ~SSl

. O
0ðX Þ and Exp 0ðX Þ mean the

dual spaces of OðX Þ and ExpðXÞ.
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In [6], we gave integral representations for Expð ~SS0; ðRÞÞ and ExpDð
~EE; ðRÞÞ, and using

the integral kernels, we constructed the mappings MR and ER (see also [9]). MR is

related to the Poisson transformation PR and ER to the Cauchy transformation CR

through the Fourier-Borel transformation F0 and the conical Fourier-Borel trans-

formation F
0; that is, in [6], we proved that the following diagrams are commutative

and all the mappings in them are topological linear isomorphisms:

O
0
Dð

~BB½R�Þ ���!
F

0

Expð ~SS0; ðRÞÞ
x
?
?
?

P
ÿ1
R

?
?
?
y

M
ÿ1
R

ODð ~BBðRÞÞ  ���
F0

Exp 0ð ~SS0; ½R�Þ;

ð1Þ

where P
ÿ1
R

is given by an integral on SR ¼ ~SSR VR
nþ1 and M

ÿ1
R

is given by an integral

on ~SS0; and

Exp 0Dð
~EE; ½R�Þ ���!

F
0

Oð ~SS0ðRÞÞ
x
?
?
?

E
ÿ1
R

?
?
?
y

C
ÿ1
R

ExpDð
~EE; ðRÞÞ  ���

F0
O
0ð ~SS0½R�Þ;

ð2Þ

where C
ÿ1
R

is given by an integral on the boundary of ~SS0ðRÞ ¼ ~SS0 V
~BBðRÞ and E

ÿ1
R

is

given by an integral on R
nþ1.

In this paper, we shall generalize the above results in [6] according to the following

plan.

First, we give an integral representation for ExpDÿl2ð
~EE; ðRÞÞ, jljUR. Then the

integral representation gives the inverse mapping of the restriction mapping

bl : ExpDÿl2ð
~EE; ðRÞÞ ÿ!

@

Expð ~SS0; ðRÞÞ;

which was proved to be a topological linear isomorphism in [10] (see Theorem 2.2 which

is our main theorem in this paper).

By using the integral kernel for ExpDÿl2ð ~EE; ðRÞÞ, we construct the mapping El;R

such that the following diagram is commutative

Exp 0
Dÿl2
ð ~EE; ½R�Þ ���!

El;R

ExpDÿl2ð
~EE; ðRÞÞ

x
?
?
?

b �l

?
?
?
y

bl

Exp 0ð ~SS0; ½R�Þ ���!
MR

Expð ~SS0; ðRÞÞ;

where all the mappings are topological linear isomorphisms and b�l is the adjoint

mapping of bl (Corollary 2.4).

Second, we define the integral kernel for ODÿl2ð ~BBðRÞÞ and using it we define the

l-Cauchy transformation Cl;R for O
0
Dÿl2ð ~BB½R�Þ. Then, in Proposition 3.2, we have

the following commutative diagram
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O
0
Dÿl2
ð ~BB½R�Þ ���!

Cl;R

ODÿl2ð
~BBðRÞÞ

x
?
?
?

b �l

?
?
?
y

bl

O
0ð ~SS0½R�Þ ���!

CR
Oð ~SS0ðRÞÞ;

where all the mappings are topological linear isomorphisms.

Third, we can define the spherical Fourier-Borel transformation F
l for T A

Exp 0
Dÿl2ð~EE; ½R�Þ by

F
l : T 7!F

lTðwÞ ¼ hTz; expðz � wÞi; w A ~SSlðRÞ:

This is well-defined since ðDz ÿ l2Þ expðz � wÞ ¼ 0 for w A ~SSl. By using the diagram (1),

we prove that the spherical Fourier-Borel transformation

F
l : Exp 0

Dÿl2ð ~EE; ½R�Þ !
@

Oð ~SSlðRÞÞ

is a topological linear isomorphism (Theorem 5.2). A di¤erent proof is found in [8].

Like (2), a relation between the Fourier-Borel transformation Fl and the spherical

Fourier-Borel transformation F
l is given by the diagram

Exp 0
Dÿl2
ð ~EE; ½R�Þ ���!

F
l

Oð ~SSlðRÞÞ
x
?
?
?

E
ÿ1
l;R

?
?
?
y

ðal�PR�a
�
l
Þÿ1

ExpDÿl2ð ~EE; ðRÞÞ  ���
Fl

O
0ð ~SSl½R�Þ;

where al is the restriction mapping al : ODÿl2ð
~BBðRÞÞ !

@

Oð ~SSlðRÞÞ, and a�l is the adjoint

mapping of al (Corollary 5.3). Note that this diagram for l ¼ 0 is di¤erent from (2).

Fourth, by using the diagram (2), we prove that the spherical Fourier-Borel

transformation

F
l : O 0

Dÿl2ð ~BB½R�Þ !
@

Expð ~SSl; ðRÞÞ ð3Þ

is a topological linear isomorphism (Theorem 5.4). A di¤erent proof is found in [7].

We also have

O
0
Dÿl2ð ~BB½R�Þ ���!

F
l

Expð ~SSl; ðRÞÞ
x
?
?
?

C
ÿ1
l;R

?
?
?
y

ðal �ER �a
�
l
Þÿ1

ODÿl2ð
~BBðRÞÞ  ���

Fl
Exp 0ð ~SSl; ½R�Þ;

where all the mappings are topological linear isomorphisms (Corollary 5.5). Note that

this diagram for l ¼ 0 is di¤erent from (1).

In this paper, we mainly treat for FS spaces but all the results also hold for DFS

spaces: For example, we also have the topological linear isomorphism like (3);

F
l : O 0

Dÿl2ð ~BBðRÞÞ !
@

Expð ~SSl; ½R�Þ:
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1. Eigenspaces of the Laplacian.

Let kxk be the Euclidean norm on E ¼ R
nþ1, nV 2. The cross norm LðzÞ on

~EE ¼ C
nþ1 corresponding to kxk is the Lie norm defined by

LðzÞ ¼ fkzk2 þ ðkzk4 ÿ jz2j2Þ1=2g1=2;

where z � w ¼ z1w1 þ z2w2 þ � � � þ znþ1wnþ1, z2 ¼ z � z and kzk2 ¼ z � z. The dual Lie

norm L�ðzÞ is given by

L�ðzÞ ¼ supfjz � zj;LðzÞU 1g ¼ fðkzk2 þ jz2jÞ=2g1=2:

The open and the closed Lie balls of radius R with center at 0 are defined by

~BBðRÞ ¼ fz A ~EE;LðzÞ < Rg; 0 < RUy;

~BB½R� ¼ fz A ~EE;LðzÞURg; 0UR < y:

Note that ~BB½0� ¼ f0g and ~BBðyÞ ¼ ~EE. We denote by Oð ~BBðRÞÞ the space of holomorphic

functions on ~BBðRÞ with the topology of uniform convergence on compact sets. Let

l A C and put

O
Dÿl2

ð ~BBðRÞÞ ¼ f f A Oð ~BBðRÞÞ; ðDz ÿ l
2Þ f ðzÞ ¼ 0g;

where D is the complex Laplacian;

Dz f ðzÞ ¼ ðq2=qz21 þ q2=qz22 þ � � � þ q2=qz2nþ1Þ f ðzÞ:

For 0UR < y we put

Oð ~BB½R�Þ ¼ ind limfOð ~BBðR 0ÞÞ;R 0 > Rg;

O
Dÿl

2ð ~BB½R�Þ ¼ ind limfO
Dÿl

2ð ~BBðR 0ÞÞ;R 0 > Rg:

We denote by O
0
Dÿl2

ð ~BBðRÞÞ (resp. O
0
Dÿl2ð ~BB½R�Þ) the dual space of O

Dÿl2
ð ~BBðRÞÞ (resp.

O
Dÿl2

ð ~BB½R�Þ).

For 0 < RUy we denote by

Expð ~EE; ½R�Þ ¼ f f A Oð ~EEÞ; there is R 0 < R such that

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~EEg < yg

the space of entire functions on ~EE of exponential type ½R� with respect to the dual Lie

norm L�ðzÞ. Similarly, for 0UR < y

Expð ~EE; ðRÞÞ ¼ f f A Oð ~EEÞ; for all R 0 > R we have

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~EEg < yg

denotes the space of entire functions on ~EE of exponential type ðRÞ. Put

Exp
Dÿl2

ð ~EE; ½R�Þ ¼ Expð ~EE; ½R�ÞVO
Dÿl2

ð ~EEÞ;

Exp
Dÿl

2ð ~EE; ðRÞÞ ¼ Expð ~EE; ðRÞÞVO
Dÿl

2ð ~EEÞ:
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Let Pk;nðtÞ be the Legendre polynomial of degree k and of dimension nþ 1. The

coe‰cient of the highest power of Pk;nðtÞ is given by

gk;n 1
Gðk þ ðnþ 1Þ=2Þ2k

Nðk; nÞGððnþ 1Þ=2Þk! ;

where Nðk; nÞ is the dimension of the space of k-homogeneous harmonic polynomials of

nþ 1 variables; Nðk; nÞ ¼ ð2k þ nÿ 1Þðk þ nÿ 2Þ!=ðk!ðnÿ 1Þ!Þ ¼ Oðknÿ1Þ.
We put

~PPk;nðz;wÞ ¼ ð
ffiffiffiffiffi

z2
p

Þkð
ffiffiffiffiffiffi

w2
p

ÞkPk;n
z
ffiffiffiffiffi

z2
p � w

ffiffiffiffiffiffi

w2
p

� �

:

Then ~PPk;nðz;wÞ is a symmetric homogeneous polynomial of degree k in z and in w,

satisfies Dz
~PPk;nðz;wÞ ¼ Dw

~PPk;nðz;wÞ ¼ 0 and is estimated as j ~PPk;nðz;wÞjULðzÞkLðwÞk.
Further we have the following orthogonal relation;

Nðk; nÞ
ð

S

~PPk;nðz;oÞ ~PPl;nðo;wÞd _oo ¼ dkl ~PPk;nðz;wÞ; ð4Þ

where d _oo is the normalized Oðnþ 1Þ-invariant measure on the n-dimensional unit

sphere S.

Let m A C and ~JJmðtÞ be the entire Bessel function defined by

~JJmðtÞ ¼
X

y

l¼0

ðÿ1Þ lGðmþ 1Þ
Gðmþ l þ 1Þl!

t

2

� �2l

¼ Gðmþ 1Þ t

2

� �ÿm

JmðtÞ:

Note that

~JJmð0Þ ¼ 1; ~JJmðtÞ ¼ ~JJmðÿtÞ: ð5Þ

For simplicity, we set

~jjkðtÞ ¼ ~JJkþðnÿ1Þ=2ðtÞ:

Lemma 1.1 (Lemma 7.3 in [2]). For z;w A
~EE, we have

expðz � wÞ ¼
X

y

k¼0

1

k!gk;n
~jjkði

ffiffiffiffiffi

z2
p ffiffiffiffiffiffi

w2
p

Þ ~PPk;nðz;wÞ:

Put

~SS0 ¼ fz A ~EE; z2 ¼ 0g; ~SS0;1 ¼ fz A ~SS0;LðzÞ ¼ 1g:

Proposition 1.2 (Corollary 2.3 in [11]). Let l A C and f A ODÿl2ðf0gÞ. Define

fkðzÞ ¼ 2kNðk; nÞ
ð

~SS0 ;1

f ðrwÞðz � w=rÞkd _ww; z A ~EE;

where r > 0 is su‰ciently small and d _ww is the normalized Oðnþ 1Þ-invariant measure on
~SS0;1. Then f is expanded as follows:

Integral representation for eigenfunctions of the Laplacian 703



f ðzÞ ¼
X

y

k¼0

~jjkðil
ffiffiffiffiffi

z2
p

ÞfkðzÞ;

where the convergence is in the sense of ODÿl2ðf0gÞ.

2. Integral representation.

In this section, we consider an integral representation for ExpDÿl2ð ~EE; ðRÞÞ, RV jlj.
ExpDÿl2ð ~EE; ðRÞÞ is closely related to the space

Expð ~SS0; ðRÞÞ ¼ f f A Oð ~SS0Þ; for all R 0 > R we have

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~SS0g < yg:

That is, the integral representation will give the inverse mapping of the following

restriction mapping bl studied in [10] ;

bl : ExpDÿl2ð ~EE; ðRÞÞ !
@

Expð ~SS0; ðRÞÞ; jljUR < y:

Ii [1] defined a measure dm on ~SS0 by

ð

~SS0

f ðzÞ dmðzÞ ¼
ð

y

0

ð

~SS0;1

f ðrz 0Þd _zz 0rnÿ1rnðrÞdr;

where rnðrÞ is a function of exponential type ÿ1 and satisfies

ð

y

0

r2kþnÿ1rnðrÞdr ¼ ðNðk; nÞk!Þ2gk;n2k
1Cðk; nÞ ð6Þ

for k ¼ 0; 1; 2; . . . (see [1], [10] or [6]).

Let l A C . For z A ~EE and w A ~SS0, define

E lðz;wÞ ¼
X

y

k¼0

2kNðk; nÞ
gk;nCðk; nÞ

~jjkðil
ffiffiffiffiffi

z2
p

Þ ~PPk;nðz;wÞ

¼
X

y

k¼0

~jjkðil
ffiffiffiffiffi

z2
p

Þ
Cðk; nÞ Nðk; nÞð2z � wÞk: ð7Þ

Note that

E lðz; � Þ A Expð ~SS0; ð0ÞÞ; E lð � ;wÞ A ExpDÿl2ð ~EE; ðjljÞÞ:

Lemma 2.1. For l0 0, E lðz;wÞ has the following integral representation:

E lðz;wÞ ¼
ð

S

expðlo � zÞexpðw � o=lÞd _oo; z A ~EE; w A ~SS0: ð8Þ

Proof. By Lemma 1.1, (4), (5), (6) and (7), we have (8). r

For z;w A ~SS0, E
lðz;wÞ does not depend on l, thus for z;w A ~SS0 we denote E lðz;wÞ

by E1ðz;wÞ. Note that E1ðz;wÞ ¼ E0ðz;wÞ. E1ðz;wÞ is the integral kernel for

Expð ~SS0; ðRÞÞ in [6] ; that is, for f A Expð ~SS0; ðRÞÞ and s > R=2, we have the following
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integral representation:

f ðzÞ ¼
ð

~SS0

f ðw=sÞE1ðz; swÞ dmðwÞ; z A ~SS0 ð9Þ

(Theorem 16 in [6]).

Using the kernel E lðz;wÞ, we shall give an integral representation for

ExpDÿl2ð ~EE; ðRÞÞ;RV jlj.

Theorem 2.2. Let f A Expð ~SS0; ðRÞÞ. For s > R=2, define F ðzÞ by

FðzÞ ¼
ð

~SS0

f ðw=sÞE lðz; swÞ dmðwÞ; z A ~EE: ð10Þ

Then ðDz ÿ l2ÞFðzÞ ¼ 0 and F j ~SS0
¼ blF ¼ f . Further, if RV jlj, then FðzÞ A

ExpDÿl2ð ~EE; ðRÞÞ.
Conversely, let F ðzÞ A ExpDÿl2ð ~EE; ðRÞÞ;RV jlj. Then for s > R=2 we have

F ðzÞ ¼
ð

~SS0

F ðw=sÞE lðz; swÞ dmðwÞ; z A ~EE; ð11Þ

that is, the mapping f 7! F in (10) is the inverse mapping of the restriction mapping bl
and (11) is an integral representation for F A ExpDÿl2ð ~EE; ðRÞÞ, RV jlj.

Proof. Since ðDz ÿ l2ÞE lðz;wÞ ¼ 0, the first half is clear by (9). Further, noting

that limk!yj~jjkðtÞj ¼ 1 for t A C , we get F ðzÞ A ExpDÿl2ð ~EE; ðRÞÞ by the growth conditions

of ExpDÿl2ð ~EE; ðRÞÞ and Expð ~SS0; ðRÞÞ (Theorem 12 in [5] and Theorem 16 in [4]).

Because E lðz; � Þ A Expð ~SS0; ð0ÞÞ and rn is of exponential type ÿ1, the right-hand side

in (11) is finite, and by Proposition 1.2, (6) and (7) we have

ð

~SS0

Fðw=sÞE lðz; swÞ dmðwÞ

¼
ð

~SS0

X

y

l¼0

Flðw=sÞ
X

y

k¼0

2kNðk; nÞ
Cðk; nÞ

~jjkðil
ffiffiffiffiffi

z2
p

Þðsz � wÞkdmðwÞ

¼
X

y

k¼0

2kNðk; nÞ
Cðk; nÞ

~jjkðil
ffiffiffiffiffi

z2
p

Þ
ð

~SS0

Fkðw=sÞðsz � wÞkdmðwÞ

¼
X

y

k¼0

2kNðk; nÞ
Cðk; nÞ

~jjkðil
ffiffiffiffiffi

z2
p

ÞCðk; nÞ FkðzÞ
2kNðk; nÞ

¼
X

y

k¼0

~jjkðil
ffiffiffiffiffi

z2
p

ÞFkðzÞ ¼ F ðzÞ; z A ~EE: r

Now, define a measure dmR on ~SS0 by

ð

~SS0

f ðwÞ dmRðwÞ ¼
ð

y

0

ð

~SS0;R

f ðrw 0Þ d _ww 0rnÿ1rnðrÞ dr;
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where d _ww 0 is the normalized Oðnþ 1Þ-invariant measure on

~SS0;R ¼ fz A ~SS0;LðzÞ ¼ Rg:

Put

Expð ~SS0; ½R�Þ ¼ f f A Oð ~SS0Þ; there is R 0 < R such that

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~SS0g < yg:

For f A Expð ~SS0; ðRÞÞ and g A Expð ~SS0; ½R�Þ, we set

d f ; ge ~SS0;1=R
¼

ð

~SS0

f ðwÞgðwÞ dm1=RðwÞ:

Put

E l
Rðz;wÞ ¼ E lðz;R2wÞ; z A ~EE; w A ~SS0:

If z;w A ~SS0, E lðz;wÞ does not depend on l. Thus we denote

ERðz;wÞ ¼ E lðz;R2wÞ ¼ E lðRz;RwÞ; z;w A ~SS0:

In [6], we defined a transformation MR for T A Exp 0ð ~SS0; ½R�Þ by

MR : T 7!MRTðwÞ ¼ hTz;ERðw; zÞi

and proved that the transformation MR establishes the following topological linear

isomorphism:

MR : Exp 0ð ~SS0; ½R�Þ !
@

Expð ~SS0; ðRÞÞ:

Further, for T A Exp 0ð ~SS0; ½R�Þ and f A Expð ~SS0; ½R�Þ, we have

hT ; f i ¼ d f ;MRTe ~SS0;1=R
;

which gives M
ÿ1
R .

Now, we define a transformation M
l
R for Exp 0ð ~SS0; ½R�Þ and a transformation E

l
R for

Exp 0
Dÿl2ð ~EE; ½R�Þ by

M
l
R : T 7!M

l
RTðzÞ ¼ hTw;E

l
Rðz;wÞi; T A Exp 0ð ~SS0; ½R�Þ;

E
l
R : T 7! E

l
RTðwÞ ¼ hTz;E

l
Rðz;wÞi; T A Exp 0

Dÿl2ð ~EE; ½R�Þ:

Then we have the following proposition:

Proposition 2.3. The following diagram is commutative and all the mappings in it

are topological linear isomorphisms:

ExpDÿl2ð
~EE; ðRÞÞ  ���

M
l
R

Exp 0ð ~SS0; ½R�Þ

bl

?
?
?
y

x
?
?
?

bÿ1l MR .%
M
ÿ1
R

b �l

?
?
?
y

x
?
?
?

ðb �l Þ
ÿ1

Expð ~SS0; ðRÞÞ  ���

E
l
R

Exp 0
Dÿl2
ð ~EE; ½R�Þ;

where b�l is the adjoint mapping of bl.
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Since we have M
ÿ1
R and bÿ1

l explicitly, we also have ðMl
RÞ

ÿ1 and ðEl
RÞ

ÿ1 explicitly.

Proof. We have only to show that the mappings are given by

M
l
R ¼ bÿ1

l �MR; E
l
R ¼ MR � ðb�

l Þ
ÿ1: ð12Þ

Since the integral representation (11) for F A ExpDÿl2ð ~EE; ðRÞÞ is rewritten by

F ðzÞ ¼

ð

~SS0

F ðwÞE l
Rðz; wÞdm1=RðwÞ; z A ~EE;

and

ð

~SS0

ERðz;wÞE
l
Rðz; zÞ dm1=RðzÞ ¼

ð

~SS0

E l
Rðz;wÞE

l
Rðz; zÞ dm1=RðzÞ

¼ E l
Rðz;wÞ; z A ~EE;w A ~SS0;

we have (12). r

Furthermore, by composing bÿ1
l and E

l
R, there is another topological linear iso-

morphism

El;R 1 bÿ1
l � El

R : Exp 0
Dÿl2ð ~EE; ½R�Þ !

@

ExpDÿl2ð
~EE; ðRÞÞ:

Then for T A Exp 0
Dÿl2

ð ~EE; ½R�Þ, El;R is given by

El;R : T 7! El;RTðzÞ ¼ hTw;El;Rðz;wÞi;

where

El;Rðz;wÞ ¼

ð

~SS0

E l
Rðz; zÞE

l
Rðw; zÞ dm1=RðzÞ; z;w A ~EE:

Therefore, we have the following corollary:

Corollary 2.4. The following diagram is commutative and all the mappings in it

are topological linear isomorphisms:

Exp 0
Dÿl2

ð ~EE; ½R�Þ ���!
El;R

ExpDÿl2ð
~EE; ðRÞÞ

x
?
?
?

b �
l

?
?
?
y

bl

Exp 0ð ~SS0; ½R�Þ ���!
MR

Expð ~SS0; ðRÞÞ:

Since we have M
ÿ1
R explicitly, we also have E

ÿ1
l;R explicitly.

3. l-Cauchy transformation.

In this section, first, we consider an integral representation for ODÿl2ð
~BBðRÞÞ. The

integral representation will give the inverse mapping of the following restriction mapping

bl;

bl : ODÿl2ð
~BBðRÞÞ !

@

Oð ~SS0ðRÞÞ; 0 < RUy
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(see [11]). For z;w A ~EE with LðzÞLðwÞ < R2 define

Kl;Rðz;wÞ ¼
X

y

k¼0

2k=gk;nNðk; nÞ ~jjkðil
ffiffiffiffiffi

z2
p

Þ ~jjkðil
ffiffiffiffiffiffi

w2
p

Þ ~PPk;nðz=R;w=RÞ:

Note that ðDz ÿ l2ÞKl;Rðz;wÞ ¼ ðDw ÿ l2ÞKl;Rðz;wÞ ¼ 0.

If z;w A ~SS0 with LðzÞLðwÞ < R2, then Kl;Rðz;wÞ does not depend on l and reduces

to the Cauchy kernel K 0
Rðz;wÞ on ~SS0 introduced in [5] ;

K 0
Rðz;wÞ ¼

X

y

k¼0

Nðk; nÞð2z � w=R2Þk ¼ ð1þ 2z � w=R2Þ=ð1ÿ 2z � w=R2Þn

¼
ðy

0

ð

S1=R

expðz � rzÞ expðrz � wÞ d _zzrnÿ1rnðrÞ dr; z;w A ~SS0

1

ð

E

expðz � xÞ expðx � wÞ dE1=RðxÞ;

where d _zz is the normalized Oðnþ 1Þ-invariant measure on S1=R. Note that K0;Rðz;wÞ ¼
K 0

Rðz;wÞ if z or w A ~SS0.

From the point of view of integral representations, Theorem 2.4 in [11] may be

restated as follows;

Proposition 3.1. Let l A C and f A Oð ~SS0ðRÞÞ. For 0 < r < R, define FðzÞ by

FðzÞ ¼
ð

~SS0 ; 1

f ðrwÞKl;1ðz; w=rÞ d _ww; z A ~BBðrÞ: ð13Þ

Then FðzÞ A ODÿl2ð ~BBðRÞÞ and F j ~SS0
¼ blF ¼ f .

Conversely, for F A ODÿl2ð ~BBðRÞÞ we have

F ðzÞ ¼
ð

~SS0 ; 1

F ðrwÞKl;1ðz; w=rÞd _ww; z A ~BBðrÞ; ð14Þ

that is, the mapping f 7! F in (13) is the inverse mapping of the restriction mapping bl
and (14) is an integral representation for F A ODÿl2ð ~BBðRÞÞ.

In [5], we defined the Cauchy transformation CR for T A O
0ð ~SS0½R�Þ by

CR : T 7! CRTðzÞ ¼ hTw;K
0
Rðz;wÞi:

For f A Oð ~SS0½R�Þ and g A Oð ~SS0ðRÞÞ we set

h f ; gi ~SS0;R
¼

ð

~SS0;R

f ðrzÞgðz=rÞ d _zz;

where r > 1 is su‰ciently close to 1. Then we proved that the Cauchy transformation

CR establishes the following topological linear isomorphism (Theorem 9 in [5]):

CR : O 0ð ~SS0½R�Þ !
@

Oð ~SS0ðRÞÞ:

Moreover, for T A O
0ð ~SS0½R�Þ and f A Oð ~SS0½R�Þ we have
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hT ; f i ¼ h f ;CRTi ~SS0;R
ð15Þ

which gives C
ÿ1
R (Theorem 11 in [6]).

Using the kernel Kl;Rðz;wÞ, we define the l-Cauchy transformation for T A

O
0
Dÿl2

ð ~BB½R�Þ by

Cl;R : T 7! Cl;RTðzÞ ¼ hTw;Kl;Rðz;wÞi; z A ~BBðRÞ:

For the l-Cauchy transformation, we have

Proposition 3.2. Let T A O
0
Dÿl2ð ~BB½R�Þ. Then the l-Cauchy transformation Cl;R

establishes the following topological linear isomorphism:

Cl;R : O 0
Dÿl2

ð ~BB½R�Þ !
@

ODÿl2ð ~BBðRÞÞ:

Further, for T A O
0
Dÿl2

ð ~BB½R�Þ and f A ODÿl2ð
~BB½R�Þ we have

hT ; f i ¼ h f ;Cl;RTi ~SS0;R
: ð16Þ

Proof. Since Kl;Rðz;wÞ ¼ K 0
Rðz;wÞ for z;w A ~SS0 and

ð

~SS0;R

Kl;Rðz; zÞKl;Rðw; zÞ d _zz ¼ Kl;Rðz;wÞ; z;w A ~EE;

we have the following commutative diagram:

O
0
Dÿl2

ð ~BB½R�Þ ���!
Cl;R

ODÿl2ð
~BBðRÞÞ

x
?
?
?

b �
l

?
?
?
y

bl

O
0ð ~SS0½R�Þ ���!

CR
Oð ~SS0ðRÞÞ:

ð17Þ

Because bl and CR in (17) are topological linear isomorphisms, Cl;R is also topological

linear isomorphism. (16) is clear by (17) and (15). r

4. Poisson transformation.

Let

~SSl ¼ fz A ~EE; z2 ¼ l2g

be the complex sphere of radius l A C . Put ~SSlðRÞ ¼ ~BBðRÞV ~SSl;
~SSl½R� ¼ ~BB½R�V ~SSl and

~SSl;R ¼ q ~SSl½R� ¼ fz A ~SSl;LðzÞ ¼ Rg. Further we put

Sl ¼ ~SSl; jlj ¼ q ~SSl½jlj� ¼ lS ¼ flx; x A Sg:

We denote by Oð ~SSlðRÞÞ the space of holomorphic functions on ~SSlðRÞ with the topology

of uniform convergence on compact sets and put

Expð ~SSl; ðRÞÞ ¼ f f A Oð ~SSlÞ; for all R 0
> R we have

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~SSlg < yg:

We know the following theorem (Theorem 5.3 in [2] and Theorem 3.1 in [12]):
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Theorem 4.1. The restriction mapping al establishes the following topological linear

isomorphisms:

al : ODð ~BBðRÞÞ !
@

Oð ~SSlðRÞÞ; jlj < RUy;ðiÞ

al : ExpDð
~EE; ðRÞÞ !

@

Expð ~SSl; ðRÞÞ; 0UR < y:ðiiÞ

Note that a0 ¼ b0 and the inverse mappings of a0 are given in Theorem 2.2 or in

Proposition 3.1.

Here, we review the Poisson transformation. For z;w A ~EE with LðzÞLðwÞ < 1,

K1ðz;wÞ ¼
Xy
k¼0

Nðk; nÞ ~PPk;nðz;wÞ ¼
1ÿ z2w2

ð1þ z2w2 ÿ 2z � wÞðnþ1Þ=2

is the well-known Poisson kernel. Set KRðz;wÞ ¼ K1ðz=R;w=RÞ. KRðz;wÞ has the

following integral representation (Lemma 14 in [6]):

KRðz;wÞ ¼

ð
~SS0

expðz � zÞexpðz � wÞ dm1=RðzÞ:

For T A O
0
Dð

~BB½R�Þ, the Poisson transformation PR is defined by

PR : T 7! PRTðzÞ ¼ hTw;KRðz;wÞi; z A ~BBðRÞ

and the following topological linear isomorphism is known;

PR : O 0
Dð

~BB½R�Þ !
@

ODð ~BBðRÞÞ:

Further, for T A O
0
Dð

~BB½R�Þ and f A ODð ~BB½R�Þ, we have

hT ; f i ¼

ð
SR

f ðroÞPRTðo=rÞ d _oo1h f ;PRTiSR
;

where r > 1 is su‰ciently close to 1 and d _oo is the normalized Oðnþ 1Þ-invariant

measure on SR, which gives P
ÿ1
R (Theorem 5 in [6]).

Moreover, for f A ODð ~BBðRÞÞ we have the following integral representation:

f ðzÞ ¼ h f ;KRðz; �ÞiSR
:

5. Spherical Fourier-Borel transformation.

We denote by O
0ð ~SSl½R�Þ the dual space of

Oð ~SSl½R�Þ ¼ ind limfOð ~SSlðR
0ÞÞ;R 0 > Rg:

Put

Expð ~SSl; ½R�Þ ¼ f f A Oð ~SSlÞ; there is R 0 < R such that

supfj f ðzÞj expðÿR 0L�ðzÞÞ; z A ~SSlg < yg:

We denote its dual space by Exp 0ð ~SSl; ½R�Þ. For T A Exp 0ð ~SSl; ½R�Þ the Fourier-Borel

K. Fujita and M. Morimoto710



transformation Fl is defined by

Fl : T 7! FlTðzÞ ¼ hTz; expðz � zÞi; z A ~BBðRÞ

and we have the following theorem (Theorems 18, 19 in [5], Theorem 3.1 in [11] and

Theorem 3.1 in [10]):

Theorem 5.1. The Fourier-Borel transformation Fl establishes the following

topological linear isomorphisms:

Fl : Exp
0ð ~SSl; ½R�Þ !

@

O
Dÿl2

ð ~BBðRÞÞ; jlj < RUy;(i)

Fl : O
0ð ~SSl½R�Þ !

@

Exp
Dÿl2ð ~EE; ðRÞÞ; jljUR < y:(ii)

If w A ~SSlðRÞ, then expðz � wÞ A Exp
Dÿl2

ð ~EE; ½R�Þ. Therefore, we can define the

spherical Fourier-Borel transformation F
l for T A Exp 0

Dÿl2
ð ~EE; ½R�Þ by

F
l : T 7! F

lTðwÞ ¼ hTz; expðw � zÞi; w A ~SSlðRÞ:

In [6], we denote F
0 by F

D and call it the conical Fourier-Borel transformation,

and we proved that the diagrams (1) and (2) are commutative and all the mappings in

them are topological linear isomorphisms. In (1), PR is defined in Section 4 and MR in

Section 2. In (2), CR is defined in Section 3 and ER is given as follows;

For T A Exp 0
Dð

~EE; ½R�Þ the mapping ER is defined by

ER : T 7! ERTðwÞ ¼ hTz; ~EERðw; zÞi;

where

~EERðz;wÞ ¼

ð
~SS0;R

expðz � zÞexpðz � wÞ d _zz ¼
Xy
k¼0

Nðk; nÞ=Cðk; nÞR2k ~PPk;nðz;wÞ:

Further, for T A Exp 0
Dð

~EE; ½R�Þ and f A ExpDð ~EE; ½R�Þ we have

hT ; f i ¼

ð
E

f ðxÞERTðxÞdE1=RðxÞ:

This duality formula gives E
ÿ1
R .

Moreover, for f A ExpDð
~EE; ðRÞÞ, beside the integral representation (11), we can

represent it as follows (see Theorem 24 in [6]):

f ðzÞ ¼

ð
E

f ðxÞ ~EERðz; xÞdE1=RðxÞ:

First, we extend the topological linear isomorphism under F
0 in (2) to F

l.

Theorem 5.2. The spherical Fourier-Borel transformation F
l establishes the fol-

lowing topological linear isomorphism:

F
l : Exp 0

Dÿl
2ð ~EE; ½R�Þ !

@

Oð ~SSlðRÞÞ; jlj < R < y:
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Proof. By the definition we have the following commutative diagram:

Exp 0
Dÿl2
ð~EE; ½R�Þ ���!

F
l

Oð ~SSlðRÞÞ
x
?
?
?

b �l

x
?
?
?

al

Exp 0ð ~SS0; ½R�Þ ���!
F0

ODð ~BBðRÞÞ:

Because b �l ;F0 and al are topological linear isomorphisms, F
l is also a topological

linear isomorphism. r

From (1) and Corollary 2.4, we have the following corollary:

Corollary 5.3. Let jlj < R < y. We have the following commutative diagram:

Exp 0
Dÿl2
ð ~EE; ½R�Þ ���!

F
l

Oð ~SSlðRÞÞ
x
?
?
?

E
ÿ1
l;R

?
?
?
y

ðal �PR �a
�
l
Þÿ1

ExpDÿl2ð
~EE; ðRÞÞ  ���

Fl
O
0ð ~SSl½R�Þ;

where all the mappings in it are topological linear isomorphisms.

Especially for l ¼ 0 we have

Exp 0Dð
~EE; ½R�Þ ���!

F
0

Oð ~SS0ðRÞÞ
x
?
?
?

E
ÿ1
0;R

?
?
?
y

ða0 �PR �a
�
0
Þÿ1

ExpDð ~EE; ðRÞÞ  ���
F0

O
0ð ~SS0½R�Þ:

Because a0 �PR � a
�
0 and CR are di¤erent mappings, this diagram is di¤erent from

(2).

At last, we extend the topological linear isomorphism under F
0 in (1) to F

l.

Theorem 5.4. Let R > 0. Then the spherical Fourier-Borel transformation F
l

establishes the following topological linear isomorphism:

F
l : O 0

Dÿl2
ð ~BB½R�Þ !

@

Expð ~SSl; ðRÞÞ:

Proof. By the definition we have the following commutative diagram:

O
0
Dÿl2ð ~BB½R�Þ ���!

F
l

Expð ~SSl; ðRÞÞ
x
?
?
?

b�l

x
?
?
?

al

O
0ð ~SS0½R�Þ ���!

F0
ExpDð

~EE; ðRÞÞ:

Because b �l ;F0 and al are topological linear isomorphisms, F
l is also a topological

linear isomorphism. r

By (2) and Proposition 3.2 we have the following corollary:
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Corollary 5.5. Let R > 0. Then we have the following commutative diagram and

all the mappings in it are topological linear isomorphisms:

O
0
Dÿl2
ð ~BB½R�Þ ���!

F
l

Expð ~SSl; ðRÞÞ
x
?
?
?

C
ÿ1
l;R

?
?
?
y

ðal�ER�a
�
l
Þÿ1

O
Dÿl2ð ~BBðRÞÞ  ���

Fl

Exp 0ð ~SSl; ½R�Þ:

Because C0;R and PR are di¤erent mappings, the above diagram for l ¼ 0 is

di¤erent from (1).

References

[1] K. Ii: On a Bargmann-type transform and a Hilbert space of holomorphic functions, Tôhoku Math.
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