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Abstract. G. Raby proved in [4] that the Godbillon-Vey invariant for codimension-one
foliations is invariant by C'-diffeomorphisms. In this paper we generalize the result for
foliations of arbitrary codimension.

Introduction

Let (M,,7,) and (M,,7,) be closed foliated manifolds of codimension g. We
assume the manifolds and the foliations are of class C* and oriented. Let GV(%) and
GV(#,) denote the Godbillon-Vey class of (M), %) and (M,, #,), respectively. Let ¢
be a C' difftfomorphism from M; to M, which maps Z; to Z#,. Then we have the
following theorem.

THEOREM (Raby [4]). Suppose that ¢ = 1. It then follows ¢p*(GV(F,)) = GV(F).

In this paper we generalize his result to foliations of higher codimension.

1. Preliminaries.

In this section we review basic results about currents and forms after de Rham
[5] We put n=dim M; =dim M>. The space of p-dimensional currents are the dual
of the space of p-forms of class C*. If T is a current of dimension p, we say 7 is of
degree (n— p) or T is a p-current.

Let T be a p-current and # a p-form of class C*, then we denote by {(7T,x) the
natural pairing.

Let w be an integrable p-form, then @ defines a (n — p)-current T, by

(To,m> :J A1,
M,
where 7 is an (n— p)-form. We denote the current 7, by [w].
Let T be a p-current and w is a g-form of class C*, then we denote by 7" A w the
(p — q)-current defined by
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KT Ao,y =<T,o nn).

We define a (p — g)-current w A T by the formula w A T = (—1)"T A w.
Let T be a p-current on M, and f be a C* map from M, to M, then we denote by
f.T the p-current on M, defined by

STy =LT, f"n).
Finally for a p-current T we denote by d7T the (p — 1)-current defined by

T,y =T, (=1)""dn).
See or [6] for the details of the nature of currents.

2. The invariance of the Godbillon-Vey class.
In this section we show the following.

THEOREM. Let (M, ) and (M,,F,) be closed foliated manifolds of codimension
q. We assume that the manifolds and the foliations are of class C* and oriented.
Suppose that ¢ is a C'-diffeomorphism from M, to M, which maps F| to F,. Then
9" (GV(F#2)) = GV(7#1).

Now we recall the definition of the Godbillon-Vey class GV. By the assumption
Z 1is transversely oriented. Then we have a C® transverse volume form £; of
(M, 7). Due to the integrability of the subbundle 7%, of T M, there is a smooth 1-
form o) satisfying

d.Q] = Q] N .
The Godbillon-Vey class is then defined to be the cohomology class of H*(M) given by
the form oy A (dog)?.

Similarly we choose a C* transverse volume form Q, of (M, %;) and define o,. It
suffices to show that two forms ¢*(ay A (dop)?) and oy A (doy)? defines the same
(n — (2¢ + 1))-current modulo boundaries. For simplicity we assume that ¢ preserves
the orientations of the manifolds and foliations.

First we begin with the following lemmas.

LemMa 2.1 (Raby [4], Lemme 1)). Let w be a p-form of class C* on M,, then we
have

dlp 0] = [p*(dw)].

ProOF. We approximate y = ¢~! by C* maps in the C'-topology and then see
that

d(y.[w]) = y.[dw].
See Federer and de Rham for details.
On the other hand we have for any C* form 7

e 0.0 = and o.[p"n] = [n].
Hence [p*n] = ,[n]. It follows that
dlp* ] = dy.[0] =y, [do] = [p*(dw)]. O
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Since ¢ maps Z#; to %, and preserves the orientation,
* _h
9 2y =e" -2,

where /1 i1s a certain continuous function.

LEmMMA 2.2 (see Raby [4], Lemme ii)).
i) The function h is leafwise of class C'.
i) Let 0 be a continuous (q+ 1)-form which satisfies

dle"] A Q) = ["0),
then we have
dlh] A Q) =[0).

Proor. It suffices to show the equation locally. So we choose a foliated chart
U; ~ R” x R?, where

Fily = {R? x () y e RY).
We denote points of U; by (x,y) = (x1,...,%,y,.--,¥,). Then we may assume
Qi =a(x,y)dyi1 A -+ A dyy,

where a 1s a C* function.
The assumption shows that

P
0= (Zbi(x, y) dx,») Adyr A oo A dyy,
i—1

where b; are continuous functions. It follows that

a[eh]

L a=1Te". b
ox a=le"- b

Here the term 0[e"]/0x; is defined by taking the distributional derivative of the con-
tinuous function e’ regarded as a function of x;. Therefore the function e’ is a C°
function with distributional C° derivative with respect to x. Hence e’ is of class C!
with respect to x.

Consequently / is also of class C! with respect to x, and the equation

a—h.' Zbl‘.

holds. It follows that
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We have
dlp* 2] = [p*(d2,)]
= [0"(22 A )]
=[e"Q A p* ).
The left hand side is equal to
dle"Q\] = d[e"] A Q1 + [e"Q) A ).
It follows that
dle"] A Q) =[e"(Q) A 9Ty — Q1 A ay)].
Hence by ii) of [Lemma 2.2,
dlh) A Q1 =[Q1 A e oy — Q) A o).
Consequently we have
(¢ o2 — o + (1) d[h]) A Q) =0.
Now we put 4= ¢*a, — o, then A is a continuous I-form and
(+ (=D d[n) A @) =0.

The derivative d[1] of 1 is represented by a continuous 2-form. In fact, if we put
0\ = ¢*(doy) — doy then by virtue of [Cemma 2.1

d[7) = dlp*as — o]
— [p"(d2) — dou)
= [04).

Note that d[0A] =0 by definition.
Now we have an equality of currents as follows, namely,

9 (o2 A (don)?)
= (061 + ).) A (docl + 51)(]

=0y A (doy)? +

~.
Il <
—_

(q_>a1 A (dog)?™ A (02) + A A (doy + 07)4
J

=0y A (dog)? (i:(])oq A (doy) T~ J (5/1) A i)

Jj=1

+Z< > (do)) 7T A (02N A A+ A A (doy + 02)1.
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Recall that
G+ (=D dh) A Q1 =0

and / is leafwise of class C'. Hence if we put

P q

L= (=1 fidxi+ ) gdy;,

i=1 j=1

where f; and g; are continuous functions, then locally we have
oh

fi=sr

Xi

Now we put

P oh
@h:}?a?mu

Note that the operator d, can be defined globally as the exterior differentiation along the
leaves.
Now we have the following lemma:

LemMa 2.3 (see Raby [4], Lemme iii)). Let w be a continuous form such that d|w) is
defined by a continuous form of transverse degree q, i.e., of the form u n Qy, where u is a
continuous form. Then we have

dlh - dlo]] = (—=1)72 A dw].

Proor. We work on a foliated chart U; =~ R” x RY.
From the assumption and the above remark it follows that

A Adow] = (=1)1dh A dw)].
Thus it suffices to show that
dlh - dlw]] = dih A d]w)].

This equation is obvious when /% is of class C*. In general we choose a sequence
h, of C* functions such that h, and 0h,/dx; converge to h and 0h/dx; in the C°-
topology, respectively. Then it is easy to see d[h, - d[w]] and d,h, converge to d[h - d[w]]
and d.h in the space of currents, respectively. O

Now we apply the above lemma to the continuous forms o; A (doy)?™ A (02)!
and (o + A) A (doy +34)7". It suffices to see that the differential of these forms are of
transverse degree not less than ¢g. We have

d.Ql = .Ql N 7.
It follows that Q; A doy = 0. Similarly

.Qz/\dO(zZO
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and hence
e"Qy A ¢*(day) = 0.

Noticing that d[4] is represented by the form ¢*(doy) — doy, we see that
Q) Ad[A) =21 A dA]=0.

These equalities show that the continuous forms (tdo; + s04)? are of transverse degree ¢
for arbitrary real numbers ¢ and s.
It follows that

(docl)q—jﬂ A ((’M)j_l A L= (—l)qd[(docl)q_jﬂ A (ai)j—l 'h]7

and
A A (dog + 04T = (=1)d[h - (doy + 32)1].

Notice here that
d(doy + 32T A (o + 2)]

= dlp*(do) "™ A 9"
= dlp*((den) "™ A )]
= [p"(do)]

_ [(den + 22)1).

Consequently the two continuous forms ¢*(xy A (day)?) and o A (doy)? define the
same class as a current modulo boundaries. Namely we have ¢*(GV(%,)) = GV(%)).

O

REmMARK 2.4. Quite recently, H. Moriyoshi has obtained the same result by a
different approach [3].

Finally the author would express his gratitude to the referee for his helpful
comments.

References

[1] H. Federer, Geometric Measure Theory, Grundlehren der mathematischen Wissenschaften 153, 1969.

[2] J. Heitsch and S. Hurder, Secondary Classes, Weil Measures and the Geometry of Foliations, J. Diff.
Geom. 20 (1984), 291-309.

[3] H. Moriyoshi, Talk given at seminar on foliations at Atami, October 1996.

[4] G. Raby, Invariance des classes de Godbillon-Vey par C'!-diffeomorphisms, Ann. Inst. Fourier,
Grenoble 38 (1988), 205-213.

[5] G. de Rham, Differentiable Manifolds, Grundlehren der mathematischen Wissenschaften 266, 1984.

[6] L. Schwartz, Théorie des distributions. Nouvelle Edition. Paris, Hermann., 1966.

Taro ASUKE Current address:

Department of Mathematical Sciences Department of Mathematics,
University of Tokyo Hiroshima University

3-8-1 Komaba, Meguro-ku 1-3-1 Kagamiyama, Higashi-Hiroshima
Tokyo 153-8914 Hiroshima 739-8526 Japan

Japan E-mail: asuke@math.sci.hiroshima-u.ac.jp



	Introduction
	THEOREM (Raby ...

	1. Preliminaries.
	2. The invariance of the ...
	THEOREM. Let ...

	References

