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Abstract. We consider the asymptotic behavior of the solution of the Cauchy

problem for the nonlinear nonlocal Shrödinger equation (NNS) with a source. The

source in the NNS equation makes essential alterations to the asymptotic behavior. We

study the cases of both small and large initial data.

1. Introduction

In this paper we study the asymptotic behavior for large time of solutions of the

Cauchy problem for the nonlinear nonlocal Schrödinger (NNS) equation, proposed in

[1], with a source:

iut þ juj2uþ iKu ¼ f ðx; tÞ t > 0; x A R;

uðx; 0Þ ¼ uðxÞ:

(

ðNNSÞ

Here the linear pseudo di¤erential operator Ku is defined by

Ku ¼
1

2p

ð

R

e ipxKðpÞûuðp; tÞ dp

where KðpÞ is the symbol of the operator Ku and ûuðp; tÞ is the Fourier transform of the

function uðx; tÞ

ûuðp; tÞ ¼

ð

R

eÿipxuðx; tÞ dx:

The (NNS) equation describes wave propagation in plasma physics, nonlinear

optics, chemical kinetics, hydrodynamics [2–5]. The (NNS) equation is a very general

nonlinear equation and due to the choice of the operator K it includes a number of well-

known equations. For example, when KðpÞ ¼ ði þ a2Þp2; ða A RÞ; the (NNS) equation

is the generalized Landau-Ginzburg equation [6]. If KðpÞ ¼ ÿiqðpÞ þ i p2 where qð�Þ is

a suitable real valued function, the (NNS) equation is the generalized nonlocal nonlinear

Schrödinger equation and describes di¤erent processes, connected with the dissipation or

pumping of energy [7].

Without a source (i.e. f ðx; tÞ ¼ 0) the Cauchy problem (NNS) was studied in papers

[7], [8]. The local and global existence of solutions and the smoothing property of

solutions were proved. In the case of the dissipative operator K and small initial data
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the asymptotics for large time of solutions of (NNS) without a source were studied in

[12].

The aim of the present paper is to study a symptotics as t ! þy of the solutions of

the Cauchy problem (NNS) with a source. We use estimates in Sobolev spaces as in

paper [13]. The source in (NNS) makes essential alterations to the asymptotic behavior.

Before stating our results, we give notation and function spaces. We denote

mp ¼ minð1; jpjÞ; Mp ¼ maxð1; jpjÞ; qpu ¼
q

qp
u

and

k � k2k ¼

ð
R1

jxj2kj � j2 dx; k � k2n;k ¼

ð
R1

m2n
p M 2k

p j � j2 dp:

We introduce some function spaces: X ¼ ffðxÞ A LyðRÞVH 0;1=2þgðRÞg with k � kX ¼

k � kLyðRÞ þ k � k1=2þg, here H 0; s ¼ f f A S 0; kð1þ x2Þs=2 f kL2 < yg. And Z ¼ ff A

LyðRÞ VL2ðRÞg with k � kZ ¼ k � kLyðRÞ þ k � kL2ðRÞ.

Di¤erent positive constants might be denoted by the same letter C and su‰ciently

small positive constants by the letters g, g 0.

We now state our results in this paper. There are three main cases of large time

asymptotic behavior of solutions.

In the first case the asymptotics of solutions is determined by the source. The

following statement is valid.

Theorem 1. Assume that the symbol KðpÞ is dissipative, that is

Re KðpÞV ymd
p ; ð1:1Þ

for all p A R, where y > 0, 0 < d < 1. Suppose that the source f ðx; tÞ satisfies the

following condition for p A R, t > 0

f̂f ¼
gðpÞ

ð1þ tÞa
þ cðp; tÞ; kgkXU e; kckXU

e

ð1þ tÞaþh ; ð1:2Þ

where e > 0 is su‰ciently small, h > 0, a A ðmaxð0; 1ÿ 1=2dÞ; 1=dÞ.

Suppose that the initial data are small enough, that is the following estimate is valid

kûukXU e: ð1:3Þ

Then the solution uðx; tÞ of the Cauchy problem (NNS) has the asymptotics as t ! y

uniformly with respect to x A R

uðx; tÞ ¼
ÿi

2pta

ð
R

gðpÞe ipx

KðpÞ
dpþOðtÿaÿrÞ; ð1:4Þ

where r > 0 is some constant.

In the second case the source decays in time more rapidly and interacts with the

operator K. Therefore the asymptotic behavior of the solution is of intermediate

character. The solution decays slower than the source and the response from the initial

data.
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The following theorem is proved.

Theorem 2. Let the operator K satisfy the condition (1.1) with d A ð1; 2Þ and

KðpÞ ¼ ojpjd þOðjpjdþsÞ; for jpj < 1; ð1:5Þ

where o > 0, s > 0.

Suppose that the source f ðx; tÞ satisfies estimates for all t > 0

k f̂f kXU
e

ð1þ tÞa
; f̂f ð0; tÞ ¼

Y

ta
þOðð1þ tÞÿaÿhÞ; ð1:6Þ

where e, Y > 0 are su‰ciently small, h > 0 and a A ð3=2ÿ 1=d; 1Þ, and

j f̂f ðp; tÞ ÿ f̂f ð0; tÞjU
Cjpjn

ð1þ tÞa
for jpjU 1; ð1:7Þ

where 0 < n < dÿ 1.

Assume that the initial data are small enough in the sense that the estimate (1.3) is

valid.

Then the solution uðx; tÞ of the Cauchy problem (NNS) has the asymptotics as t !

þy uniformly with respect to x A R

uðx; tÞ ¼
ÿiY

po1=d

1

tb

ð 1

0

dz

zað1ÿ zÞ1=d

ðþy

0

cos y
x

ðotÞ1=dð1ÿ zÞ1=d

 !

eÿy d

dyþOðtÿbÿrÞ; ð1:8Þ

where b ¼ aþ 1=dÿ 1 and r > 0.

In the third case the source decays su‰ciently rapidly and does not play a role in

the character of asymptotic behavior of solution. For this case we prove the following

results.

Theorem 3. Let the symbol KðpÞ satisfy conditions (1.1), (1.5) with d A ð0; 2Þ and

jqpK jU lmdÿ1
p ; for all p A R; ð1:9Þ

where l > 0. Assume that the right-hand-side f ðx; tÞ satisfies conditions with a >

maxð1; 1=dÞ

k f̂f kXU
e

M a
t

; f̂f ð0; tÞ ¼
Y

M a
t

þOðMÿaÿh
t Þ; kqp f̂f k1=2ÿn;1=2þgUCM

n=dÿa
t ; ð1:10Þ

where e, Y, n > 0 are su‰ciently small, h > 0. Assume that initial data satisfy condition

(1.3) and

qpûu A H 0;1=2þg ð1:11Þ

Then the solution uðx; tÞ of the Cauchy problem (NNS) has the following asymptotics

as t ! þy uniformly with respect to x A R

uðx; tÞ ¼ A
1

t1=d

ðþy

0

cos y
x

ðotÞ1=d

 !

eÿy d

dyþOðtÿð1=dÞÿrÞ; ð1:12Þ

where r > 0 and
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A ¼
1

o1=dp
i

ðþy

0

ðwð0; tÞ ÿ f̂f ð0; tÞÞ dtþ ûuð0Þ

� �

;

with wð0; tÞ ¼
Ð

R juðx; tÞj2uðx; tÞ dx.

In the previous theorems we consider the case of su‰ciently small initial data. This

smallness condition enables us to prove the global existence of solutions and the

necessary time decay estimates. If the initial data are not small (we will call such initial

data large data), the solution of the Cauchy problem can blow up in finite time. It is

known [7], [8] that the global existence of the solution of the Cauchy problem can be

obtained under the condition that the operator K is strongly dissipative. Also it is

interesting to obtain asymptotics of solutions of the Cauchy problem with large initial

data.

We consider the case of strongly dissipative operator K. As in the paper [14] we

will use the basic estimate of the solution in L2 norm. However, for the case of large

initial data, we can not obtain the estimate of this L2 norm decaying in time. Therefore,

decay estimates of the solution in the case of large initial data can be obtained for more

rough condition d < 1 (instead of d < 2) on the symbol of the operator K. We can not

say that the condition is essential, or it is caused only by our approach.

We will prove the following theorems. For the first case we have

Theorem 4. Suppose that the symbol KðpÞ is strongly dissipative, so that for all

p A R

Re KðpÞV ymd
pM

b
p ; ð1:13Þ

where y > 0, 0 < d < 1, b > 1, and that the source f ðx; tÞ satisfies the condition (1.2) with

1 < a < 1=d and

gðpÞ A Z; sup
t>0

ð1þ tÞaþhkcðp; tÞkZUC:

Then the solution uðx; tÞ of the Cauchy problem (NNS) with any large initial data

ûu A Z has the asymptotics (1.4) as t ! y.

For the third case we obtain (the second case does not appear since we put re-

striction on d 0 < d < 1):

Theorem 5. Let symbol KðpÞ satisfy conditions (1.5), (1.13) and

jqpK jU lmdÿ1
p M bÿ1

p ; for all p A R; ð1:14Þ

where l > 0. Suppose that the source f ðx; tÞ satisfies the following estimates with a >

1=d

qp f̂f A H 0;1=2þg; sup
t>0

ð1þ tÞak f̂f kZ < C; ð1:15Þ

f̂f ð0; tÞ ¼
Y

ð1þ tÞa
þOðð1þ tÞÿaÿhÞ; for all t > 0; ð1:16Þ

where Y > 0, h > 0.
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The initial data are large and such that

ûu A Z; qpûu A H 0;1=2þg: ð1:17Þ

Then the solution uðx; tÞ of the Cauchy problem (NNS) has the asymptotics (1.12) as t !

þy.

We organize our paper as follows. In section 2 we give some preliminary results.

First we mention a local existence result in Theorem 0 without giving a proof. Further

we prove Lemma 1 which establish time decay estimates of the solution for small initial

data and is necessary in section 3 in proving Theorems 1-3. Then, in Lemma 2 we

prove time decay estimates of the solution for large initial data. In section 3 we give

proofs of the theorems.

2. Preliminaries

By using the standard successive approximation method it is easy to prove the

following theorem.

Theorem 0 (local existence in time). Suppose that the symbol KðpÞ satisfies

condition

ReKðpÞV 0 for all p A R:

Then there exists the unique solution of the Cauchy problem (NNS) for any u,

f A H k, k > 1=2 on some interval ½0;T � such that

uðx; tÞ A C0ð½0;T �;H kðRÞÞ;

where T > 0 depends on the sizes of the data u and f.

We denote

wðp; tÞ ¼
1

4p2

ðð
R

ûuðpÿ q; tÞûu�ðrÿ q; tÞûuðr; tÞ dq dr:

Lemma 1. Let the operator K be dissipative, that is

ReKðpÞV ymd
p ; for all p A R; ð2:1Þ

where d A ð0; 2Þ, y > 0.

Suppose that the source f ðx; tÞ satisfies the estimate for all t > 0

k f̂f ðtÞkX �
e

ð1þ tÞa
; ð2:2Þ

where e > 0 is su‰ciently small and

if d A ð0; 1Þ, then a A ðmaxð0; 1ÿ 1=2dÞ; 1=dÞU ð1=d;þyÞ

if d A ð1; 2Þ, then a A ð3=2ÿ 1=d; 1ÞU ð1;þyÞ

if d ¼ 1, then a A ð1;þyÞ.
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Assume that the initial data are small in the sense

kûukXU e: ð2:3Þ

Then for the solution uðx; tÞ of the Cauchy problem (NNS) and wðp; tÞ the following

estimates are valid for all t > 0

kûuðtÞkk <

ffiffi

e
p

ð1þ tÞnk ; ð2:4Þ

kwðtÞkXU
e

ð1þ tÞa1 ; ð2:4 0Þ

where

nk ¼ min
1þ 2k

2d
; aÿ 1þ 1þ 2k

2d
; aÿ m

� �

;

a1 ¼ 2n0 þ n1=2ÿg;

k A ½ÿ1=2þ g; 1=2þ g� and small m > 0.

Proof. We prove (2.4) by the contradiction. By virtue of (2.3) the estimate (2.4)

is valid at t ¼ 0. Suppose that at some T > 0 the estimate (2.4) is violated. Then by

continuity we have

kûuðtÞkkU
ffiffi

e
p

ð1þ tÞnk : ð2:5Þ

for t A ½0;T �.
We consider the (NNS) equation on ½0;T �. Taking the Fourier transform, we have

ûuðp; tÞ ¼ eÿKðpÞtûuðpÞ þ i

ð t

0

eÿKð pÞðtÿtÞðwðp; tÞ ÿ f̂f ðp; tÞÞ dt: ð2:6Þ

Denote hðp; tÞ ¼ wÿ f̂f .

Multiplying (2.6) by jpjk and taking the L2 norm, we obtain

kûukkUC kûueÿKðpÞtkk þ
ð t

0

kheÿKðpÞðtÿtÞkk dt
� �

: ð2:7Þ

Making a change of the variable yd ¼ jpjdt and using (2.1), (2.3), we obtain the estimate

of the first term in the right-hand side of (2.7)

kûueÿKðpÞtkkU kûukLy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

eÿ2yjpj dtjpj2k dp
s

þ Ckûukleÿyt
UC

e

ð1þ tÞð1þ2kÞ=2d ; ð2:8Þ

where l ¼ minð0; kÞ. To estimate the second term in the right-hand side of (2.7) we

need a number of preliminary estimates.
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Using the following estimates









ð

R

fðpÿ qÞcðqÞ dq









L2

U kfkL2
kckL1 ;

jpj lUCðjpÿ qj l þ jqÿ rj l þ jrj lÞ;

kûukL1 ¼

ð

R

jûuj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj1ÿ2g þ jpj1þ2g

jpj1ÿ2g þ jpj1þ2g

s

dp

U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

R

dp

jpj1ÿ2g þ jpj1þ2g

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

R

jûuj2ðjpj1ÿ2g þ jpj1þ2gÞ dp

s

UCðkûuk1=2ÿg þ kûuk1=2þgÞ;

we have

kwðtÞkLyðRÞUCkûuk20kûukL1UCkûuk20ðkûuk1=2ÿg þ kûuk1=2þgÞ; ð2:9Þ

and

kwðtÞklUCkûuklkûuk
2
L1UCkûuklðkûuk1=2ÿg þ kûuk1=2þgÞ

2: ð2:10Þ

Since n1=2ÿgU n1=2þg, substituting (2.5) in (2.9) and (2.10), we get

kwðtÞkLyUC
e3=2

ð1þ tÞa1
ð2:11Þ

and

kwðtÞklUC
e3=2

ð1þ tÞa2
; ð2:12Þ

where a1 ¼ 2n0 þ n1=2ÿg and a2 ¼ nl þ 2n1=2ÿg. It is easy to see that a1U a2.

Denote a3 ¼ minða1; aÞ. Then we obtain from (2.2), (2.11), (2.12)

khðtÞkLyUCðk f kLy þ kwkLyÞUC
e3=2

ð1þ tÞa3
; ð2:13Þ

khðtÞklUCðk f kl þ kwklÞUC
e3=2

ð1þ tÞa3
: ð2:14Þ

Using (2.1) (2.13) (2.14), we estimate the second term in the right-hand-side of (2.7)

ð t

0

keÿKðpÞðtÿtÞhðp; tÞkk dtUC

 

ð t=2

0

khðtÞkLy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

eÿ2yjpj dðtÿtÞjpj2k dt

s

þ

ð t

t=2

khðtÞkLy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

eÿ2yjpj dðtÿtÞjpj2k dt

s

þ

ð t

0

khðtÞkle
ÿyðtÿtÞ dt

!
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UCe

 

ð t=2

0

1

ðtÿ tÞð1þ2kÞ=2dð1þ tÞa3
dt

þ
ð t

t=2

1

ðtÿ tÞminðð1þ2kÞ=2d;1ÿmÞð1þ tÞa3
dt

!

UCe
1

ð1þ tÞn̂nk
ð2:15Þ

where n̂nk ¼ minðð1þ 2kÞ=2d; a3 þ ð1þ 2kÞ=2dÿ 1; a3 ÿ mÞ, m > 0 is su‰ciently small.

Easily see that

n̂nk ¼ nk: ð2:15 0Þ

Indeed, if a A ðmaxð0; 1ÿ 1=2dÞ; 1=dÞ and d A ð0; 1Þ, then a1 ¼ 2minð1=2d; 1=2dþ aÿ 1;

aÿ mÞ þ aÿ m > a and therefore a3 ¼ a and so we have ð2:15 0Þ. If a A ð3=2ÿ 1=d; 1Þ
and d A ð1; 2Þ, then a1 ¼ 3aþ 2=dÿ 3ÿ g > a and so we get ð2:15 0Þ. When a >

maxð1; 1=dÞ and d A ð0; 2Þ, a1 ¼ 2=dÿ g > maxð1; 1=2dÞ and therefore nk ¼ n̂nk ¼
ð1þ 2kÞ=2d. Substitution of estimates (2.8), (2.15), ð2:15 0Þ in (2.7) yields for t A ½0;T �

kûukkUCe
1

ð1þ tÞð1þ2kÞ=2d þ
1

ð1þ tÞn̂nk

 !

<

ffiffi

e
p

ð1þ tÞnk

This contradiction proves estimate (2.4) for all t > 0. From (2.11), (2.12) and (2.4) we

have ð2:4 0Þ. This completes the proof. r

Remark. Theorem 0 gives us the solution of the Cauchy problem (NNS) on some

interval ½0;T �. By the standard prolongation argument we obtain easily the global

solution from the estimates of the Lemma 1.

Lemma 2. Suppose that the operator K is strongly dissipative, that is

ReKðpÞV ymd
pM

b
p ; for all p A R; ð2:16Þ

where d A ð0; 1Þ, y > 0, b > 1, and the right-hand-side f ðx; tÞ of the equation satisfies the

estimate with a > 1

sup
t>0

ð1þ tÞak f̂f kZ < C: ð2:17Þ

Then for the solution uðx; tÞ of the Cauchy problem (NNS) with any initial data ûu A Z

we have

sup
t>0

m
1=2ÿg 0

t kûuðtÞkXUC ð2:17 0Þ

and for any su‰ciently small e > 0 there exists Te > 0 such that,

kûuðtÞk1=2ÿg;1=2þg <
e

ð1þ tÿ TeÞminða;1=dÞÿg 0
; tVTe ð2:18Þ

where g; g 0 > 0 are su‰ciently small.
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Proof. Arguing in the same way as in the paper [8] it is easy to prove that the

Cauchy problem (NNS) has the unique solution uðx; tÞ and

uðx; tÞ A Cyðð0;þyÞ;HyðRÞÞVC0ð½0þyÞ;L2ðRÞÞ:

Since

2k f ðtÞkL2kuðtÞkL2U k f ðtÞk2L2ð1þ tÞ1þg þ
kuðtÞk2L2

ð1þ tÞ1þg

 !

;

multiplying the (NNS) equation by u� and taking real part we have

d

dt
kuðtÞk2L2UC ÿ

ð

R

ReKðpÞjûuj2 dpþRe i

ð

R

f̂f ðp; tÞûuðp; tÞ dp

� �

U ÿ C

ð

R

md
pM

b
p jûuj

2
dpþ Ck f ðtÞk2L2ð1þ tÞ1þg þ

CkuðtÞk2L2

ð1þ tÞ1þg
: ð2:19Þ

By virtue of (2.16), (2.17) the integration of (2.19) yields

kuðtÞk2L2 þ C

ð t

0

dt

ð

R

md
pM

b
p jûuj

2
dp

UC kuk2L2 þ

ðþy

0

k f k2L2ð1þ tÞ1þg
dt

� �

UC ð2:20Þ

and since C is independent of t, for any e > 0 there is an su‰ciently large Te > 0 such

that
ð

R

md
pM

b
p jûuj

2
dpU e1ðeÞ; at t ¼ Te; ð2:21Þ

where e1ðeÞ ¼ e2þ4ð1ÿg 0Þ=m, m > 0. As in (2.9), (2.10) we have

kwðtÞkXUCkûuðtÞkXkûuðtÞk
2
1=2ÿg;1=2þgUCkûuðtÞkX

ð

R

md
pM

b
p jûuj

2
dp ð2:22Þ

using (2.16), (2.17), (2.20) and Gronwall’s inequality, we have from (2.6)

kûuðtÞkXUC kûueÿKðpÞtkX þ

ð t

0

kwðtÞkX dtþ

ð t

0

k f̂f ðtÞeÿKð pÞðtÿtÞkX dt

� �

U
C

m
1=2ÿg
t

þ C

ð t

0

kûuðtÞkX

ð

R

md
pM

b
p jûuðtÞj

2
dp dt

U
C

m
1=2ÿg
t

exp

ðþy

0

dt

ð

R

md
pM

b
p jûuj

2
dp

� �

U
C

m
1=2ÿg
t

: ð2:23Þ

We prove now (2.18). By virtue of (2.21) the estimate (2.18) is valid at t ¼ Te.

Suppose that at some T1 > Te the estimate (2.18) is violated. Then by continuity we

have for t A ½Te;T1�

kûuðtÞk1=2ÿg;1=2þgU
e

ð1þ tÿ TeÞ
minða;1=dÞÿg 0

: ð2:24Þ
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We consider (NNS) on ½Te;T1�. In the same way as in the proof of (2.7) in Lemma 1

we get

kûuðtÞk1=2ÿg;1=2þgUC

 

kûu1e
ÿKðpÞtk1=2ÿg;1=2þg þ

ð t

Te

keÿKðpÞðtÿtÞ f̂f k1=2ÿg;1=2þg dt

þ

ð t

Te

keÿKðpÞðtÿtÞwk1=2ÿg;1=2þg dt

!

¼ I1 þ I2 þ I3; ð2:25Þ

where ûu1 ¼ ûuðp;TeÞ. By virtue of the (2.23) kûu1kLyUC.

Using (2.21) and (2.16) we have

I1UC kûu1kLye
m
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjUe2

eÿ2yjpj dtjpj1ÿ2gÿ2m
dp

s

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjVe2

eÿ2ye d
2
tmd

pM
b
p jûu1j

2
dp

s !

U
Ce2

t1=dÿg 0
þ

C

e
1ÿg 0

2 t1=dÿg 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

R

md
pM

b
p jûu1j

2
dp

s

U
e2

t1=dÿg 0
U

e2

ð1þ tÿ TeÞ
1=dÿg 0

; ð2:26Þ

where e2 ¼ e2=m, small m > 0. Applying (2.16) and (2.17) and changing variables

yd ¼ jpjdt we obtain for I2

I2UC

 

ð t

Te

k f̂f ðtÞkLy dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

jpj1ÿ2g
eÿ2yjpj dðtÿtÞ dp

s

þ

ð t

Te

dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjV1

jpj1þ2geÿ2yj pj b ðtÿtÞj f̂f j2 dp

s !

UC

0

@

ð t=2

Te

dt

ð1þ tÞaðtÿ tÞ1=dÿg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðþy

0

y1ÿ2geÿyy d
dy

s

þ k f̂f k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sup
jpjV1

jpj1þ2gÿbð1=dÿgÞ
r

 !

þ

ð t

t=2

dt

ð1þ tÞaðtÿ tÞ1ÿg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

jpj1ÿ2g
dp

jpjdð2ÿ2gÞ

s

þ k f̂f k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sup
jpjV1

jpj1þ2gÿbð2ÿ2gÞ
r

 !

1

A

U
C

ð1þ tÞminð1=d;aÞÿg
U

Ce2

ð1þ tÿ TeÞ
minð1=d;aÞÿg 0

; ð2:27Þ

since Te > 0 is large enough. By virtue of (2.22)–(2.24) analogously to I2 we have

I3UC

ð t

Te

 

kwðtÞkLy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

jpj1ÿ2g
eÿ2yjpj dðtÿtÞ dp

s

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjV1

jpj1þ2g
eÿ2yjpj bðtÿtÞjwðtÞj2 dp

s !

dtU
Ce2

ð1þ tÿ TeÞ
minð1=d;aÞÿg 0

ð2:28Þ
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Substitution of (2.26)–(2.28) in (2.25) yields for t A ½Te;T1�

kûuk1=2ÿg;1=2þgU
Ce2

ð1þ tÿ TeÞ
minð1=d;aÞÿg 0

<
e

ð1þ tÿ TeÞ
minð1=d;aÞÿg 0

:

This contradiction proves (2.18) for t > Te.

This completes the proof. r

3. Proofs of the theorems

Proof of Theorem 1. From Remark to Lemma 1 it follows that the Cauchy

problem has the unique solution uðx; tÞ such that

uðx; tÞ A C0ð½0;þyÞ;H 1=2þgðRÞÞ:

Integrating the (NNS) equation, we have

uðx; tÞ ¼
1

2p

 

ð

R

e ipxeÿKðpÞtûuðpÞ dpþ i

ð

R

e ipx dp

ð t

0

eÿKðpÞðtÿtÞwðp; tÞ dt

ÿ i

ð

R1

e ipx dp

ð t

0

eÿKðpÞðtÿtÞ f̂f ðp; tÞ dt

!

¼ I1 þ I2 þ I3: ð3:1Þ

We estimate each integral in the formula (3.1). The first integral I1 decays faster than

tÿa as t ! y and forms the remainder term. Indeed, using conditions (1.1) and (1.3),

we have

jI1jU kûukLy

ð

jpjU1

eÿyjpj dt dpþ eÿytkûukH 0; 1=2þgUC
1

t1=d
: ð3:2Þ

The second integral I2 in (3.1) also forms the remainder term. To prove this we use the

results of Lemma 1. We have

kwkXUCkûuk2L2
ðkûuk1=2þg=2 þ kûuk1=2þgÞU

C

ð1þ tÞa1
ð3:3Þ

where a1 ¼ 2minðaÿ 1þ 1=2d; aÿ mÞ þ aÿ m > a, since maxð0; 1ÿ 1=2dÞ < a < 1=d,

here m > 0 being su‰ciently small.

Then we obtain the following estimate

jI2jUC

ð

jpjU1

dp

ð t

0

eÿyjpj dðtÿtÞkwkLy
dtþ

ð t

0

eÿyðtÿtÞkwk1=2þg dt

 !

UC

ð t=2

0

dt

ð1þ tÞa1ðtÿ tÞ1=d
þ

ð t

t=2

dt

ð1þ tÞa1ðtÿ tÞ1ÿm

 !

¼ OðtÿaÿrÞ; ð3:4Þ

where 0 < r < a1 ÿ aÿ m.

Nonlinear nonlocal Shrödinger equations 473



We now prove that the third integral in (3.1) gives the main term of the asymptotics

(1.4), that is,

I3 ¼
ÿi

2pta

ð

R

gðpÞe ipx

KðpÞ
dpþOðtÿaÿrÞ: ð3:5Þ

Using (1.2) we have

I3 ¼
ÿi

2p

ð t

t=2

dt

ð

R

e ipxeÿKðpÞðtÿtÞ gðpÞ

ð1þ tÞa
dpþ RðtÞ ¼ ÎI þ RðtÞ; ð3:6Þ

where

RðtÞ ¼
ÿi

2p

ð t=2

0

dt

ð

R

e ipxeÿKðpÞðtÿtÞ f̂f ðp; tÞ dpþ

ð t

t=2

dt

ð

R

e ipxeÿKðpÞðtÿtÞcðp; tÞ dp

 !

:

Integrating by parts we get for the first term in (3.6)

ÎI ¼
ÿi

2p

 

ð

R

e ipxgðpÞ

KðpÞ
eÿKðpÞðtÿtÞ 1

ð1þ tÞa

�

�

�

�

t

t=2

dp

þ ðaþ 1Þ

ð

R

e ipxgðpÞ

KðpÞ
dp

ð t

t=2

eÿKðpÞðtÿtÞ

ð1þ tÞaþ1
dt

!

¼
ÿi

2pð1þ tÞa

ð

R

e ipxgðpÞ

KðpÞ
dpþOðtÿaÿrÞ: ð3:7Þ

Indeed, since eÿKðpÞt=2 < C=mdr
p tr, from (1.1) and (1.3) we have for r < ð1ÿ dÞ=d

1

ta

ð

R1

gðpÞ

KðpÞ
eÿKðpÞt=2 dp

�

�

�

�

�

�

�

�

U
C

ta

ð

jpjU1

jgj

jpjdð1þrÞ
tr

dpþ eÿyt=2

ð

jpjV1

jgðpÞj dp

 !

U
C

taþr
kgkX ¼ OðtÿaÿrÞ

and

�

�

�

�

�

ð t

t=2

1

ð1þ tÞaþ1
dt

ð

R

e ipxeÿKðpÞðtÿtÞgðpÞ

KðpÞ
dp

�

�

�

�

�

UC

ð

R

jgj

jpjdð1þrÞ
dp

ð t

t=2

1

ð1þ tÞaþ1ðtÿ tÞr
dt

 !

U
C

taþr
kgkX ¼ OðtÿaÿrÞ: ð3:8Þ

Now we show that RðtÞ in (3.6) decays faster than tÿa and forms the remainder term:

RðtÞ ¼ OðtÿaÿrÞ: ð3:9Þ

From (1.1)–(1.2), changing the variable yd ¼ yjpjdðtÿ tÞ, we obtain
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ð t=2

0

dt

ð

R

e ipxeÿKðpÞðtÿtÞ f̂f ðp; tÞ dp

�

�

�

�

�

�

�

�

�

�

UC

ð t=2

0

k f̂f kLy

1

ðtÿ tÞ1=d
dt

ðþy

0

eÿy d

dyþ

ð t=2

0

eÿyðtÿtÞk f̂f k1=2þg dt

 !

U
C

t1=d

ð t=2

0

1

ð1þ tÞa
dt ¼ OðtÿaÿrÞ

where r < 1=dÿ 1, and by the analogy of (3.6) for 0 < r < minð1; h=2Þ

�

�

�

�

�

ð t

t=2

dt

ð

R

e ipxeÿKð pÞðtÿtÞcðp; tÞ dp

�

�

�

�

�

UC

ð t

t=2

kckLy
dt

ð

jpjU1

eÿyjpj dðtÿtÞ dpþ

ð t

t=2

eÿyðtÿtÞkck1=2þg dt

 !

UC

ð t

t=2

1

ð1þ tÞaþhðtÿ tÞ1ÿr
dt ¼ OðtÿaÿrÞ:

Thus the estimate (3.9) is proved. Substituting (3.7) and (3.9) in (3.6), we get (3.5).

Using (3.2), (3.4) and (3.5) from (3.1) we have

uðx; tÞ ¼
ÿi

2pta

ð

R

gðpÞe ipx

KðpÞ
dpþOðtÿaÿrÞ;

as t ! þy and 0 < r < minðð1ÿ dÞ=d; a1 ÿ a; b; 1; h=2Þ. r

Proof of Theorem 2. We estimate each of the integrals in (3.1).

For I1 we again use the estimate (3.2). The integral I2 decays faster than tÿb and

also forms the remainder.

I2 ¼ OðtÿbÿrÞ ð3:10Þ

Indeed, since a A ð3=2ÿ 1=d; 1Þ and d A ð1; 2Þ using estimates of Lemma 1, we have (3.3)

with a1 ¼ 2ðaþ 1=2dÿ 1Þ þ aþ 1=dÿ 1ÿ g ¼ 3aÿ 3þ 2=dÿ g > a.

Therefore as (3.4) we obtain

jI2jUC

ð t

0

dt

ð1þ tÞa1ðtÿ tÞ1=d
¼ OðtÿbÿrÞ ð3:11Þ

where r < a1 ÿ a.

The third integral in (3.1) gives the main term of the asymptotics. Indeed, by virtue

of (1.6), we have

I3 ¼
ÿi

2p

ð

R

e ipx dp

ð t

0

eÿKðpÞðtÿtÞ f̂f ðp; tÞ dt

¼
ÿiY

2p

ð t

0

dt

ta

ð

jpjU1

e ipxeÿojpj dðtÿtÞ dpÿ
i

2p
RðtÞ ¼ I ÿ

i

2p
RðtÞ ð3:12Þ
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where

RðtÞ ¼

ð t

0

dt

ta

ð

jpjU1

e ipxðeÿKðpÞðtÿtÞ ÿ eÿojpj dðtÿtÞÞ dp

þ

ð t

0

dt

ð

jpjU1

e ipxeÿKðpÞðtÿtÞð f̂f ðp; tÞ ÿ f̂f ð0; tÞÞ dp

þ

ð t

0

dt

ð

jpjU1

e ipxeÿKðpÞðtÿtÞOðð1þ tÞÿaÿhÞ dp

þ

ð t

0

dt

ð

jpjV1

e ipxeÿKðpÞðtÿtÞ f̂f ðp; tÞ dp ¼
X

4

i¼1

Ji:

Making the change of variables yd ¼ ojpjdðtÿ tÞ and tz ¼ t in the first summand of

(3.12) we obtain

I ¼
ÿiY

po1=d

1

tb

ð1

0

dz

zað1ÿ zÞ1=d

ðþy

0

cos y
x

ðotÞ1=d
ð1ÿ zÞ1=d

 !

eÿy d

dy: ð3:13Þ

Now we prove that

RðtÞ ¼ OðtÿbÿrÞ: ð3:14Þ

Using the trivial inequality for b; cV 0: jeÿb ÿ eÿcjUCðeÿc þ eÿbÞjbÿ cjm, m A ð0; 1� and

(1.1), (1.5), we get

jeÿKðpÞðtÿtÞ ÿ eÿojpj dðtÿtÞjUCeÿyjpj dðtÿtÞjpjðdþsÞdr=sðtÿ tÞdr=s; jpjU 1;

and therefore we obtain the following estimate for the first integral in RðtÞ

jJ1jU
C

tbþr

ð1

0

dz

zað1ÿ zÞrþ1=d

ðþy

0

yðdþsÞdr=seÿy d

dy ¼ OðtÿbÿrÞ; ð3:15Þ

where 0 < r < 1ÿ 1=d.

In view of (1.1), (1.7) we have for 0 < r < n=d

jJ2jUC

ð t

0

dt

ta

ð

jpjU1

eÿyjpj dðtÿtÞjpjn dp

UC

ð t

0

dt

taðtÿ tÞð1þnÞ=d

ðþy

0

yneÿy d

dy ¼ OðtÿbÿrÞ; ð3:16Þ

and

jJ3jUC

ð t

0

dt

ð1þ tÞaþh

ð

jpjU1

eÿyjpj dðtÿtÞ dp

UC

ð t

0

dt

ðtÿ tÞ1=dð1þ tÞaþh
¼ OðtÿbÿrÞ; ð3:17Þ

where 0 < r < h.
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Using (1.1) and (1.6), we get for r > 0

jJ4jUC

ð t

0

dt

ð

jpjV1

eÿyðtÿtÞj f̂f j dp

UC

ð

jpjV1

dp

jpj1þg
eÿyt=2

ð t=2

0

k f̂f k1=2þg dtþ

ð t

t=2

eÿyðtÿtÞk f̂f k1=2þg dt

 !

UC eÿyt=2

ð t=2

0

dt

ta
þ

1

ta

ð t

t=2

eÿyðtÿtÞ dt

 !

¼ OðtÿbÿrÞ: ð3:18Þ

From (3.15)–(3.18) follows (3.14) and from (3.12)–(3.14) we have

I3 ¼
ÿiY

po1=d

1

tb

ð 1

0

dz

zað1ÿ zÞ1=d

ðþy

0

cos y
x

ðotÞ1=dð1ÿ zÞ1=d

 !

eÿy d

dyþOðtÿbÿrÞ: ð3:19Þ

Substitution of (3.2), (3.10) and (3.19) in (3.1) yields the asymptotics (1.8). This

completes the proof. r

Proof of Theorem 3. In this case each of the integrals in (3.1) forms the main term

of asymptotics. Consider the first integral I1. Making the change of variables ojpjdt ¼

yd and using (1.1) and (1.3) we have

I1 ¼
1

2p

ð

R1

e ipxeÿojpj dtûuð0Þ dpþ R1ðtÞ

¼
ûuð0Þ

po1=dt1=d

ðþy

0

cos y
x

ðotÞ1=d

 !

eÿy d

dyþ
1

2p
R1ðtÞ; ð3:20Þ

where

R1ðtÞ ¼

ð

jpjU1

e ipxûuð0ÞðeÿKðpÞt ÿ eÿojpj dtÞ dp

þ

ð

jpjU1

e ipxeÿKðpÞtðûuðpÞ ÿ ûuð0ÞÞ dp

þ

ð

jpjV1

e ipxeÿKðpÞtûuðpÞ dp ¼ S3
i¼1Ji ¼ Oðtÿ1=dÿrÞ: ð3:21Þ

Indeed, by the analogy of (3.15), making the change of variables as in (3.20), we get for

r > 0

jJ1jUC

ð

jpjU1

eÿyjpj dtjpjðdþsÞr d=s
trd=s dpU

C

t1=dþr

ðþy

0

eÿy d

yðdþsÞrd=s dy ¼ Oðtÿ1=dÿrÞ:

By virtue of (1.11) we have for small n > 0

jûuðpÞ ÿ ûuð0ÞjUC

ð p

0

jqrûuðrÞj
jrj1=2ÿn

jrj1=2ÿn
drUC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð p

0

dr

jrj1ÿ2n

s

kqpûukH 0; 1=2þgUCjpjn:
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Hence, using (1.1), we get

jJ2jUC
1

t1=dþr

ðþy

0

eÿy d

yn dy ¼ Oðtÿ1=dÿrÞ;

where 0 < r < n=d.

In view of (1.3) and (1.1) we easily obtain

jJ3j < CeÿytkûukX ¼ Oðtÿ1=dÿrÞ:

To estimate the second and the third integrals in (3.1) we obtain a number of

preliminary estimates. Denote hðp; tÞ ¼ wðp; tÞ ÿ f̂f ðp; tÞ.

By virtue of Lemma 1 and (1.10), we have

khðtÞkXUCðkwðtÞkX þ k f̂f ðtÞkX ÞU
C

ð1þ tÞa3
; a3 ¼ min a;

2

d
ÿ g

� �

: ð3:22Þ

Now we prove for all jpj < 1

jhðp; tÞ ÿ hð0; tÞjUC
jpjnð1þ tÞn=d

ð1þ tÞa3
; n > 0: ð3:23Þ

For this purpose we need the following inequality

kqpûuk1=2ÿn;1=2þg < Cð1þ tÞn=d; ð3:25Þ

for small n > 0. Indeed in view of (1.9)–(1.11), Lemma 1 and Gronwall’s inequality

from (NNS) we get

kqpûuk1=2ÿn;1=2þgUC

 

kqpûuk1=2ÿn;1=2þg þ

ð t

0

ðkqp f̂f k1=2ÿn;1=2þg þ kûukdÿ1=2ÿn;1=2þgÞ dt

þ

ð t

0

kqpûuk1=2ÿn;1=2þgðkûuk1=2ÿn þ kûuk1=2þgÞ
2
dt

!

UCð1þ tÞn=d þ

ð t

0

kqpûuk1=2ÿn;1=2þg

ð1þ tÞ2=dÿ2n=d
dtUCð1þ tÞn=d:

Then using (1.10), Lemma1 we get for all jpj < 1:

jhðp; tÞ ÿ hð0; tÞjUC

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð p

0

dr

jrj1ÿ2n

s

kqp f̂f k1=2ÿn;1=2þg

þ sup
q AR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð pÿq

ÿq

dr

jrj1ÿ2n

s

kqpûuk1=2ÿn;1=2þgkûuk
2
1=2ÿn;1=2þg

!

UCjpjnð1þ tÞn=dÿa3 ;

for all jpj < 1. Thus, the estimate (3.23) is proved.

Using (3.22) and (3.23) we can obtain the asymptotics of integrals I2 and I3 in (3.1).
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We have

I2 þ I3 ¼
1

2p

ð

R

e ipx dp

ð t

0

eÿKðpÞðtÿtÞhðp; tÞ dt

¼
1

2p

ð

jpjU1

e ipx dp

ð t=2

0

eÿojpj dthð0; tÞ dtþ
1

2p
R2ðtÞ

¼
1

po1=dt1=d

ðþy

0

hð0; tÞ dt

ðþy

0

eÿy d

cos y
x

ðotÞ1=d

 !

dy

þ
1

2p
R2ðtÞ þOðtÿ1=dÿrÞ; ð3:26Þ

where

R2ðtÞ ¼

ð t=2

0

hð0; tÞ dt

ð

jpjU1

e ipxðeÿKð pÞðtÿtÞ ÿ eÿojpj dtÞ dp

þ

ð t=2

0

dt

ð

jpjU1

e ipxeÿKðpÞðtÿtÞðhðp; tÞ ÿ hð0; tÞÞ dp

þ

ð t

t=2

dt

ð

jpjU1

e ipxeÿKð pÞðtÿtÞhðp; tÞ dp

þ

ð t

0

dt

ð

jpjV1

e ipxeÿKðpÞðtÿtÞhðp; tÞ dp ¼ S4
i¼1Ji: ð3:27Þ

Now we prove

R2ðtÞ ¼ Oðtÿ1=dÿrÞ: ð3:28Þ

Since a3 > 1; a3 > 1=d, in view of (3.22), by the analogy of estimate (3.15), we get

jJ1jUC

ð t=2

0

hð0; tÞ dt

ð

pU1

ðjeÿKðpÞðtÿtÞ ÿ eÿojpj dðtÿtÞj þ jeÿojpj dðtÿtÞ ÿ eÿojpj dtjÞ dp

UC

ð t=2

0

hð0; tÞ dt

ð

jpjU1

eÿCjpj dðtÿtÞðjpjðdþsÞdr=sðtÿ tÞdr=s þ jpjrtr=dÞ dp

U
C

t1=dþr

ð t=2

0

dt

ð1þ tÞa3
¼ Oðtÿ1=dÿrÞ

where 0 < r < ða1 ÿ 1Þd.

Using (1.1), (3.23), we obtain

jJ2jUC

ð

jpjU1

dp

ð t=2

0

eÿReKðpÞðtÿtÞjhðp; tÞ ÿ hð0; tÞj dt

UC

ð t=2

0

tn=d

ð1þ tÞa3ðtÿ tÞð1þnÞ=d
dt ¼ Oðtÿ1=dÿrÞ;
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for 0 < r < minðn=d; a3 ÿ 1ÿ n=dÞ. By virtue of (3.22) the following estimates for J3
and J4 are valid.

jJ3jUC

ð t

t=2

khðtÞkLy

dt

ðtÿ tÞ1=d

ðþy

0

eÿy d

dy

UC

ð t

t=2

dt

ðtÿ tÞ1=dð1þ tÞa3
¼ Oðtÿ1=dÿrÞ

and

jJ4jUC

ð t

0

khðtÞk1=2þge
ÿyðtÿtÞ

UC

ð t

0

eÿyðtÿtÞ

ð1þ tÞa3
dt ¼ Oðtÿ1=dÿrÞ;

where 0 < r < minða3 ÿ 1=d; a3 ÿ 1Þ. Thus, the estimate (3.28) is proved. Substituting

(3.20), (3.26) and (3.28) in (3.1), we have the asymptotics (1.12). This completes the

proof. r

Proof of Theorem 4. It is su‰cient to estimate I2 in (3.1). By applying Lemma 2

we have, for Te > 0

kwðtÞkLyUCkûukLykûuk
2
1=2ÿg;1=2þgU

C

ð1þ tÿ TeÞ
2aÿg

; t > Te; ð3:29Þ

kŵwðtÞkLyUCkûukLykûuk
2
XU

C

m
1ÿg
t

; t > 0: ð3:30Þ

Then by the analogy of (3.4), using (3.29) and (3.30), we get for the second integral in

(3.1)

jI2jUC

ð t

0

dt

ð

R

eÿKðpÞðtÿtÞwðp; tÞ dp

UC

ð

jpjU1

dp

ðTe

0

dtþ

ð t

Te

dt

� �

kwkLye
ÿyjpj dðtÿtÞ

 !

þ

ð

jpjV1

dp

ðTe

0

dtþ

ð t

Te

dt

� �

eÿyjpj bðtÿtÞkwkLyÞ

UC

ðþy

0

eÿy d

dyþ

ð

jpjV1

dp

jpjb=d

 !

CTe

ðtÿ TeÞ
1=d

þ

ð t=2

Te

dt

ð1þ tÿ TeÞ
2aÿgðtÿ tÞ1=d

 !

þ

ð t

t=2

dt

ð1þ tÿ TeÞ
2aÿgðtÿ tÞ1ÿm

ð

jpjU1

dp

jpjdð1ÿmÞ
þ

ð

jpjV1

dp

jpjbð1ÿmÞ

 !

¼ OðtÿaÿrÞ ð3:31Þ

where 0 < r < minð1=dÿ a; aÞ.

In the same way as the proof of Theorem 1, using the norm L2 instead of k � k1=2þg

and condition (1.13) of strong dissipativity, we get estimates (3.2) and (3.5). This

completes the proof. r

I. A. Shishmarev, M. Tsutsumi and E. I. Kaikina480



Proof of Theorem 5. To estimate I2 in (3.1) requires a number of preliminary

estimates. From Lemma 2 we have

kŵwkLyU
C

m
1ÿg
t

; t > 0 ð3:32Þ

and for small enough e > 0

kŵwkLyU
e

ð1þ tÞ1=dÿg
; t > Te; ð3:33Þ

since a > 1=d. From (2.20) we get

ðþy

0

dt

ð

R

md
pM

b
p jûuj

2
dpUC: ð3:34Þ

Now we prove that for 0 < g 0 < 1

kûukkU
C

m
1ÿg 0

t

; t > 0; k A 0; b ÿ
1

2
þ g

� �

: ð3:35Þ

Indeed, since for kV 0

kwkkUCkûukk

ð

R

md
pM

b
p jûuj

2
dp;

by applying Gronwall’s inequality and (1.15), (1.17) and (3.34), we get

kûukkUC keÿKðpÞtûukk þ

ð t

0

keÿKðpÞðtÿtÞ f̂f kk dtþ

ð t

0

kûukk

ð

R

md
pM

b
p jûuj

2
dp dt

� �

U
C

t1ÿg 0
þ

ð t

0

kûukk

ð

R

md
pM

b
p jûuj

2
dp dtU

C

m
1ÿg 0

t

:

For k A ½0; 1=2ÿ gÞ we can prove

kûukÿkUC: ð3:36Þ

Indeed, since as in (2.9) we have

kwkLyUCkûukLykûuk
2
1=2ÿg;1=2þgUCkûukLy

ð

R

md
pM

b
p jûuj

2
dp: ð3:37Þ

Using (3.32), (3.33), (3.37) we obtain

kûukÿkU kûueÿKðpÞtkÿk þ

ð t

0

k f̂f eÿKðpÞðtÿtÞkÿk dt

þ

ð t

0

kwðtÞkLy dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð

jpjU1

þ

ð

jpjV1

 !

eÿ2KðpÞðtÿtÞ
dp

jpj2k

v

u

u

t

UC þ C

ð t

0

dt

ð

R

md
pM

b
p jûuj

2
dpþ

ð t

0

kûuk21=2ÿg;1=2þg

ðtÿ tÞ1ÿg
dtUC:

Nonlinear nonlocal Shrödinger equations 481



Applying (3.35) and (3.36), we can prove the following estimate for small n > 0:

kqpûuk1=2ÿn;1=2þgUCMt; t > 0: ð3:38Þ

Indeed, as in proof of Theorem 3 by virtue of (1.14), (3.35), (3.36), applying

Gronwall’s inequality, we obtain

kqpûuk1=2ÿn;1=2þgU kûuk1=2ÿg;1=2þg þ

ð t

0

ðkqp f̂f k1=2ÿn;1=2þg þ kûukdÿ1=2ÿn þ kûukbÿ1=2þgÞ dt

þ

ð t

0

kûuk21=2ÿn;1=2þgkqpûuk1=2ÿn;1=2þg dt

UCMt exp

ð t

0

dt

ð

R

md
pM

b
p jûuj

2
dp

� �

:

Then, since

jwðp; tÞ ÿ wð0; tÞjUC sup
q AR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð pÿq

ÿq

dr

jrj1ÿ2n

s

kqpûuk1=2ÿn;1=2þgkûuk
2
1=2ÿg;1=2þg;

using Lemma 2 and (3.37), we get for t > 0

jwðp; tÞ ÿ wð0; tÞjUC
jpjn

M
2=dÿ1ÿg
t m

1ÿg 0

t

:

From this estimate and (3.32), (3.33), as in Theorem 3 we obtain the asymptotics (1.12).

This completes the proof. r
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