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1. Introduction.

Let R be a complete discrete valuation ring, which is fixed once for all as our base
ring. Let K denote the quotient field of R. As for basic terminology such as R-lattice,
R-order etc., we mostly follow that of [CR]. Let 4 be an R-order in a K-algebra 4 :=
KA ~ K®rA, and let Ind 4 denote the set of isomorphism classes of indecomposable
left A-lattices. For an overorder I of A in A, we may naturally consider IndI" as
a subset of IndA4. A subset & of Ind 4 will be called a rejectable subset if there is
an overorder I such that ¥ =IndA4 —IndI". The map I'+— (Ind 4 — Ind I') defines a
bijection from the set of all overorders of A onto the set of all rejectable subsets of Ind 4.
Indeed, the inverse map is given by &+ A(¥). Here, for any subset & of Ind A, A(F)
is defined as the intersection emasy O(L) of the left multiplier O)(L):=
{xed|xL < L}.

For any subset &, 4(#) is an R-subalgebra of A containing 4, but is not necessarily
an R-order of A. A subset & will be called cofaithful if A(¥) is an R-order of A. In
particular, a rejectable subset % is always cofaithful. A subset & will be called trivial if
A(¥) =A. While a subset & will be called bounded if the rational length /(L) :=
length ;(K ®g L) is bounded on . When & is a singleton set, there is known a crite-
rion (= determinable necessary and sufficient condition) for & to be rejectable, i.e. Re-
jection Lemma of Drozd-Kirichenko [DK].

1.1 D-K Rejection Lemma & = {P} is rejectable if and only if P is bijective
(= projective and injective) and P # rad P.

1.1.1 Utility of D-K Rejection Lemma was well exhibited in [DK] where it was
applied for Bass orders, and more generally quasi-Bass orders in semi-simple K-algebras.
Further, in [HN-1], it was applied for Bass orders in non-semi-simple K-algebras.

1.1.2 Hijikata [H] studied also almost Bass orders, which is defined as a Gorenstein
order A4 such that O;(rad 4) is also Gorenstein. He has shown that very precise results
for almost Bass orders (including classification) can be derived by D-K Rejection
Lemma, and suggested a possibility to extend Rejection Lemma for & with more than
two points. Notably, the result of [HN-2] shows that, excepting for a small number of
them (counted in representation type), each local order A of finite representation type has
a minimal rejectable subset & consisting of four points of a definite shape, whose 4(%)
is the unique minimal local overorder of 4, and this is the reason, in a sense, why the 4
can be of finite representation type.
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1.2. Our Results. In this paper we assume that the ambient K-algebra A is semi-
simple. For main results, we moreover have to assume that & is bounded.

In 4.6, we give a criterion for & to be cofaithful, in particular a bounded rejectable
subset ¥ is necessarily finite.

In 5.3, we give a criterion for & to be trivial.

In 5.5, assuming & to be finite rejectable, we give an algorithm to describe the
Auslander-Reiten quiver A(A4(F)) of A(¥) from W(A).

In principle, the above three Theorems together give a criterion for bounded & to be
rejectable (= Rejection Lemma). Because, for any non-trivial &, any minimal non-
trivial cofaithful subset &’ of & is rejectable, which is determined by 4.6 and 5.3. Then,
by 5.5, the problem for A is reduced to that of the overorder A(¥”).

1.2.1. A remarkable fact is that the criterion for & to be rejectable depends, as in
the case of D-K Rejection Lemma, only on the structure of &, but not on the structure
of the whole U(A4). To be precise, the information we need is the following.

(1) Structure of & as valued translation quiver.

(2) Preassignment of the subset ., (resp. %) consisting of projective (resp. injective)

vertices in U(A) contained in &.

1.2.2. One of the basic problems is to determine all minimal finite rejectable sub-
sets, which has an intimate connection with the classification of (the sequence of) orders
of finite representation type. We shall describe, in the next 1.3, some of the results to-
ward the above problem, obtained as an application of §5, supplemented by some addi-
tional considerations such as an analogy of Bautista-Brenner Theorem [BB] for rejectable
subsets.

1.3. Exampres. If & is minimal finite rejectable, then each of &, and ¥ is a
singleton set (5.3.2), so that we write as %, = {P}, < = {I}. In the diagrams below,
unspecified arrow — has the valuation (1,1).

1.3.1. Assume that & has at most four points, #.% < 4. If & is minimal reject-
able, then it should have one of the following forms.

[ ]
M P=1I
O
{ab)
® > @ >-
( b) (a’b):(la1)7(1a2) or (2’1)
° 02" , o
(3'0’) P I
(a,b) (b,a)

\
[ J
\

) 8 > ~¢ P=xl, (ab)=(1,2),(21),(1,3)or(3.1)
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(a.b)
® ->- 0 > 0 >0
- (a,b) N
(4_01) }.) g > ® 7[. } (a’b):(l,l),(l,Z) or (2,1)
(a,b)
® > 0 - @ —- @
(4-0") P I /
(a,b) (ba)
_ ® -»>- @ > ® —- @
@1  p X ! x= }
(a,b) = (1,2) or (2,1)
(ad) (ba) P=1Y
) ° ey} >0 —- 9
(4-1) P Y 1
(4-2) X
e
I P=1,X=1X
(] —- @ - @
P I
2%x2) 6—uvw0l
P=1l

L i d
P

The occurence of the above minimal rejectable subsets will be discussed in elsewhere.
Here we only remark that the last one (2 x 2) appeared in the sequence of local orders of
finite representation type.

1.3.2. For any n > 1, m > 1, the following square (with » x m vertices) is minimal
rejectable.

-1
177
-1

where diagonal arrows indicate 7.



700 0. Iyama

There is an infinite sequence of orders of finite representation type A4y > A, o ---
such that % = Ind 4; — Ind 4, has the above form for any i for one fixed (n,m).

1.4. Our Method. We shall use, so to speak, a kind of deformation of a complex of
A-lattices by means of an almost split sequence. Suppose that the n-th term 4, of a
complex 4 = (A;,a;) has the form 4, = A ® T with T e Ind 4 and a,|7r € rad(T, Ap+1).
Let 6 T denote the target of the source map (= minimal left almost split morphism)
from T,T — 0°T.

We construct a new complex 4’ = (A4],a}) of which n-th term is 4, =A@ 0T, to-
gether with a chain homomorphism f : 4 — A’ with some appropriate properties which
are described in 3.2. Intuitively said, we can replace T by 6~ T, and we call the process
as rejection, rejecting 7 from A,. The whole idea is to reach a desirable result by a
successive rejection, and is extremely simple. However, to keep track of the effect of re-
jections numerically, we had better work in the Z-module Z(Ind A4) rather than in the
category of A-lattices. Moreover, to cope with apparent obstacles caused by the lack of
quotient in the lattice category, we shall prepare some remarks on rationally exactness
(2.2). These make up a rather lengthy preliminary §2.

The method seems to have a variety of applications other than the ones given in this

paper.

1.5. Artin algebras. The methods and proofs of this paper apply for an artin
algebra 4. One should of course replace the overorder I" by the quotient algebra 4/a.
At each step, the proof is the same or simpler in this case. It is simpler because con-
siderations for cofaithfulness and rationally exactness are totally unnecessary in artinian
case.

2. Preliminaries.

Let R, K, A, A be as in §1 and = the prime of R. Recall that we have assumed that
A is semi-simple throughout in this paper. Besides Ind 4 in §1, we fix the following
notation:

lat A := the set of isomorphism classes of left A-lattices.
proj A := the subset of Ind A consisting of projective lattices.

inj A := the subset of Ind 4 consisting of injective lattices.

While, by abuse of notation ‘X € lat A’ is often used to mean ‘X is a left A-lattice’,

for example.
We adopt the convention that morphisms will be written on the right side of the
object on which they operate.

2.0.1. We want to use the notation in which the dual statement is visible by the
original one. The source map from L € Ind A is written as L — 6~ L, the sink map to L
is written as 7L — L. The Auslander (resp. inverse Auslander) translate of L is written
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as "L (resp. t"L). We put 7L (resp.t*L):=0 if L is injective (resp. projec-
tive). Thus, for example, if L ¢ inj 4, the almost split sequence from L is written as
0-L—-6L—-1L~-0.

2.0.2. Z(Ind A). The set lat A4 is a monoid by the direct sum @ . We had better
work in the group of fractions of the monoid lat 4. By Krull-Schmidt Theorem we can
identify the group of fractions with the free Z-module Z(Ind 4) generated by the base set
Ind 4.

On Z(Ind A), we introduce the inner product {,) taking Ind A as an orthonormal
base, then identify lat 4 with the submonoid N(Ind 4) as

latdsX= @ L¥P= 3" (X,L)LeN(Ind4) < Z(Ind 4),
Lelnd 4 Lelnd 4

where N denotes the submonoid {0,1,2,...} of Z.

Any map £ from Ind 4 to (a subset of) an abelian group C can be uniquely extended
to a Z-morphism Z(Ind 4) — C, which we denote by the same letter £. In particular
0 :IndA — lat A — Z(Ind A) defines §~ € Endz(Z(Ind A4)). Using similar reading of
77, 0%, and 7*, we put

$=1-0+1 XX -60X+1X),
gt =1-0" 4+t XX -60"X+17X).

These endomorphisms of Z(Ind A) will play fundamental roles.

Any monoid homomorphism A:lat4 — C to an abelian group C uniquely de-
termines a Z-morphism 1 : Z(Ind 1) — C. Among such 4’s, the following will be used
in this paper.

(~) :lat4A »modAd (XX :=K®zX).
For an irreducible central idempotent ¢ (i.e. Ae is simple) of A,
¢:lat A4 — lat(4e) (X eX).
For an overorder I” of A,
():latd - latI’ (XX :=TIX),
():latd - latl” (XX :={xeX|I'x = X}).

Note that X ~ Hom,(I", X) is the maximum I'- sublattice of X, while X is the mini-
mum I -overlattice of X in X. _

The rational length / : Z(Ind A) — Z is the composite of () and the length ;.

We shall also introduce an ordering in Z(Ind A) by

X <Y & X,L)<(Y,L)forany L € Ind 4.
Thus, if X, Y elat4, then X < Y & X|Y ie. X is (isomorphic to) a summand of Y.

203. Z&. Let & be a non-empty subset of Ind 4. The inclusion & < Ind 4 in-
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duces a Z-monomorphism iy : Z¥ — Z(Ind 4), by which we often identify as Z¥ <
Z(Ind A). Then Z(Ind 4 — &) is the orthogonal complement of Z% with respect to the
inner product ( , . Let py: Z(Ind A) - Z& denote the orthogonal projection.

For any ¢ € Endz(Z(Ind A)), put éo := pyoloiy € Endz(Z%). In particular, the
maps ¢, 04, 15 will play fundamental roles.

2.04. A(A). The Auslander-Reiten quiver W(A4) of A is, by definition, a valued
translation quiver with the vertex set Ind 4; the valued arrow L M M with app =

(L, 0" M),dy,, = <0~ L, M) (provided arpy # 0); the translation 7 :=t* ie. 7L :=ttL
(provided L ¢ projA). Moreover, A(A) has the subadditive function I/, the rational
length. Whenever we regard & as a subset of the vertex set of W(A), we consider & to
be a full subquiver of A(A).

Note that the endomorphism ¢, can be read from the full subquiver structure of ¥ in

A(A).

2.1. Complex. Let A = (4;,a;) denote a complex of A-lattices

a- a
A: o > A =5 4 — Ay — .

Since we write the action of A-morphism from right, the condition for 4 to make a
complex is given by a;_ja; =0 for any /. There is associated the group of homology
H'(A) := kera;/ima;_;. We also use an invariant yx;(4) := 4; — A;+1 € Z(Ind A).

The direct sum 4 @ B of the two complexes 4 and B = (B;,b;) is defined as

0
A®B:= (A; @ By, (f(l)l b )) We obviously have y;(4 @ B) = y;(A4) + x;(B).

I

Although we formulate the result in §3 for infinite complexes since it is a little
smoother in this way, main results of this paper will be concerned only for finite

complexes.
When we want to look a finite complex, say 0 > X — Y — Z — 0 as an infinite

complex A4 placing, say Y at n-th term we write as

n
A:0 X — Y —Z—0,

where we understand that all the other term 4; (! #n—1,n,n+1) is 0.
In particular, for L € Ind 4, we define as

I(£):0——+£—1—>L—>O
¢_(£) :0—>£ 256 L 51 L—0
¢+(£) :0 — 1L — 'L ——>£ —0.
For T elat A, writing as T = X'L; (L; € Ind 4), we define as

i

I(]L:) =@ I(l!,li), ¢_(]Ki) = C—B ¢“(£,~), cD*(]L:) = @ cD*(IV:-).
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They are uniquely determined by 7 up to isomorphism of complexes.

As usual, we call that a complex 4 = (4;,q;) is exact at n-th term (or at A4,) if
H"(A) =0, we call that 4 is exact if it is exact at every term. While we call that 4 is
rationally exact at n-th term (or at A4,) if H"(A) is an R-torsion module.

n

2.1.1. Q’l &~ (T) is rationally exact at (n+ 1)-th term 6~ T, exact at every other
term. @*(T) is rationally exact at n-th term 7, exact at every other term.

(2) If T has no injective (resp. projective) summands, then &~ (T) resp. <15+(T ) i
exact.

2.1.2. For a given complex A = (A;,a;) of A-lattices, by tensoring K ®pz, there
arises a complex A= (4, aj) of A-modules. Similarly for an overorder I', there arises a
complex A= (Al, ay) with A :=TA;, and g : A1 — A1+1 is the unique extension of g;. Ob-
viously, we have chain homomorphism 4 — 4 — A induced from natural inclusions, and

(1) If A is rationally exact at A,, then A is rationally exact at 4,.

(2) If A is rationally exact at A4,, then A is exact at 4,. (This is the reason why we
used ‘rationally’.)

2.2, Rationally exactness. LetA4:0— X ER Y4 Z0bea complex of A-lattices,
which is rationally exact at Y and exact at Z.

(1) Let h: Y — W be a A-morphism such that fh =0. Then there is a unique A-
morphism h : Z — W such that h = gh.

(2) Leti:T — Y be a split monomorphism, and let o.: Y — Y be a A-morphism.
Ifigerad(T,Z) and f = fa, then io: T — Y is a split monomorphism.

(3) Let B:0—> X N Y’ EA Z' — 0 be a complex of A-lattices, which is rationally
exact at Y' and exact at Z'. Let p: Y —Y' 6:Y' — Y be A-morphisms such that
fp=f", fla=f. Thenthereare A-morphismsp:Z — Z',G: Z' — Z such that gp = pg',
gad=o0g. Ifope Aut(Y’), then Gp € Aut(Z') and ker p ~ ker p.

(4) If fis a split monomorphism, then A is a split exact sequence.

(5) If A is exact at X and ¢ is a central idempotent of A, then (X — Y + Z) =
le(X-Y+2Z)=0.

Proor. (1) We shall show that kerg = kerh. Pick any y e kerg. Rationally
exactness at Y means that y = n~/(xf) by some x € X, so that yh = n~'(xfh) =

(2) By assumption, f(« — 1) =0. By (1), there is y: Z — Y such that « — 1 = gy.
Hence, ia —i =igyerad(7T,Y), so that in=i+igyei+rad(T,Y) is a split mono-
morphism.

(3) The first assertion is obvious from (1).

We assume op € Aut(Y’). Put u:= (op)”', then (1) shows that there is jz such that
gi=ug. Since g'iap = ug'ép = uopg = ¢’ and ¢’'Gpji = ¢, the second assertion follows.

We shall show that g|ier, induces kerp ~ kerp. Obviously (kerp)g < kerp. If
y e ker(glkerp), then we can put y=n"(xf). By y=n"'xf =n"'xf'c =n'xfps =
ypo =0, g|ier, is @ monomorphism. On the other hand, for all z € ker 5, exactness of 4
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at Z shows that we can put z=yg. Then we have (y — ypuo)p =yp—yp=0 and
(v — ypuo)g = z — ygpjié = z — zpjic = z. Hence g|ker, is an epimorphism.

(4) We shall show that kerg < imf. Pick any y e kerg. There is some xe€ X
with y = 77%(xf). Applying a retraction 6: ¥ — X, fo =1, we get X 3 yo = n"'x, ie.
yeimf.

(5) Obviously 4:0 > X — ¥ —Z — 0 is a split exact sequence of A-modules.
Hence X - Y+Z=0and (X - Y+ Z) =0. u

2.3. Let A = (4;,a4;) be a complex of A-lattices. If 4, has a summand T e lat4
(T < A4,) such that nthe restriction a,|7 is a split monomorphism. Then 4 decom-

poses as A = B@ I(T) up to isomorphism of complexes.

Although it is obvious, we give one explicit split exact sequence which helps to prove
our main lemma 3.2. x B
Write as An =: Bn 6") T, An+1 =: Dpy1 @ T, a, =: (y 5

morphism) etc.. Putting B;:=A4; (Il #n,n+1), nthe following commutative diagram

) 0:T — T is an auto-

gives the split exact sequence of complexes 0 — I(T) — A — B — 0.

I(T) f—s 0 — T —1> T _ 0 —
(o1 (o)
+ <+ (ag) l (bn-H)
(bn-1€n-1) v Cn+1
A: — Ay B,®T B,..&®T Appy —
! (6) )
h d 0 _a_ly ~
_ps—1
B: — By LN B, N 1 b | iy ———
Here, a retraction is given as follows.
4 1
I(T): 0 » T — T _ 0 —
) (s
TO R v/ (56) I ) (t) TO
4 n+
4d: — 4, ) T Ba @T ~22, Ay ——

2.4. Cofaithfulness. For a subset & of Ind A, the following conditions are mutually
equivalent.

(0) & is cofaithful (i.e. A(S) is an order in A).

(1) Py crmasy L is a faithful A-module.

(2) D, rasy L is a faithful A-module.
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(3) For any irreducible central idempotent ¢ of A (i.e. Ae is simple), there is some
LelInd A — & such that eL # 0.

(4) For any X,Y elat A, there is a A-lattice Z without summands in & such that
Hom,(X,Y) =2 Hom,(X,Z)Hom,(Z,Y) 2 n* Hom,(X, Y) by some a > 0.

(5) There is a faithful A-lattice Z without summands in <.

(6) There is a A-lattice W without summands in & and there is an exact sequence of
A-lattices 0 —» A(F) > W — Y — 0.

Proor. (1) & (2) = (3) = (4): Obvious since A is semi-simple.

(4) = (5): Take X = Y = 4 in (4), then Z must be A-faithful.

(5)= (6): Oi(Z) is an order in A such that O)(Z) 2 A(¥)=2A4. Hence
0/(Z)/A(¥) is artinian, we can take X =Z@O L @ --- ® L, (L,eInd4 — &) such
that 0;(X) = A(¥).

Put £:=Ends X. Then X is a finitely presented E-module, E” — E" — X — 0.
Taking Homg(, X), we get

0 —» Homg (X, X) — Homg(E", X) - Homg(E™, X).

Because X is A-faithful, Homg(X, X) = A(¥) and Homg(E", X) = X". We may
take as W := X" Y := im(X" — X™).

(6) = (0): A(Y¥)— W means that 4(¥) is an R-lattice, hence an order.

(0) = (2): Suppose (2) does not hold so that (), ., & AnnL #0, then
A(&) 2 N} cinas_e AnnL is not an order. n

24.1. Let & be a non-cofaithful subset of Ind 4. Then there is an irreducible
central idempotent ¢ of A such that

& 2Ind; 4 :={Lelnd A |eL # 0}.

& contains at least one projective, at least one injective and at least one irreducible
A-lattice.

Proor. The first assertion is (3) 2.4. The second assertion is an obvious con-
sequence of the first. [ ]

2.4.2. Let & be a subset of Ind4 and &, := L Nproj4, % := FNinjA4. Suppose
FH=0or % =0. Then 4 =A(¥), ie. & is trivial.

3. Deformation of complexes.

Let A = (A;,a;) be a complex of A-lattices and T a non-zero A-lattice. Assume
that, up to the end of 3.2, there is a split monomorphism i: T — A, satisfying the
following property:

(0) ia, e rad(T, Aut1),
where rad(T', A,41) is defined by the same way as [R] 2.5.
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n
3.1. There is a chain homomorphism u : &~ (T) — A given by the following com-

mutative diagram.

n
¢_(T): > 0 > T d ,0_T——ﬂ—-—>‘L'_T—————> 0O ——
| [ O S
A: s An ) — s Ay Ay — Ay — s Ay ———

Proor. Since v: T — 6 T is a (direct sum of) source map, by the assumption (0),
there is p. By 2.1.1, we can apply (1) 2.2 and conclude that p induces o. ]

3.2. Main Lemma. Identifying imi with T, we write as A, = A® T. Define
fi:di— A, a:Aj > Aj as Ai=A) (I#nn+ 1), qg=a) (I #n—Lnn+1), fi=1
(I # n, n+ 1) and the remaining ones as in the diagram below.

vp
A:— 4 22, 4oT A1 “ s A

ool [ .

M, a6 T A ® 1T s Apss

Y
p

A’ — An-—l

Then we have the following.

(r0) A’ := (4], a)) is a complex of A-lattices and f : A — A is a chain homomorphism.
(r]) xu(4") =4, - Appy =An—An1 — ¢ T=x,(4) - ¢"T.

(r2) If X elatAd and {X,T) =0, then a,_ Hom4(A4,,X) = a,_; Hom4(4,, X).

(r3) There are exact sequences of homology:

0 — H"(A) — H*(4') — keru/imv — H"*1(4) — H"'(4') — 0
0— H'(4) > H'(4) -0 (I#nn+1)

DerINITION.  Thus obtained 4’ (to be precise the chain morphism f: 4 — A4’) will
be called the complex obtained from A by rejecting T from A,, and will be denoted as

~Nox

A =A-

ProoF. (r0) Immediate from the diagram.

(x1) A, — A, =(A+0T)—(Ap1+7 T)=Ar— A1 — ¢ T.

(r2) Since a, ; = an_1fy, a,_yHomy(4,,X) < a,_1 Hom,(A4,,X). We shall show
the opposite inclusion. For a given A : 4, — X, according to the decomposition 4, =
A@®T, write as h = (é) Then, since <X, T) =0, nerad(7T,X) so that there is

n
(:0"T — X such that » = v{. The claim follows from the commutative diagram below.
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A = Ap 2 L, A@T =4,
RPGIGE

A =A®OT b

(r3) We will prove this assertion in the following paragraphs. B

3.2.1. In general, let u: B — A4 be a chain morphism of complexes of A-lattices.
Then arises a commutative diagram.

ap— a,
_— A4, = A4 — A s

a; 0
U —bin

(10) (10)

(a1_1 0) (10)
u; —b1

— A1 ® B A;® By A1 @ By
0 0 0
1) 1) [
B] —b; BI+1 —bi BI+2
In other words we have new complexes B_ :=(Bi1,—b), C:=

0
(AI @ Bj41, ( “ )) and a short exact sequence of complexes
U1 — by
0
()

1, c . B_ 0

0 A

which induces a long exact sequence of homology,

H'(A) H'(C) H'(B_) = H*Y(B) ——— H"'(4)
n
3.2.2. Weapply 3.2.1 tou: &= (T) — A, and write down the map 4 19, C around
| = n, according to the decomposition 4, = A D T.
y
()

Ai——dys 2 4, 2P s L 4n S Ann
l(lo) ll lum l(‘ 0 °) 1(10) ln
010 y 0
af 0 vp 0 ) nt1
01 —v p —U c

C—— s 20 4y OT—ABTO®OIT — 4y @1 T — Apyr——s

Here we have C,—1 = 4,1 ® T and ¢,—1|r =(0 1 —v) is a split monomorphism.
y—

By 2.3, we have a split exact sequence 0 — I( T' ) —» C NN}

As is easily seen, the composite (10)p : 4 — A’ coincides with f : 4 — 4’ of 3.2.
1

n
Since H'(C) = H (A @ H'(I( T )) = H'(4'), we get (r3) from the long exact se-
quence in 3.2.1. |
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3.2.3. Remark. It is not hard to see that the chain map f: 4 — A4’ (in 3.2, con-
structed from i: T — A,) has the following properties and is characterized uniquely up
to isomorphism in the category of complexes of A-lattices by the properties

(1) ifp erad(T,4,).

(2) If g: A — B satisfies ig, € rad(T, B,), then there is 4 : A" — B such that g = fh.

(3) fis left minimal. n

In other words, f: 4 — A" = A— T is a sort of substitute for ‘source map’ in the
category of complexes of A-lattices.

3.3. Duality. We explain the dual version of the above lemma. Namely, it is
obviously valid for right A-lattices (i.e. for lat 4%) by the same proof. Taking the R-
dual ( )* := Homg( , R), then we get the dual result. However, in this paper, it is more
economical to take the dual for final results in §5, so that we refrain from writing down
the dual of 3.2. Instead we give a dictionary of duals here. The map

() :Z(IndA) — Z(Ind A”?), X+ X*

is a Z-isomorphism compatible with the inner product ¢ , ), which induces a bi-
jection projA — inj A%, injA — projA°’. Endomorphism 67 ,77,4  corresponds to
0*,7*,¢*. For an overorder I' of A, () corresponds to () in the obvious sense, for
examples

(07L)" = 0%(L"),(L)" = (L") ete.

3.4. Successive ¥ -rejection sequence. Let & be a subset of Ind 4. A (finite or
infinite) sequence (A(O), AD 4@ .) of complexes of A-lattices will be called a successive
S~ -rejection sequence with the initial complex A, if there is a sequence (7;) with

0 # Tje N, by which 4V is defined inductively as A® := 4, 40D .= 40— T},

Where n is an arbitrarily chosen (then fixed) integer. As will be seen in the sequel,
the choice of n has not much meaning, so that the reference to » will be omitted.

Of cource, there is implicitly associated a chain homomorphism f() : 400 — 40+
for each j. If that is so, by 3.2, they enjoy the following properties.

(s10) AD = 4, (1 £ n,n+1).

(sr1) 2, (AD) = 4P — AV, = 1,(4U) — ¢7Tjy = y,(4) — L) ¢° T

(sr2) If X elatA4 and pyX =0 (i.e. (X,L) =0 for any L € &), then

af,j_)l HomA(ASIj)a X) = ap_1 HOmA(Am X)

(sr3) If A is exact at 4,1, then AY is exact at Af,ﬂzl. '
If A is rationally exact at A,, then AY) is rationally exact at A9
If 4 i.s exact at 4, and moreover & contains no injectives, then AY) is exact
at AY).

3.4.1. Suppose that the initial complex A is three termed finite, 4:0 — A4, —
An, — Any1 — 0, which is rationally exact at 4, and exact at 4,,;. Then for any j > 0,

2, ¢ o) Hom (4l AY).
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PRrROOF. Supposmg to be contrary, since we have «; : A(’“) — AS, such that a(’ ) =

a" Vo, so a = al?) 19, For any j > 1, (sr3) assures that 41/) is rationally exact

at n-th term, exact at (n+ 1) th term. Applymg (2) 2.2 to the split monomorphism

: T — Af,’), we conclude that zf,, )oc, (hence lf,, )) is a split monomorphism. But this is
1mposs1b1e since, in view of 3.2, zf,, /) should have the form

1, a0 T,

with a source map v: T; — 6™ T;. |

n—1
3.4.2. Suppose that the initial complex 4 is I( A). Let I" be an overorder of A
such that #NIndI" =@. Then, the induced I'-complex A is split exact for any j > 1.

Proor. Lety: 4 — A(’) be natural 1nc1us1ons (sr2) assures /), Hom,4 (49, 4) =
Hom(A4, A) 3 1y-1, hence in—1 decomposes as an 1 f We have the followmg diagram.

)]

_ a? O
A9 20 A—"" 4 AV, 0
lln—l f Jln llnﬁ—l
() ()
AU 20 =T (0 N A (0 N

n n+l

Then f decomposes as 1,f, and 1,_ la 1 f = a z,, f =1,_1. Since i,_| is the identity
map of A, we get af, 1 f =1, ie. a s a split monomorphlsm By (sr3) and (4) 2.2,

n—1
AY) is a split exact sequence of I'-lattices. [ |

3.5. Let 4 be a complex of A-lattices and 0 # T e€lat 4. Assume that
sup{0, {x,(A4),L>} = (T, L) for any L € Ind 4.
Then there is a split monomorphism i : T — A, such that ia, € rad(T, Ap+1)-

Proor. Pick an indecomposable summand L of T, and put ¢:=<(T,L> >0, r:=
{Aps1,LY > 0. The assumption implies that {(4,,L)> = m + r with some m >¢. The L-
homogeneous part of a, : 4, — A,1 can be represented as (m + r) X r matrix over the
local ring End4 L. Since m > ¢, the claim is now obvious. [ |

3.6. % -sequence. Let & be a subset of IndA4 and V € Z(IndA4). A (finite or
infinite) sequence (7;) = (Tp, T1, . ..) will be called an &~ -sequence for V if the following
two conditions are satisfied for any j.

(1) 0#£TjeN.

(2) sup{O V- Z ¢ T,,L) > (T;,L) for any L € Ind 4.

Moreover, put V) := V Vi:=Vi.i—¢ Tj_1 (j=1). Then the sequence (V;) =
(Vo, V1,...) (in Z(Ind 4)) will be called the associated &~ -rejected sequence for V. In
terms of (V;), (2) is written as

(2") sup{0,<V;,L>} = <T;,L) for any L € Ind 4.

Hence, in view of 3.4 and 3.5, we have the followings.
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3.6.1. Let (7;) be an ¥ -sequence for ¥V and 4 a complex of A-lattices with
Xn(A) = Ay, — Ayy1 = V. Then there arises a successive ¥~ -rejection sequence of com-

n
plexes (A®, AW, .)), 4O = 4,49 := 4UD _ T, | with y,(49) = V;.

3.6.2. Under (1), the condition (2) is equivalent with

(2 sup{0,<psV — L} ¢5T:, LY} > (T}, L) forany Le &.

This means that the condition for (7}) to be an ¥~ -sequence for V is read from the
full subquiver structure of & in A(A).

Let (7;) be an &~ -sequence for V. By (2), and definitions, we have

(A) If psV' = pgsV, then (T;) is an &~ -sequence for V'.

(B) If ¥ = &, then (T;) is an (') -sequence for V.

3.63. |17V and {¥}"V. For a given Ve Z(IndA), let [¥]"V denote the
set consisting of all members of (some) finite &~ -rejected sequence for V. While let
{&} V denote the set consisting of the last term of some maximal (i.e. not extendable)
finite &~ -rejected sequence for V. Namely,

[#]"V 3 U & There exists an &~ -rejected sequence (Vy, ..., Vy) with Vo=V, V,, = U.

{#£} VaU<« Ue|¥] V and there exists no non-zero T € V& satisfying
sup{0,{U,L»} > T, L) for any L € Ind 4.

S Uel¥] Vand (U,LY <0forany Le &.

(1) By definition, [¥]|” V contains V, while {#} V' might be empty.
(2) If 0#VeNZ and ¢,V <0 (ie. <p V,L)<0 for any Le &), then
(V,V,V,...) is an infinite &~ -sequence for V.

3.6.4. Assume that % is not cofaithful, so that by 2.4.1, there is an irreducible
central idempotent ¢ of A such that & = Ind, 4.

(1) If Ue Z(Ind A) and /(eU) > 0, then there is L € Ind, A such that (U,L)» > 0.

(2) If Ve Z(IndA) and /(¢V) > 0 (in particular if V € Ind, 4), then {¥} "V = 0.

Proor. (1) Put U=, 1,q4<U,LYL. Then eU =3, 1.a4<U,LYeL. Hence,
I(eU) = 3 1 ema, 4 <U,LYI(eL) > 0 implies <U, L) > 0 for some L € Ind, 4.

(2) By definition, any U € [#]” V has the form U=V —¢ T, Te N¥. By (5)
22, l(e¢™T) =0, so that /(eU) =I(¢V) > 0. By (1), U cannot be an end term. |

4. Finite finishing of ¥ -rejection.

For L, M €Ind 4, let |LM| denote the distance of L and M in U(A4), i.e. |LM| is
the length of the shortest path connecting L and M (|LM| := oo if they are not con-
nected). For X, Y elat4, put

|XY| :=inf{|LM| |[<L,X> > 0,{Y, M) >0,L, M e Ind A}.

In this section, we use the following abbreviation.
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(X,Y) :=Homyu(X,Y)

(X,Y), = Z Hom, (X, L)Hom,(L, Y), a sub R-module of (X, Y).
LelndA-%
4.1. Let & be a non-empty bounded subset of Ind 4. There is a natural number
m(&) > 0 minimal with respect to the following property:
For any m>m(¥), if Lie¥ (0<i<m), fierad(L;Li;1) (0 <i<m), then
im(fo- - fm-1) S 7Ly

Proor. This is a direct consequence of Harada-Sai’s Lemma and Maranda’s
Theorem ([CR] 30-19). Note that the separability of 4 (assumed in [CR] 30-19) is not
necessary, since the proof of [CR] (30-13) depends only on the existence of maximal
orders. |

4.2. Let & be bounded and m := m(¥) be the same as defined in 4.1. Then for
any X,Y elat4, |XY| > m implies (X,Y) = (X, Y),.

PrOOF. We prove first the assertion for indecomposable lattices.

If L¢ &, then (L,M), 2 (L,L)(L,M) = (L, M), so that (L,M), = (L, M).

Suppose that |[LM|>m >0, so that (L,M) =rad(L,M). For any fe (L, M),
there is g: L — M such that f = vg where v: L — 6 L is a source map. In other
words, we have (L, M) =} g (L, M')(M', M).

If each M’ ¢ &, then (L, M) = (L, M), and we are through.

For M’ € &, we can further decompose as (M', M) =3y g pp (M', M")(M", M).

Repeating the procedure, in view of 4.1, we get

(L, M) < (L, M), + n(L, M).

Applying Nakayama’s Lemma for R-module (L, M), we get (L, M) = (L, M).
In general cases, since | XY | >m < |LM| > m for any L | X and M | Y, the claim is
obvious. |

4.3. For a commutative diagram of A-lattices

X—-—ﬂ——-)Yo

b

xX—% vy

put & :={LeIndA|go(Yo,L) #g(Y,L)}. If &% is bounded, then & is contained in a
finite set U = U(Yy,m(¥)) :={M eIlnd 4| |YoM| < m(¥)}.

PrROOF. Assuming that M ¢ U, we shall show that go(Yy, M) = g(Y,M). Indeed,
we have

g(Y,M)2 > g(Y,L)(L,M)= Y go(Yo,L)(L, M)
LelndA-% LelndA-%

= gO( Y07 M)y = gO(YO, M)a
where the last equality is by 4.2. Since U(A) is locally finite, U is a finite set. [ |
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4.3.1. PROPOSITION. A bounded rejectable subset & of Ind A is necessarily finite,
which is a generalization of Roiter’s Theorem (= Brauer-Thrall 1).

PrOOF. Put I' := A(¥) so that ¥ =IndA4 —IndI". In 4.3, take as X = Yy = 4,
Y=T, go=1, g=u=1:4—T. Then by the map gof+ 1(90f), go(Yo,L) ~ L,
g(Y,L)~{xeL|I'xcL}=L, so that {LelIndA|go(Yo,L)#9g(Y,L)} =IndA—
Ind .

The latter part is obvious, since if Ind 4 is bounded, then & :=IndA4 — Ind I is
bounded for any maximal overorder I', so that & is finite. [

4.4. Consider a family of commutative diagrams of A-lattices (j = 0):

x—2 vy

|

gj+1
x 2 Ly,

Assume that there exists a bounded cofaithful subset ¥ of Ind 4 satisfying the fol-
lowing property.

(0) go(Yo,L) =gj(Y;,L) forany Le NInd4 — &) and je N.

Then, for almost all j, we have

gi(Y;, L) = gj+1(Yj41, L) forany L e N Ind 4.

In particular, for each sufficiently large j, there always, exists a; : Y;;; — Y; such that
9j = 9j+1%;.

ProoF. Put &, := {L e Ind A|go(Yo,L) # g;j(¥;,L)} and &' := UjeN ;.

By (0), each &; is contained in &, which is bounded and cofaithful. Applying 4.3,
each &, is contained in the finite set U (Yo, m(&)), so that &' is a finite cofaithful subset
of Ind4. We shall see @), ;.44 9/(Yj, L) = @D, a4 9i+1(¥j41,L) for almost all j, or
equivalently,

(1) Pey 9i(Y, L) =D, .o gi+1(Yj41, L) for almost all .

Since &’ is finite cofaithful, by (4) 2.4, there is Z € N(Ind 4 — &') and a > 0 such that

(2) gj(Yj’ @Ley” L) = gj(Yjvz)(Z’ @LEV’ L) = gO(Y0>Z)(Z’ @Ley’ L) 2 nf
go(Yo, @, . o L) for all j.

Now (1) is clear from (2). |

45. LemmA. Let A:0— A,y — Ay — Apny1 — 0 be a finite complex which is
rationally exact at A, and exact at Any1. Let & be a bounded cofaithful subset of
Ind A. Then any successive &~ -rejection with the initial complex A (cf. 3.4) terminates at
a finite number of steps.

PROOF. Supposing to be contrary, we get a family of commutative diagrams.
_ ) ,
Aftj._)l = An-—l ———"")a"ﬁl AStj)

A i

(+1) at
Anj_l =An—l __"—’Anj
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The condition (0) of 4.4 is satisfied by (sr2) 3.4. By 4.4, for large enough j, there is
o : AVTY — 4Y) such that o, = aU* Ve, which contradicts with 3.4.1. |

4.5.1. ReMARk. Although the above lemma is sufficient for applications in this
paper, we can in fact prove: If & is bounded and cofaithful, then successive &~ -rejec-
tion of any complex A terminates at a finite number of steps. Indeed, the general case
can easily be reduced to the special case treated in the above lemma.

4.5.2. COROLLARY. Assume that & is bounded and cofaithful. Then any &~ -
sequence for any V € lat A is finite. In particular, {&}"V is always non-empty.

n
PrROOF. Suppose to be contrary. Then the complex 4:0— V LY. 0 has an
infinite successive %~ - rejection by 3.6.1. This is not the case by 4.5. ]

4.6. Criterion for cofaithfulness. Let & be a non-empty bounded subset of Ind A.
Put %, .= S Nprojd, &= FNinj4, Py := G—)Le% L and Iy = @LE% L. Then the
following conditions for & are equivalent.

(1) & is cofaithful.
(2) For any V €lat A, every &~ -sequence for V is finite.
(3) {<} Py is not empty.

4) {<} Iy is not empty.

Proor. (1) = (2): By 4.5.2.

(2) = (3) (resp. (4)): Obvious by definitions.

(3) = (1): If & is not cofaithful, then /(ePy) > 0 so that {&}” Py is empty by (2)
3.6.4 where ¢ is a central idempotent given in 3.6.4. |

Our rejection theory has wide applications for the problem characterizing A(A) with
a subquiver of some special type. Among others, we apply our method, in the next 4.7,
to give an alternative proof for Wiedemann’s Theorem [W].

4.7. Wiedemann’s Theorem. Let A be a connected R-order (i.e. A has no nontrivial
central idempotent) and assume that there is Ly € Ind A with an irreducible map to itself
(i.e. A(A) has a subquiver CLo). Then W(A) has the following form by some n > 0;
(L)=1(0<i<n), LyeprojANinjA, tL; = L; (0 <i <n).

CLy2Li2 - 2L,12L,

PrROOF. Let ¥ be a connected component of W(A) containing L. Take a vertex
L, from ¥ and a path Lo—Ly—---— L,y — L, connecting Ly with L,, and put
& :={Ly,...,Ly}.

Step 1 Suppose that the following condition (0) is satisfied.

0) tL;=L;(0<i<n).

Then it is easy to observe the following (1)—(3).

(1) I(Lo) 2 I(L1) 2 -+ 2 I(Ln-1) = I(Ln)

(2) & contains the following subquiver:
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3) If ¥=IndA and the diagram in (2) is a full subquiver of %, then
I(Lo) =---=1I(Ly) and tL, = 0.

Step 2 There exist some L € € such that tL # L.

If that is not the case, the condition (0) must be satisfied for any L € € and any path
Ly—---—L,=L. Hence I(L) <I(Lo) by Step 1. Thus ¥ is bounded, so we get
% = A(A) by Auslander’s Theorem [R]. This is impossible since any L =1L is not
projective.

Step 3 From the set {Le ¥|tL # L}, pick one L with the shortest distance
|[LoL| =:n from Ly. Then the shortest path Lo —---— L, = L satisfies the condition
(0). Putting V:=>7",L;e NS, by (0) and (2), 0,V > 22;’;01 Li+ L, t5V=
S Li, so that we have

4) ¢,V <0.

(5) ¢4V =0 & the diagram in (2) is a full subquiver of &.

By (2) 3.6.3 and 4.5.2, (4) implies that & is not cofaithful. By 2.4.1, Ind, 4( = &)
contains at least one projective and irreducible lattice. By (1), L, is irreducible,
I(L,)=1. By (0), L, is the only projective in Ind, 4, so that eM =0 for any
M eprojAd — {L,}. Since A is connected, ¢4 =4, ie. e=1 and & =Ind4. By (5)
22, (¢"V)=0,s50 ¢V =0 by (4). Hence the diagram in (2) is a full subquiver of &
by (5). By (3), we have /(Ly) =---=I(L,) = 1. |

5. Main Results.

Let & be a subset of Ind 4 and %, &, Py, I» the same as those of 4.6.

5.1. If the following condition (t4) holds, then & is trivial (i.e. A(¥) = A).
(t4) For any P € %, there exists T € N(& — &) such that ¢, T > P.

ProOOF. Suppose that & is not cofaithful. Then & 2 Ind, 4 for a central idempo-
tent ¢ by 2.4.1. Take Pe ¥, with ¢P #0. There exists T € N(& — &) such that
¢,T > P by (t4). By (5) 2.2, we have l(e¢,T) =0, so [(eP) < l(e¢,T) =0, a contra-
diction. Hence & is cofaithful and I := A(%) is an order with ¥ =2 Ind4 —Ind I".

For any P € ¢, take the complex

n
A:0>POT —-PAT -0 0.

We can reject T from n-th term getting

n
A':zA—T:O—»PG—)T—»AZ,—»A:H_l-—-»O.

Since T has no injective summand, A’ is exact. Since y,(4') = 4, — 4, | = x,(A4) —
¢ T=P+T—-¢ T, we have (P+T — A, +A4,,,,L)=<¢ T,Ly> {(P,L)=0 for
any L e ¥. Applying the next general simple lemma 5.1.1 to the exact sequence 4,
we have 0=(P+T-4,+4, ,,L> for any LelndA4d-1IndI’, so that
(P,LYy=0. Hence &, cIndT,ie. I' = A(¥) = A. |
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511. Let0>X>Y LA Z — 0 be an exact sequence of A-lattices, I" be an over-
orderof 4in 4, and &' :=IndA —IndI'. If{(X —-Y +Z,L) >0 for any L € &', then
(X-Y+Z,LYy=0forany Le &'.

PrOOF. Denoting as X := I'X, & := (the unique extension of «) etc., there arises a
complex 0 —» X 5> ¥ %, 7 — 0 which induces a complex of A-modules 0 — X/X — ¥/
Y - Z/Z — 0, which is exact at X/X and Z/Z. Hence we have 0> [4(X/X)—
(YY) H14(Z)2) = Cpernaa<X = ¥ + Z,LYU(L/L) = ¥ e o <X — Y+ Z, LYI4(L/L).
This, together with the assumption (X — Y +Z L)Y >0 for any Le %', obviously
implies that (X — Y +Z,L) =0 for any Le &', [

5.2. If & is trivial, then the following condition (t1) holds.
(t1) KU, Iy<O0forany Ue[¥ — %] Py and [ € &,.

PrOOF. Suppose that 4 = A(%) and (t1) does not hold. In particular & is
cofaithful and, by (6) 2.4, there is an exact sequence with p» W = 0, which we look as a
complex A4 of A-lattices

A: 0Py 5 W —>Y >0

so that x,(4) = Py — W, psx,(4) = Pg.

Since (t1) does not hold, there exist I € & and U € [¥ — ] P such that (U, I) >0
and U =Py — Zj";},l ¢~ T; by some (& — %) -sequence (T) fo'rl Py. By 3.6.1, there
is successive & -rejection sequence A® = 4,4V =4U-V) _ T, By 3.4, writing

Jj-1-
o= aﬁ,'"), A™) has the following form
A™ 0 AM 547 Y 0

with y,(A™) = A7 — A" = U - w.
Since T; € N(& — %) has no injective summands, 4™ is exact by (sr3).
Since U — W,I) =<U,I) >0, by 3.5, there is a split monomorphism i: I — Am

such that ix € rad(/, Aﬁﬁ)l). Since i is split, we get the exact sequence of A-lattices

0—>I-'E>Af,':)1 — cokia — 0

which must be split since 7 is injective. But it is impossible since ia € rad(, Af,'ﬂ). n

5.3. THEOREM. Assume that & is bounded. Then the following five conditions are

equivalent.
(t) & is trivial (i.e. A(F) = A).
tl) in5.2.

(t1)
(t2) KU, IY)<O0forany Ue{¥ — %} Py and I € %.
(t3) There exists U € {&¥ — %} Py such that (U,I) <0 for any I € %,.
(t4) in 5.1.

PrOOF. (t) = (t1): By 5.2, (t4) = (t): By 5.1, (tl1) = (t2): trivial.
(t2) = (t13): By 24.1, & — ¢ is cofaithful, it is bounded by assumption. By 4.5.2,
{& — %} Py is not empty. Hence (t2) implies (t3).
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(t3) = (t4): By Definition 3.6.3, U (in (t3)) has the form U=Py—¢ T, T =
Zj”;)l T; with some (¥ — %) -sequence (7;). Since Te N(¥ — %), Py =pyPy =
¢4T +psU. ppU <0 shows P— ¢, T < Py — ¢, T =psU <0 for any Pe . |

5.3.1. By duality (cf. 3.3), (t) is equivalent with the condition (t))* (I =1,2,3,4),
obtained from (t/) by interchanging the role of projective with injective, ( )~ with ( ),

for example
(t4)*  For any I € &, there exists T € N(¥ — ¥,) such that ¢,.T > I.

5.3.2. (1) Any bounded non-trivial subset & of Ind A contains at least one pro-
jective and at least one injective.

(2) Let & be a minimal non-trivial subset of Ind 4. If & is bounded, then it con-
tains exactly one projective and exactly one injective.

Proor. (1) By 5.3 and its dual. But the claim is in fact trivial by 2.4.2 without
assuming the boundedness.

(2) If & is non-trivial, it does not satisfy (tl1), so that there is some I € %, Ue
[¥ — H#]” Py with <U,I) > 0. Again from (t1) and 3.6.2 (B), a subset (¥ — %) U{I}
of & is also non-trivial. By the minimality &% = {I}. By duality, &%, = {P}.

However, the claim can in fact be proved without assuming the boundedness. ]

5.4. THEOREM. Let & be a finite rejectable subset of Ind A and put I' .= A(¥) i.e.
IndA—-IndI'=%. Forany V elatA, {¥} "V is a singleton set consisting of V =TV

ProoF. Take any Ue{¥} V. By 36, U=V- Z;":_ol ¢ T; with an & -
sequence (7;) for V. We take an initial complex 4 as below and get successive &~ -
rejection A 4™

A

A:0 » V » 0 » 0

a™ o™
AM 0 —— T, gl S, 4 L0

By 3.4.2, the assosiated I'-complex 4™ is split exact.

. . d(m)l . a(m) .(m)
A0 —— VL 4 T 4

—— 0 (split exact)

Let Z be a summand of AS,’”) which is maximal among the summands with the
property that a{" |; is a split monomorphism.
By 2.3, A™ decomposes as follows.

A™ .0 v s A ——— AT, ——— 0
ll ll ll (”" ") ll
4 (Ba-10) 01
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Since U = y,(4™) = x,(B) and (U, L) <0 for any L € &, we can write as
(1) Bh=X@E, By =X®YDFwithX,YeN¥ and E,F e N(Ind 4 — &).
The maximality of Z implies that b, € rad(B,, B,+1), so that we have
(2) by|g erad(E, Byt1)-
Now we can see the claim as . @ .
W df,"'): split epimgrphjsm = b,: split epimorphism = b,|;: split epimorphism
= (Y=F=0E=V)=U=V. [ |

5.4.1. By duality, {&}* V is a singleton set consisting of the maximum I'-sublattice
V ~Homy(I', V).

5.5. Recovering A(I") from U(A). Let & be a finite rejectable subset of Ind 4 and
I' =A(%#). For M elndI" =Ind 4 — &, we write the I"-source map from V as

0-MbLoM-i M0
5.5.1. Forany M eIndTI’, we have "M —i~M = (6~ M) — (v~ M).

ProOF. Since v: M — 6 M is in the radical, sois v: M — (6™ M )', and there exists
fsuch that v = pf, getting the commutative diagram

0—sM-L S 6M — M — 0

1 f lf_

0 M0 M)— (M) ——0

1 1 A[

0O— ML 3 0 M — M —0

where f is uniquely induced from f by (1) 2.2.

Since p: M — 0~ M is in the radical, there exists g : 6~ M — 6~ M such that p = vg,
which decomposes as g =14, ¢ : (6 M) — M.

We have pf g = vg = vig = vg = p.

Since p is left minimal, f§ is an automorphism of 8~ M, so that ¢ is a split epi-
morphism. By (3) 2.2, g induces § : (t"M) — i~ M and f3 is an automorphism of t~ M,
kerg ~ kerg. These imply that 6~ M — =M = (~ M) — (t~ M). [

5.5.2. Write (I~ M) — (1 M) as

(1) M) —(xM=U-V,UVelatl', (U, V)=0.

Then we have one of the following three results.

(A) If V#0,then M ¢injI", V € Ind I'" and the I'-almost split sequence from M is

given by
O-M->U—->V->0.

(B) If ¥ =0 and M € inj I', the complex of the I'-source map from M is given by
0O-M->U—-0-0.
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(C) If V=0and M ¢inj I, the I'-almost split sequence from M is given by
O- M-U®PM->M-0.

Consequently (") has a connected component of the form of 4.7.

Proor. By (1), we can write, with some X €latl', as

2 OM=U®X, i M=V®X

Since ©”M is indecomposable or 0, V' #0 implies X =0, so that V=1"Me¢€
Ind I", showing (A).

Assume that V' =0. If M einjI", then X =0 and we meet with the case (B). If
M¢injI’, X =i"M eIndI" and I'-almost split sequence from M has the form 0 —
M—->U®X — X —0. Then there is an irreducible map from X to itself, by 4.7,
X=M. |
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