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Introduction.

Let $k$ be a finite extension of the field $Q$ of rational numbers and $p$ a fixed
prime number. A Galois extension $K$ of $k$ is called a $Z_{p}$-extension when the
Galois group $Ga1(K/k)$ is topologically isomorphic to the additive group $Z_{p}$ of
$P$ -adic integers. Let $K$ be a $Z_{p}$-extension of $k,$ $k_{n}\subset K$ the unique cyclic exten-
sion over $k$ of degree $p^{n}$ and $A_{n}$ the $p$-Sylow subgroup of the ideal class group
of $k_{n}$ . We denote by $\# A$ the number of elements of a finite set $A$ .

Iwasawa proved the following theorem (see [I2]).

THEOREM (Iwasawa). There exist three integers $\lambda=\lambda(K/k),$ $\mu=\mu(K/k)$ and
$\nu=\nu(K/k)$ such that

$\# A_{n}=P^{\lambda n+\mu p^{n}+\nu}$

for all sufficiently large $n$ .
Every $k$ has at least one $Z_{p}$ -extension called the cyclotomic $Z_{p}$ -extension.

We denote by $k_{\infty}$ the cyclotomic $Z_{p}$-extension of $k$ .
GREENBERG’S CONJECTURE. If $k$ is a totally real number field, then

$\lambda(k_{\infty}/k)=\mu(k_{\infty}/k)=0$ .

In other words the maximal unramified abelian $P$ -extenston of $k_{\infty}$ is a finite
extension.

By [I1], this conjecture is true for $k=Q$ and $P$ arbitrary. As experimental
results, this conjecture has been verified for $p=3$ and many real quadratic fields
with small discriminants in [C], [G1], [FK], [FKW], [F], [Kr], [T] and [FT].

The main purpose of this paper is to give a “good” necessary and sufficient
condition for Greenberg’s conjecture. The condition is given in terms of some
$p$ -ramified abelian $P$ -extensions of $k_{n}$ and the Iwasawa polynomial associated to
$k$ . Here a “good” condition means that it can be checked for $n$ as little as
possible. To check it, we need a lot of data (an “approximate” Iwasawa poly-
nomial, basis of the ideal class group, that of the unit group and that of the
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semi-local unit group of $k_{n}$ ).

NOW, to explain our condition, we present a criterion for a special case. Let
$k$ be a totally real number field and $p$ an odd prime number. Fix a topological
generator $\gamma_{0}$ of $\Gamma=Ga1(k_{\infty}/k)$ . Let $M$ be the maximal abelian $P$ -extension of $k_{\infty}$

unramified outside $p,$ $L$ the maximal unramified abelian $P$ -extension of $k_{\infty}$ and
$L’$ the maximal unramified abelian $P$-extension of $k_{\infty}$ in which every prime
divisor of $k_{\infty}$ above $P$ splits completely. Put $Y=Ga1(M/k_{\infty}),$ $I=Ga1(M/L)$ and
$D=Ga1(M/L’)$ . AS usual, we may regard these $\Gamma$-modules $Y,$ $I$ and $D$ as
$\Lambda=Z_{p}[[T]]$ -modules by the identification $\tau=ro^{-l}$ . Concerning the Galois
group $Y$ , the following facts are known.

$\{Y$ hasa no $non_{t}-rievialf_{i}nite\Lambda\Lambda-Subm_{0}dul^{o}e(dcf_{[I}^{e}4_{T}he_{orem18])}^{Theorem}3])$

Assume that $\mu$-invariant of $Y$ is zero, $i.e.,$ $Y$ is a torsion-free $Z_{p}$ -module.
We denote by char(Y) the characteristic polynomial of the action of $T$ on $Y$ .
Further, let $M_{n},$ $L_{n}$ and $L_{n}’$ be the maximal abelian extension of $k_{n}$ in $M,$ $L$

and $L’$ respectively. Then $Ga1(M_{n}/L_{n}’)$ is isomorphic to $(D+\omega_{n}Y)/\omega_{n}Y$ . We
can easily obtain the following more or less known criterion.

CRITERION (Special case). Assume that char$(Y)$ is irreducible in $Z_{p}[T]$ . Then
$Y/D$ is finite if and only if $(D+\omega_{n}Y)/\omega_{n}Y$ is not trivial for some integer $n\geqq 0$ ,

where $\omega_{n}=(1+T)^{p^{n}}-1$ .

This criterion is used mainly when char$(Y)$ is of degree 1 by some authors
($e.g$ . T. Fukuda, J. Kraft, H.JTaya). Assume that LeoPoldt’s conjecture (see, for
example, [$W$ , Ch13] $)$ is true for $k$ and $p$ , and that every prime ideal of $k$ above
$P$ is fully ramified in $k_{\infty}$ . Then $Y/D$ is finite if and only if $Y/I$ is finite, i.e.
Greenberg’s conjecture is true for $k$ and $P$ (see Proposition 6).

In this paper, we extend this criterion to general case. As is shown above,
when char$(Y)$ is irreducible, we know a “good” condition. But, when char$(Y)$

is reducible, the matter becomes much more complicated. In order to obtain a
“good” one in general case, we need to study not only $Ga1(M_{n}/L_{n}’)$ but also a
pair $(Ga1(M_{n}/k_{\infty}), Ga1(M_{n}/L_{n}’))$ . Moreover we need to compute an “approximate”
polynomial of char$(Y)$ exactly. In \S 3, we give the general criterion (Theorem 3).

AS examples, we study real quadratic fields $Q(\sqrt{m})(m$ : square-free, $1<m$

$<10^{4})$ in which $p=3$ splits. We explain how to check our criterion for these
fields. The total number of such fields is exactly 2279. T. Fukuda and H. Taya
verified the conjecture for 2227 fields among these fields by using some data of
the ideal class group and the $P$ -unit group of $k_{1}$ (see [FT]). Further applying
our criterion to them, we verify the conjecture for at least 2236 fields. We can
give some examples for which the conjecture is true but was not verified before.
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An outline of this paper is as follows. In \S 1 we study some abelian
extensions of $k_{n}$ in $M$ and the Galois groups $I$ and $D$ . In \S 2 we prepare some
propositions concerning $\Lambda$ and $\Lambda$ -modules. In \S 3 we give a necessary and
sufficient condition for Greenberg’s conjecture in terms of $\Lambda$ -module structures
of certain Galois groups studied in \S 1. In \S 4 we give numerical examples.
The main parts of this paper are \S 3 and \S 4.
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also grateful to other members of the Number Theory Seminar at Komaba,
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\S 1. Some abelian extensions of $k_{n}$ in $M$.
In this section we assume that $p$ is an odd prime number and that every

prime ideal of $k$ above $P$ is fully ramified in $k_{\infty}$ .
Let $M,$ $L,$ $L’,$ $M_{n},$ $L_{n}$ and $L_{n}’$ be the same as in Introduction. We fix a

non-negative integer $n$ . Let $K_{n}$ be the maximal unramified abelian p-extension
of $k_{n}$ and $K_{n}’$ the maximal unramified abelian $p$ -extension of $k_{n}$ in which every
prime ideal of $k_{n}$ above $p$ splits completely. Further, let $S_{n}$ be the set of all
prime ideals of $k_{n}$ above $p,$ $D_{n}$ the subgroup of $A_{n}$ consisting of classes con-
taining an ideal all of whose prime divisors are contained in $S_{n}$ and $A_{n}’=A_{n}/D_{n}$ .
For a non-negative integer $n$ and $\mathfrak{p}\in S_{0}$ , let $\mathfrak{p}_{n}\in S_{n}$ be the unique prime ideal
lying above $\mathfrak{p}$ , $k_{n,\mathfrak{p}_{n}}$ the completion of $k_{n}$ at $\mathfrak{p}_{n}$ and $U_{\mathfrak{p}_{n}}$ the principal unit
group of $k_{n,\mathfrak{p}_{n}}$ . Here we define the following groups:

$U_{n}= \{(u_{\mathfrak{p}_{n}})\in\prod_{\mathfrak{p}_{n}\in S_{\mathcal{R}}}U_{\mathfrak{p}_{n}}|\prod_{\mathfrak{p}_{n}\in S_{n}}(^{\underline{u_{\mathfrak{p}_{n}}}}\frac{k_{m}/k_{n}}{\mathfrak{p}_{n}})=1$ for all $m\geqq n\}$ ,

$V_{\mathfrak{p}_{n}}= \bigcap_{m_{=}^{\backslash }n}N_{\iota_{m.\mathfrak{p}_{m}}/k_{n,\mathfrak{p}_{n}}}U_{\mathfrak{p}_{m}}$ ,
$V_{n}= \prod_{\mathfrak{p}_{n}\in Sn}V_{\mathfrak{p}_{n}}$

,

$W_{\mathfrak{p}_{n}}= \bigcap_{m\geqq n}.N_{k_{m,\mathfrak{p}_{m}}/k_{n.\mathfrak{p}_{n}}}k_{m,\mathfrak{p}_{m}}^{\cross}$ ,
$W_{n}= \prod_{\mathfrak{p}_{n}\in s_{n}}W_{\mathfrak{p}_{n}}$

,

where $( \frac{u,k’/k}{\mathfrak{v}})$ is the norm residue symbol. Let $u_{n}$ be the diagonal map:

$k_{n}^{\cross}c_{\Rightarrow}\Pi_{\mathfrak{p}_{n}\in s_{n}}k_{n.\mathfrak{p}_{n}}^{\cross},$ $E_{n}$ the unit group of $k_{n}$ and $E_{n}’$ the $P$ -unit group of $k_{n}$ . We
denote by $\overline{A}$ the topological closure of $A$ . Put

$\overline{E}_{n}=\overline{U_{n}\cap u_{n}(}\overline{E_{n})}$ , $\overline{E}_{n}’=\overline{U_{n}\cap(u_{n}(E_{n}’)W_{n})}$ .
Here note that
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$\prod_{\mathfrak{p}_{n}\in s_{n}}(\frac{\epsilon’,k_{m}/k_{n}}{\mathfrak{p}_{n}})=1$

for any $\epsilon’\in E_{n}’$ and all $m\geqq n$ by the product formula.

PROPOSITION 1. There are isomorPhisms:
(a) $Ga1(K_{n}’k_{\infty}/k_{\infty})\cong Ga1(K_{n}’/k_{n})\cong A\text{\’{n}},$

(b) $Ga1(L_{n}’/K_{n}’k_{\infty})\cong Ga1(L_{n}’K_{n}/K_{n}k_{\infty})\cong U_{n}/V_{n}\overline{E}_{n}’$ ,

(c) $Ga1(L_{n}’K_{n}/L_{n}’)\cong Ga1(K_{n}/K_{n}’)\cong D_{n}$ ,

(d) $Ga1(L_{n}/L_{n}’K_{n})\cong V_{n}\overline{E}_{n}’/V_{n}\overline{E}_{n}$ ,

(e) $Ga1(M_{n}/L_{n})\cong V_{n}\overline{E}_{n}/\overline{E}_{n}$ .

PROOF. Since we assume that every prime ideal in $S_{0}$ is fully ramified in
$k_{\infty}$ , we have $K_{n}\cap k_{\infty}=k_{n}$ and $N_{\iota_{m}/k_{n}}\mathfrak{p}_{m}=\mathfrak{p}_{n}$ for $m\geqq n$ . Hence we immediately
obtain (a) and (c) by class field tbeory. By considering $k_{n}$ as a base field of
the cyclotomic $Z_{p}$ -extension, we will show the other isomorphisms. For $m\geqq 0$ ,

put

$J_{k}=$ (the id\‘ele group of $k$ ) , $k_{(m)}^{\cross}= \{(x_{\mathfrak{p}})\in J_{k}|\prod_{\mathfrak{p}}(\frac{x_{\mathfrak{p}},k_{m}/k}{\mathfrak{p}})=1\}$ ,

$(k_{(m)}^{x})’= \{(x_{\mathfrak{p}})\in\prod_{\mathfrak{p}\in S_{0}}k_{\mathfrak{p}^{x}}|\prod_{\mathfrak{p}\in S_{0}}(\frac{x_{\mathfrak{p}},k_{m}/k}{\mathfrak{p}})=1\}$ ,

$U_{(m)}’= \{(u_{\mathfrak{p}})\in\prod_{\mathfrak{p}\in S_{0}}U_{\mathfrak{p}}|\prod_{\mathfrak{p}\in S_{0}}(\frac{u_{\mathfrak{p}},k_{m}/k}{\mathfrak{p}})=1\}$ ,

$W_{\mathfrak{p}.m}()=N_{k_{m.\mathfrak{p}_{m}^{\prime k}\mathfrak{p}}}k_{m,\mathfrak{p}_{m}}^{\cross}$ , $V_{\mathfrak{p},m}()=N_{k_{m}}\mathfrak{p}_{m}^{\prime k}\mathfrak{p}mU_{\mathfrak{p}}$ .

Then we have

$(k_{(m)}^{x})’ \supset U_{(m}’)\supset\prod_{t\in S_{0}}V_{\mathfrak{p}.m}()\supset\prod_{\mathfrak{p}\in S_{0}}U_{tm}^{p^{m}}$
,

$(k_{(m)}^{\cross})’ \supset\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p},m}()\supset\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p},(m)}\supset\prod_{\mathfrak{p}\in S_{0}}U_{r_{m}}^{p^{m}}$ .

For a finite (resp. infinite) prime divisor $q+P$ of $k$ , let $U_{q}$ be the unit group
(resp. multiplicative group) of $k_{q}$ the completion of $k$ at $q$ . Moreover, for an
abelian $P$ -extension $K$ of $k$ and a subgroup $H$ of $J_{k}$ , write $Mrightarrow H$ when $Ga1(M/k)$

is isomorphic to the maximal pro-p quotient of $J_{k}/H$. By class field theory, we
have $k_{m}rightarrow k^{x}k_{(m}^{\cross}$ ), $k_{m}K_{0}rightarrow k^{\cross}(U_{(m)}’\cross\Pi_{q\not\in s_{0}}U_{q}),$ $k_{m}K_{0}’rightarrow k^{\cross}((k_{(m)}^{\cross})’\cross\Pi_{q\not\in S_{0}}U_{t)})$ . Let
$M_{0,m}$ be the abelian $p$ -extension of $k$ such that $M_{0.m}rightarrow k^{\cross}(\Pi_{\mathfrak{p}\in S_{0}}U_{\mathfrak{p}}^{p^{m}}\cross\Pi_{q\not\in S_{0}}U_{t})$ .
It is easy to see that $M_{0.m}$ is a finite extension of $k_{m}$ . Let $L_{0,m}\subseteqq M_{0,m}$ be the
maximal unramified extension of $k_{m}$ and $L_{0,m}’\subseteqq M_{0,m}$ the maximal unramified
extension of $k_{m}$ in which every prime ideal above $P$ splits completely. Then
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we have

$L_{0.m} rightarrow\langle(k^{\cross}(U_{\mathfrak{p}}\cross\prod_{q\neq p}1)k^{\cross}(\prod_{P\in S_{0}}U_{\mathfrak{p}}^{p^{m}}\cross\prod_{q\not\in S_{0}}U_{q}))\cap k^{\cross}(U_{(m)}’\cross\prod_{q\not\in So}U_{\mathfrak{g}})|\mathfrak{p}\in S_{0\rangle}$

$=k^{\cross}( \prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p}.(m)}\cross\prod_{q\not\in S_{0}}U_{Q})$ ,

$L_{0.m}’ rightarrow\langle(k^{\cross}(k_{\mathfrak{p}}^{\cross}\cross\prod_{q\neq \mathfrak{p}}1)k^{\cross}(\prod_{\mathfrak{p}\in s_{0}}U_{\mathfrak{p}}^{v^{m}}\cross\prod_{q\not\in S_{0}}U_{q}))\cap k^{\cross}((k_{(rn)}^{\cross})’\cross\prod_{q\not\in S_{0}}U_{q)}|\mathfrak{p}\in S_{0}\rangle$

$=k^{\cross}( \prod_{\mathfrak{p}\in S_{0}}W,.(m)\cross\prod_{q\not\in s_{0}}U_{q})$ .

Therefore we have

$Ga1(L_{0.m}’/K_{0}’k_{m})\cong k^{\cross}((k_{()}m)’\cross\prod_{q\not\in S_{0}}U_{q})/k^{\cross}(\prod_{\mathfrak{p}\in s_{0}}W_{\mathfrak{p},(m)}\cross\prod_{q\not\in S_{0}}U_{q})$

$\cong(U_{(m)}’\cross\prod_{q\not\in S_{0}}1)k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p}.(m)}\cross\prod_{q\not\in S_{0}}U_{q})/k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p},(m)}\cross\prod_{\mathfrak{g}\not\in S_{0}}U_{q})$

$\cong(U_{(m)}’\cross\prod_{q\not\in S_{0}}1)/(U_{(m)}’\cap(u_{0}(E_{0}’)\prod_{\mathfrak{p}\in s_{0}}W_{\mathfrak{p}}.(m)))\cross\prod_{q\not\in s_{0}}1$ .

Similarly we have

$Ga1(L_{0.m}/L_{0.m}’K_{0})$

$\cong(k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p}.(m)}\cross\prod_{q\not\in S_{0}}U_{q})\cap k^{\cross}(U_{(m)}’X\prod_{q\not\in S_{0}}U_{q}))/k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p}.(m)}\cross\prod_{q\not\in S_{0}}U_{q})$

$\cong((U_{(m)}’\cap(u_{0}(E_{0}’)\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p},(m)))\cross\prod_{q\not\in S_{0}}1)k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p}},\cross\prod_{q\not\in S_{0}}U_{q)}}(m)$

$/k^{x}( \prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p}.(m)}\cross\prod_{q\not\in S_{0}}U_{q)}$

$\cong(U_{(m)}’\cap(u_{0}(E_{0}’)\prod_{\mathfrak{p}\in S_{0}}W_{\mathfrak{p}.(m)}))\cross\prod_{q\not\in S_{0}}1/(u_{0}(E_{0})\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p},(m)})\cross\prod_{q\not\in S_{0}}1$

and

$Ga1(M_{0.m}/L_{0,m})\cong k^{x}(\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p},(m)}\cross\prod_{q\not\in S_{0}}U_{q})/k^{\cross}(\prod_{\mathfrak{p}\in s_{0}}U_{\mathfrak{p}}^{p^{m}}\cross\prod_{q\not\in S_{0}}U_{q})$

$\cong((u_{0}(E_{0})\prod_{\mathfrak{p}\in S_{0}}V_{\mathfrak{p}.(m))\cross\prod_{q\not\in S_{0}}1)k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}U_{\mathfrak{p}}^{p^{m}}}\cross\prod_{q\not\in S_{0}}U_{q})/k^{\cross}(\prod_{\mathfrak{p}\in S_{0}}U_{\mathfrak{p}}^{p^{m}}\cross\prod_{q\not\in S_{0}}U_{q})$

$\cong((u_{0}(E_{0})\prod_{\mathfrak{p}\in s_{0}}V_{\mathfrak{p}.(m))\cross\prod_{q\not\in s_{0}}1)}/((u_{0}(E_{0})\prod_{\mathfrak{p}\in S_{0}}U_{\mathfrak{p}}^{p^{m}})\cross\prod_{q\not\in S_{0}}1)$ .
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Since
$Ga1(L_{0}’/K_{0}’k_{\infty})\cong\lim_{arrow}Ga1(L_{0.m}’/K_{0}’k_{m})$ ,

$Ga1(L_{0}/L_{0}’K_{0})\cong 1\dot{4}\underline{m}Ga1(L_{0,m}/L_{0.m}’K_{0})$

and
$Ga1(M_{0}/L_{0})\cong\varliminf Ga1(M_{0.m}/L_{0.m})$ ,

we obtain the isomorphisms (b), (d) and (e). $\square$

The following theorem is not needed in the following sections, but is
interesting because it gives a relation between capitulation of ideals and the
Galois groups $I$ and $D$ . See [G1] about a relation between Greenberg’s con-
jecture and capitulation. Put $H_{n,m}’=Ker(i_{n.m} : A_{n}’arrow A_{m}’)$ and $H_{n.m}=Ker(i_{n,m}$ :
$A_{n}arrow A_{m})$ where $i_{n,m}$ is induced by the natural inclusion map $k_{n}ck_{m}$ .

THEOREM 1. Let $k$ be a totally real finite extension of $Q$ and $n$ a non-
negative integer. Assume that Leopoldt’s $con_{j}ecture$ is valid for $k_{m}$ ($m$ ill $n$ ) and $p$ .
Then

$[M_{m} : L_{m}’]$ $\geqq\# H_{n.7n}’\cdot[M_{n} : L_{n}’]$ and $[M_{m} : L_{m}]\underline{;\geq}\# H_{n.m}\cdot[M_{n} : L_{n}]$ ,

In parttcular if $H_{n.m}’\neq 0$ for some $m\geqq n$ , then the group $D=Ga1(M/L’)$ is not
trivial.

PROOF. We have the following commutative diagram with exact rows and
columns:

$0$

$\uparrow$

$N$

$\uparrow$

$0arrow Ga1(M_{m}/K_{m}’k_{\infty})arrow Ga1(M_{m}/k_{\infty})arrow A_{m}’arrow 0$

$\cross\nu_{n.m}\uparrow$ $\cross\nu_{n.m}\uparrow$ $i_{n.m}\uparrow$

$0arrow Ga1(M_{n}/K_{n}’k_{\infty})arrow Ga1(M_{n}/k_{\infty})arrow$ Afi $arrow 0$

$\uparrow$ $\uparrow$ $\uparrow$

$0$ $0$ $H_{n.m}’$

where $\nu_{n,7n}=\omega_{m}/\omega_{n}=((1+T)^{p^{m}}-1)/((1+T)^{p^{n}}-1)$ . Commutativity is nothing but
[I4, Theorem 8]. The columns are exact by class field theory (cf. Proposition
1 $(a))$ . TO show the rows are exact, we need the assumption. Since $k_{m}$ is
totally real, Leopoldt’s conjecture for $k_{m}$ and $P$ implies that $[M_{m} : k_{\infty}]$ is finite
(see [I4, Theorem 2]). Hence $\omega_{m}$ and char $(Ga1(M/k_{\infty}))$ are relatively prime.
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On the other hand, $Ga1(M/k_{\infty})$ has no non-trivial finite $\Lambda$ -submodule (see [I4,

Theorem 18]) and $Ga1(M_{n}/k_{\infty})=Ga1(M/k_{\infty})/\omega_{n}Ga1(M/k_{\infty})$ . Using these facts, we
easily see that the rows are exact. Applying the snake lemma to the above
diagram, we have an exact sequence:

$0arrow H_{n.m}’arrow N$ .

By the below lemma, we have $[L_{m}’ : K_{m}’k_{\infty}]\leqq[L_{n}’ : K_{n}’k_{\infty}]$ . Therefore

$[M_{m} : L_{m}’]= \frac{[M_{m}:K_{m}’k_{\infty}]}{[L_{m}’:K_{m}k_{\infty}]}\geqq\frac{[M_{n}:K_{n}’k_{\infty}]\cdot\# Iv^{\tau}}{[L_{n}’:K_{n}’k_{\infty}]}\geqq[M_{n} : L_{n}’]\cdot\# H_{n.m}’$ .

The second inequality can be proved in a similar way. $\square$

LEMMA 1. Let the srtuation be the same as in Theorem 1. Then

$[L_{m}’ : K_{m}’k_{\infty}]\leqq[L_{n}’ : K_{n}’k_{\infty}]$ and $[L_{m} : K_{m}k_{\infty}]\leqq[L_{n} : K_{n}k_{\infty}]$ .

PROOF. Let $U_{\mathfrak{p}_{n}}c_{arrow}U_{\mathfrak{p}_{m}}$ be the natural inclusion map. Then

$U_{\mathfrak{p}_{n}}=U_{\mathfrak{p}_{m}^{arrow}}^{Norm}U_{\mathfrak{p}_{n}}$

is a multiplication by $p^{m-n}$ . Put $k_{\infty.\mathfrak{p}_{\infty}}= \bigcup_{l\geqq 0}k_{\iota.\mathfrak{p}_{l}}$ for brevity. But local class
field theory, we have the following commutative diagram.

$Ga1(k_{\infty.\mathfrak{p}}/k_{n,\mathfrak{p}_{n}})\cong U_{\mathfrak{p}_{n}}/V_{\mathfrak{p}_{n}}$

$\cross p^{m-n}\downarrow$ $\downarrow$

$Ga1(k_{\infty.\mathfrak{p}_{\Phi}}/k_{m.\mathfrak{p}_{m}})\cong U_{\mathfrak{p}_{m}}/V_{\mathfrak{p}_{m}}$ .
Therefore $i_{n.m}’$ : $U_{n}/V_{n}arrow U_{m}/V_{m}$ induced by the above maps is an isomorphism.
By Proposition 1 (b) and $E_{n}’\subseteqq E_{m}’$ , we have the first inequality. The second
inequality can be proved in a similar way. $\square$

\S 2. Some propositions concerning $\Lambda$ .
Let $O$ be the integer ring of a finite extension over the field $Q_{p}$ of p-adic

numbers. In this section we give some propositions concerning $\Lambda=O[[T]]$ which
are required in the following sections. Some of them seem to be known, but
we bring them up here for convenience. Let $\pi$ be a generator of the maximal
ideal of $O$ and $P=(\pi, T)$ the unique maximal ideal of $\Lambda$ . The following prop-
osition is known as Hensel’s Lemma.

PROPOSITION 2. For $f(T)\in\Lambda$ , assume that there exist $g_{0}(T),$ $h_{0}(T)\in\Lambda$ such
that

$f(T)\equiv g_{0}(T)h_{0}(T)mod P^{e+\tau n}$ and $(g_{0}(T), h_{0}(T))\supseteqq P^{e}$
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for $m\geqq e+1\geqq 1$ . Then there exist $g(T),$ $h(T)\in\Lambda$ such that

$f(T)=g(T)h(T),$ $g(T)ig_{0}(T)mod P^{m}$ and $h(T)\equiv h_{0}(T)mod P^{m}$ .

When we use this proposition, it is convenient to know that $(g_{0}(T), h_{0}(T))$

$\supseteqq P^{e}$ if $(g_{0}(T), h_{0}(T),$ $P^{e+1})\supseteqq P^{e}$ . In general for a finitely generated $\Lambda$ -module $L$

and its submodule $L’$ , we have $L’\supseteqq P^{e}L$ if $(L’, P^{e+1}L)\supseteqq P^{e}L$ by Nakayama’s
Lemma ($(L’+P^{e}L)/L’=P((L’+P^{e}L)/L’)$ , see $[W$ , Lemma 13.16]).

For $f(T)=\Sigma_{j=0}^{\infty}a_{j}T^{j}\in\Lambda\backslash (\pi)$ , by $P$-adic Weierstrass preparation theorem, we
can uniquely write $f(T)=P(T)U(T)$ , where $P(T)$ is a distinguished, irreducible
polynomial in $O[T]$ and $U(T)\in\Lambda^{\cross}$ . Put $\lambda(f(T))=\min\{j|a_{j}\not\in(\pi)\}$ , then we have
$\lambda(f(T))=\deg(P(T))$ .

PROPOSITION 3. For $f_{1}(T),$ $f_{2}(T)\in\Lambda\backslash (\pi)$ , write $f_{1}(T)=P_{1}(T)U_{1}(T)$ and $f_{2}(T)$

$=P_{2}(T)U_{2}(T)$ , where $P_{1}(T)$ and $P_{2}(T)$ are distinguished polynomials and $U_{1}(T)$ ,
$U_{2}(T)\in A^{X}$ . Assume that

$\{$

$\lambda(f_{1}(T))=\lambda(f_{2}(T))=n\geqq 1$ , $f_{1}(T),$ $f_{2}(T)\in P^{\iota}$ for $1\geqq 1$

$f_{1}(T)\equiv f_{2}(T)mod P^{kn+1}$ $f$or $k$ 1111.

Then $P_{1}(T)\equiv P_{2}(T)mod P^{k+t}$ .

PROOF. Let $f_{i}=\Sigma_{j=0}^{\infty}a_{i.j}T^{j}$ and put $R_{i}=\Sigma_{j=0}^{n-1}(a_{i.j}/\pi)T^{j}\in O[T]$ and $V_{i}=$

$\Sigma_{j\approx 0}^{\infty}a_{\ell.j+n}T^{j}\in\Lambda^{\cross}(i=1,2)$ . We define an operation $\tau=\tau_{n}$ : $\Lambdaarrow\Lambda$ by $\tau(\sum_{j=0}^{\infty}b_{j}T^{j})$

$=\Sigma_{j=n}^{\infty}b_{j}T^{j-n}$ . Then we have

$U_{i}^{-1}= \frac{1}{V_{i}}\sum_{j}^{\infty}(-1)^{j}\pi^{j}(\tau\frac{R_{i}}{V_{i}})^{j}\cdot 1$ ,

where, for $h\in\Lambda,$ $\tau\cdot h$ operates on $f\in\Lambda$ by $(\tau\cdot h)\cdot f=\tau(hf)$ . (See [$W$, Proposition
7.2] and its proof. Under the notation there, we get the above formula from
the last one of [$W$, page114] by taking $f=f_{i}$ and $g=P_{i}.$ ) We have $R_{1}\equiv$

$R_{2}mod P^{kn},$ $V_{1}^{-1}\equiv V_{2}^{-1}mod P^{kn+1-n}$ and $\tau(P^{m})=P^{m-n}$ for $m\geqq n$ . Since

$\pi^{j}\tau^{j}(P^{kn+1-n})\subseteqq P^{(n-1)(k-1-j)+k}$ for l;S$i:S $k-1$ ,

$U_{1}^{-1}\equiv U_{2}^{-1}mod P^{k}$ . Therefore we have

$P_{1}-P_{l}=f_{1}(U_{1}^{-1}-U_{2}^{-1})+(f_{1}-f_{2})U_{2}^{-1}\equiv 0mod P^{k+l}$ . $\square$

For a finitely generated $\Lambda$-torsion $\Lambda$ -module $N$, there is a $\Lambda$-homomorphism:

$N arrow\bigoplus_{j=1}^{f}\Lambda/(\pi^{\mu_{j}})\oplus\bigoplus_{l=1}^{l}\Lambda/(f_{i}(T)^{n_{i}})$

whose kemel and cokernel are finite, where $\mu_{j}$ and $n_{i}$ are non-negative integers
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and $f_{i}(T)$ a distinguished irreducible polynomial in $O[T]$ (see, for example,
[$W$ , Ch13] $)$ . Put

char $(N)= \prod_{j=1}^{r}\pi^{\rho_{j}}\prod_{i=1}^{\iota}f_{i}(T)^{n_{i}}$ .

For a power series $f(T)\in\Lambda$ , let $\mathscr{M}_{f(T)}$ be the set of A-isomorphism classes of
finitely generated $\Lambda$ -torsion $\Lambda$-modules $N$ such that

$\{$

(char$(N)$) $=(f(T))$ ,

$N$ has no non-trivial finite $\Lambda$ -submodule.

For $f(T)\in\Lambda\backslash (O)$ , we say $f(T)$ is square-free when there is no element $g(T)\in$

$\Lambda\backslash \Lambda^{x}$ such that $f(T)/g(T)^{2}\in\Lambda$ . Further, we say $f(T)$ is irreducible when there
is no element $g(T)\in\Lambda\backslash \Lambda^{x}$ such that $f(T)/g(T)\in\Lambda\backslash \Lambda^{x}$ .

THEOREM 2. For $f(T)\in\Lambda\backslash (\pi),$ $\mathscr{M}_{f(T)}$ is a finite set if and only if $f(T)$ is
squa e-free.

PROOF. {Necessity} Assume $f=h^{2}\Pi_{i=1}^{l}g_{i}$ , where $h,$ $g_{i}\in\Lambda\backslash \Lambda^{x}$ are irreduci-
ble elements. For $k\geqq 0$ , let $N_{k}$ be the submodule $(\pi^{k}, h)/(h^{2})$ of $\Lambda/(h^{2})$ . The
isomorphism class of $N_{k}$ is contained in $\mathscr{M}_{h^{2}}$ . Since $\pi^{k}\not\in(\pi^{k+1}, h)$ ,

$[Ker(\cross h:N_{k}arrow N_{l}):{\rm Im}(\cross h:N_{k}arrow N_{k})]$

$=[\Lambda/(h):(\pi^{k}, h)/(h)]=[\Lambda : (\pi^{k}, h)]$

is strictly monotonically increasing for $k$ . Therefore $N_{k}$ is not isomorphic to
$N_{k’}$ if $k\neq k’$ . Consider submodules $N_{k}\oplus\oplus_{i=1}^{\iota}\Lambda/(g_{i})$ of $\Lambda/(h^{l})\oplus\oplus_{i\Leftarrow 1}^{\iota}\Lambda/(g_{i})$ .
Any two of them are not isomorphic.

{Sufficiency} Step 1: We first prove that $\mathscr{M}_{g}$ is a finite set when $g$ is an
irreducible element of $\Lambda$ . Put $n=\lambda(g)$ . For every $[N]\in \mathscr{M}_{g}$ , fix a map:

$\phi_{N}$ : $Nc_{>}\Lambda/(g)$

such that $\phi_{N}(N)$ is not included by $(\pi, g)/(g)$ . Then $\phi_{N}(N)$ contains an element
$\Sigma_{j=0}^{n-1}a_{N.j}T^{j}mod g$ where $a_{N,j}\in 0$ and $a_{N.n-1}\not\in(\pi)$ . We may write

$g=( \sum_{j=0}^{n-1}a_{N.j}T^{j})q_{N}+r_{N}$

for $q_{N},$
$r_{N}\in\Lambda$ with $\lambda(q_{N})=1$ and $\lambda(r_{N})\leqq n-2$ . Assume that for any $k$ there

exists an element $[N_{k}]$ in $\mathscr{M}_{g}$ such that $\pi^{k}$ divides $r_{N_{k}}$ . Then we have a
subsequence of $\{(\Sigma_{j=0}^{n-1}a_{N_{k}.j}T^{j}, q_{N_{k}})\}$ which converges to $(Q, R)\in(\Lambda\backslash \Lambda^{X})\cross(\Lambda\backslash A^{X})$ .
Since $r_{N_{k}}arrow 0$ as $karrow\infty,$ $g=QR$ . This contradicts the above assumption. Hence
there exists a non-negative integer $c$ such that $c$ is independent of the choice
of $N$ and that $\pi^{C+1}$ does not divide $r_{N}$ . Therefore $(r_{N}mod g)(\subseteqq\phi_{N}(N))$ contains
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an element $\pi^{c}\Sigma_{f\Rightarrow 0}^{n-2}b_{N.j}T^{j}mod g$ where $b_{N.f}\in O$ and $b_{N.n-2}\not\in(\pi)$ . Next write

$\pi^{c}g=\pi^{c}(\sum_{f=0}^{n-2}b_{N,j}T^{j})q_{N}’+\pi^{c}r_{N}’$ ,

for $q_{N}’$ , $r_{N}’\in\Lambda$ with $\lambda(q_{N}’)=2$ and $\lambda(r_{N}’)$ :$ $n-3$ . By the irreducibility of $g$ we
can show that $(\pi^{c}r_{N}mod g)$ contains an element $\pi^{c^{r}}\Sigma_{j=0}^{n-3}c_{N,j}T^{j}mod g$ where
$c_{N.j}\in \mathcal{O}$ , $c_{N.n-3}\not\in(\pi)$ and $c’$ is independent of the choice of $N$. By continuing
this argument, we can show that $\phi_{N}(N)$ contains $\pi^{c^{n}}mod g$ where $c’’$ is inde-
pendent of the choice of $N$. Therefore $\mathscr{M}_{g}$ is a finite set, in fact

$\#\mathscr{M}_{g}\leqq\#$ { $\Lambda$ -submodules of a finite $\Lambda$ -module $\Lambda/(g,$ $\pi^{c}$ “)}.

Step2: Let $f=\Pi_{t=1}^{l}f_{i}$ , where $f_{i}$ is an irreducible element of $\Lambda$ . Assume
that $f_{t}$ and $f_{j}$ are relatively prime for $i\neq j$ . Let $L=\oplus_{i=1}^{l}\Lambda/(f_{i})$ and

$Pr_{i}$ : $Larrow Lx_{1}\oplus\cdots x_{i-1}\oplus x_{i}\oplus x_{i+1}\cdots\oplus x_{l}->0\oplus\cdots 0\oplus x_{i}\oplus\cdots\oplus 0$ .
For every $[N]\in \mathscr{M}_{f}$ , fix a map

$\phi_{N}$ : $N=L$ such that $Pr_{i}(\phi_{N}(N))$ Ei $(\pi, f_{i})L$ for all $i$.
By step 1, $Pr_{i}(\phi_{N}(N))$ includes $L_{i}$ which is independent of $N$ and is of finite
index in $0\oplus\cdots 0\oplus\Lambda/(f_{i})\oplus 0\cdots\oplus 0$ . Since $\Pi_{j=1,j\neq i}^{l}f_{j}$ and $f_{i}$ are relatively prime,
$\Sigma_{i=1}^{l}(\Pi_{j\Leftarrow 1.j\neq i}^{l}f_{j})L_{i}$ is of finite index in $L$ . Here $\phi_{N}(N)$ includes a submodule
$\Sigma_{i=1}^{\iota}(\Pi_{j=1.j\neq i}^{\iota}f_{j})L_{i}$ of $L$ , which proves “if part” of this theorem. $\square$

For $\Lambda/(\omega_{n})$-modules $A\supseteqq B$ and $C\supseteqq D$ , we say $(A, B)$ is $\Lambda/(\omega_{n})$-isomorphic
to $(C, D)$ when there exists a $\Lambda/(\omega_{n})$-isomorphism from $A$ to $C$ which maps $B$

onto $D$ . We denote the $\Lambda/(\omega_{n})$-isomorphism class of $(A, B)$ by $[A, B].$ .
Fix a power series $f(T)\in\Lambda\backslash (\pi)$ . For $[N]\in \mathscr{M}_{f(T)}$ , put $\mathfrak{N}_{N}=\{N’|N’\subset N$

with char$(N’)\neq char(N)\}$ . For a non-negative integer $n$ , define

$\mathcal{L}_{f(T).n}=\{[N/\omega_{n}N, (N’+\omega_{n}N)/\omega_{n}N]_{n}|[N]\in \mathscr{M}_{f(T)}, N’\in \mathfrak{N}_{N}\}$ .
In Proposition 4, we assert that $\mathcal{L}_{f^{*}(T).n}=\mathcal{L}_{f(T).n}$ if $f(T)$ is square-free and
$f^{*}(T)$ is sufficiently “close” to $f(T)$ . Here we define the “closeness” as follows.
If there exists $u^{*}(T)\in\Lambda^{X}$ such that $f^{*}(T)u^{*}(T)\equiv f(T)mod P^{m}$ , then we write
$(f^{*}(T))\equiv(f(T))mod P^{m}$ . Moreover define

$m(f(T), n)= \min\{m|\mathcal{L}_{f(T),n}=\mathcal{L}_{f^{*}(T).n}$ for all $f^{*}(T)\in\Lambda$

with $(f^{*}(T))\equiv(f(T))mod P^{m}\}$ .
By putting $P^{\infty}=(O)$ , we have $0\leqq m(f(T), n)\leqq\infty$ . From the definition of $m(f(T), n)$ ,
it is easily shown that

$m(f^{*}(T), n)=m(f(T), n)$ , if $(f^{*}(T))\equiv(f(T))mod P^{m(f_{(}T).n)}$ .
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From now on, assume that $f(T)$ is square-free. Before giving Proposition
4, we show that a factorization of $f^{*}(T)$ is similar to that of $f(T)$ if $f^{*}(T)$ is
sufficiently “close” to $f(T)$ . We fix a factorization of $f(T)$ in $\Lambda$ : $f(T)=\Pi_{i=1}^{l}f_{i}(T)$

where $f_{i}(T)\in\Lambda\backslash \Lambda^{x}$ is irreducible.
For $f(T)$ and a non-negative integer $m$ , define

$m_{f^{(\tau)}}(m)= \min$ {$m’|m’$ satisfies the property $(A)$ }

(A) $\{$

if $(f^{*}(T))\equiv(f(T))mod P^{m’}$ , then there exist $ft(T)\in\Lambda$ (l\leqq i$l)

satisfying $(f\ddagger(T))\equiv(f_{i}(T))mod P^{m}$ and $f^{*}(T)=\Pi ff(T)\iota$

$i=1$

By using Proposition 2 repeatedly, we can show that there exists an integer $m’$

satisfying the above and hence $m_{J^{(T)}}(m)<\infty$ . It is easy to see that $m_{f(T)}(m)$ is
independent of the choice of the factorization.

Further we want $f_{i}^{*}(T)$ to be irreducible for all $i$. For an irreducible
element $g(T)\in\Lambda\backslash (\pi)$ , define

$m_{0}(g(T))= \min$ {$m’|m’$ satisfies the property $(B)$ }

(B) if $(g^{*}(T))\equiv(g(T))mod P^{m’}$ then $g^{*}(T)$ is irreducible.

Since $\Lambda$ is compact, there exists such an integer $m’$ and $m_{0}(g(T))<\infty$ . We
easily see that $m_{0}(g(T))>\lambda(g(T))$ .

Put $e_{i.j}= \min\{e’’|(f_{i}(T), f_{j}(T))\supseteqq P^{e’’}\},$ $e= \max_{i<j}\{e_{i.f}\}$

and $M= \max_{1\leq iSl}\{m_{0}(f_{i}(T)), e+1\}$ . Assume that $(f^{*}(T))\equiv(f(T))mod P^{7n}J(\tau)^{(M)}$

Then there exist $f_{i}^{*}(T)\in\Lambda(1\leqq i\leqq l)$ such that
$\iota$

$\{$

$f1(T)$ is irreducible in $\Lambda$ , $f^{*}(T)= \prod_{\ell=1}ff(T)$ ,

$(ff(T), ff(T))iP^{e}$ for $i<j$ , $\lambda(ff(T))=\lambda(f_{i}(T))$ .
From the first three properties, $f^{*}(T)$ is square-free. Put

$TV=\bigoplus_{i\Rightarrow 1}^{\iota}\Lambda$ , $F=(0\oplus\cdots 0\oplus f_{i}(T)\oplus 0\cdots\oplus 0)_{1\leq i\leq t}$ ,

$F^{*}=(0\oplus\cdots 0\oplus ff(T)\oplus 0\cdots\oplus 0)_{15i\leq l}$ .

Let Pr’ : $Warrow W$ be the map defined by

$x_{1}\oplus\cdots x_{i-1}\oplus x_{i}\oplus x_{t+1}\cdots\oplus x_{t}rightarrow 0\oplus\cdots 0\oplus x_{i}\oplus 0\cdots\oplus 0$ .
We define a finite set of some submodules of $W$ associated to $f(T)$ . In the proof
of Theorem 2 (sufficiency)‘, we show that there exists a non-negative integer $c’’$

such that $P^{C’’}W\subseteqq Z+F$ for all submodule $Z$ of $W$ with $Pr_{i}’Z\not\leqq(\pi, f_{t}(T))W$ for
all $i$ . Let $c=c(f(T))$ be the minimum integer $c’’$ satisfying the above. Define
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$\mathcal{Z}=\mathcal{Z}(f(T))=$ { $Z\subseteqq W|Z\supseteqq P^{c}W,$ $Pr_{i}’(Z)\subsetneqq(\pi,$ $f_{i}(T))W$ for all $i$ }.

PROPOSITION 4. Let $f(T)$ be a square-free Power series in $\Lambda\backslash (\pi)$ .
(a) If $(f^{*}(T))\equiv(f(T))mod P^{m_{ftT)^{(\max tc+1,MI)}}}$ , then for any $[N^{*}]\in \mathscr{M}_{f^{*}(T)}$ ,

there exists an element $Z\in Z$ such that $N^{*}\cong(Z+F^{*})/F^{*}$ . In Panicular $\{\#\mathscr{M}_{f^{*}(T)}|$

$(f^{*}(T)) \equiv(f(T))mod P^{m}f(T)(\max tc+1M\})\}-$ is bounded.
(b) Assume that $\omega_{n}$ and $f(T)$ are relatively prime. Then there exist some

integers $m_{1,n}$ and $m_{2,n}$ $()$ max $\{c+1, M\})$ such that

$\omega_{n}Z+F^{*}\supseteqq P^{m_{1.\hslash}}W$ if $(f(T))\equiv(f^{*}(T))mod P^{m}J(r)(m_{2,n^{)}}$

for any Z\in $. Moreover the following inequality holds

$m$ ($f(T)$ , n):$ $m_{f1T)}( \max\{m_{1,n}, m_{z.n}\})$ .

PROOF. (a) Assume that $(f^{*})\equiv(f)mod P^{m_{f^{(Af)}}}$ . For each $[N^{*}]\in \mathscr{M}_{f}*$ , fix
a map

$\phi_{N}$. : $N^{*} \subset_{arrow}L^{*}=\bigoplus_{i\approx 1}^{l}\Lambda/(fi)$ such that $Pr_{t}(\phi_{N}\cdot(N^{*}))\not\leqq(\pi, f_{i}^{*})L^{*}$ for all $i$ .

Moreover we choose a $\Lambda$ -submodule $Z_{N}*$ of $W$ satisfying

$\phi_{N^{*}}(N^{*})=(Z_{N}\cdot+F^{*})/F^{*}$ .

Since $Pr_{\ell}’(Z_{N}*)\subsetneqq(\pi, ff)W=(\pi, f_{i})W$ for all $i,$ $Z_{N}*+F\supseteqq P^{c}W$ . If $(f_{i})\equiv(ff)mod P^{c+r}$

for all $i,$ $Z_{N}*+F^{*}+P^{c+1}W\supseteqq Z_{N}*+F\supseteqq P^{c}W$, By Nakayama’s lemma, this implies
$Z_{N}*+F^{*}\supseteqq P^{c}W$ . Hence, for any $N^{*}$ , we can choose $Z_{N}*$ so that $Z_{N}*2P^{C}W$ and
$Pr_{i}’(Z_{N}*)\not\leqq(\pi, f_{\ell})W$ for all $i$ . Since $Z$ is a finite set, (a) follows.

(b) First note that

$\omega_{n}Z+F^{*}\supseteqq\sum_{i\Rightarrow 1}^{\iota}0\oplus\cdots 0\oplus(\omega_{n}P^{c}, f_{t}^{*})\oplus 0\cdots\oplus 0$

and that $(\omega_{n}P^{c}, ff)\supseteqq P^{c}(\omega_{n}, ff)$ . Since $f_{i}$ and $\omega_{n}$ are relatively prime, we can
take integers $m_{1.n}=m_{1.n}(f)$ and $m_{2}$ , $.=m_{2}..(f)$ (lmax $\{c+1,$ $M\}$ ) such that

$\omega_{n}Z+F^{*}\supseteqq P^{m_{1.n}}W$ if $(f_{i})\equiv(f_{i}^{*})mod P^{m_{2.n}}$

for any $Z\in Z$ . This shows the first assertion. Next, let us prove $\mathcal{L}_{f^{*}.n}=\mathcal{L}_{f.n}$ .
Put $m’= \max\{m_{1,n}, m_{2,n}\}$ and assume that $(f_{i})\equiv(f_{i}^{*})mod P^{m’}$ for all $i$. Let $[N^{*}]$

be any element of $\mathscr{M}_{f}*andN’$ any element of $7l_{N}*$ . Then, by (a), there is an
element $Z\in Z$ such that $N^{*}\cong(Z+F^{*})/F^{*}$ . Put $N=(Z+F)/F$. Then $[N]\in \mathscr{M}_{f}$ .
We easily see that there is a submodule $Z’$ of $Z+F^{*}$ such that

$N’’\cong$ $(Z"+F^{*})/F^{*}$ , $Pr_{i}’(Z$ “ $)$ $\subseteqq f_{i}^{*}W$ for some $i$ .
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Fix $i$ such that $Pr_{i}’(Z’)\subseteqq f_{i}^{*}W$ . Let $C_{i}$ be the isomorphism

$c_{i}$ : $(ff)arrow(f_{i})$ $xff-xf_{i}$ .

Define a $\Lambda$ -submodule $Z’$ of $W$ by

$Z’=\{x_{1}\oplus\cdots x_{i-1}\oplus c_{i}(x_{i})\oplus x_{s_{+}1}\cdots\oplus x_{l}|x_{1}\oplus\cdots x_{i-1}\oplus x_{i}\oplus x_{i+1}\cdots\oplus x_{l}\in Z’’\}$ .

Put $N’=(Z’+F)/F$. Then, as $Pr_{i}’(Z’)\subseteqq f_{i}W$ , $N’\in \mathfrak{N}_{N}$ . Now let us prove
$[N^{*}/\omega_{n}N^{*}, N" +\omega_{n}N^{*}/\omega_{n}N^{*}]_{n}=[N/\omega_{n}N, N’+\omega_{n}N/\omega_{n}N]_{n}$ . We have

$(Z+F^{*})/(\omega_{n}Z+F^{*})=(Z+F^{*}+P^{m_{1.n}}W)/(\omega_{n}Z+F^{*}+P^{m_{1.n}}W)$

$=(Z+F+P^{m_{1.n}}W)/(\omega_{n}Z+F+P^{m_{1.n}}W)$

$=(Z+F)/(\omega_{n}Z+F)$ .

On the other hand, we have

$(Z’’+\omega_{n}Z+F^{*})/(\omega_{n}Z+F^{*})=(Z’+\omega_{n}Z+F)/(\omega_{n}Z+F)$ .

Therefore $\mathcal{L}_{f^{*},n}\subseteqq X_{f.n}$ . Similarly we can show that $\mathcal{L}_{f^{*}.n}\supseteqq X_{f.n}$ . $\square$

REMARK 1. Here we give an upper bound for $m(f(T), n)$ . Put

$e_{i}= \min\{e’’|(\prod_{j=i+1}^{\iota}f_{j}(T),$ $f_{i}(T))\supseteqq P^{e^{n}}\}$ , $e’= \max\{e_{i}|1\leqq i\leqq l-1\}$ .

Then $\max\{m_{1.n}, m_{z.n}, e’+1\}+(\Sigma_{j=}^{l} e_{j})-e_{i}\geqq e_{i}+1$ for $1\leqq i\leqq l-1$ (if $1=1$ , put
$e’=0)$ . Hence we have

$m(f(T), n)$ $ $m_{f(T)}( \max\{m_{1.n}, m_{z.n}\})\leqq\max\{m_{1.n}, m_{2.n}, e’+1\}+\sum_{i=1}^{l-1}e_{i}$

by using Proposition 2 repeatedly.

For a power series $f(T)\in\Lambda\backslash (\pi)$ and $[N]\in \mathscr{M}_{f^{(\tau)}}$ , define

$n(f(T), N)= \min$ { $n|n$ satisfies the property $(C)$ }

(C) $N/\omega_{n}N\neq N’/\omega_{n}N’$ for all $[N’]\in \mathscr{M}_{f1T)}$ with $[N’]\neq[N]$ .

Put $n(f(T))= \max\{n(f(T), N)|[N]\in \mathscr{M}_{f(T)}\}$ . By Putting $\omega_{\infty}=0$ , we have
OS $n$ ($f(T)$ , N)$n(f(T))S $\infty$ .

PROPOSITION 5. Assume that $f(T)\in\Lambda\backslash (\pi)$ is square-free. Then $n(f(T))$ is
finite.

PROOF. Assume that for $[N],$ $[N’]\in \mathscr{M}_{f}$ and all $n$ there exist isomorphisms
$\phi_{n}$ : $N/\omega_{n}Narrow\sim N’/\omega_{n}N’$ . Let $N=(n_{1}, n_{2}, \cdots, n_{t})$ . Since $N’$ is compact, there
exist $n_{1}’,$ $\cdots$ , $n_{t}’\in N’$ wbich satisfy the following property: for any $n$ there exists
some integer $m\geqq n-1$ such that $\phi_{m}(n_{i})\equiv n_{i}’mod(p, T)^{n}N’$ . Then the map
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$\phi:Narrow N’(\phi(n_{i})=n_{i}’)$ is a $\Lambda$ -isomorphism. Therefore if $N\not\equiv N’$ , then there
exists some integer $n$ such that $N/\omega_{n}N\neq N’/\omega_{n}N’$ . By Theorem 2 we can
show that $n(f)$ is finite. $\square$

\S 3. A necessary and sufficient condition.

In this section we give a necessary and sufficient condition for Greenberg’s
conjecture in terms of $\Lambda$ -module structures of certain Galois groups. Let $k$ be
a totally real number field and $P$ an odd prime number. We use the same
notation as in the preceding sections. Put $\Lambda=Z_{p}[[T]]$ .

PROPOSITION 6. Assume that every Pnme ideal of $k$ above $p$ is fully ramified
in $k_{\infty}$ and that Leopoldt’s conjecture is $tme$ for $k$ and $p$ . Then the followzng
statements are equivalent.

(1) $Y/I$ is finite.
(2) char$(Y)=char(D)$ .
This proposition is easily obtained by the following lemma.

LEMMA 2. Let the situation be the same as in ProPosition 6. Then $D/I$ is
finite.

PROOF. We have $D/I \cong\lim_{arrow}D_{n}$ , where the projective limit is taken with
respect to relative norms. Leopoldt’s conjecture implies that the order of the
maximal $\Gamma$-invariant submodule $A_{n}^{\Gamma}$ of $A_{n}$ is bounded as $narrow\infty$ (see [Gl, Prop-
osition 1]). Since $D_{n}\subseteqq A_{n}^{\Gamma}$, the assertion follows. $\square$

The following theorem and Proposition 6 give a necessary and sufficient
condition for Greenberg’s conjecture for $k$ and $p$ .

THEOREM 3. Assume that $P$ does not divzde char$(Y)$ . Then char$(D)=char(Y)$

if and only if there exist a non-negative integer $n$ and a power series $f^{*}(T)\in\Lambda\backslash (\pi)$

satisfying (1) and (2):

(1) $(f^{*}(T))\equiv(char(Y))mod P^{m(f^{*}(T).n)}$

(2) there is no Pair $(N^{*}, N")$ zvzth $[N^{*}]\in \mathscr{M}_{f^{*}(T)},$ $N’\in \mathfrak{N}_{N}*$ such that

$[Y/\omega_{n}Y, (D+\omega_{n}Y)/\omega_{n}Y]_{n}=[N^{*}/\omega_{n}N^{*}, (N’’+\omega_{n}N^{*})/\omega_{n}N^{*}]_{n}$ .

PROOF. By [I4, Theorem 18], $Y$ has no non-trivial finite $\Lambda$ -submodule if
$p\neq 2$ . Using this fact, we can prove this theorem.

{Necessity} Assume that char$(D)=char(Y)$ and that $\lambda(f^{*})=\lambda(char(Y))$ . For
any $[N^{*}]\in \mathscr{M}_{f}*andN’\in X_{N}*,$ $Z_{p}$ -rank of $N’’$ is smaller than that of $D$ . For
all sufficiently large $n,$ $Z_{p}$-rank of $N’’$ (resp. $D$) is equal to the minimum number
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of generators of $Z_{p}$-module $(N’’+\omega_{n}N^{*})/\omega_{n}N^{*}$ (resp. $(D+\omega_{n}Y)/\omega_{n}Y$). Therefore
the necessity follows.

{Sufficiency} Assume that $(f^{*})\equiv(char(Y))mod P^{m(f^{*}.n)}$ . Then we have
$m(f^{*}, n)=m(char(Y), n)$ . Therefore the sufficiency immediately follows from the
definition of $m(char(Y), n)$ . $\square$

REMARK 2. AS is easily seen, $Y/\omega_{n}Y\cong Ga1(M_{n}/k_{\infty})$ and $(D+\omega_{n}Y)/\omega_{n}Y\cong$

$Ga1(M_{n}/L_{n}’)$ . Hence, by class field theory, we can obtain knowledge on the
isomorphism class $[Y/\omega_{n}Y, (D+\omega_{n}Y)/\omega_{n}Y]_{n}$ from some data of $k_{n}$ (cf. Prop-
osition 1). Next, assume $k$ is abelian. Then we can calculate char$(Y)mod P^{m}$

for any $m$ from the Stickelberger elements by virtue of the Iwasawa main con-
jecture. Thus, we can obtain information on $[N^{*}/\omega_{n}N^{*}, (N’+\omega_{n}N^{*})/\omega_{n}N^{*}]_{n}$ .
Further we have an upper bound for $m(char(Y), n)$ when char$(Y)$ is square-free
(see Remark 1). For numerical calculations, see \S 4.

For an abelian field $k$ , let $\Psi$ be an irreducible character of $\Delta=Ga1(k/Q)$ over
$Q_{p}$ . If $P$ does not divide $[k:Q]$ we can replace $Y,$ $D$ by $e_{\Psi}Y,$ $e_{\Psi}D$ respectively
in Theorem 3 where $e_{\Psi}$ is the idempotent of $\Psi,$ $i.e$ . $e_{\Psi}=\#\Delta^{-1}\Sigma_{\sigma\in\Delta}\Psi(\sigma)\sigma^{-1}$ .

We explicitly write down this condition in some cases.
Since we assume that $p\neq 2$ and that $P$ does not divide char$(Y)$ , there exists

an injective $\Lambda$ -homomorphism with finite cokernel:

$Y \subset,\bigoplus_{i=1}^{\iota}\Lambda/(f_{i}(T)^{n_{i}})$ ,

where $n_{i}$ is a positive integer and $f_{i}(T)$ a distinguished irreducible polynomial
in $Z_{p}[T]$ . Then char$(Y)=\Pi_{i=1}^{l}f_{i}(T)^{n_{i}}$ .

{Case $0$ : $Y/D$ is trivial.}
This is known as a trivial case (cf. [FK]).

PROPOSITION 7. Assume that $Y/(D+\omega_{0}Y)=0$ , then $Y=D$ . In particular
char$(D)=char(Y)$ .

PROOF. In this case, we have $(Y/D)/\omega_{0}(Y/D)=0$ . This implies that $(Y/D)$

$/(P, T)(Y/D)$ is trivial. By Nakayama’s Lemma, we have $Y/D=0$ . $\square$

{Case 1: char$(Y)$ is distinguished irreducible in $Z_{p}[T].$ }
$l=1$ and $n_{1}=1$ .

PROPOSITION 8. For any irreducible power series $f(T)\in\Lambda\backslash (\pi)$ and $[N]\in$

$\mathscr{M}_{f(T)},$ $x_{N}=\{(0)\}$ .
PROOF. Since $N$ has no non-trivial finite $\Lambda$ -submodule, this proposition

immediately follows. $\square$
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THEOREM 3 (Case 1). Assume that $P$ does not divide char$(Y)$ . Then char$(D)$

$=char(Y)$ if and only if there exist a non-negative integer $n$ and a power series
$f^{*}(T)\in\Lambda\backslash (\pi)$ satisfying (1) and (2):

(1) $(f^{*}(T))\equiv(char(Y))mod P^{m(f_{(}^{*}T),n)}$

(2) $(D+\omega_{n}Y)/\omega_{n}Y\neq 0$ .

PROOF. By Proposition 8 and Theorem 3, the assertion easily follows. $\square$

REMARK 3. In this case we need not study a pair $(Y, D)$ to give a neces-
sary and sufficient condition. Hence we can replace $m(f^{*}(T), n)$ by $m_{0}(f^{*}(T))$

$i.e$ . all we have to know is the irreducibility of char$(Y)$ . In [Kr] and [OT],

they explicitly give some procedures to check the non-triviality of $Ga1(M_{0}/L_{0}’)$

in some case.

Let $l=1,$ $f_{1}(T)=T-a,$ $a\in pZ_{p}(a\neq 0)$ and $n_{1}=1$ . Put $\alpha=v_{p}(a)$ , where $v_{p}$

is the normalized $P$-adic valuation.

PROPOSITION 9. $\mathscr{M}_{T-a}=\{[N]|N=\Lambda/(T-a)\}$ , $\mathfrak{N}_{N}=\{(0)\}$ , $n(T-a)=0$ and
$m(T-a, n)= \max\{\alpha+n, \alpha+1\}$ .

PROOF. We prove that $m(T-a, n)= \max\{a+n, \alpha+1\}$ (the other assertions
can be easily proved). $lf(f^{*})\equiv(T-a)mod P^{2}$ then $f^{*}=(T-a^{*})u^{*}$ for some
$u^{*}\in\Lambda^{x}$ and $a^{*}\in pZ_{p}$ . By Proposition 3 if $(f^{*})\equiv(T-a)mod P^{a+1}$ , $T-a\equiv$

$T-a^{*}mod P^{\alpha+1}$ . Note that $v_{p}(\omega_{n}(a))=\alpha+n$ , where $\omega_{n}(a)=(1+a)^{p^{n}}-1$ . Hence
if $(T-a)\equiv(T-a^{*})mod P^{\alpha+1}$ , then $(T-a^{*}, \omega_{n})\supseteqq P^{a+n}$ . We easily see that
$\max\{c+1, M\}\leqq\max\{\alpha+1,2\}=\alpha+1$ . Therefore

$m(T-a, n)$ $ $\max\{m_{1.n}=\alpha+n, m_{2.n}=\alpha+1\}$

(see Remark 1). If $n=0,$ $\max\{\alpha+n, \alpha+1\}=\alpha+1$ . Put $f^{*}=T$ and $N^{*}=\Lambda/(f^{*})$ .
Then $f^{*}\equiv T-amod P^{\alpha}$ . We can see $N^{*}/\omega_{0}N^{*}\neq N/\omega_{0}N$. If $n\geqq 1,$ $\max\{\alpha+n, \alpha+1\}$

$=\alpha+n$ . Put $f^{*}=T-(a+p^{a+n-1})$ and $N^{*}=\Lambda/(f^{*})$ . Then $f^{*}\equiv T-amod P^{a+n-1}$

and $N^{*}/\omega_{n}N^{*}$ is a cyclic group of order equal to or larger than $P^{a+n}$ . Since
$(T-a)(N^{*}/\omega_{n}N^{*})$ is not trivial, $N^{*}/\omega_{n}N^{*}\not\equiv N/\omega_{n}N$. $\square$

{Case 2: char$(Y)$ is distinguished, square-free and reducible of degree 2.}
$l=2,$ $f_{1}(T)=T-a,$ $f_{2}(T)=T-b,$ $a,$ $b\in pZ_{p}(a\neq b, ab\neq 0)$ and $n_{1}=n_{2}=1$ . Put

$\alpha=v_{p}(a),$ $\beta=v_{p}(b)$ and $e=v_{p}(a-b)$ . Assume that $\alpha\leqq\beta$ .

PROPOSITION 10. $\#\mathscr{M}_{(T-a)(T-b)}=e+1$ and

$\mathscr{M}_{(r-a)(T-b)}=\{[N_{k}]|N_{k}=(1\oplus 1,0\oplus p^{k})\subseteqq\Lambda/(T-a)\oplus\Lambda/(T-b), 0\leqq k\leqq e\}$ ,

where $c\oplus d=cmod(T-a)\oplus dmod(T-b)$ .
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PROOF. For $[N]\in \mathscr{M}_{(\tau-a)(T-b)}$ , there exists an injective $\Lambda$ -homomorphism:
$\phi_{N}$ : $Narrow\Lambda/(T-a)\oplus\Lambda/(T-b)$ . Any element in $\Lambda/(T-a)\oplus\Lambda/(T-b)$ can be
expressed as $c\oplus d$ , where $c,$ $d\in Z_{p}$ . Let $m= \min\{i|p^{i}\oplus d\in\phi(N)\}$ and $n=$

$\min\{i|0\oplus p^{i}\in\phi(N)\}$ . Then $N$ is isomorphic to $(p^{m}\oplus d, 0\oplus p^{n})$ for some $d\in Z_{p}$ .
Since $(T-a)(p^{m}\oplus d)=0\oplus(b-a)d,$ $N\cong(p^{m}\oplus 1,0\oplus p^{k})\cong(1\oplus 1,0\oplus p^{k})=N_{k}$ , where
$0\leqq k\leqq e$ . Since

$[Ker(\cross(T-b):N_{k}arrow N_{k}):{\rm Im}(\cross(T-a):N_{k}arrow N_{k})]=p^{e-k}$ ,

$\#\mathscr{M}_{(T-a)(\tau-b)}=e+1$ . $\square$

PROPOSITION 11. $\mathfrak{N}_{N_{k^{-}}}\{(p^{i}\oplus 0), i\geqq k, (0\oplus p^{j}), j\geqq k, (0\oplus 0)\}$ .

PROOF. If $c\not\equiv Omod(T-a)$ and $d\not\equiv Omod(T-b)$ , then $(c\oplus d)\not\in y\iota_{N_{k}}$ . Since
$\min\{i|p^{i}\oplus 0\in N_{k}\}=k$ , the assertion follows. $\square$

PROPOSTITION 12. $n((T-a)(T-b))=e-\alpha$ .

PROOF. For $n=e-\alpha$ ,

$Ker(\cross(T-b):N_{k}/\omega_{n}N_{k}arrow N_{k}/\omega_{n}N_{k})=(p^{k}(1\oplus 1), 0\oplus p^{k})/\omega_{n}N_{A}$ .
Since $[N_{k}/\omega.N_{k} : Ker(\cross(T-b))]=p^{k}$ , we have $n((T-a)(T-b))\leqq e-\alpha$ . For
$n=e-\alpha-1\geqq 0$ ,

$\phi:N_{0}/\omega_{n}N_{0}arrow N_{1}/\omega_{n}N_{1}$ $1\oplus 1-,$ $1\oplus 1$ , $O\oplus 1rightarrow 0\oplus p$

is a $\Lambda/(\omega_{n})$-isomorphism. (In this case $\alpha=\beta<e$ . Since $v_{p}(\omega_{n}(a)-\omega_{n}(b))=e+n$ ,

we have $\omega_{n}(a)(1\oplus 1)+(\omega_{n}(b)-\omega_{n}(a))(0\oplus p),$ $\omega_{n}(b\cross 0\oplus p)\in\omega_{n}N_{1}$ . Hence $\phi$ is an
isomorphism of abelian groups. Since $T(1\oplus 1)-a(1\oplus 1)+(a-b)(O\oplus p),$ $T(0\oplus p)-$

$b(0\oplus p)\in\omega_{n}N_{1},$ $\phi$ is a $\Lambda$ -isomorphism.) Therefore $n((T-a)(T-b)=e-\alpha.$ $\square$

The following lemma is obtained by easy calculation.

LEMMA 3. Let $N’-(p^{t}\oplus 0)\in y\iota_{N_{k}}$ . Then

$N_{k}/(N’+\omega_{0}N_{k})\cong\{$

Z/P $Z\oplus Z/p^{i}Z$ if $e-\alpha\leqq k,$ $k\leqq i\leqq k+\alpha+\beta-e$

$Z/p^{e-k}Z\oplus Z/p^{k+a+\beta-e}Z$ if $e-\alpha\leqq k,$ $i\geqq k+\alpha+\beta-e$

$Z/p^{a}Z\oplus Z/p^{-k-\alpha+e+i}Z$ if $e-\alpha\geqq k,$ $k\leqq i\leqq k+\alpha+\beta-e$

$Z/p^{a}Z\oplus Z/p^{\beta}Z$ if $e-\alpha\geqq k,$ $i\geqq k+\alpha+\beta-e$ .

Let $N’=(0\oplus p^{j})\in \mathfrak{N}_{N_{k}}$ . Then

$N_{k}/(N’+\omega_{0}N_{k})\cong\{$

$Z/p^{e-k}Z\oplus Z/p^{k+a-e+j}Z$ if $e-\alpha\leqq k,$ $k\leqq j\leqq\beta$

$Z/p^{e-k}Z\oplus Z/p^{k+a+\beta-e}Z$ if $e-\alpha\leqq k,$ $j\geqq\beta$

$Z/p^{\alpha}Z\oplus Z/p^{j}Z$ if $e-\alpha\geqq k,$ $k\leqq j\leqq\beta$

$Z/p^{\alpha}Z\oplus Z/p^{\beta}Z$ if $e-\alpha\geqq k,$ $j\geqq\beta$ .
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PROPOSITION 13. $m$ ($(T-a)(T-b)$ , n);$2e+\beta +n.

PROOF. If $(T-a)\equiv(f_{1}^{*})mod P^{e+1}$ and $(T-b)\equiv(f_{2}^{*})mod P^{e+1}$ , then $\lambda(f_{1}^{*})=$

$\lambda(f_{2}^{*})=1$ and $(f_{1}^{*}, f_{2}^{*})\supseteqq P^{e}$ . Put $x= \max\{e+1, \beta+1\}$ . If $(T-a)\equiv(ff)=$

$(T-a^{*})mod P^{X}$ and $(T-b)\equiv(f_{2}^{*})=(T-b^{*})mod P^{x}$ , then $a^{*}\equiv amod p^{x}$ ,
$b^{*}\equiv bmod p^{x}$ and

$(\omega_{n}(u_{1}\oplus u_{2}), \omega_{n}(0\oplus u_{3}p^{k}),$ $T-a^{*}\oplus O,$ $O\oplus T-b^{*})\supseteqq P^{e+\beta+k}(\Lambda\oplus\Lambda)$

for any $u_{1},$ $u_{2},$
$u_{3}\in\Lambda^{\cross}$ . We easily see that $\max\{c+1, M\}\leqq\max\{e+1, e+1\}=$

$e+1$ . Since

$\max\{m_{1.n}=e+\beta+n, m_{2,n}=x\}=e+\beta+n$ ,

$m((T-a)(T-b), n)\leqq e+(e+\beta+n)=2e+\beta+n$ by Remark 1. $\square$

THEOREM 3 (Case 2). Assume that $p$ does not divzde char$(Y)$ . Then char$(D)$

$=char(Y)$ if crnd $mly$ if there exist a non-negative integer $n$ and $a^{*},$ $b^{*}\in pZ_{p}$

$(a^{*}\neq b^{*}, a^{*}b^{*}\neq 0)$ satisfying (1) and (2):

(1) $((T-a^{*})(T-b^{*}))\equiv(char(Y))mod P^{m((T-a^{*})(T-\#),n)}$

(2) there is no pair $(Nt, N")$ with $[Nf]\in \mathscr{M}_{(T-a^{*})(T-b^{*})},$ $N’\in \mathfrak{N}_{Nf}$ such that

$[Y/\omega_{n}Y, (D+\omega_{n}1^{\nearrow})/\omega_{n}Y]_{n}=[N_{k}^{*}/\omega_{n}N_{k}^{*}, (N’’+\omega_{n}N_{k}^{*})/\omega_{n}N_{k}^{*}]_{n}$ .

\S 4. Numerical examples.

In this section we give numerical examples. We follow the notation of the
preceding sections.

Let $k$ be a real quadratic field, $P$ an odd prime number and $\psi$ the non-
trivial primitive Dirichlet character which is associated to $k$ . Let $f_{0}$ be the
least common multiple of $P$ and the conductor of $\psi$ . We identify $Ga1(k_{\infty}/k)$

with $Ga1(k(\mu_{p}\infty)/k(\mu_{p}))$ , where $\mu_{p^{n}}$ is the group of $p^{n}$ -th roots of unity and
$\mu_{p}\infty=\bigcup_{n\geq 0}\mu_{p^{n}}$ . We take a topological generator $\gamma_{0}$ of $Ga1(k_{\infty}/k)$ such that
$\zeta^{\gamma_{0}}=\zeta^{1+f_{0}}$ for all $\zeta\in\mu_{p}\infty$ . Since there is no non-trivial abelian $P$-extension of
$Q_{\infty}$ unramified outside $p$ , we have $Y=Ga1(M/k_{\infty})=e_{\psi}Y$ , where $e_{\psi}$ is the idem-
potent of $\psi$ . On the other hand, there exists an element $G_{t^{b}}(T)\in\Lambda=Z_{p}[[T]]$

such that $L_{p}(1-s, \psi)=G_{\psi}((1+f_{0})^{s}-1)$ for all $s\in Z_{p}$ (see [I3]). By p-adic
Weierstrass preparation theorem, we can uniquely express $G_{\psi}(T)$ in the form
$p^{\mu}\emptyset g_{\psi}(T)U_{\psi}(T)$ , where $\mu_{\varphi}$ is a non-negative integer, $g_{\psi}(T)$ a distinguished
polynomial in $\Lambda$ and $U_{\psi}(T)\in\Lambda^{\cross}$ . The Iwasawa main conjecture proved by
Mazur-Wiles [MW] asserts char$(e_{\psi}Y)=p^{\mu_{\psi}}g_{\psi}(T)$ . Moreover Ferrero-Washington
[FW] proved $\mu_{\psi}=0$ .
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An “approximate” polynomial of $G_{\psi}(T)$ is obtained in the following way.
Let $\omega$ be the Teichm\"uller character. $G_{\psi}(T)$ satisfies the following congruence:

$G_{\psi}(T) \equiv-\frac{1}{2f_{0}p^{n}}\sum_{a=1.(a.f_{0})=1}^{f_{0}p^{n}}a\psi\omega^{-1}(a)(1+\dot{T})^{-\gamma_{n^{(a)}}}mod ((1+\dot{T})^{p^{n}}-1)$

for $n\geqq 0$, where $(1+\dot{T})(1+T)=1+f_{0},$ $(1+f_{0})^{\gamma_{n}(a)}\equiv zamod p^{n+1}$ for some $(p-1)$-th
root of unity $z\in Z_{p}$ and $0\leqq\gamma_{n}(a)<p^{n}$ (see [I3, \S 6] and [G2]). Note that
$(p, T)^{n+1}\supset((1+\dot{T})^{p^{n}}-1)$ . For details about computation of $G_{\psi}(T)$ , see, for
example, [EM].

Let $k=Q(\sqrt{m})$ in which $p=3$ splits, where $m$ is a square-free integer
$(1<m<10^{4})$ . The total number of such fields is exactly 2279.

EXAMPLE 0-1. If $\deg(g_{\psi}(T))=0$ , we have $M=L=k_{\infty}$ . Hence $\lambda$ and $\nu$

vanish. There are 1444 fields such that $\deg(g_{\psi}(T))=0$ among 2279 fields.

EXAMPLE 0-2. If $L_{0}’=k_{\infty}$, then we have $L’=k_{\infty}$ by Proposition 7. Hence
$\lambda=0$ by Proposition 6. Including those in Example 0-1, there are 1444+598
fields such that $L_{0}’=k_{\infty}$ among the above fields. Concerning $\nu$-invariants of
those 598 fields, see [FK].

EXAMPLE 1. If $g_{\psi}(T)$ is irreducible in $Z_{p}[T]$ and $[M_{n} : L_{n}’]>1$ , then we
have $\lambda=0$ by Proposition 6 and Theorem 3 (case 1). The index $[M_{n} : L_{n}’]$ is
computed in the following way. Assume that $g_{\psi}(T)$ is square-free. Then there
exists an injective map $Y=Ga1(M/k_{\infty})cZ=Z_{p}[T]/(g_{\psi}(T))$ with finite cokernel.
Hence we have $[M_{n} : k_{\infty}]=\#(Z/\omega_{n}Z)$ (see [CL, \S 4]). By Proposition l(a), (b),
$\#Ga1(L_{n}’/k_{\infty})=\# A_{n}’\cdot\#(U_{n}/V_{n}\overline{E}_{n}’)$ . We have seen in the proof of Lemma 1 that
$i_{0.n}’$ : $U_{0}/V_{0}arrow U_{n}/V_{n}(\cong Z_{p})$ is an isomorphism. Hence we see that $U_{n}/V_{n}arrow$

$(U_{0}/V_{0})^{p^{n}}$ induced by the relative norm map is an isomorphism. Thus we have
$\#(U_{n}/V_{n}\overline{E}_{n}’)=\#(U_{0}/V_{0}\overline{N_{k_{n}/k}E_{n}’})/p^{n}$ . Therefore we have

$[M_{n} : L_{n}’]=\#^{-}A_{n^{\frac{\#(Z/\omega_{n}Z)\cdot p^{n}}{\#(U_{0}/V_{0}\overline{N_{k_{n}/k}E_{n}’})}}}’$.

In [FT], they compute $\# A_{n}’=\# A_{n}/D_{n}$ and $n_{0}^{(n)}=v_{p}(p\cdot\#(U_{0}/V_{0}\overline{N_{k_{n}/\iota}E_{n}’}))$ for
the above 2279 fields and $n=0,1$ .

Let $k=Q(\sqrt{727}),$ $p=3$ and $\sigma$ generates $Ga1(k/Q)$ . By computation, $(G_{\psi}(T))$

$\equiv(T^{2}+3T+18)mod (p, T)^{3}$ . Further we see that $T^{2}+3T+18$ is irreducible in
$Z_{p}[T]$ and $m_{0}(T^{2}+3T+18)=3$ . Therefore $g_{\psi}(T)$ is irreducible in $Z_{p}[T]$ . We
get $\# Z/\omega_{0}Z=p^{2}$ .

On the other hand, we have

$A_{0}=1$ , $E_{0}=\langle-1, \epsilon=728+27\sqrt 7\overline{27}\rangle$ , $E_{0}’=\langle-1, \epsilon, 3, \epsilon’=22+\sqrt{}\overline{7}27\rangle$ .
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$\mathfrak{p}=(3, \epsilon^{\prime\sigma})$ is a prime ideal and $\mathfrak{p}^{\epsilon}=(\epsilon^{\prime\sigma})$ . Here since $\sqrt{727}\equiv 22mod \mathfrak{p}^{4},$ $\epsilon$ is a
$\mathfrak{p}$-adic $p^{2}$-th power but not p’-th power and $\epsilon’$ is a $\mathfrak{p}$-adic p-th power but not
$p^{2}$-th power.

From these data on $E_{0}’$ , we see that $n_{0}^{\langle 0)}=2$ (see [FK] and [FT]). By these
facts, we have $[M_{0} : L_{0}’]=p$ . Therefore we have $\lambda=0$ .

Here we explain how to obtain $n_{0}^{(0)}=2$ from these data for convenience of
readers. Since $P$ splits in $k$ , we have

$U_{0}=\{(u, u’)\in(1+pZ_{p})\cross(1+pZ_{p})|uu’=1\}$ ,

$V_{0}=(1,1)$ ,

$W_{0}=\{(\eta p^{a}, \eta’p^{b})|a, b\in Z, \eta^{p-1}=\eta^{\prime p-1}=1\}$ .

Here we fix a topological generator $x$ of $U_{0}$ . By the above data,

$u_{0}(\epsilon)=x^{p^{2}u}$ and $u_{0}(\epsilon’)=x^{pu’}(1, p^{5})$

for some $u,$ $u’\in Z_{p}^{x}$ . Hence $\overline{E}_{0}’=\overline{U_{0}\cap(u_{0}(E_{0}’)W_{0}}$) $=\langle x^{p}\rangle$ . Therefore we have
$\# U_{0}/V_{0}\overline{E}_{0}’=p$ and $n_{0}^{(0)}=2$ .

In a similar way, we can show that the conjecture is true for $m=2794$,

4279, 4741, 5533, 7429, 7465, 7642, 9691. For these quadratic fields, the conjec-
ture was not verified in [FT].

EXAMPLE 2. Let us deal with the case $g_{\{}b$ is reducible. Here we give an
example of case 2.

Let $k=Q(\sqrt{9634}),$ $p=3$ and $\sigma$ generates $Ga1(k/Q)$ . By computation, $(G_{\psi}(T))$

$\equiv((T-66)(T-27))mod (p, T)^{5}$ . Hence we have $g_{\psi}(T)=(T-a)(T-b)(a, b\in pZ_{p})$ ,
$e=1$ , $\alpha=1$ and $\beta=3$ by Proposition 2 and Proposition 3. Put $f^{*}(T)=$

$(T-66)(T-27)$ . Moreover we have $m(f^{*}(T), O)=m(g_{\psi}(T), 0)\leqq 5$ by Proposition
13. This implies that $\mathcal{L}_{Char(Y).0}=X_{f^{*}(\tau)}.0$ .

On the other hand, we have

$A_{0}=D_{0}\cong Z/pZ$ , $E_{0}=\langle-1, \epsilon=8343+85V9634\rangle$

$E_{0}’=\langle-1, \epsilon, 3, \epsilon’=2252785+22304\sqrt{9634}\rangle$ .
$\mathfrak{p}=(3, \epsilon^{\prime\sigma})$ is a prime ideal and $\mathfrak{p}^{24}=(\epsilon^{\prime\sigma})$ . Here since $\prime 9634\equiv 20$ mod p’, $\epsilon$ is a
$\mathfrak{p}$-adic p’-th power but not $p^{4}$-th power and $\epsilon’$ is a $\mathfrak{p}$-adic $P^{2}$-th power but not
$p^{3}$-th power.

From these data, we obtain $\overline{E}_{0}=\langle x^{p^{3}}\rangle$ and $\overline{E}_{0}’=\langle x^{p^{2}}\rangle$ in a similar way as
in Example 1. First, by Proposition 1 (a), (b), $Ga1(L_{0}’/k_{\infty})=Ga1(L_{0}’/K_{0}’k_{\infty})\cong$

$U_{0}/V_{0}\overline{E}_{0}’\cong Z/p^{2}Z$. Next, let us compute $Ga1(M_{0}/L_{0}’)$ . By Proposition 1 (e) and
$V_{0}=\{(1,1)\}$ , we have $M_{0}=L_{0}$ . On the other hand, $Ga1(L/L’)$ is a cyclic $Z_{p}$-module,
since $\mathfrak{p}_{n}\mathfrak{p}_{n}^{\sigma}$ is principal for all $n$ . Thus it suffices to know $\# Ga1(L_{0}/K_{0}L_{0}’)$ and
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$\#Ga1(K_{0}L_{0}’/L_{0}’)$ . AS $\overline{E}_{0}’/\overline{E}_{0}\cong Z/pZ,$ $\#Ga1(L_{0}/K_{0}L_{0}’)=p$ by Proposition 1 (d). By
$D_{0}\cong Z/pZ$ and Proposition 1 (c), we get $\#Ga1(K_{0}L_{0}’/L_{0}’)=p$ . Therefore we
obtain $Ga1(M_{0}/L_{0}’)\cong Z/p^{2}Z$ . As $A_{0}=D_{0}$ , we see that $L_{0}’\cap K_{0}k_{\infty}=k_{\infty}$ . Hence
$Ga1(M_{0}/k_{\infty})$ is not a cyclic $Z_{p}$-module. By Proposition 10 $(e=1)$ , $\mathscr{M}_{f^{*}(T)}$ has
two elements $[N_{0}^{*}]$ and $[N_{1}^{*}]$ . Now we prove char$(D)=char(Y)$ . By Theorem
3 (case 2), all we have to do is to show that there is no element $N’’\in \mathfrak{N}_{N_{k}^{*}}$ such
that $[Y/\omega_{0}Y, (D+\omega_{0}Y)/\omega_{0}Y]_{0}=[N_{k}^{*}/\omega_{0}N_{k}^{*}, (N’’+\omega_{0}N_{k}^{*})/\omega_{0}N_{k}^{*}]_{0}$ for $k=0,1$ . Prop-
osition 11 gives us all elements of $\mathfrak{N}_{N_{k}^{*}}$ . Then, using Lemma 3, we have no
elenent $N’\in \mathfrak{N}_{N_{0}^{*}}$ such that $(N’+\omega_{0}N_{0}^{*})/\omega_{0}N_{0}^{*}\cong Ga1(M_{0}/L_{0}’)\cong Z/p^{2}Z$ and that
$N_{0}^{*}/(N’+\omega_{0}N_{0}^{*})\cong Ga1(L_{0}’/k_{\infty})\cong Z/p^{2}Z$. On the other hmd, $N_{1}^{*}/\omega_{0}N_{1}^{*}$ is a cyclic
$Z_{p}$-module, but $Y/\omega_{0}Y=Ga1(M_{0}/k_{\infty})$ is not cyclic. Therefore the above assertion
follows.

Of course, we can show char$(D)=char(Y)$ by directly studying $[Y/\omega_{0}Y$ ,
$(O+\omega_{0}Y)/\omega_{0}Y]_{0}$ . In tbe above case, we have the following isomorphisms by

class field theory (cf. Proposition 1).

$Y/\omega_{0}Y$ $\cong Z/pZ\oplus Z/p^{s}Z$

UII UII
$(D+\omega_{0}Y)/\omega_{0}Y\cong$ $(1\oplus p)$ .

Using this fact, we can show that $D\not\in yl_{Y}$ by Theorem 3 (case 2) and Proposi-
tion 11.

In the following tables, we write the number of quadratic fields satisfying
conditions concerning (1) $\deg(g_{\psi}(T))$ , (2) reducibility of $g_{\psi}(T)$ , (3) $M_{0}$ and $L_{0}’$ ,
(4) $L’$ and $k_{\infty}$ among 2279 fields. For example, 430(393) in Table 1 means that
there are 430 fields which satisfy the following conditions (1), (2), (3) and that
393 fields satisfy (4) further. (1) $deg(g_{\psi}(T))=1$ . (2) $g_{\psi}(T)$ is irreducible in
$Z_{p}[T]$ . (3) $M_{0}\supsetneqq L_{0}’$ . (4) $L_{0}’=k_{\infty}$ .

Table 1: The number of quadratic fields $(n=0)$
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Table 2: The number of quadratic fields $(n=1)$

By Table 1, Example $0$ and Example 2 Greenberg’s conjecture is true for at
least $2097=1444+430+146+29+12+5+14+11+3+2+1$ fields among 2279 fields.
Moreover, by Table 2, the conjecture is true for at least $2234=1444+517+185$

+37+15+5+14+11+3+2+1 fields. Further in [FT] the conjecture is verified
for $Q(\sqrt{2659})$ and $Q(\sqrt{837}4)$ which are not contained by 2234 fields above.

ADDENDUM. Recently some authors obtained efficient criterions for the
validity of the conjecture for certain classes of real abelian fields (see [KS],
[Ku], [IS1] and [IS2] $)$ . Using them, they add new examples with $\lambda_{p}(k)=0$ . For
example, Greenberg’s conjecture is verified for $p=3$ and all quadratic fields
$k=Q(\mathcal{F}m)$ with $1<m<10^{4}$ (see [IS2]).
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