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Introduction.

Let R, , be a Riemann surface of genus g=0 with n>=0 punctures, and
I'; . be the pure mapping class group of R, ,. As is well known, /', , is
isomorphic to a certain subgroup of the outer automorphism group of the
topological fundamental group =z, , of R, .. The group =, , has a natural
filtration {x, .(m)}5 -, called the weight filtration, which is introduced by T.
Oda. This filtration naturally induces a filtration {/', ,[m]}m=o of I, ». The
aim of this paper is to serve some basic results about this filtration. In this
paper, we assume that 2—2g—n<0, which is equivalent to that the group 7, ,
is non-abelian.

To explain our first result, let us recall that there exists a canonical exact

sequence
dx P«

l_eﬂg,n—l_) g,n—)Fg,n—1—>1-
The homomorphism py is induced from “forgetting” the n-th puncture and the
homomorphism d4 can be explicitly described by a result of Birman. Then, it
can be shown that the homomorphisms d4« and px preserve the filtrations, hence
we have a complex

(*) 00— gr(”g,n—l) —> gr(rg.n[lj) - gr(rg,n—l[l:l) — 0.

Here, each associated graded module gr( ) has a structure of a graded Lie
algebra. Moreover, if g=1, the Siegel modular group Sp(2g; Z) naturally acts
on them.

THEOREM A. If n=2, the complex (*) is an exact sequence of graded Lie
algebras with Sp(2g; Z)-action.

Our second result is about the comparison of ", , with the pro-/ mapping
class group, / being a fixed prime number. Using the pro-! completion xhro-l
of m,, instead of 7, . we can define the pro-/ mapping class group purely
algebraically, which is denoted by I'{"?,. (For the definition, see §4-1.) The
group ['¢H, also has a filtration induced from the weight filtration of mProt,
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Then we have the canonical homomorphism
il g —> 10

and ¢, preserves the filtration of /", , and I"{,. Hence ¢, induces the homo-
morphism
gr™(pn): g™ ) —> gr™(')  (m =z D).

If g=1, the group Sp(2g; Z;) naturally acts on gr™(I'$%) and gr™(¢,) is
Sp(2g)-equivariant.

Let I, . denote the topological closure of ¢,(I',.,) in I'®,. Then [, is
a profinite group and has two filtrations. The first one is {1, .[m]} induced
from {I", ,[m]} and the second one is {/7, ,[m]} induced from {I",[m]}. We
shall study the homomorphism gr™(¢,). Our results are summarized as the
following

THEOREM B. (i) For each m=1, the Z-module gr™(I"; ») and the Z;-module
gr™([, ,) are free of finite rank and gr™(¢,) induces an injective homomorphism

*) grm(Fg,n)(?ZL —_—> grm<ﬁg.n>'

If g=1, this homomorphism is Sp(2g)-equivariant.
(ii) Assume that g+1. Then we have

Fg,n[m]:f'g,n[m] (m = 0),
hence the homomorphism (*) is an isomorphism.

There are two crucial points for the proof of our results. One of them is
that the graded Lie algebras gr(z, ,) and gr(zrg,,,)@Fp (p: prime) have trivial
center. Another one, which is for the proof of Theorem B (ii), is some prop-
erties of the symplectic group, especially the congruence subgroup property of
Sp(2g; Z) (g=2). In fact, in the case that g=1 (and n=1), analogous result
does not hold.

The motivation of the present work is some observations by T. Oda (cf.
e.g., [0,]), which we shall briefly explain. Let us consider a pair (C, S),
where C is a complete non-singular curve defined over a finite algebraic number
field 2#CC and S be a finite set of k-rational points on C with its cardinality
n. Then the absolute Galois group Gal(k/k) acts naturally on the pro-/ funda-
mental group n;’m"(C@E\S) and we have a Galois representation

o : Gal(k/k) —> Out(:r’l’m"(C(?E\S)) .

The image of this representation is contained in I'¢),, provided that the
generators of nf”"(C@k\S) are suitably chosen., Moreover Oda has observed
k
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that (i) the image is contained in the normalizer N(I%,,) of I, , in I, and
that (ii) the composite of p, with the canonical projection N, )Ny )/ Ty
does not depend on (C, S) and is determined only by g, » and /. And he has
proposed to investigate the groups N(/% .) and N/ )/l .. Since we have
little knowledge about these groups, to establish some basic properties of 7.,
seems to be useful in further investigations.

The organization of this paper is as follows. In §1, we shall give some
preparations for the proof of main results. The aim of §2 is to establish some
basic properties of the homomorphisms dx and ps. §3 is devoted to the proof
of Theorem A. In §4, we first summarize some known facts about the pro-/
fundamental groups and the pro-/ mapping class groups. Then the proof of
Theorem B is given. In the last section, we shall summarize some open problems
and discuss them.

The author wishes to express his sincere gratitude to Professor Takayuki
Oda for drawing his attension to the subject treated in this paper. He is also
very grateful to Professor K. Hashimoto and Doctor H. Nakamura for helpful
communications and stimulating discussions.

§1. Preliminaries for the proof of results.

1-1. Weight filtration of the fundamental group and its associated

graded Lie algebra.

In this subsection, we shall recall the weight filtration of the topological
fundamental group of a punctured Riemann surface introduced by T. Oda and
summarize some basic properties of its associated graded Lie algebra. (Cf.
Asada-Matsumoto-Oda [AMO], Kaneko [K].)

Let 7, » denote the group defined by the following generators and a defining
relation :

generators: Xy, ‘-, Xag, 21, 't , Zn

relation @ [xy, Xg,1] - [Xg Xogl2 - zn = 1.
ere the bracket [, ] denotes the commutator; [a, b]=aba 'b~".
The weight filtration {7, .(m)}sm-1 of 7, ,» is defined as follows:
Tgn(l) =74
Tg.n(2) =L[Tg.n, Tg.n], 21, ", ZnPnorma
Tg.a(m) = {{Tg,a(M1), W n(Ma)] | MMy = MPnormar (M = 3).

Here { Dnormai denotes the smallest normal subgroup of =, , containing all
elements inside.
Then, {7, .(m)}m-1 is a decreasing sequence of normal subgroups of =z, ,.
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Moreover, it is a central filtration, i.e.,

[z n(m), T n(mM')] C 7y n(m—+m’)

holds for all m, m’=1.

REMARK. We note that in the case of =0 and 1, the weight filtration
coincides with the (usual) lower central filtration. But in the case of n=2,
they are different and should be distinguished.

As is well known, the graded module

o0

gr(Tgn) = D Gr™(Tg ) (QT™( Wy, n) = Tg a(m)/ 7y n(m+1))

m=1

has a structure of a graded Lie algebra, the Lie bracket being naturally induced
by the commutator (cf. e. g., Bourbaki [Bo, Ch. 2]). By theorems of Witt [W]
and Labute [La], the generators and a defining relation of the Lie algebra
gr(z, ») are given as follows:

generators: X, -+, Xaop, Zy, 0, Zo
g n

relation  : 21 (X, Xgoil+ 21 Z;=0,
1= i=

where X;=x; mod 7, ,(2) (1=<i=<2g) and Z;=z;mod 7, ,(3) (1=<7<n).
The basic facts we shall use throughout this paper about the Lie algebra
gr(m, ») is summarized as the following

THEOREM 1 (Witt [W], Labute [La]). (i) As a Z-module, gr(m, »)is free.

(ii) The Lie algebra gr(w,, ,) has trivial center.

(iii) The Lie algebra gr(m, »,)QRF, has trivial center for all prime number p.
z

For the proof of (ii) and (iii) in the case of n=0, cf. Asada [As]. See also
Bass-Lubotzky [BL].

1-2. Induced filtration of the mapping class group.

In this subsection, we shall start with an algebraic definition of the pure
mapping class group and recall its filtration induced from the weight filtration
of the fundamental group.

Let us denote the automorphism group of =, , by Aut(z, ,) and put

AUtlzi}i(”g.n) ={o e AUt(ﬂ-'g,n) | O'(Zj) ~ Zj v].},

where ~ denotes the conjugacy in z, .. Then, Aut,,,(7, ) is a subgroup of
Aut(z, ), stabilizes the filtration {7, .(m)} s, and contains the inner auto-
morphism group Int(z,, ») of 7w, ».

Assume that g=1. Then, the group Aut,, (7, ») acts naturally on gri{(z, ),
which is a free Z-module of rank 2g with a basis {x; mod 7, ,(2)}1<i<2,. This
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gives a representation

14 . Aut(zi)i(ﬂ:g,n) -—> GL(Zg , Z)y
g ‘ (pij)

where ¢(x;)=I1:é, x4¥¢ mod 7, ,(2). Then, it can be verified that the image of
p is contained in the group

GSp(2¢; Z)={A = GL(2g; Z) | "AJ A=XA)],, X(A) = £1},

. _(0 —1
with jg—(lg Og)‘
We define the group I°, , by

g n = {0 € Auty,, (T4.0) | p(0)) = 1}
= {0 € Aut(my ) | 0(z;) ~z; Y7, Xp(a)) = 1}.

(If g=0, the condition that X(p(¢))=1 is empty.) The quotient group of f’g,n
by Int(z, ,) is denoted by [, .;

Ign= f'g.n/lnt(ﬁg,n),

and is called the pure mapping class group of R, ,.
Now, for each non-negative integer m, set

I:g_n[m] = {o e fg_n [ xix7' €, (m+1) Y, z’}fn:/zj Vit

Here, ~ denotes conjugacy by an element of =, ,(m). Then, {l’~’g,n[m]}mZD
gives a decreasing sequence of normal subgroups of r en )

[on="T,,[00D7,,[1]1D D, im]lD, .[m+1]D .

If g=0, 'y .=I,,[1]. If g=1, I',,[1] is nothing but the kernel of p.
According to a classical result of Nielsen (cf. e.g., Magnus-Karrass-Solitar
[MKS, §3.7]), we have the following

THEOREM 2. The representation p induces an isomorphism
Fo.al01/F . a[1] = Sp(2g; Z).

REMARK. The original Nielsen’s result is the cases that n=0 and n=1.
The case that n=2 is easily reduced to the case that n=1 by using the
forgetful homomorphism I°, ,—I", ,, which is surjective (cf. §3-1).

The following proposition is basic.
PROPOSITION 1. We have

[fg,n[m], fg,n[m’]] C fg,n[m+m’]' for all m, m" = 0.
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In particular, fg,n[m] is a normal subgroup of f'g,n (m=0) and
f’,,,,[m]/f'g_n[m—i-lj is an abelian group if m=1.

For the proof, see e.g., [K] (in the context of pro-/ groups) or [Bo, Ch. 2,
Exercises §4.3] in a more general setting.

The filtration {I, .[m]}mso Of I, » naturally induces a filtration of I, ,,
namely, we put

Iy 2[m]= fg,n[m] Int(z, »)/Int(z, ) (m=0).

By Proposition 1, {I"; »[m]} =z is a decreasing sequence of subgroups of I, »
and satisfies the same properties stated in for {I'; »[m]} mao

We note that, since {fg,n[m]}mZl (resp. {I';, n[m]} mz1) is a central filtration
of I’ ¢ aL1] (resp. I, ,[1]), the associated graded modules

gr(ly o[1]) = @ gr™(Fy0) (@I ) = Iy a1/ Ty a[m411)

gr( g (1] = D gr™(Te.) (@™(Le.n) = Lenlm/ T alm+11)

have a natural structure of a graded Lie algebra. Moreover, in the case that
g=1, the conjugate action of I, , (resp. I ,) on gr™(I", ») (resp. gr™(I';. )
factors through I, ./, .[11 (resp. 'y /s .[1]). Hence gr™(’,,) and
gr™(", ;) are naturally Sp(2g; Z)-modules. For the structure of modules
grm(l’g,n)@Q (1£m<3), see Asada-Nakamura [AN].

For the intersection of the filtration {/7; ,[m]}ns, We have the following
PROPOSITION 2. N\ 'y n[m1={1} if (g, m)+(2 0)

For the proof, cf. [BL, §11]. Whether holds also in the case of
(g, n)=(2, 0) seems to be unknown.
We shall see in the next section that gr™(/", ,) is a free Z-module of finite

rank (Proposition| B1). Combining this with we conclude that, if
(g, n)#(2, 0), the group I', ,[1] is torsion-free. But this is well known for all

(g, n) (cf. Serre [Se,]).

1-3. Coordinate module and its submodules.

To describe the module gr™(I’, ,) (m=1), let us recall the coordinate module
and its submodules (cf. Nakamura-Tsunogai [NT]).

First, the coordinate module C..(2g, n) (m=1) is defined by

(gr™*H(m g, )28 D(Rr™ (T g, )" m=+2

Cn(2g, n)= { n
(grm“(ﬂg_n))‘“g@.’@(grm(”g.n)/zz) m=2.

Here ~ denotes the image in the quotient.
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Secondly, let f.,. denote the following Z-linear homomorphism
Fni Cn(2g, n) —> gr™**(x, 1)
8 n
(Si)X<Tj) _>i§1 ([xi’ SgH] "H:Si; xg+i])+j§ [Tj; Zj]

and denote the kernel of f. by M.(2g, n).
Thirdly, we define the mapping

cn(2g, n): Iy .[m] —> Cn(2g, n)

as follows. For g=l’, ,[m], put s,o)=a(x)xi' (1<i<g), and let t; be an
element of 7, ,(m) such that o(z;)=t;z;t7' (1<j<n). Since the centralizer of
z; in m,, , is the infinite cyclic group generated by z;, ¢; is uniquely determined
if m+2 and #; mod ZZ; is uniquely determined if m=2. We define

cn(28, n)o) = (Si(o'))lgigux(ij)lgjsn .

Since we have s;(at)=a(s.(t))si(a) (o, r€l’, ,[m]) and I, ,[m] acts trivially
on gr™**(m; .), ¢n(2g, n) induces an injective homomorphism

in(2g, n): gr(l, ) —> Cn(2g, n).

We denote the image of 7,.(2g, n) by N.(2g, n).
The following lemma is basic. See e.g., (in the context of pro-I
groups), Morita [M,] (in the case of n=1).

LEMMA 1. M,(2g, n) D N.(2g, n).

Let g.(2g, n) denote the following Z-linear homomorphism

gn(2g, n): gr™(m, ») —> Cn(2g, n)
I — (Et, xi])lsiszgx(ij)lsjsn—l

and denote the image of g.(2g, n) by I.(2g, n).

The module 1,(2g, n) is contained in N,(2g, n). In fact, for each texr, ,(m),
we have

Tn(2g, n)Int(t) mod I, ,[m-+11) = ga(2g, n){).

Here, Int(?) is the inner automorphism of x, , induced from conjugation by ¢;
Int(t)(x)=txt™' (x&m, »), which belongs to I, ,[m].

LEMMA 2. The Z-module C,(2g, n)/In(2g, n) is free.

ProoF. By [Theorem 1 (ii), g(2g, n)@F,, is injective for all prime number

p. Since gr™(zm, ,) and Cm(Zg, n) are both free Z-modules of finite rank, by
the theory of elementary divisors, it follows that C.(2g, n)/I.(2g, n) is free.
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PROPOSITION Bl. The group gr™(I', ») is a free Z-module of finite rank
for m=1.

In the case of n=0, this is proved in [As] (cf. also [BL]). In the case of
n=1, in the pro-/ context, corresponding result is proved in [K] (cf. also
[NT]). Although the discrete case can be treated almost in the same way, we
shall give a proof for the sake of completeness.

PrOOF. For each positive integer m, set
Int,, (7, n(m)) = {0 € Int(zm,,») | ¢ = Int(f) with t € 7, (m)}.
Let us consider the following homomorphism ;

Intp: gr™(@,, ») —> Inty, (7g,n(m))/Intz, (7, n(m+-1))
I —> the class of Int(?).

Then, by (ii), it follows that Int, is an isomorphism and
(1.3.1) I, ImlNnt(x, ) = Int,, (z,.(m))  for all m = 1.
(See [As, Lemma 4].) Hence, we have the following commutative diagram

0—> Intng, n(ﬂg, n(m»/lntxg, n(ﬂg. n<m+1)) - grm(fg, n) B grm(Fg. n) —>0

- (exact)
Inty, 2n(2g. 1) l n(2g, n)

gr'(my ») Cn(2g, n).

Thus, 7.(2g, n) induces an injective homomorphism
tn(2g, n): gr™(['g.n) —> Cn(2g, n)/1u(2g, n).
The proposition follows from
REMARK 1. By we have an exact sequence
(1.3.2) 1—> Ity (7, a(m) —> Iy J[m] —> 'y o[m] —> 1.

REMARK 2. It seems to be a difficult problem to determine the image of
the homomorphism ¢,(2g, n). In the case of m=1 (and n=0 or 1), it is deter-
mined by Johnson [J]. (Using this, we shall determine the image of ¢,(2g, n)
for all n=0 in §3-1.) The case of m=2 has been treated by Morita [M,] and
he gives a new restriction on the image of ¢,(2g, 1) for odd m in Morita [M,].
In particular, it gives an upper bound for the rank of gr™(I’, ;). By using his
result, the case of m=3 has been treated in [AN]. Recently, a lower bound
for the rank of gr™(I', ,) has also been obtained by Oda [O,].
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§2. Forgetful homomorphism.

2-1. Forgetful homomorphism.

Let n, , and 7, ,_; be the group defined by the following generators and
relations :

generatOI'SZ Xy, * ) ng, 21y ", Zn
Tg.n

relation : [x, X, [Xg Xeglz 2, =1

{ generators: &, -+, &g, &y 0, Laca
Mg n-1 . ‘
relation @ [&, &,00] - [Eg 201l Caoy = 1.

Then, there exists uniquely a homomorphism

DMy n—> Tgns
satisfying
px) =& (1=i<2g),
Pz) =5 1
p(z.) = 1.

Obviously, p is surjective and it follows easily that p preserves the weight
filtrations, i.e., p(7w, .(m))Cx, ._,(m) (m=1). Since an element of /', , preserves
the conjugacy class determined by z,, p induces homomorphisms

ﬁ*:rg,n—’)lvg,n-l’
p*:["g,n“"’*l—’g’nwl.

It is well known that p. is surjective. In the case of n=2, this can be
proved rather easily. In fact, we shall prove a more precise result in § 3-1.
In the case of n=1, this is obtained by Nielsen. (Cf. e.g., [MKS, § 3.7 Theorem
N10].)

Now, by a result of Birman [Bi,, §3], the kernel of px« is isomorphic to

Mg n-1,
dx bx
l—ngp—>1, ,— 1", ... —>1 (exact),

and the homomorphism d is described explicitly as we shall explain below.

Let us choose a base point of R, , sufficiently close to the n-th puncture
and let the generators xi, -+, Xs4, 21, -*-, 2, be represented by the simple closed
curves in Figure 1. Let U; be a cylindrical neighborhood of x; containing the
n-th puncture. The boundary of U, consists of two simple closed curves c¢§”
and ¢{”. Then, d4(&) is the product of a pair of Dehn twists, in opposite
directions, about these curves. The case of {; is described in the same way,
although one of the Dehn twists is trivial.
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Figure 1.

Easy calculations show that these Dehn twists are represented by the
following automorphisms of =, ,:

o (1£i<g)

Xgri = XgpiX7!
o (1£i<g)

Xi > (2a %) %(25 %) 7"

Xgoi —> Xg,i(Zax;) 7

2 —> (22X:)2n(Z, %)™

X;—> [2n, X 055[20, ;170 17501, g+H1 £ 7 g+i—1)
o (g+1=i<2g)

Xi —> XiXg.i
af® (g+1<4i<2g)

Xy —> [2n, 58] 204(2, 2547

Xgri —> (ZnX730) X gre(2nx5he) ™

Zn —> (22 X1 )2a(2o 25107

x; —> [z, 258:]%5020, 230070 1€/ <1, g+l L7 £ g+i-1)
T (1£ign—1)

X;—> [2n, 2i]%4[ 20, 2,170 (1< 7 < 29)
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z; —> [z, 2:]25[20, 2170 17 50-1)
2y —> (222:)24(202:) 7"
Zn —> (2n2:)2Za(222:) 7"
(The generators not written explicitly above should be regarded as being fixed.)

Thus, we can summarize a result of Birman as the following

THEOREM 3 (Birman [Bi,, §3]). For suitably chosen generators &, -+, §ag»
Ci, oy Laor Of g oy, the homomorphism dy satisfies
dx(&) = a{?(0?) " mod Int(m, ) (1 =7 < 2g),

dx(C;) = ¥ mod Int(z,, ») 1275 n-1).

COROLLARY. du(mg, 1) C Iy o[1].

PROPOSITION 3. The homomorphisms dyx and ps« preserve the filtrations and
the associated Lie algebra homomorphisms

gr(ds): gr(@g, n1) —> gr(l', 2[1])
gr(px): gr(lg, o[1]) —> gr(L4, »[11)
are Sp(2g ; Z)-equivariant (in the case that g=1).

PrROOF. That the homomorphism ps preserves the filtrations and gr(px) is
Sp(2g ; Z)-equivariant follows immediately from the definition.

Let us show that d« preserves the filtrations. By |Corollary| to [[heorem 3
dw(T g, n-1)1 5 2[1] holds. If we can show that

2.1.1) ds(mg na(2) C 'y n[2],

then, by using ds(7g, noa(m) Ly, ,[m] follows by induction on
m. To show [2.1.1), it suffices to verify that d«({;)=79 (1£7<n—1) belongs
to I'; ,[2]. But this is obvious.

To see that gr(d«) is Sp(2g; Z)-equivariant, we first note that
grid«)(A&;) = Agr(d«)E) (1=i<2g)
gr(ds« (AL = Agr(d)@) (1=j<n-1)
holds for all A=Sp(2g; Z). Here, &;=¢ mod 7, ,_,(2) and {;={; mod 7, ,_,(2).
This follows from and the well known fact that if ¢ is a simple

closed curve on R, , and D, is the Dehn twist about ¢, pD.p'=D,, holds
for all p&l’, .. Now, set

L={Wegr(z;.) | gr(d«(AW) = A gr(d+)W) "A = Sp(2g; Z)}.

Then L is a Lie subalgebra of gr(z,, ,_,) and contains its generators &; (1<i<2g)
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and {; (1<j<n—1). Hence L=gr(r,, ,_,), which shows the Sp(2g; Z)-equivari-
ance of gr(d).

2-2. A lemma.
In this section, we assume that g=1. We shall prove a lemma which
determines the image of the homomorphism

0(2g, n)egri(dx): gri(m,, o) —> Ci(2g, n)/1(2g, n).

This will be used to give a mild generalization of a result of Johnson in the
next section.

The homomorphism p induces naturally a homomorphism from the coordinate
module C,(2g, n) to C.(2g, n—1) for each m=1, the last component of C,(2g, n)
being forgotten. This induces a homomorphism

Pm: Mm(Zg’ n) —> Mm<2g, n—1).

Let K,(2g, n) denote the kernel of p, and consider the case m=1. Then we
have the following commutative diagram :

gri(dy) gri(ps)
grl(ﬂg,n—l) — grl(rg.n> grl(Fg. n—l)
a@em| a1
K.(2g, n) —— Mi(2g, n) —— M2z, n—T).

Here, ™ denotes the image in C,(2g, n)/1,(2g, n)and the image of ¢,(2g, n)-gr'(ds)
is contained in K,(2g, n).

LEMMA 3. The image of ¢,(2g, n)-gri(d«) cotncides with K,(2g, n).
For the proof, we need the following sublemma whose proof is an easy exercise.

SUBLEMMA. The Z-module K,(2g, n) is free of rank 2g with a basis

(—zp, 0, ooorermmenneeenannns , 00X, -+, 0, —x,,1) =1,
(0, ___Zn’ 0’ .................. s 0))((0’ (EEN 0’ _xg+2> o —Uz
(01 HA) 0, — 2, 0: """" . T O)X<O) Tt 0) _ng) = Ug

(O) """"" » O) —Zn, 0) Tty O)X(O’ Tty 0’ “xl) =Vgs1
(O’ ..................... , O, _Zn)x(o’ ey O, _..xg> fd ng-

PROOF OF LEMMA 3. By [lheorem 3 the image of ¢(2g, n)egri(dys) is
generated by the classes of ¢,(2g, n)(e{® {a§{"} ") (1=:/<2g). Easy calculations
show that



Filtration of topological and pro-l mapping class groups 25

Vi (1.§l§g)

c:(2g, n)a{P{ag§P})t = { ,
v (g+1<i<2g)

which proves the lemma.
COROLLARY. The homomorphism gri(dy) is injective.

PrOOF. By Sublemma, we have K,(2g, n)"\I[,(2g, n)={0}. Hence the Z-
modules K,(2g, n) and gr'(z, ,_.) are both free of rank 2g. Since ¢,(2g, n) is
injective (Proof of Bl), the corollary follows.

§3. Proof of Theorem A.
3-1. Surjectivity of px.
PROPOSITION Al. For each m=0, the homomorphism

ﬁ*]T‘g, Jom1s g onlm] —— 1" i [m]
is surjective if n=2.

ProOOr. We first define a section s of the homomorphism p. Since 7, ,_; is
a free group on &, -, &4, &1, Luoe, there exists uniquely a homomorphism

SIMgn1 —>Ngn
satisfying
s(&:) = x; 1=i<£2g)
s(C;) = z; 1275 n-2).

Then, s(,_1)=z,_.2, and s is a section of p. Moreover, s preserves the filtra-
tions, i.e., s(z, ,_.(m)Crx, (m). We regard 7, ,.,C7, , via s.
Let o be an element of I", ,_,[m] such that

o(&;) = t;L;i7° 1£7=n-1).

Since 7, , is a free group on x,, -+, Xsp, 21, '+, 2,1, there exists uniquely a
homomorphism

GiTgn—>Tg

satisfying

d(x;) = o(xy) 17129
a(z;) = tzit;t 1=7 =

Then, ¢ is an automorphism of =, ,. In fact, since ¢ is surjective, the image
of & contains x,, -+, Xap, 21, -, Zue.  AS G077 )20 107t 1)) =201, the

image of ¢ contains z,_,. Hence, ¢ is surjective. Since 7, , is a free group,

& is bijective.
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Easy calculations show that #(z,)=t,_.zsts1.. Hence, & belongs to I, ,.
Since 7, ,_.(mM)C®,, (m), & belongs to I', ,[m]. Obviously, p«()=0c. Hence,
the proof is completed.

COROLLARY. For each m=0, the homomorphism
prlrg jomit D nlm] — g ni[m]
is surjective if n=2.

Assume that g=1. By using Al and a result in §2-2, we can
give a mild generalization of a result of Johnson [J], that is, the determination
of the image of ¢ (2g, n) for all n=0.

PROPOSITION 4. (i) The complex of Sp(2g ; Z)-modules

gr'(dx) gr'(ps)
O —> grl(n‘g.n~l) > gr1<Fg,7z)

grl(lwg. 71—1) —> 0

ts exact for all n=1.
(ii) The image of ¢,(2g, n) coincides with M,(2g, n) for all n=0.

Proor. (i) By and its corollary, it suffices to show that gri(ps)
is surjective. In the case that n>2, this follows from Al. In the
case that n=1, this is a consequence of a result of Nielsen as follows.

It suffices to show that p«|%, o1t I, \[11-1I",,[1] is surjective. Let ¢ be
an element of f'g_o[l]. By a result of Nielsen (cf. e.g., [MKS, §3.7 Theorem
N107), there exists =17 ,., such that px(3)=ec. Since the homomorphism p
induces an isomorphism gr'(z, ,)=gri(z,,) and ¢ acts trivially on gri(z,,), it
follows that & acts trivially on gri(m, ), i.e., &Efg,l[lj. This shows that
Px| ¥, ,m is surjective.

(i) We note that in the cases of n=0 and 1 this has been proved in [J].
Then this can be proved by induction on », using (i) and the diagram (2.2.1).

3-2. Injectivity of gr(ds).
PROPOSITION A2. The Lie algebra homomorphism
gr(ds): gr(my ») —> gr(l', [1])  (nz 1)
induced from di is injective.
For the proof, we need the following

LEMMA 4 (lhara). Let G be a group and N be a normal subgroup of G.
Let {Gplo=1 (resp. {Nun}m=1) be a central filtration of G (resp. N) satisfying
N.CG, for all m=1. Assume that the following hold :
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(i) The centralizer of gr'(N) in gr(N) reduces to {0}.
(ii) The conjugate action of G on N stabilizes the filtration {Nn}5-1 and
induces the trivial action on gr(N).

Then, the canonical Lie algebra homomorphism
gr(N) —> gr(G)
is injective.
This is a slight modification of a lemma of Thara [I, Lemma 3.1.1]. The above
lemma can be proved completely in the same way.

PROOF OF PROPOSITION A2. Assume that g=1. Then this can be proved
by applying to the case of G=1", , and N=d«(x, »_,). The condition
(1) is satisfied by (ii). Since the homomorphism [, ,_,—Out(z, ,_1)
induced from the conjugate action of [, , on dx(m, .»-1) is nothing but the
inclusion, the condition (ii) is also satisfied. In the case that g=0, noting that
the weight filtration is essentially the lower central filtration, this can be proved
by applying original lhara’s lemma.

3-3. Proof of Theorem A.
By to Proposition Al and A2, we have an exact

sequence
(3.31) ]l — TTg, n—1<m> —> lvg,n[m] —> Iyg.n—l[ni:l —> 1.

The theorem follows immediately from this.

§4. Comparison with the pro-/ case.

4-1. Pro-/ fundamental groups and pro-/ mapping class groups.
Let [ be a fixed prime number. Let 725" denote the pro-/ completion of
Tgn i€, 7o o'=limx, ./N, where N runs over all normal subgroups of =, ,

with indices powers of /. The weight filtration of z2"3" is defined in the same

way as that of 7, ,. The associated graded module gr(z®'%’) has a natural
structure of a Lie algebra over Z,. The following proposition is more or less
well known. (Cf. Lubotzky [Lu, 2.6].) We shall give a proof here for the

convenience of the readers.

PROPOSITION 5. The canonical homomorphism gr(z,. ,)—gr(z®'s?) induces an
isomorphism

gr(ng,n)@Zl ~ gr(z®%Y),

PrOOF. Fix a positive integer m and consider the nilpotent group G,
=R ,a/%g (m+1). By (ii), it follows easily that the center of G,
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coincides with =z, ,(m)/z, (m+1). (Cf. e.g., [As, Lemma 4].) Hence, it follows
that the lower central series of G, coincides with the upper central series of
Gn. Then, the assertion follows from a result of Warfield [Wa, Theorem 7.4].

We put

I

', = {6 € Awt(xoN | sz~ 2, ac Z¥ (1= j < n)},
I'$n = fi’l,)n/lnt(ﬂg,r%-l ,

and call I, the pro-/ mapping class group. The group I'", is a closed
subgroup of Aut(z2"%%), which is naturally a profinite group. Hence ffg‘,)n and
its quotient group [I'¢¥’, are both profinite groups. The weight filtration of
7o't induces a filtration {I"¥,[m]}5-, of I'{¥, in the same way as the case
of #,,» and I', ,. Then, we have the following

THEOREM 4. (i) Assume that g=1. Then the natural action of I', on

pro-1
n

gri(w% Y induces an isomorphism

F.(El,)n/r.(el.)n[lj = GSp(Zg; Z,).

Here, GSp(2g; Z))={A€GLQ2g; Z)|'AJ ;A=pn(A) ], plA)eZ}}.
(ii) For each m=1, the image of the homomorphism

() (2g, n): gr™(I"Pn) —> Caul2g, n&QZi/In(2g, MQZ:

cotncides with M,(2g, nYQRZ,/1.2g, n)RZ,. Here, ({)(2g, n) is defined in the
zZ zZ
same way as ¢n(2g, n) is. In particular, gr™(I'$%) is a free Z,-module of

finite rank r,, where r, can be calculated explicitly by a formula of Labute.
(iii) We have NG I'Pn[m]=1{0}.

For the proof cf. [As], Asada-Kanedo [AK], and [K]. See also [NT]. In
[As], the proof of (iii) is given in the case of n=0. The proof in the case of
n=1 can be done completely in the same way.

4-2. The image of /', , in [I'{",.
Since an element of ', , induces naturally an element of f;‘fn and an

inner automorphism of 7, , induces that of x¢,, we have the canonical homo-
morphism

‘Pl: [Yg,n —> rél.>n.
It is easily verified that ¢, preserves the filtrations.

Let I, , denote the closure of ¢,(I",.,) in I"{®,. Then, I, , is a profinite
group and we define its filtration {/’, ,[m]}%-, by

Fg,n[m] = Fg,nm['g.)n[m] (m=0).
Then, we have



Filtration of topological and pro-l mapping class groups 29

oLy alm)C Iy nlmlC T'dm] (m=0),
and this induces a sequence

gfm(@z)
gr™(Lg )

gr™(ly) —> gr™(I'$h)  (m =2 0).

Here, the right homomorphism is induced from the inclusion and is obviously
injective.
We first prove the following

PROPOSITION B2. For each m=1, gr™(¢,) is injective and the closure of the
image is isomorphic to grm(Fg,n)@Zz.

PrOOF. We have a commutative diagram

gr™(e1)
g™ (s, ) gr™(IPn)
w2gn) o | oezgm)
No(28, m)/In(2g, n) ——— Cn(28, MQZi/ In(28, MQZ1 .

Here, ¢.(2g, n) and ¢’(2g, n) are both injective. (Cf. Proof of B1.)
It follows from that the canonical homomorphism ®Z, is injective
and the closure of the image is isomorphic to (N.(2g, n)/1.(2g, n)®Z,. From
this, the proposition follows immediately. ?

COROLLARY 1. For each m=1, the homomorphism
Lo/ g nlm] —> I'On/ T nlm]
induced from ¢, is injective.
By we have the following
COROLLARY 2. The homomorphism ¢, is injective if (g, n)+(2, 0).

Let I', .[m] denote the closure of ¢,(I", ,[m]) for each m=0, so that we
have

I, imlc [, .[m].
PROPOSITION B3. Assume that g#1. Then, for each m=0, we have
L, alm] =T, .[m].

PrOOF. We shall prove this by induction on m, the case m=0 being trivial.
If g=0, the case m=1 is also trivial.
Assume that m=1 and g=2. We have a sequence

gr'(er)

Fg.n/rg.n[]-] Fg.n/Fg.n[lj —_—> Fg.n/Fg.n[lj c Pfgl,)n [’(gl.)n[lzl .
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Here, I', ./I; »[1] is isomorphic to Sp(2g; Z) by and it follows
that [, ./l »[1] is isomorphic to Sp(2g; Z,). Since Iy ./T, .L1] is a profinite
group, gr¥¢p,) factors through the profinite completion (1", /I, n[1])Profinite of
Iy./T; 2[1]. Asis well known, the group Sp(2g; Z) has the congruence
subgroup property if g=2 (cf. Serre [Se,]) and the strong approximation theorem
holds for it (Shimura [Sh]). Thus, we have an isomorphism

(L. n/ g, [ 1])PrOTMIEe = L1Sp(2g; Z;)

and the commutative diagram ;

gro(e:)

Fz.n/rmn[lj —> Sp(2g; Z))

N

IpISp(Zg; Zp)

Sp(2g,; Z)

pr; being the projection to the /-component. Therefore, we have a surjective
homomorphism

ngD(Zg; Z,) —> Fg,n[l]/rg,n[l:] .

By I, .[11/T, .[1] is a pro-l group, hence the identity group by
the following

LEMMA 5. The group Sp(2g; Z,) has no finite abelian quotient of order
prime to p.

ProOOF. Let G be a finite abelian group of order prime to p and
f:Sp(2g; Z,)—»G be a homomorphism. Let N be the subgroup of Sp(2g; Z,)
consisting of all matrices in Sp(2g; Z,) which are congruent to the unit
matrix modulo p. Then N is a pro-p group and normal. Thus, f induces a
homomorphism f: Sp(2g; F,)—G. It follows from a well known property
of Sp(2g; F,) that f(A)=1 for all AeSp2g; F,) (cf. e.g., Artin [Ar, Th.
5.1]).

Assume that m>1 and that we have I, ,lm]=1, .[m]. Then we have a
sequence

gr™(lg, »)

m

gr (501)

Ly o[m)/ Ty iIm+1] —> [y alm]/ Ty, n[m+1].

By the induction assumption, gr™(¢;) has dense image. Since [, [ml/T, . [m+1
is a pro-/ group, gr™(¢,) factors through the pro-/ completion of gr™(I', ,), i.e.,
gr™([s.n)0Z1;
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gre(on) e pr
Iy nlm]/ Ty 2 [m+1]

\ e

gr"‘([‘,, n)@zl

Iy [ml/ Ty nIm+11.

grm(Fg. n)

Since pregr™(¢;); is an isomorphism by B2, pr is an isomorphism.
Hence we have T, ,(m+1]=1, ,[m-+1] and the proof is completed.

4-3. Proof of Theorem B.
That I ./, .[11=Sp2g; Z,) follows from and the Sp(2g)-

equivariance of (*) is obvious. The rest follows from Propositions Bl, B2, B3
and (iii).

4-4, Pro-/ monodromy representation associated with the configuration
space.
Let us consider the homomorphism

(4.4.1) Qreds: Ty noy —> I'®nu[1].

Since I"{’[1] is a pro-/ group, ¢;°ds factors through z5752 ;

d* $D¢
Mg n-1 I .1] rgnril.
mgract

Note that all homomorphisms in the above diagram preserve filtrations.
Then we have the following

PROPOSITION 6. The induced homomorphism
(44.2) vl — ']

is injective. In other words, the closure of the image of the homomorphism
(4.4.1) is isomorphic to 25t

Proor. It suffices to show that the induced homomorphism
(4.4.2) grm(n'g.",’,'_ll) —> gr™(I"¥y)

is injective for all m=1.
Let us consider the sequence

gr™(dx) gr™(er)
gr™ (g, noy) ———> gr([ o) ———— gr™(" ).
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By A2, gr™(dy) is injective. Thus, by B2, the induced

homomorphism
grm(ng.n—l)@zl I grm(r(gl,)n)

is injective. Therefore, by the homomorphism (4.4.2),, is injective
and the proof is completed.

We shall explain the implication of Proposition 6 As before, let R, , denote
a Riemann surface of genus g with n punctures. Let 4 be the diagonal subset
of Ry ,.1XR, ., and consider the fibration

pI'1: Rg,n—1><Rg,n—1\A —_—> Rg,n—l)

pr; being the projection to the first component. The homotopy exact sequence
of this fibration gives an exact sequence

(4.4.3) l— 7, — TRy XRy N N) —> 7, g —> 1

(Birman [Bi,, Prop. 1.3]). Then, the conjugate action of 7,(R, ,_ X R; »_N\4)
on the normal subgroup 7, , induces a non-abelian monodromy representation of
the group 7, »_:;

g n1—> Out(m, ).

As is well known, this is nothing but the homomorphism di (Birman [Bi,,
Corollary 1.47]). In particular, this representation is faithful.

Let us apply the pro-/ completion functor to the exact sequence [(4.4.3).

Since 7975 has trivial center, and the image of ¢;°ds is contained in I"{%[1]

which is a pro-/ group (Theorem 4 (ii), (iii)), we obtain an exact sequence
1 —> 705! — 7 (R, a X R, NPT —> ot —1

(Anderson [An]; cf. also IThara-Kaneko [IK, (1.2.2)]). Then, the associated
non-abelian monodromy representation

(4.4.4) 720t — Out(a®™5 )

is nothing but the homomorphism [4.4.2Z). Hence, implies that the
associated pro-/ monodromy representation is faithful.

§5. Problems and discussions.
5-1. Pl. If g=2, is the homomorphism
(Sll)m f)*ll’g_ 1Em]: Pg.l[m] -—> Fg.o[m] (m = 1)

surjective ?
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A closely related problem is
P2. If g=2, is the sequence of Sp(2g; Z)-modules

gr™(dx) gr™(px)
(5.1.2)m 0—> gr'(my) ——> gr™(l';.1)

gl'm([’glo) —> 0
exact ?

To investigate these problems, as before, let K,,(2g, 1) denote the kernel of
the homomorphism p,: M,(2g, 1)-»M,(2g, 0) (cf. §2-2). Then we have the
following commutative diagram:

gr™(dx) gr™(px)
5.1.2)n 00— gr'™(m, o) — gr™(';.1)

gr(lg,0) —> 0
| n(22,1) n(28,0) |
613n 0 —>Ku2g, D———M(2g, D——My(2g, 0) — 0.
Here, — denotes the image in C,(2g, *)/1.(2g, *). Recall that »(2g, *) and
gr™(d«) are both injective (Proof of Proposition 3, [Proposition| A2). The sur-

jectivity of p, is proved in [K] (in the context of pro-/ groups). We easily
obtain the following

LEMMA 6. (i) If (5.1.1),, and (5.1.1)n .. are both surjective, then (5.1.2),
is exact.

(ii) If (5.1.1) is surjective and the homomorphism gr™(m, ,)—=Kn(2g, 1) is
surjective, then (5.1.2), is exact.
(iii) If (5.1.2), s exact, then (5.1.1)n., is surjective.

At present, we can show the following

PROPOSITION 7. (i) If m=l, 2, pslr, my is surjective. The complex
(5.1.2), s exact.

(ii) If m=3, 4, the image of p«l|r, niis of finite index.
(i) If 1=m<3, we have an exact sequence of Sp(2g ; Z)-modules

0—> grm(”g,o)ézi)Q —> grm(l”g‘l)(?Q -—> grm(Pg.o)@Q —> 0.

PROOF. (i) The surjectivity of p«|r, i and the exactness of (5.1.2), are
verified in [Proposition 4 The surjectivity of p«|r, ,m follows from
and [Lemma @ (ii).

(ii) It suffices to show that

grr(pQQ gr’”(l’g,l)@Q —> gr™(I £.0QQ

is surjective for m=3, 4. If we replace each Z-module in the diagram (5.1.2),
(5.1.3). with its tensor product with @, we still have the commutative diagram,
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gr’”(p*)@Q and ¢,(2g, *)@Q being injective. Since grz(p*)(zX)Q is surjective, it
suffices to show that grm(rcg_o)(%@Q—»Km(Zg, 1)<§>Q is surjective for m=2, 3. By
using Labute’s formula ([L] cf. also [K]), we have

rank gr™(r, ,) = rank M,(2g, 1)—rank M,(2g, 0)

for m=2, 3. Hence the proof is completed.

(ili) This follows from Al and (1), (ii).
5-2. As is indicated in [NT, §2], two exact sequences and

can be related by a certain homomorphism
Ognailgn—>Lgn1.

Let us recall the definition of 4, ,_,. For o=/, ,, let &efg_n be a represen-
tative such that #(z,)=z,. Since the centralizer of z, in m, , is the infinite
cyclic group generated by z,, & is unique up to right multiplications by Int(z%)
(aeZ). The homomorphism 9, ,_; is defined by

0g,n-1(0) = Px(5).
It is easy to see that 0, ,., preserves the filtrations and that the diagram

l——— 773,71~1[m] Fg.n[m] Fg,n—l[m] —>1

llnt l 6g,n—-1 \L id.

1—>1Inty, ,_ (%4 na[m]) —> Fpailm] —> Ty naa[m] — 1

is commutative. By [Corollary| to |Proposition| Al, we have the following

PROPOSITION 8. If n=2, the homomorphism 0, ,_1|r 1 4s bijective.

g, nlm

5-3. It seems to be an interesting problem to characterize the closure of
(I, 2[1]) (or that of ¢,(I",, ), which seems to be much more difficult). Since
I',[1] is a pro-l group, the closure of ¢,(I7;, »[1]) is a pro-/ group. Then a
natural problem is

P3. Is the closure of ¢,/ .[1]) isomorphic to the pro-/ completion of
I, .[11?

For the group I, ,, let us consider the case g=n=1. Then I, ,[1]={1}
and /', is isomorphic to Sp(2; Z)=SL(2; Z). A result of Bloch and a
recent result of Nakamura indicate that 73,[1]# {1}, which means that
[Proposition| B3 does not hold in this case. In other words, the topology of I,
(=SL(2; Z)) induced from I'{" (via ¢,) is “stronger” than the topology induced
from the congruence subgroups with /-power levels. It seems to be an inter-
esting problem to determine what this topology is.
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