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1. Introduction.
First of all we recall some definitions.

DEFINITION 1.1. A d-dimensional normal complex projective variety X is
called a Q-Fano d-fold if it has only terminal singularities and the anti-canonical
Weil divisor —Ky is ample (cf. [KMMY)). The index of singular point p is
defined to be the smallest positive integer 7, such that /,Ky is a Cartier divisor
near p. A singular point of singularity index one is called Gorenstein singu-
larity. Singularity index I(X) of X is defined to be the smallest positive integer
such that /Ky is a Cartier divisor. Hence there is a positive integer » and a
Cartier divisor H such that —IKy~rH. Taking the largest number of such 7,
we call »/I the Fano index of X.

Q-Fano d-folds whose Fano indices are greater than d—2 are classified by
[Sa] under the assumption that they are not Gorenstein, that is, their singular
indices are greater than one. In this paper we shall consider Fano 3-folds of
Fano index 1 and not Gorenstein. Classifying these Fano 3-folds also answers
the next problem presented by G. Fano, A. Conte and J.P. Murre (cf. [CM])
in the case that they have only terminal singularities.

PROBLEM. Classify the projective 3-folds having Enriques surfaces as hyper-
plane sections.

In general case, this problem seems very hard to solve because their singu-
larities may not be @-Gorenstein, that is, —mK is not Cartier for any positive
integer m.

In this article we shall obtain next result.

THEOREM 1.1. Let X be a Q-Fano 3-fold of Fano index 1 having only cyclic
quotient singularities. We take a canonical cover :

Y = Specxn§§:@x<m<KX+H)> Zix.
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Then 1 is 2 and Y is one of the following smooth Fano 3-folds.

No.  (—Ky). Y

1 4 @ 4HcPd 11,112

2 8 @, 2,2) C P

3 8 the blowup of WCP(,1,1,1,2) with

center an elliptic curve which is an
intersection of two member of |—(1/2)K|

4 12 P'xS,

5 12 a double cover of P*XP'XP* whose branch
locus is a divisor of tridegree (2, 2, 2)

6 12 a double cover of (1, 1)CP*X P? whose
branch locus is a member of |—K |

7 16 the blow-up of (2, 2)C P® with center

an elliptic curve which is an intersection
of two hyperplain sections

16 @cPl,1,1,1,2)

20 the complete intersection of three divisors
of bi-degree (1,1) in P*X P?
10 24 P'xS,
11 24 1,1,1, ) P'XP'XP'X P!
12 32 2, 2)c P?
13 36 P'XS,

14 w48 P'xP'x P!

There is a smooth Fano 3-fold Y among each deformation type, which has an
involution 0 such that Y /0 is a Q-Fano 3-fold of Fano index 1.

REMARK 1.2. We can easily classify all involutions @ of each Y such that
Y /0 is a @-Fano 3-fold of Fano index 1. But thisis a very tiresome work, so
we will constract only one example for each type.

Notation.

In this paper we always assume that the ground field is complex number
field C, and we will follow the notation and the terminology of [KMM]. The
following symbols will be frequently used with no mention.

~ : linear equivalence

~q: Q-linear equivalence
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=: numerical equivalence

Kx : canonical divisor of X

o(X): the Picard number of X, i.e., rank Pic X
h¥D):= dim H*D)

X(D):= 2 (—1)*h* X, D)

¢i(X): i-th Chern class of X

B,(X): i-th Betti number of X.

2. Preliminaries.

Let X be a Q-Fano 3-fold of Fano index 1 with only cyclic quotient singu-
larities. We take the canonical cover:

Y = SpecX;e;s: O xm(K+H)) .

In this section we will obtain bounds of (—Ky)?, I and the number of singular
points. We recall here three fundamental theorems.

THEOREM 2.1 (Riemann-Roch Theorem for singular variety [Ka], [Re]).
Let V be a normal projective 3-fold with only terminal singularities, and D be a

Weil divisor on V. If Oy(DY=0w(Ky) in a neighbourhood of each point of V,
then

1 1 1 .1
XO(D)) = UOp)+ 5 D(D—Kp)2D—Kn)+ 75D+ eolV)— 15 (i = s
where n; is the number of singular points of index i counted with multiplicites.
If D is a Cartier divisor (not requiring Oy(D)=0Oy(Ky) in a neighbourhood of

each point), then the same equality holds but the last term (1/12)3;; ((—1/4)n;
does not appear.

THEOREM 2.2 (Vanishing Theorem [KMMJ]). Let V be a normal projective

variety with only Q-factorial terminal singularities, and D be a Weil divisor on
V. If D—Ky is ample, then

HYV,ovD)=0 Vi>0.

THEOREM 2.3 (Lefschetz fixed point formula. Cf. [GH]). Let 6 be an auto-
morphism of smooth compact complex manifold M which fixes only finite points.
Assume that @ is non-degenerate at each fixed point p, i.e., det (J,(6)—I)=0.
Then the number of fixed points of @ is given by next formula.

2 (—1)P*trace 0*| gr gy .

LEMMA 2.4. 7n,=8 or (n,, n)=Q@3, 2), and the other n,=0. In particular
I(X)=2 or 4.



372 T. Sano

PROOF. Put D:=Ky+H. Since D is a torsion divisor and —Kxy+D is
ample, the Vanishing Theorem and Riemann-Roch Theorem gives 0=X(D)=1
—(1/12) 3X(z—1/7)n;, hence

o1
Z(Z—T)nt —_— 12.

The assertion can be obtained by solving this equality. |

LEMMA 2.5. Let Y be a smooth Fano 3-fold. Assume that Y has an auto-
morphism 60 of index 2 or 4 which fixes just 2n points. Then the parities of
oY) and Bs/2 are same when n is odd, and the parities of p(Y') and B,/2 are
distinct when n is even.

Proor. The following are easily verified.
PicY = H¥ Y, Z), H¥Y,6 C)= H"*,
H¥Y,C)= H"*PH*".

Hence h*? data are as follows.

hpvq q
3 0 0 0 1
1
2 0 | 5B | o) | 0
1
1 0 o) | 5B | 0
0 1 0 0 0
0 1 2 3 5

By Lefschetz fixed point formula,

2+2trace 0*|picyoc—2 trace §*| 41, = 2n..

Hence the parities oftrarce'ﬁ*lpic vec and trace 6*| ;... are same when 7 is odd,
and are distinct when n is even. Note that the action of § on H?? is des-
cribed by

f* = o+l
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Hence the parities of o(Y) and B;/2 are same when 7 is odd, and are distinct
when z is even. '

COROLLARY 2.6. The singularity index I(X) is 2. The parities of p(Y) and
B./2 are distinct.

LEMMA 2.7.
21(—Kx)*, hence 4|(—Kyp)®.

PrOOF. Recall that there is a Cartier divisor H which is @ linearly equal
to —Ky. Set D=H and by applying [Theorem 2.1, we obtain the assertion. m

The way of classification.

We mention here the way of classification roughly. Smooth Fano 3-folds
have been classified (cf. [Is], [MM]). We will investigate whether there is an
involution which fixes just 8 points for each Fano 3-fold. First we use
2.6 and Lemma 2.7. Next we consider by its structure whether there exists
the involution. If we cannot make decision easily, we take a chain of smooth
Fano 3-folds and involutions :

fi fa Js-1 fs
Y, 6) —> (Yx, 6,) —> - —> (Ys-l, Os-1) —> Y, 0y,
where f;:Y,—Y;,: is a contraction of the @,-invariant extremal face and 4, is
the lift of 8;.,. We take a special assumption that the dimension of each con-
tracted extremal face is one or two, and if it is 2, f; is the inverse of a blowup
with center two disjoint curves. This chain can be made by investigating the
final column of the table in [MM].

DEFINITION 2.8. We call above Y; “a former” associated to Y.

The structures of formers are simpler than that of Y, so we investigate
formers instead of Y.

REMARK 2.9. If for some 7, the dimension of the fixed locus of #; is not
less than 1, then so is that of 4.

3. Proof of the Theorem.

We will carry out the classification along the way we mentioned in the
last section.

1. Case p(Y)=1.
In this case PicY =ZH, where H is an ample divisor. Hence 6*H=H,
so trace @*| ,1,1=trace 6*| ,.,.=1. Then trace §*|1..=trace §*| 2 1=—2.
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A smooth Fano 3-fold with p(Y)=1, 4|(—Ky)?, 2|(B,/2) and B,/2=2 is one of
the following (cf. [Is]).

No. Y
1 4 cr
2 Vi, ie, (2,2)C P?
3 2,2,2)c P°*
4 V,, e, @ CP(1,1,1,1,2)
5 2,49cP(1,1,1,1,1, 2)

No. 1, 2, 3.
Each of these is embedded by |H|. Therefore § is a restriction of a pro-
jective transformation to Y, so § can be described by

[Xoree i Xyt Xy s ot Xp > Xo o 1 Xy — Xyt i —Xn]

where X,, -+, X, are homogeneous coordinates. The fixed locus of this involu-

tion consists of
V+(X07 Tty Xl) and V+(Xl+1; "ty Xn) .
No. 1.

In this case @ fixes infinitely many points, so this case never occur.

No. 2.
In this case @ should be

[Xo: Xyt XatXarXat X5 —>[Xo i Xy 1 Xg! —X3: —Xg: —X5].
Let YC P® be the complete intersection defined by 2 quadrics
Qi(X()y Xl; X2)+Q;(X37 Xb X5) (Z.:ly 2) .

@ fixes just 8 points of Y. Hence Y/ is a Q-Fano 3-fold of Fano index is 1
or 1/2. Let S be YNQ;, where @; is a third quadric of P® defined by

Q3(X0’ le X2)+Qg(X3) X4y X5) .

Thus S is a member of | —Ky| and we can take S such that @ acts S without
fixed points. So the quotient Y /@ is a @Q-Fano 3-fold of Fano index 1. To
check the existence of such S| —Ky| is easy like this, so we omit the argu-
ment in what follows.
No. 3.

@ should be

(Xt X121 Xa: Xgt Xgt X5t Xg]—>[Xo: X1 Xt X3t —X4: —X5: —Xg].
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Let YC P® be complete intersection defined by the 3 quadrics
Qi(Xo, Xl, X, Xs)‘*‘Q;(Xu Xs, Xe) (=1, 2, 3).

Generally, 6 fixes just 8 points.
No. 4.

Let X,, X,, X, X,, X, be homogeneous coordinates with deg X,;=1 (0<:<3),
deg X,=2. We define the involution

0:[ X0 X1 X Xs: X]—[Xo: X =X, — X, —X,].
Then the fixed locus of this involution consists of
V. X, X, X)), V. Xs, X5, X, [0:0:0:0:1].
Let Y be the hypersurface of P(1, 1, 1, 1, 2) defined by
X+ X1+ X+ X5+ X3 .

Then the fixed locus of # on Y consists of 8 points.
No. 5.

Let X,, X,, X,, X;, X,, X5 be homogeneous with deg X;=1 (0<:<4), deg X
=2. We defined the involution

O:[x0: X1:Xat Xgt Xat X5 ][ Kot X10 X! —Xg: —X4t —X5].
Hence the fixed locus of this involution consists of
V+<X0, leXZ; ‘X5)’ V+(X3yX4’ X5)y [0:0:0:0:0:1]-

Let Y be a weighted complete intersection (2, 4)CP(1,1,1,1, 1, 2), defined by
next two equations:

fl(XO; XI, X2)+f;(X3, X4)+X5

fZ(XO, XI; X2)+fé(X3) X47 X5) .

Generally, the fixed locus of 4 on Y consists of 8 points.

2. Case p(Y)=2.

In this case trace 0*| i, 1=trace 8*|,..=0 or 2. Thus by Lefschetz fixed
point formula trace 60*| 1 :=trace 6*|,2,,=—3 or —1. A smooth Fano 3-fold
with p(Y)=2, 4|(—Ky)® and 2} (Bs/2), B,/2>0 is one of the following (cf.

[MMY.
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one of the
No. Y formers
1 (2,2)c P*x P? none
9 a double cover of (1, 1)C P?*x P? whose branch locus none
is a member of |—K|
3 the blowup of V, with center an elliptic curve which %
is V, an intersection of two member of | —(1/2)K]| 2
4 the blowup of V,=(2, 2)CP® with center an elliptic %
curve which is an intersection of two hyperplane sections 4
5 (1,1 C P*xXP? *

the blowup of Vs=Gr(1, 4)-L,-L,-L,CP® with center
6 an elliptic curve which ig an intersection of two Vs
hyperplane sections

7 ES P3

Where Q is a quadric in P*, V, is a Del Pezzo 3-fold of degree=d and (x)
means abbreviation because it is not necessary for the proof. The column “the
formers” is the list of smooth Fano 3-folds which are obtained by contraction
the each extremal ray.
No. 1.

If an involution of Y fixes only finite points, then they are less than 8
points.
No. 2.

There is an example. Let Z denote the manifold (1, 1)CP*xP? =x the
morphism of Y to Z and B&|—Kj| the branch locus. Let 2 be the covering
action. We define an involution z of Z as

[xo: Xyt %] X[wot yit Yol [yot y12 ¥l X[Xo: X1t x2] .

The fixed locus is just the diagonal set 4. We define the involution p of ¥
as extention of 7 to YV :

Y = Zx,¥ %
l 0 l:

T
A Z.

And define 6 to be the composition of 2 and . There is natural one to one
correspondence between the fixed locus of § and 4~B. Thus the fixed locus
of @ consists of just 8 points.
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No. 3, 4.

There is an example. The curve C which does not through the fixed
points and satisfy #(C)=C can be taken as blowing up center. Indeed C:=
V .(X,, X,;) is enough for No. 3.

No. 5.

There is an example. Indeed the diagonal involution @ fixes just 8 points.
No. 6.

The former of Y is only V. Hence # fixes the extremal ray and is the
lift of an involution z of V. If ¢ fixes finite points, they are 4 points by
Lefschetz fixed point formula (use p(V5)=1, Bs(Vs)=0). Since 7 is a restriction
of projective transform of P, it fixes at least 5 points. This is a contradiction.
No. 7.

In this case @ is the lift of an involution of P?®, so it fixes infinite points.

3. Case p(Y)=3.
The smooth Fano 3-fold with p(Y)=3, 4|(—Ky)* and 2|(B,/2) is one of the
following.

No. | 5. v one ot e

1 * P'xXP'xXP! none

2 N a double cover of P'X P'X P! whose branch none
locus is a divisor of tridegree (2, 2, 2)

3 0 the blowup of the cone over a smooth quadric none
surface in P*® with center the vertex

4 N ?l,sfof.)th divisor on P'X P'X P*® of tridegree none

5 * * P'xP?

6 * * P

No. 1.
There is an example. We define § as

[Xo: X IX[Yo: Y IX[Zo: Z,]— [Xo: =X IX[Y,: =Y IX[Z,: —Z,],

then @ fixes just 8 points.
No. 2.
There is an example. We define an involution 7 on P'X P'X P! as

[(Xo: X XY o: YiIX[Zo: Z, ] [Xo: =X IX[Y: =Y, IX[Z,: —Z,]
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and @ as the lift of z. The fixed locus of @ fixes just 8 points.
No. 3.
The h?? data are as follows.

0 0 0 1
0 0 3 0
0 3 0 0
1 0 0 0

Thus 6 fixes PicY, so it is the lift of an involution z on the cone over a
smooth quadric surface in P® But r fixes infinitely many points, so this case

cannot occur.
No. 4.
0 fixes PicY by the same reason of the No. 3. Thus # must be

(Xo: Xy IX[Yo: YV IX[Zo: Z1: Z, [ Xo: =X IX[Yo: =Y IX[Zy: Z,: —Z,].

But by considering the form of the defining polynomial, it is easy to check that
this can not fix just 8 points.
No. 5, 6.

Note that any involution of P!X P? or P?® fixes infinitely many points.

4. Case p(Y)=4.
The smooth Fano 3-fold with p(Y)=4, 4|(—Ky)® and 2 f (Bs/2) is one of the
following.

1
NO. —2_'Bg Y

1 * a smooth divisor on P'X P'X P*X P! of tridegree (1,1, 1, 1)

the blowup of the cone over a smooth quadric surface S
2 1 in P*® with center a disjoint union of the vertex and an
elliptic curve on S

No. 1.
There is an example. We define an involution 8 as type (—1)X(—=1)X(—1)
X(—1) and set Y=V( > a;X.Y;Z,W,), a;+0. Then 6 fixes just 8 points.

i+i+k4l=
0or2ori4
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No. 2.

Let D, be a smooth quadric in P*® and Y,CP* the cone over D,., Let 7Y,
be the blowup of Y, with center the vertex and D, the exceptional divisor.
Let D, be the strict transform of the cone over an elliptic curve on D,, Y the
blowup of Y, with center C and D, the exceptional divisor. We denote R;
(7=1, 2, 3, 4) the extremal ray associated with D;. The A?? data are as follows.

0 0 0 1
0 1 4 0
0 4 1 0
1 0 0 0

Case trace 0*| ,1,2=1.
In this case @ is the lift of an involution 8, of Y, since & fixes PicY. The
h?? data of Y, are as follows.

0 0 0 1
0 0 3 0
0 3 0 0
1 0 0 0

Hence 6, fixes PicY, and @, is the lift of an involution 8, of Y,. The dimen-
sion of the fixed locus of @, is not less than 1, so this case never occur.
Case trace 0*| ,1,2=—1.

In this case trace 6*|picvec=2. O desides a permutation of the extremal
rays, but it fixes the each type. The type of R, and R,, R; and R, are the
same. It is easy to show that the case trace §*|picrec=2 cannot occur by
considering the configulation of D,’s.

5. Case p(Y)=5.
The smooth Fano 3-fold with p(Y)=5, 4|(—Ky)® is one of the following.
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No. oY) Y one of the formers

1 5 * Q
2 5 * P
3 5 P'XS, *
4 7 P'xS, *
5 9 P'xS, *

No. 1, 2.

This case cannot occur.
No. 3, 4, 5.

Recall that S; (d=2, 4, 6) can be obtained by blowing up of P*X P! It is
easy to check that Y has the involution fixing just 8 points as lift of the
involution of P'X P'X P! of type (—1)X(—1)X(—1). |
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