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§1. Introduction.

We are inspired by Masani-Wiener’s work ([4]) of the non-linear prediction
problem of a one-dimensional discrete time strictly stationary process. The
purpose of the present paper is to give computable algorithms for the non-linear
predictor by applying the theory of KM,O-Langevin equations.

We have already applied in [7] the theory of KM,0O-Langevin equations to
the linear prediction problem for the multi-dimensional weakly stationary time
series and given a refinement of Wiener-Masani’s work in [13], [14] and [3]
by obtaining computable algorithms for the linear predictor. The results in [7]
play supplementary but useful roles in the present approach to the non-linear
problem, as will be explained.

Let X=(X(n); nZ) be a real-valued strictly stationary time series on a
probability space (£, #, P) with mean zero. We shall impose the following
two hypotheses which are the same as in [4]:

(H.1) X is essentially bounded, i.e., there exists a positive constant C>0
such that | X(n)w)| <C for any neZ and almost all v ;

(H.2) For any distinct integers n,, n,, -, n; (kEN) the spectrum of the
distribution function of the k-dimensional random variable ‘(X(n,), X(ns), -++, X(n4))
has positive Lebesgue measure.

The non-linear predictor X(v) of the future X(v), ¥>0, on the basis of the
present and past X(/), [<0, is defined by

X) = EX@)| a(X(l); 1<0)) .

Masani and Wiener ([4]) have obtained a representation for the non-linear
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predictor as follows:

(L1 EXWIe(X(W); 1=0) = Lim. Qu(X(0), X(=1), -+, X(=ma)),

where, for each neN, m, is a nonnegative integer depending on 7, and Q, is
a real polynomial in m,+1 variables whose coefficients can be. theoretically
calculated in terms of the moments of the time series X.

However, as Kallianpur has given some comments in [12], the representa-
tion (1.1) of the non-linear predictor lacks for computable algorithm which is
fit for the application to applied science, because the determination of the co-
efficients of the polynomials Q, involves the calculation of the determinants of
matrices of different sizes, coming from their method of Schmidt’s orthogonali-
zation. On the other hand, Masani and Wiener have suggested in [4] that
certain computable algorithm for the non-linear predictor may be obtained by
means of the linear predictor for a suitably defined, infinite-dimensional, weakly
stationary time series.

Following their suggestion, we shall derive an R>-valued weakly stationary
time series X=(X(n); neZ) and consider the d,+1-dimensional subprocesses
X@=(X9(n); neZ) generated by the first d,+1-components of 2. We remark
that d,=0, d, is increasing to c as ¢g—co and X¥=X. According to the
theory of KM,O-Langevin equations ([5], [6], [9]), for each ¢&N, the linear
predictor for the d,+1-dimensional subprocess X @ can be calculated from the
KM,O-Langevin data .£9(X?) which, corresponding to the fluctuation-dissipa-
tion theorem, is obtained from the computable algorithm in terms of the corre-
lation function of X . By obtaining a new algorithm computing the KM,O-
Langevin data .£9(X ?) from the KM,0-Langevin data LD(X@™D) (¢=2, 3, -),
we can practically solve the non-linear prediction problem for the original time
series X, because the non-linear predictor for X can be obtained as the limit
as g—oo of the first component of the linear predictors for X @,

Now we shall explain the contents of this paper. In §2, according to [5]
and [9], we shall recall and rearrange the theory of KM,0O-Langevin equations
for a d-dimensional weakly stationary time series Z=(Z(n); |n|<N), where d,
N are fixed natural numbers. In particular, we shall introduce the KM,O-
Langevin data .L9(Z) associated with the time series Z which consists of the
triplet of the forward and backward KM,0O-Langevin delay functions, the forward
and backward KM,0-Langevin partial correlation functions, and the forward and
backward KM,0O-Langevin fluctuation functions. The KM,O-Langevin data
LDZ), together with the forward and backward KM,O-Langevin forces, will
determine the forward and backward KM,O-Langevin equations describing the
time evolution of the time series Z. We can obtain a concrete expression for
the linear predictor for the time series Z in terms of the KM,0O-Langevin data
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L3(Z). Furthermore, associated with a d-dimensional weakly stationary time
series Z=(Z(n); n€Z), we can construct the KM,0O-Langevin data .L9(Z).

§ 3 will develop the theory of the KM,0-Langevin equations and obtain a
new formula between the KM;O-Langevin data .£L9(Z) and the KM,0O-Langevin
data L£9(Y), where the time series Y is a d‘-dimensional local and weakly
stationary time series generated by the first d-components of the series Z
(1£dW<ad).

In the last section, we shall return to the real-valued strictly stationary
time series X =(X(n) ; n€Z) with mean zero satisfying conditions (H.1) and (H.2).
By modifying the idea in Masani and Wiener ([4]), we shall derive an R>-
valued weakly stationary time series £=(%(n); neZ) and consider the d,+1-
dimensional subprocesses X@=(X®(n); neZ) generated by the first d,+1-
components of . We remark that the first components of X‘“(n) are equal
to X(n) (&N, neZ) and the construction of the time series X@ with dimen-
sion d,+1 is fit for the application to data analysis. Applying the results in
§3 to these time series X®, we shall obtain. an algorithm computing the
KM,0O-Langevin data £L9D(X @) from the KM,O-Langevin data .LD(X V) (¢g=
2,3, ---). Thus the non-linear prediction problem for the original real valued
strictly stationary time series X can be practically solved as follows:

(1.2) EXw)|a(X(0);1=0)

= the first component of l.i.m. ]Ev] Q. ( XD)YN+y, N; N—k)XD(—k),

N.gooo k=0

where, for each ¢g&N, the M(d,+1; R)-valued function Q.(X@)(-, *; %) is
called the forward prediction function associated with the time series X @ in
the theory of the KM,0O-Langevin equations, which can be recursively calculated
from the KM,0O-Langevin data .L9D(X ). By using the results in [7], further-
more, we can theoretically obtain an algorithm for the limit as N—co of the
forward prediction functions Q,(X?)N+y, N; N—*k) for any fixed ¢, veN,
EeN* (=NU{0}).

As the application of the theory of KM,0-Langevin equations to data analysis,
we are going to develop a new project of the stationary, causal and prediction
analysis ([9], [8], [10]).

The authors would like to thank the referee for valuable advices.

§2. The theory of KM,0-Langevin equations.

We shall recall the theory of KM,O-Langevin equations from [5], [9].
[2.1] Let d and N be any natural numbers. Let Z=(Z(n); |n|<N) be
any d-dimensional real-valued local and weakly stationary time series on a
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probability space (R, 8, P) with covariance matrix function RZ:
2.1 R%(n) = E(Z(n)*Z(0))  (In|=<N).

Then we define, for each neN, 1<n<N, two block Toeplitz matrices T5(Z),
TH{Z)eM(nd; R) by

RZ(0) RZ(=1) - R%(+(n—1))
@2)  Taz=| R RO RAx(=2)),
RAF(n—1) RXF(n—2) -  R%0)

It is to be noted that
(2.3) 'R*(n) = R*(—n)  (InI=N),
2.4) Ti(Z)=Ti(Z) = R¥0).
In this subsection, we treat the case where the following condition holds:
(2.5) THZ), Ta(Z)e GL(nd; R) (1<n<N).
We remark that condition (2.5) is equivalent to
(2.6) {Zin); 1£j<d, |n| <N} is linearly independent in L¥Q, @, P),

where Z(n)=4Z(n), -, Z4(n)).

For any d-dimensional square-integrable stochastic process Y=Y (n);I<n<r)
with a discrete time parameter space defined on the probability space (2, 8, P)
(I, r&Z, I<r), we define, for any m, ne€Z, [Sm<n<r, a real closed subspace
L5(Y) of L2, 8, P) by

2.7) L5(Y) = the closed linear hull of {Y,(k);1<7<d, m<k<n}.

According to the method of innovation, we introduce the d-dimensional
forward (resp. backward) KM,O-Langevin force »,(Z)=u.(Z)(n); 0<n<N) (resp.
v (Z)=Ww_(Z)m); —N=<mZz0)) as follows:

(2.8,) vi(Z)n) = Z(n)—Prn-12,Z(n) (0=n=N);
2.8) v(Z)m) = Zm)—Pro 0 Z(m)  (—N<m=0),
where L3NZ)=LYZ)={0}.
For each neN*, 0<n<N, let V (Z)(n) (resp. V_(Z)(n)) be the covariance
matrix of v, (Z)(n) (resp. v_(Z)(—n)). We call the function V.(Z)(-) (resp.

V_(Z)(-)) the forward (resp. backward) KM,O-Langevin fluctuation function.
The following causal relation holds among Z, ».(Z) and »_(Z):
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CAUSAL RELATION ([51, [97D).

(2.9) v(Z)(0) = v(Z)0) = Z(0).

(2.10.) EQ@A(Z)+m)v(Z)£n)) = dnaV(Z)(n) (O0=m, n<N).
(2.11,) LYZ)=L3®.(Z)) (0=n=N).

(2.11.) L2(Z)= L2 (Z)) (0<nZN).

Let the system .£L9(Z) of elements in M(d ; R) be the KM,0-Langevin data
associated with the process Z:

LUZ)= {y(Z)n, k), y(Z)(n, k), 0.(Z)(m), 6(Z)m), V(Z)D), VAZ)D);
k, m, neN, 1<k<n<N, 1<m<N, |eN* 0<I<N}.

We know that Z satisfies the forward (resp. backward) KM,O-Langevin equa-
tion (2.12,) (resp. (2.12.)):

KM,O-LANGEVIN EQUATIONS ([57, [9]).
(2.12.) Z(in):—::irt(Z)(n, RYZ(+k)—0.(Z)n)Z0)+v.(Z)+n) (1=n=N).

In the sequal we adopt a convention to make the summation running the
empty set 0. We call the function y,(Z)(-, *) (resp. y-(Z)(-, *)) the forward
’(resp. backward) KM,0O-Langevin delay function associated with the process Z.

The function 0,.(Z)(:) (resp. 0_(Z)(-)) is said to be the forward (resp. backward)
KM,O-Langevin partial correlation function associated with the process Z.

Concerning the relation between the Toeplitz matrices and the KM,O-
Langevin fluctuation functions, we can use the KM,0O-Langevin equations to see
that

2.13.) det T5(2) = Tl det Vu(Z)(k) ~ (LSn<N).
If follows from (2.5) and (2.13.) that
(2.14) V(Z)n), V(Z)n)e GL(d; R) (0=n=N).
The fluctuation-dissipation theorem (FDT) stated in §1 is the following:
FDT ([2], [1], [11], [15], [5], [9]). For any n, keN, 1<k<n<N,
(2.15:)  7(Z)(n, k) = 7(Z)n—1, k=1)+0.(Z)(n)y«(Z)(n—1, n—k—1);

(2.16.) V(Z)(n) = (I—0.(Z)n)0:(Z)(m))V «(Z)(n—1);
(2.17) 0(Z) )V (Z)n—1) =V (Z)(n—1)'0.(Z)(n);
(2.18) 0.(Z)n)V (Z)(n) =V (Z)(n)'6.(Z)(n),

where we put
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(2.19)  7.(Z)m, 0) =0,(Z)m) and y(Z)m,0)=08.(Z)m) (1=m=<N).
The relations (2.16.) and (2.17) in FDT come from the following relation:
BURG’S RELATION ([11], [15], [5], [9]). For any neN, 1<n<N,

(2.20) S 1.@)n, DRk = S RAk+1)7(Z)n, £).

FDT implies that both the KM,0O-Langevin delay and fluctuation functions
can be recursively calculated from the KM,O-Langevin partial correlation func-
tions. On the other hand, the latter can be obtained from the correlation func-
tion R? by the following formulae:

KM,;O-LANGEVIN PARTIAL CORRELATION FUNCTIONS ([2], [1], [11], [15], [5],
[9]). For any neN, 1<n<N,

(2.21.) 0.(Z)(n)= —(Rz(in)+7;2_2 7=(Z)(n—1, R)R*(£(k+1)V(Z)n—1)7".

For any m, neN* 0<n<m<N, we define P.(Z)m, n), P.(Z)(m, n) and
e.(Z)(m, n), e_(Z)m, n) by
(2.22,) Po(Z)m, n) = E(Z(xm)'v.(Z)(£n)V (Z)(n)"'"*
and
2.23.)  elZ)(m, n) = E(Z(m)—PrpzZm)(Z(m)—Prpcz,Z(m)),
2.23.)  e(Z)m, n) = E(Z(—m)—Pxo &y Z(—m)(Z(—m)— P10 (2, Z(—m))).

We call the function P,(Z)(-, *) (resp. P.(Z)(-, %)) the forward (resp. backward)
prediction function and the function ¢,(Z)(-, *) (resp. e_(Z)(-, %)) the forward
(resp. backward) prediction error function. Then we know

PREDICTION FORMULAE ([5], [9]). (i) For any m, neN*, 0<n<m<N,

(2.24.) PrpazyZ(m) = éo P(Z)(m, R)V (Z)(k) v (Z)k);
(2.24.) Pro 2 Z(—m) = éﬂ P(Z)m, R)V (Z)(R)*y(Z)(—F).

(ii) For any m, neN*, 0<n<m<N,

2.25,) PryarZ(m)= 3 QUZ)m, n; DZ(K);
(2.25.) Pro,arZ(—m) = 3 Q-(Z)m, n; D)Z(—F).

Here the M(d ; R)-valued prediction functions P.(Z)(-, *) and Q.(Z)(-, *; %)
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can be determined by the following algorithms:
PREDICTION ALGORITHMS ([5], [9]). (i) For any m, keN*, 0<k<m=N,
V. (Z) (k)2 if m=k
(2.26.)  PuAZ)m, k) = { .
— 20 r(Z )m, DP(Z )1, k) if m=zk+1,

(i) For any m, n, keN*, 0<k<n<mZN,
(2.27.)  Qu(Z)m, n; k)= —:glr:(z)(m, DQAZ)U, n; k)—7+(Z)(m, k).
Finally the prediction error functions can be calculated by the following
formulae:
PREDICTION ERROR FORMULAE ([5], [9]). (i) For any m, neN*, 0=n<

m<N,

(2.28.) e(Z)m, n)= 3 P.(Z)(m, k)‘P.(Z)m, k).

(i) In particular, for any neN, 1<n<N,
(2.29.)  eud(Z)n, n—1) = I—0.(Z)n)d(Z)(n)) - (I—8(Z)1)5,(Z)(1))R?(0).

[2.2] Let Z=(Z(n);n€Z) be any d-dimensional real-valued weakly
stationary time series on a probability space (2, @, P) with covariance function
RZ%, In this subsection, we treat the case where the following condition holds:

(2.30) {Zin); 1§jgd, neZ} is linearly independent in L¥Q2, 8, P),

where Z(n)=4Z(n), -, Z4(n)).

By restricting the time parameter space, we have a d-dimensional real-valued
local and weakly stationary time series Zy=(Z(n); |n|<N) (NeN). It then
can be seen that the system {.LD(Zy); NeN} of the KM,O-Langevin data
LID(Zy) (NeN) satisfies the following consistency . condition :

7:(Zy)(n, k) =7.(Zy)n, k)  (1=k<n=N);
0:(Z y,1)(n) = 0.(Zy)(n) (1=n<N);
ViZy)n)=V.(Zy)n) (0=n=N).

Therefore, we can construct a KM,0O-Langevin data .£9(Z) associated with the
process Z :

LUZ)= {y(Z)n, k), 0.(Z)m), VAZ)1); k, m, neN, k<n, [&N*}.
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§3. A new formula for the KM,0-Langevin data.

Let d, d, d®, N be any natural numbers such that d=d®4+d® and let
Z=(Z(n); |[n]|<N) be any d-dimensional local and weakly stationary time series
satisfying condition (2.6). We divide the components of Z(n) into two blocks
Y (n) and W(n), i.e.,

Y (n)
3.1 Z(n)=( ) (In|<N),
W(n)

where Y (n)=4Z(n), -+, Zaw(n)) and W(n)=YZsw.i(n), -+, Zawa(n). It is
to be noted that Y= (n); |n|<N) (resp. W=W(n); |n|<N) is a d‘V-dimen-
sional (resp. d‘®-dimensional) weakly stationary time series satisfying condition
(2.6).

In this section, we discuss how the KM,0O-Langevin data associated with Z
is calculated by those associated with ¥ and W. We define the mutual corre-
lation function RY" of Y and W:

(3.2) R™(n) =EYm)W(©0) (In]<N).

Let LO(Z) (resp. L9(Y) and L D(W)) be the KM,0-Langevin data associated
with Z (resp. Y and W). We divide the components of matrices y.(Z)(n, k)
and 0.(Z)(n) into four blocks y24(Z)(n, k), and 824Z)(n), for p, 9N, 1=p,
9<2, i.e.,

ri¥(Z)n, k)  yXZ)n, k)
ro(Z)(n, k) = ( ’ )

rHZ)n, k)  yHZ)n, k)
and

0XM(Z)n) O0XZ)n)
0.(Z)(n) = ) ’

03(Z)n) 0NZ)n)
where qu(Z)(n, k):(()’t(z)(n: k))ij)d(P'l)HSisd(P—l>+d(P),d<<1“1)+15j5d(<1-1)+d(<1) with
d»=0 and 902%Z)(n)=y24(Z)(n, 0).

Furthermore, we divide the components of v.(Z)(n) into two blocks vi(Z)(n)
and vi(Z)(n), i.e.,
vi(Z)(n)
v(Z )(n) = ),
vi(Z)(n)

where vX(Z)n)= (v (Z)n), -+, veax(Z)n)) and vHZ)(n)="(v.caw+1(Z)(n), -+,
Vecawsa@)(Z)(n)). Then, for any neN, 1<n<N, the KM,0O-Langevin equa-
tions (2.12,) for Z are represented as follows:
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wa (YE(Z )n, R) YHZ)n, R)\ (Y (k)
T (3.3.) Z(tn)=—3 )
EN\rE(Z )n, k) YHZ)Xn, k) \W(xk)
(51’(2)(71) 5LZ(Z)(H))(Y(0))+(vi(Z)(i n))
FXZ)n) SHZ)m))\W©) \HZ)(xn))

ByInoting (3.1),we have
(B4) V()= =T UL)n, Y (k)= S7HL)n, W (=)
— G Z Y)Y (0)— G2 Z)mW(0)+vi(Z)(+n);
(35  Wxn)=— I UZ)n, kY (£k)= T r2Z)n, DW(=E)

—0(Z)(n)Y (0)— K Z )(m)W (0)+vE(Z )(+n).

We shall obtain other formulae, different from (2.21.), by which the KM,O-
Langevin partial correlation functions 4,(Z)(+) and 6_(Z)(-) are recursively cal-
culated from £9(Y), .LD(W) and RYY together with (2.15.). For this purpose,
we define B.(Y| W), k), B.(YI|W)(, k), B.(W|Y)!, k) and B_.(W|Y)(, k) by

3.6 BUYIW), B)= R™ (214 2 R™(+(—k+j+1)-(W)k—1, )
j=0

and

37.)  B.AWIY), k)= RW”(il)+:§ RY(+(1— 4+ 1) 7-(¥ )k —1, )

for any k, [eN* 1<k<N, 0<IZN.
THEOREM 3.1. For any neN, 1£n<N,
0.(Y)(n)V (Y )n—1) 0
0.(Z)(n) = { )
0 B.(Y|W)k+1, n)

— S 1.(Z)n—1, k)(
= BuW|Y)(k+1, n) 0

)}V;(Z)(n—l)“,
where
(3.8 1+Z)5, N=1 and y(Z)j,j)=1 (O=j=N).

PROOF. We prove the plus part. We shall rewrite the first term F of the
right-hand side of the plus part of (2.21.) for any fixed n€N, 1<n<N:

F=—(RA(£m+ 8 r.(2)n—1, DRA=(k+1)).
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We divide the components of matrix F into four blocks F?? for p, ¢qN, 1<p,
q=2, i.e.,
Fll F12
e )
. F21 FZZ

where FP?=((F);;)atp-1+15i5ap-D+d(@, @D +15j5d@-D+a@-
At first we rewrite the (1, 1)-block F** of F as follows:

Ft = —(RY )+ 'S 12 —1, R (k+ 1D+ S p(Z)n—1, IRV (k+D).

We shall rewrite the second term of the equation above; by using equation
(2.12_), we see from (2.10_) and (2.11_) that

S rZ)n—1, BRY(E+D)

- ;’E:ry(zxn—L RYE(Y (k—n+2)1Y (—n+1))

= S @) -1, DE(Y (k—n+2)(=S r-(Dn—L, )Y (=)
+,§: PUZ ) n—1, BYEY (k—n+2)y_(¥)X—(n—1))

- _:z:,z jéﬁ‘(Z)(n——l, BYRY(k—n+j+2)ty(Y)(n—1, j)

=-3 2 PNZ)(n—1, DEY ()Y (n—j—2))7(Y)(n—1, j)

= FE((-Zr#@ =1, DY W)Y (1= =7 (X)n—1, ).

On the other hand, by using equation (3.4,), we see from (2.10,) and (2.11,)
that

E((='8 @) =1, BY (0))Y (n—j-2)

= B (n—=1¥ (n— -0+ E((S 72 (n—1, &W(R))'Y (n—j—2))
—EQUZ)n—1'Y (n—j—2)

= RYG+1+ 3 12 Kn—1, )R™ (b —n+j+2).

Further, by virtue of Burg’s relation (2.20), we see
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S @ -1, DR+
= Sr.Nn—1, HR(k+1)
+jz S 12 )n—1, DR (k—n+j+2'7-(Y)n—1, 5.
According to the definition of B,(W|Y)(-, %), we see from (2.20,) that
Fit = —(R* )+ 3 7 (N)(n—1, HRV(k+1)
— SR =1, B(R¥ (k+1)+ S R (b —n+ /4247 (Va1 )
= 8. (X )mV (¥)n—L)= 5 (2 )n—1, DB WIV)E+1, n).

Therefore, according to (3.8), we get
(a) Fil= 6+(Y)(n)V_(Y)(n—1)~7gori2(Z)(n—l, kR)B.(WI|Y)(k+1, n).
Secondly, we rewrite the (2, 1)-block F?' of F as follows:

Fo = —(R™(m)+ S 742 n—1, IR+ D+ 8 P2 )(n—1, R (k+1).
We shall rewrite the second term of the equation above; by using equation
(2.12_), we see from (2.10_) and (2.11.) that

12 )n—1, DR k+1)

n-2 n-2
= SE((—Zr@)n—L, DY (W)Y (n—j—2)f7(¥)n—1, j).
On the other hand, by using equation (3.5,), we have from (2.10,) and (2.11,)

that
E((-S @ -1, Y )Y (n—j-2)

= RMGHD+ S 1) (n—1, DR™ (k—n+]+2).

Therefore, we obtain

Fo= _(R"<n>+:§0 R (k+1) 7 (Y)(n—1, f>)

— S22 =1, (R U+ D4 S RV =+ +2)7-(V =1, ).
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According to the definition of B,(W|Y)(-, %) in (3.7,) and (3.8), we get

(b Fi = — Sy Z)n—1, OB Y)Xk+1, 7).
Similarly, we can show

© Fit = — 5 p(Z)(n—1, DB.(YIW)k+1, )

and

(d) F2 =03, (W)n)V_(W)n—1)— :ﬁri‘(Z)(n—l, R)B.(Y|W)k+1, n).

=0
Thus we can conclude from (a), (b), (c) and (d) that the plus part holds. In the
same way, the minus part is proved. Q.E.D.)

As stated in §2, V.(Z)-) and V_(Z)(-) are recursively calculated from
0.(Z)-) and 0_(Z)(-) by (2.16.). However, we can obtain other formulae for
the KM,0-Langevin fluctuation functions V.(Z)(:), similar to Theorem 3.1.

THEOREM 3.2. For any neN, 0<n<N,

Vo(Y)(n) 0
V(Z)n)= ( )
0 V(W)(n)
n 0 B(Y|W)(k, n+1)
+ 2 7:(Z)(n, n—k)( )
R0 B(W|Y)k, n+1) 0

PrOOF. We divide the components of matrices Vi(.Z )X(n) into four blocks
VY Z)(n) for p, geN, 1<p, ¢<2, i.e.,

VXNZ)n) VIHZ)(n)
V(Z)(n)= ) ,
VI(Z)(n) VHZ)n)

where ng(z)(n):((V:(Z)(n))ij)d(11'1)+1$isd(P-1)+d(P).d(q—1)+lsj5d(q-l)+d(q)-
We prove only the plus part, because the minus part is proved in the same
way. By using equation (3.4,) for Z, it follows from (2.10,) and (2.11,) that

VIZ)(n) = EGHZ)Xn)Y 1)+ E(vi2)n) (S 22 ), BY (1))

+E (3@ (122, W (R)))

= EGWHZ)(n)'Y (n)).
Further, by using equation (2.12,) for Y and noting (2.10,) and (2.11,) that
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VEZ)n) = E(u3Z)Xn) (=S 7. (X )n, DY (0)) )+ EGUZ ) v (X))

= E@HZ)(n)'v.(Y)(n)).
By using equation (3.4,) for Z, we see that

VI(Z)(n) = E(Y (0w (X)X +E (S 742 ), BY () v (X))
+E((Z @), W@ )v. (YY)

=V.(Y)n)+ gﬂ”(z)(n, RYEW (k) v, (Y )(n)).
On the other hand, by using equation (2.12,) for Y,

ViNZ)(n) = +(Y)(n)+27 XZ)(n, n—DEW(n—0)'v,(Y)(n))

=V.(Y)n)+ g ¥ Z)(n, n—DEW(n—0)"Y (n))

nM:

12, n—DB(W =S 1Y )m, DY (1))

||M=

722 )n, n—DE(W =S 1Y), DY (1))
= V.(¥)n)+ B PHZ)n, n—DR™ (1)

—|-27’ XZ)n, n— Z)ERW( U=n+7)'r(Y)n, j).
Therefore, according to the definition of B_(W|Y)(-, *) in (3.7_) and (3.8),
(e) VIZ)(n) =V (Y)n)+ 27’ XZ)n, n—D)B_(W|Y)k, n+1).

In the same way as in Vi{(Z)(n), it follows from (3.4,), (3.5,), (2.10,), (2.11,)
and (2.12,) that

VI(Z)(n) = EWXZ )X(n)'Y (n))
= EQ@Z)(n)'v.(Y)(n))
= EW(n)'v.(Y)(n)+ 2 T XZ)(n, RYEW (k) (Y )(n))

= R¥"(0)+ ZRW"(n —0'7.(¥Y)(n, l)+27 AZ )n, n—DR¥Y(—1)

+27 XZ)n, n— Z)ER”( —({=n+)r.(Y)Xn, ).
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Therefore, according to the definition of B_(W|Y)(-, %) in (3.7_) and (3.8),

) VHZ)n) = 32 n, n—R)BLW| )k, n+1).
Similarly, we obtain

2 VZ)n) = 3 pHZ)n, n—R)B(¥|W)(k, n+1)

and

(h) VHZ)n) =V AZ)m)+ 2 yHZ)n, n—k)B-(YI W)k, n+1).

Thus we can conclude from (e), (f), (g) and (h) that the plus part holds.
Q.E.D.)

§4. The non-linear prediction problem.

Let X=(X(n); n=Z) be a one-dimensional strictly stationary time series
on a probability space (R, 8, P) with mean zero. Moreover we impose the
same hypotheses as in Masani-Wiener [4]:

(H.1) X s essentially bounded ;

(H.2) for any distinct integers (n,, ---, n;) the spectrum of the distribution
function of the k-dimensional random variable “(X(n,), -+, X(n.)) has positive
Lebesgue measure.

For any subset 4 of L%, 8, P), we denote by [A] the closed subspace of
L¥Q, B, P), generated by all elements of A.

To obtain the non-linear predictor X’(u):E(X(»)]a(X(l) ; 1<0)) is reduced to
getting a projection of X(v) (veN) as follows:

LEMMA 4.1 (Masami-Wiener [4]).
(i) EXW)|eX();1=0) = Psyo X(») (v€N),

where

AL = [1, TLX(n)"%; meN*, &N, n,&Z 0SESm), ny<r<np< 0].

(ii) {1, kii[oX(nk)”k;meN*, prEN, n,&€Z 0<k<m), ny< - <nm§0}
is linearly independent in L¥(Q, B, P).

We shall obtain certain computable algorithm for X(v). For that purpose,
we shall show the following lemma.
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LEMMA 4.2.
EX@W)|eX(); 1£0) = Pxo X(») (veN),
where

Koy = [ T1 X(n— k)~ E( T X(n—k)"+); meN*, 20,
k=0 k=0
poeN, p,eN* (1gkgm)].

PrOOF. By Lemma 4.1(i), what we need to prove is that Pgyo X(v)=
Pyo X(v) for any veN. For any meN*, n<0, peN, p.eN* (1<k<m),
there exist MeN*, ¢,€N, n,eZ 0<ISM), n,< -+ <nyxy<0 such that

TLX (n— k)% = TTX(n),
k=0 =0
it can be seen that
M@K =T[1].
Therefore, we see that Pg?_oxo X()=PFP ;:X(v)=E(X(v))=0. Thus, it follows
that Lemma 4.2 holds. Q.E.D.)

For the purpose of parametrizing the infinite-dimensional subspace K., we

define a subset 4 of {0, 1, 2, ---}¥* by

A= {p=(po, b1, D2, )10, 1,2, .} ¥*; p,=1 and there exists
meN* guch that p,#0, p,=0 (k=m+1)}.

For any peA, a one-dimensional strictly stationary time series ¢,=(p,(n);
neZ) is introduced by

¢s(n) = T X(n—k)"»
and we set
G = {g,; pe4}.
We shall order the elements of G to arrange them in a sequence {¢;; j&N*}.
For each ¢g&N, we define a subset 4, of 4 and a subset G of G by

Ay = {p=(po, P1, ")E4; q=ki0 (k+1)-p:} and G@ = {p,; pe4,}.
Then we have the disjoint union

G=\UG®,

geN

Now we shall order the elements of G. For any ¢,=G?@ and ¢, G, we
say that ¢, precedes ¢, if and only if ¢g<¢’ or ¢=¢’ and in addition, there
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exists ko&N* such that p,=p; (0<k=<k,—1) and p,,>p;,. Then we have

G = {p;; jeN*}

and

G = {Sodq_ln, Pag-1+25 " Sodq}:
where

d, = the number of {TQ G"’}-—l
and

(‘qu-ﬁl("), (qu_ln(n), ty §0dq(n))
= (X(n)?, X(n)*X(n—1), -+, X(n)X(n—q+2)).
For example,
(dy, ds, ds, di)=1(0, 1, 3, 6)
and
(@o(n), @i(n), pa(n), @s(n), @u(n), os(n), §06(n))
= X(n), X(n)*, X(n)®, X(m)X(n—1), X(n)*, X(n)’X(n—1), X(n)X(n—2)).
By using the system G={¢;; j&N*}, we define X@=(X9(n); neZ) and
Y=Y 9D(n); ncZ) by
@o(n)— E(@o(n))
Xo(n) = §01(Tl)—'.E(¢P1(71))
a (1) —E(pa (n)
and
Squ..lﬂ(n)_‘E(ngq_lH(n))
Y@(n) = ngq_la,z(n)“E(Squ_,n(n)) .

a (M)~ E(ga (n)

Then, by virtue of Lemma 4.1(ii), we have the following lemma.

LEMMA 4.3.

(i) For any gqN, X@ is a d,+1-dimensional weakly stationary time series
satisfying condition (2.30).

(i) X% =X.

(iii) X‘q’(n)=()§,f::()f:)l)) (9=2,3, -+).

(iv) [NO : L0v(X “”)] = KL

=0 q

We shall show how the non-linear predictor of X is expressed by using the
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linear predictor of X@,
THEOREM 4.1. For any v>0,
EXW)ae(X(1);1=0))
= the first component of Li.m. (S QXY N+y, N; N=B)XD(—)).

PROOF. By Lemmas 4.2 and 4.3(iv), we have
EXW)eX(1);1=£0) = }v'iém' Procx@X(v)
= the first component of ki.m.P_[gN(x(q))X(Q)(D).
-

By applying the prediction formula (2.25,) to the time series X @, we have

P.EEN(XQ))X(Q)(U) = U(‘“N)P.E{,V(x<q>)X(q)(N+U)
= U(=N)( 5 QX @ N+y, N; HX@(E))
= 3 QUX@)YN+v, N; D)X ©(k—N)
k=0

= 3 Q. (X@)YN+v, N; N—b)XO(—k),
k=0

where U(—N) is a unitary operator from L£{(X@) to L2x(X @) such that
U(—N)X9(n)=X9(n—N) (0<n<N). Therefore, we get Theorem 4.1. (Q.E.D.)

We shall explain the structure of algorithm computing the coefficients
Q.(XD)-, *; %) (¢gN) in Theorem 4.1. Let LD(X @) (resp. LPH(X V) and
LPYD)) be the KM,O-Langevin data associated with X @ (resp. X and
Y@), By (2.27,),

4D  QuXONmn;h)=— % 7=(X@)m, DQ (X )I, n 5 k)—7(XD)(m, k),
l=n+1

which implies that, for each fixed g&N, Q.(X@)(-, *; %) can be calculated from
LP(X9D), By virtue of FDT, L£9(X @) can be recursively calculated from the
KM,O-Langevin partial correlation functions §.(X“@)(-). By applying Theorem
3.1 to the time series X, we obtain an algorithm computing d.(X?)(:) in
Theorem 4.2, The crux is that the §.(X @)(-) can be calculated from .£L9(X 1),
LY(YD@) and R¥IDYD (=2 3 ...),

THEOREM 4.2. For any n, geN, 2<g,
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8.(X DY)V (X @) n—1) 0 )

5: X@ —
e {( 0 0. (Y @)V (Y @) n—1)

— S (XY -1, )-
( 0 B(X@ V| Y@)k+1, n)

)}V;(X‘q’)(n—l)“,
B(YW|X9 V) k+1,n) 0

where
7+ XO)j, =1 and 7 (XO)J, =1 (GJeN*).

Finally we shall make a comment concerning the global behavior of the
prediction functions Q.(X@)N+y, N; N—k) as N—co in order to complete the
representation for the non-linear predictor in Theorem 4.1. For that purpose,
we need the following stronger condition (H.3) than (H.2), besides (H.1):

(H.3) For each qN, the weakly stationary process X has the spectral
density matrix function AXP)@) defined on [—=x, &) such that

4.2) log (det (A(X D)) € LY(—m, 7).

By Theorems 4.2, 5.1 and 5.2 in [7], we find that, for each geN, the fol-
lowing limits exist:

(4.3.) V(X®) = lim V.(XO)(n);
(4.4.) 7:(X@)(k) = lim y(X@)n, n—k)  (REN¥);
(4.5.) P.(X®)k) = }Lim P(X®D)n,n—k) (keN%*),

Moreover they satisfy the following recursive relations: for any k€N,
(4 6 ) { Pi(X(Q))(O) — Vi(X(Q))IIZ
o P(XP)k) = =i p(XO)—DP(X D)D)

By virtue of Theorem 6.5 in [7], we can theoretically obtain the algorithms
for the limits as N—oo of the prediction functions Q.(X @) N+y, N; N—*k) for
any ¢, veN, keN*: the limits

4.7.) Q:(X )y, k) = lim Q.(XV)N+y, N; N—k)
Noseo .
exist and they satisfy the following recursive relations:

48.) QXY k)= — grt(X“”)(»—l)Qi(X“”)(l, k)= (X D)(v+k).
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