J. Math. Soc. Japan
Vol. 47, No. 2, 1995

Algorithmic metheds for Fuchsian systems
of linear partial differential equations

By Toshinori OAKU

(Received Aug. 6, 1993)
(Revised Aug. 10, 1993)

Introduction.

A generalization of the notion of regular singularity for linear ordinary
differential equations to (single) partial differential equations was introduced by
Baouendi and Goulaouic [I]. They called such equations Fuchsian partial dif-
ferential equations with respect to a hypersurface. In [12], [21], Kashiwara
and Oshima called the same equations ones with regular singularities in a weak
sense along a hypersurface and studied the boundary value problem for such
equations.

Recently, the notion of Fuchsian partial differential equation of has
been generalized to that of Fuchsian system of linear partial differential equa-
tions along a submanifold Y of arbitrary codimension by Laurent and Monteiro
Fernandes [13]. Especially, it has been proved in for Fuchsian systems
that any power series solution which converges with respect to the variables
tangent to Y and formal with respect to the variable(s) normal to Y converges
with respect to all the variables. It is also known that the holonomic system
with regular singularities in the sense of Kashiwara and Kawai is Fuchsian
along any submanifold (cf. [11], [18]). Thus Fuchsian systems constitute a
nice and substantially wide class of systems containing many interesting ex-
amples.

Suppose that a system of linear partial differential equations

ﬂzplu:"':Psu:O

for an unknown function % in an open subset of C"*! and a non-singular com-
plex analytic hypersurface Y are given. (For example, if # is holonomic, then
we take as Y an irreducible component of the “singular locus” of #.) Then,
from the computational point of view, we have the following basic problems
about M:

A. Is & Fuchsian along Y?

B. 1If so, find the structure of the space of multi-valued analytic (or hyper-
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function, etc.) solutions of % around Y.

If the system ¥ is Fuchsian, we can define its characteristic exponents as
in the case of ordinary differential equations, and the “boundary values” of
(multi-valued) analytic solutions of #, which are analytic functions on Y.
(Boundary values can be also defined for hyperfunction solutions (cf. [12], [21],
[18], [15]). However, in the present paper, we restrict ourselves to analytic
solutions for the sake of simplicity.) Then a somewhat vague problem B is
reduced substantially to the more concrete one:

C. If < is Fuchsian along Y, compute its characteristic exponents and the

system of equations which their boundary values satisfy (i.e., the in-
duced, or the tangential system of . along Y).

The purpose of this paper is to present effective algorithmic methods which
solve the problem C completely and partially solve the problem A. For this
purpose, we introduce a new notion of Grébner basis for the ring of differential
operators with respect to a filtration of Kashiwara attached to the hyper-
surface Y.

The method of Grobner basis was first introduced by Buchberger [4] (cf.
[7]) for the polynomial ring, and has been extended to various rings of differ-
ential operators by several authors (e.g., [8], [6], [17], [23]). In particular,
the singular locus and the rank (i.e., the dimension of the solution space) of a
holonomic system are effectively computed by using the Grébner basis algorithm
for the ring of differential operators of polynomial or rational function coeffici-
ents (cf. [23], [25], [19]). The Grobner basis for the ring of differential opera-
tors with analytic coefficients, which is more directly related to the analytic
theory of systems of differential equations, was studied in [6], [20].

In this paper, we introduce variants of Grobner bases for rings of differ-
ential operators with analytic or rational function coefficients. The analytic
version, which we call the FD-Grébner basis (F for filtration, and D for the ring
of differential operators with analytic coefficients), solves the problem C com-
pletely and the problem A partially, but it would be difficult to carry out actual
computation in case of more than two variables. On the other hand, the rational
version, which we call the FR-Grébner basis (R for the ring of differential
operators with rational coefficients), has an algebraic and global nature and is
more suited to actual computation by computers. Furthermore, it is shown that
an FR-Grobner basis is also an FD-Groébner basis at a generic point of Y. These
Grobner bases are defined by a new total order among (exponents of) monomials
of differential operators, and the fact that this order is not a well-order makes
the situation slightly more complicated than in the usual theory of Grobner basis.

In Section 1, we recall the definition of the Fuchsian system with one un-
known function along a hypersurface and define their characteristic exponents.
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In Section 2, we give the notion and fundamental properties of the FD-Grobner
basis for left ideals of the ring of partial differential operators with power
series coefficients. This constitutes the theoretical foundation for the rest of
the paper. In Section 3, we introduce a more practical notion of FR-Grobner
basis for the ring of differential operators with rational function coefficients and
give an algorithm of finding FR-Grobner bases. It is proved that an FR-Grobner
basis is also an FD-Grobner basis at a generic point of the hypersurface Y. In
Sections 4 and 5, we describe algorithmic methods for computing the charac-
teristic exponents and the induced systems by using FD- or FR-Grobner bases.
Finally in Section 6, we give some examples of actual computation.

After the main part of the present work had been completed the author
was informed that Takayama proposed a different method (a kind of Hensel
construction) for solving the problem C with the purpose of finding connection
formulas of special functions of several variables.

1. Fuchsian system of partial differential equations
along a hypersurface.

Let (¢, x)=(, x,, -, X») be a coordinate system of the (n+1)-dimensional
complex Euclidean space X=C"*! (with n=1) and we use the notation 9,=0/0t
and 9,=@,, ---, 0,) with 9,=0d/dx,, We write x%=x§1..- xg», 98=0%1 .- 9fr,
|la|=a,+ -+ +a, for multi-indices a=(a,, -, a,), =By, -+, fx)EN" with
N=1{0,1,2, --}.

1.1. A filtration of 9, and Fuchsian operators. Let 9 be the sheaf on
X of rings of linear partial differential operators with holomorphic coefficients.
We denote by 9, the stalk of the sheaf 9 at the origin 0X. Put Y ={{, x)
eX|t=0}. The following arguments apply likewise to the stalk 9, of 9 at
peY. An element P of 9, is a linear partial differential operator whose co-
efficients are holomorphic at 0; i.e., convergent power series of (¢, x). Thus P
is written in the form
(1.1) P= 3 a,z x)0:20." = > Qv 0 #2007,

vz0, BENT v, u20, 3, acN™®

where the sum is finite with respect to v and 8. The order ord(P) of P is
defined as the maximum of v+ |B]| such that a, g(¢, x) is non-zero as a power
series.

We introduce a filtration {F .} necz 0f 9, as follows: For each integer m,
put

Fm = {P: o ﬁa#_y,a_ﬁt”x"‘a,”azﬁe@o Quv o p=0 if u—y>m}.
sy a.
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Then &, is a C-subspace of 9, and satisfies

CFLCIFLCHF,CFCTFry, UFn=29,.

meZ

For a nonzero P9, its F-order ordpz(P) is defined as the minimum integer m
satisfying P=%,. If the F-order of the operator P written as is m, then
we put

6(P) = 6n(P) = E}m Ay, o 17 X%0.0,° € Dy
and call it the formal symbol of P after [14]. (We put 4(0)=0.) It is easy to
see that §(PQ)=5(P)(Q) holds for P, Q=9, although 4(Q)6(P)+6(P)d(Q) in
general.

The filtration defined above was introduced by Kashiwara and was
used systematically with the formal symbol for the study of induced systems
by Laurent and Schapira [14].

The following definition is a slight generalization of that of [1].

DEFINITION 1.1 ([11). P9, is called a Fuchsian operator along Y = {t=0}
at 0 if and only if P satisfies the following two conditions (FC1) and (FC2):

(FC1) There exist non-negative integers k£, m and holomorphic functions a;(x)
with @,0)+#0 such that

sP)=""3" ax)ttia,md

j=0
(FC2) The order of 6(P) is equal to the order of P.

DEFINITION 1.2, Pe9, is said to be formally Fuchsian along Y at 0 if it
satisfies the condition (FC1).

We remark that the notion of formally Fuchsian operator (or system) was
introduced in [14] under the name of ellipticity along Y.

Let Y be a non-singular complex hypersurface of X. Then Definitions 1.1
and 1.2 also apply to such ¥ with a local coordinate (¢, x) such that ¥ = {t=0}.
Then these definitions are independent of the choice of such a local coordinate
system.

1.2. Fuchsian systems of partial differential equations. We consider the
system of linear partial differential equations

M:Pu=-=Pu=0

for an unknown function u, where P, ---, P, are linear partial differential
operators whose coefficients are holomorphic functions on an open subset £ of
X=C"*', (In the sequel, we assume 0£2.)
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In order to study the system M, it is natural to consider the sheaf of ideals
g of 9 generated by Py, -+, P;; i.e., =DP,+ -+ +DP; and regard the system
M as a coherent sheaf of 9-modules 9/9 (cf. [9]). Let ¥ be a non-singular
complex analytic hypersurface in £ and p be a point of Y.

DEerFINITION 1.3. In the notation above, the system ¥ is called a Fuchsian
system along Y at p after [13] if there exists an element (section) P of 4 which
is a Fuchsian operator along Y at p. Moreover, < is said to be formally
Fuchsian along Y at p if there exists P€4 which is formally Fuchsian along
Y at p.

1.3. Characteristic exponents of a Fuchsian system. Let 9, be the
graded ring associated with the filtration {F,}; i.e., Dy=CBmnez Fn/Fm-1. Note
that 9, is a non-commutative ring. For each m&Z, the formal symbol induces
a homomorphism

G=0mn:Fn—>Fn/Fna1CD,.

We shall define an injective ring homomorphism ¢ of 9, into the ring

DL, 7, 7' := D D[],

meZ

where 7 and @ are indeterminates and 9Dy[#] denotes the polynomial ring in 8
with coefficients in the ring 9;=C {x}<d.)> of differential operators in x with
convergent power series coefficients. We give a ring structure to 2[4, 7, t7']
by

(P(a, x) ax)T;)‘(Q(Ox ‘x) al‘)?k) :: P(e—ky x) aI)Q<0’ x’ al‘>rj+k .
For any element P of F,\F,_;, 8(P) can be written uniquely in the form
8(P) =t"™P(td,, x, 9,).

Then we put ¢(P)=P(6, x, d;)r™. This defines a map ¢: Fp/Fp_1—Di[0]c™
for each m. Moreover, it is easy to see that ¢ is injective for all m and bijec-
tive for m<0. Thus we easily get

LEMMA 1.4. ¢: D—Di[0, 7, '] is an injective ring homomorphism.

Now assume the system # above is Fuchsian along ¥'={t=0} at 0. (In fact,
it suffices to assume S is formally Fuchsian along Y for the following defini-
tions.) Let 4, be the stalk at 0 of the sheaf of left ideals y=9P,+ --- +9DP,.
Let us define a left ideal J, of D[0, =, 7] by Jo:= Pnez 6n(INF). Put

OLl, v, t71] = @ o8] C Di[h, 7, v7']

meZ

with @;=C{x} (the ring of convergent power series in x). Let 4 be the smal-
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lest left ideal of [, 7, v~'] that contains ¢(J)NOs[A, 7, 7] and put (M, 0)
=FNO[#], which is an ideal of the commutative ring ©;[#]. Then it is easy
to see that & is generated by Fy(H, 0) over &[4, =, t7']. Moreover we can
easily verify

LEMMA 1.5.

Ir(H, 0) = {f(8, x)€0L0]1 (0, x)r""€YI)NOL0]c™™ for some m=0}.

The ideal Fy(M, p) of ©,[0] is defined likewise with 0 replaced by a point
p of Y, where O, denotes the ring of germs of holomorphic functions in x at p.

DEFINITION 1.6. For a point p of ¥ we call the set

ex(M, p):={0€C| f(0, p)=0 for any fedv(M, p)}

the set of the characteristic exponents of M along Y at p.

DEFINITION 1.7. We define another ideal Jy(H, p) of ©,[6] by
Jv(M, p) = {feoplb]laf (M, D) fdr some a0},
and the set of the strong characteristic exponents of M along Y at pcY by
ey(H, p) = {0=C| (0, p)=0 for any fedy(M, p)}.

LEMMA 1.8. Suppose that the system M is formally Fuchsian along Y at 0.
Then the ideal Fy(M, 0) is generated by a polynomial f<Iy(H, 0) monic in 8.

Proor. We denote by X{ the quotient field of the ring ©;. Note that ©}
is a unique factorization domain. Let .£ be the ideal of X¢[#] generated by
Jy(m, 0). Then we have

L= {ef|fEdnM, 0), ce K.

Let f be an element of Jy(H, 0) with least degree with respect to . (We may
assume that f is primitive.) Then £ is generated by f. Since H# is formally
Fuchsian along Y, there exists a monic polynomial g€ 4y(M, 0). Then f
divides g in K¢[0]. The Gauss lemma implies that f divides g in ©;[#] and
f is a monic polynomial in §. Now let h be an element of Jp(H, 0). Then
f divides & in K{[6], hence in ©[@]. This completes the proof.

ExAMPLE 1.9, Put n=1, x=x, and let us consider the system
M (taz—a)(taz—b)u = x(z‘at—a)u =0

with distinct constants a, b= C. Then we have
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Fr(M, 0) = 0L01(0—a)0—b)+0:[0]x(0—a),

Jy(H, 0) = 0i[01(0—a)
and hence
QY('—%; O) = {a; b}r EY(‘-C/M’ 0) = {a}°

Note that any multi-valued analytic solution of ¥ is in the form uw=v(x)t* with
v holomorphic, whereas, in the real domain . has a distribution solution #%-+
o(x)tl.

1.4. Boundary value problem for Fuchsian systems. Here we recall some
facts on the structure of analytic solutions of a Fuchsian system. First, let us
recall the notion of induced (or tangential) system. Let % and 4 be as in Sec-
tion 1.2. Then the induced system My of H along Y ={t=0} is the sheaf of
9’-modules

My = M/tM = D/(tD+I),

where 9’ denotes the sheaf on Y of the ring of linear differential operators
with holomorphic functions in x as coefficients. It is shown in that My
is a coherent 9@’-module if ¢ is formally Fuchsian along Y.

PROPOSITION 1.10 ([13, Théoréme 3.2.2]). Assume that the system M is
Fuchsian along Y. Then there exists a canonical sheaf isomorphism

Homg(M, O)ly = Homg (My, O),

where © and ©' denote the sheaves of holomorphic functions in (t, x) and in x
respectively, and I om the sheaf of homomorphisms.

The following proposition follows from [22, Theorem 1.3.9] (see also [21]):

PROPOSITION 1.11. Assume that the system M is Fuchsian along Y at 0 and
there exists a Fuchsian operator P9, whose characteristic exponents 6, ---, O,
are all constant with multiplicity one. Assume also that 0;,—8; is not an integer
for any i#j. Put S={ie{l, -, m}|0,€éy(M,0)}. Then any (multi-valued)
analytic solution u of M on UNY with U being a neighborhood of 0 X can be
written in the form

u= vt x)tf¢

es

with holomorphic functions v; on a neighborhood of UNY.

2. FD-Grobner basis—analytic and local algorithmic method.

In this section we develop the theory of FD-Grobner bases for left ideals
of the ring 9, of differential operators with analytic coefficients. Instead of
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9,, the following arguments apply also to the stalk 9, of the sheaf 9 at peY
={@, x)|t=0}.

Let < be a lexicographic (or an inverse lexicographic) order of N with
N:=1{0,1,2, --}. We define a total order <zp of the set N2**2, which we call
the FD-order, as follows: For two indices (g, v, a, §) and (¢, v/, a’, )€
NXNXN"XN",

(e, v, @, B)<pp (g, v, @', B') if and only if v—p<y’'—u)

or —p=y'—p’, |1BI<IB)

or (v—p=y'—p', [Bl=IFl, v<v)

or w=v', u=p’, |BI=I81, B<B")

or b=y, u=p', f=F', la|>|a’)

or (v=y', pu=yp’, =0, la|=|a’|, a<a’).

Let the FR-order <zr be the order of N”*? induced by <pp; i.e., we define

(e, v, B)<re (g, v, B') if and only if (g, v, 0, B) <sp (g, v, 0, B)).

It is easy to see that any subset of {(g, v, a, )= N°***|v+4-|B]|<m} has a maxi-
mum element with respect to the FD-order, and any subset of {(g,y, )&
N***ly—p=m} has a minimum element with respect to the FR-order for any
m. (This definition of the FD-order can be generalized to some extent, but we
do not discuss this problem here.) For an element P= 9, of the form
P= 3 a,u,v.a,ﬁt#xaatyaxﬁy
v B

we define the set of exponents, leading exponent, leading coefficient, leading
term of P with respect to the FD-order by

expsro(P) = {(p, v, @, B)1ay,s 0. 5#0},

lexprp(P) = maXzp(expseo(P)),

lcoefrp(P) = ap.v4,8 With (g, v, a, B) := lexppp(P),
ltermpp(P) = @y, v, o pt*x%0:0,°  with (g, v, @, B) = lexppp(P),

where maxyp denotes the maximum with respect to the FD-order. (If P=0, then
we put lexppp(P)=(e0, 0, 0, 0), and suppose (0, 0, 0, 0)<pp (g, v, @, B) for any
(¢, v, a, BHEN?"*2) Let w: N***>—N"*% be the projection defined by (g, v, a, 8)
=(g, v, B). Then through this projection, we also define the leading exponent,
leading coefficient and leading term of P with respect to the FR-order by
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lexprza(P) = w(lexprp(P)),

lcoefrr(P) = DI R with (go, vo, Bo) := lexpra(P),
aesN™

ltermpg(P) = lcoefpr(P)t#09,*00,Po  with (uo, vo, Bo) := lexprr(P).
Moreover, for an exponent (g, v, B)EN"?, we set
coefzr(P, (¢, v, B)) = 2; Qp v a pX°.
Recall that the principal symbol of P (of order m) is defined by

Um(P) - 2 a,u,u.oz,ﬁtﬂfyxasﬁ

pLEN,aENT v+ |=m

regarded as an element of the ring of the convergent power series C{¢, 7, x, §}
with &=(&,, -, &) and & =¢&P1...& 8 if P is of order <m. We also write
o(P)=a,(P) if P is precisely of order m.

The following two lemmas are easily proved.

LEMMA 2.1. For P, Q€ 9D, we have
lexprp(PQ) = lexprp(P)+1exprn(Q),
lcoefrp(PQ) = lcoefpp(P)lcoefrp(Q),
lexprr(PQ) = lexpra(P)+lexprr(Q),
lcoefrr(PQ) = lcoefrr(P)lcoefrr(Q) .

LEMMA 2.2. Pc9, is formally Fuchsian along Y at 0 if and only if
lexpro(P)=(g, v, 0, ) NXNXN"XN™ with some p, vEN.

LEMMA 2.3 (A division theorem). Let P and P,, ---, Py be elements of D,.
Then for any integer m, there exist elements Q,, ---, Qs and R of 9D, such that

P= 3 Q.P+R,
i=1
expseo(R)N U (Iexpep(P)+N***%) C lexppo(F ) ,
i=1

lexprp(Q:P;) Zrplexprp(P), lexprp(R) Zrp lexprp(P) .
We denote such R, which is not necessarily unique, by redpp(P, {Py, ---, Ps}, m).
Proor. Given P, P, ---, P, put E;=lexpsp(P;)+N?"*?and E=\Ui., E;,. We

consider all the possible expressions of the form

@.1) P= 3 Q.P+R
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with Q;, R 9, satisfying
2.2) lexprp(Q:Py) Zrplexprp(P) for any 1.
Let redlexprr(R) be the maximum element of the set
(g, v, HENXNX N |y—p=m+1, (o, v, pE W (expsep(RINE)}

with respect to the FR-order. (Put redlexprr(R)=(c0, 0, 0) if the above set is
empty.) Now take an expression that minimizes redlexprr(R) (in the FR-order)
among all the expressions of the form with the condition [2.2). Suppose
redlexprr(R)+ (0, 0, 0) and put (g,, vo, fo)=redlexpra(R), (gi, vi, Bi)=1eXprr(P;)
(@=1, .-, s). Write

R = Eﬁa,u,u,ﬁ(x)tyatpa.rﬂ B) Pi = Zﬁai,p,v,ﬁ(x)t#atyazﬁ .
ooy Uy

Put S={i€ {1, -+, s} [(tto, vo, Bo)ET(E )} and a(x)=a g v, (%), a:i(X)=0;, ;. v, 8,(%)
for ;e S. By the Weierstrass-Hironaka division theorem for convergent power
series (cf. [3]), there exist convergent power series g,(x), 7(x) such that

a(x) = EES gi(x)a(x)+r(x), r(x)= % TaX®,

lexprp(gi(x)a(x)) =rplexp(a(x)) for ;€8S

Ya=20 if ac \J (@;+N").
i

Put
Qi = Qi(x)tﬂo—#iazy"_”axﬁ"_‘si , R' = R— X QiP;.

ie8
Then it follows redlexprr(R’) <rr redlexprz(R) since we have redlexprr(R’)<rr
(ﬂO; lJ(], ﬁo) and

coefrr(R’, (tto, vo, Bo)) = g vy p(X)— Z; gi(x)a(x) = r(x)
<
with expspp(r(x)t#09,*0,f)\E=@. Moreover we have
P= QP+ S QIP+R .
i=1 ies

This contradicts the minimum property assumed above. This completes the
proof.

DEFINITION 2.4. Let 9, be a left ideal of ©9,., Then a finite subset G=
{Py, -, Ps} of 9, is called an FD-Gribner basis of 9, (along V) if it satisfies the
following two conditions:

(1) G generates 9, i.e., =D P+ -+ +D,P;.

(2) Put Epp(dy)={lexprp(P)|P=Y,}. Then we have
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Erp(I0) :P\_é(lexppD(P)+N2n+2) .
=

DEFINITION 2.5. For P, Qe 9, with
lexprp(P) = (¢, v, @, B),  lexprp(Q) = (¢', v/, @', B'),
the S-polynomial (or S-operator) of P and Q is defined by
spro(P, Q) = lcoefpp(Q)trVH ~#g VY v xava'-ag BVE'-Bp
—lcoef pp(P)tHVE ~# Vv —¥ yava'-a'g BVE'=5'Q |
where we use the notation
vVy' := max{y, v'}, aVea' = (max{a,, ai}, -+, max{a,, ar})

for v, veN and a=(ay, -, a,), a’=(aj, -+, an)=N™".

THEOREM 2.6. Let 9, be a left ideal of D, and G={P,, ---, P;} be a set of
generators of 9,. Then the following two conditions for G are equivalent:
(1) G is an FD-Gribner basis of 9,.
(2) For any i, j with 1<i<j<s and for any me Z, there exist Qj1, -+, Qijs
€9, and R;;&€F, such that

sprp(P;, Pj) = kg Qijkpk+Rij

with 1exXprp(Q:;x Pr) <rpp lexXprp(P;) V1exprp(P;) for any k.

PrROOF. Without loss of generality we may assume lcoefpp(P,)=1 for k=
1, ---, s. Assume (1) and let m be an arbitrary integer. Then in view of
2.3, there exist Q,, -, Qs, RED, such that sprp(P;, P)=3%-, QP+ R with
expspp(RNEC Epp(9n) and

lexprp(Q+ Pr) Zrp 1exprp(sprp(Ps, P))) <rp lexprp(P;)\V1eXprp(P;),

where E := \Uj-, (lexprp(P;)+N?"*%). Since ReJY, and G is an FD-Grobner basis,
we have lexprp(R)e ENexpspp(R)YCErp(F ). This implies (2).

Next, assume (2). In order to prove (1), let P be an arbitrary element of
Jo,. In the course of the proof, we use the ring 9,:=C[[¢, x]1K0d;, 0> of dif-
ferential operators with formal power series coefficients. Note that lexprp, etc.,
are also defined for the elements of 9,. We shall prove lexpsp(P)€E in two
steps.

(Ist step) Fix an integer m<0 such that ordz(P)>m. We consider all the
possible expressions for P of the form

2.3) P= 3 Q:P+R
k=1
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with Q,€9, and R % ,., where

G i= {P: by ﬁay,,,,a_/;t”x“&“axﬁe_@o Qv a p=0 if u——/,c>m}».

tva,

There is at least one such expression since P=J,. Among the expressions of
the form let us choose one that minimizes maxzz{lexprr(Q.P:) k=1, ---, s}
with respect to the FR-order. In the sequel, we suppose that the expression
has this minimum property. Put lexpsp(Py)=(gts, vs, B). Our aim to show

2.9 (¢, v, B):= maxpr{lexprp(Q.Pr) | k=1, -, s} = lexppr(P).
Suppose (¢, v, B) >rr lexprr(P). Write the S-polynomial explicitly as
spro(P;, P;) = S;;P;—S;iP;

for i</, where we put Sij:t”ifat””x”‘ifaxﬁ“ with py; 1= pV pi—pa, ete. for i#j.
Then using the assumption (2) with m replaced by m’:= m—y—1—max{y;V p;l|
1<i<j<s}, we have, for 1£i<j<s,

Si;Pi—S;:P; = kE Qe Pr+Ry;
=1
with the same conditions as in (2) with m replaced by m’. Put p,=c(ltermpz(P,)),
si;=0(S;;), and
{ o(ltermpr(Qy;e)) 1if 1eXprr(Qi;ePr)=(u:V ptj, vi\Vy;, B:VB,)
Gije =
7 0 otherwise,

which are all monomials in ¢, 7, & with power series in x as coefficients. Then
we have the relations

(2.5) Sijpi—Sjb; = kzl gisebe (1£i<j<s)
in the ring of formal power series C[[¢, =, x, £]]. Hence {p,, ---, p,} constitutes

a Grobner (or standard) basis of the ideal which they generate in C[[t, 7, x, £]]
with respect to the order <, in N?"*? defined as follows: For two indices
(#v )J, ay ﬁ) and (ﬂ,) XJ,, a/; ﬁ,)ENzn+27

(e, v, a, B) <o (¢, v, a’, B’) if and only if

ptyvt+lal+181 > ' +v'+ e’ | +15]

or (pt+v+lal+|B8l = p' +v+a’ |+ ]

and (v, g, B, @) < (', ¢/, B, @’) in the lexicographic order <‘ of N*m+*%),

The theory of Grobner basis for (formal) power series (cf. [6]) shows that the
submodule
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{@ ~, 90 e €It 7, %, 1| Saspe =0}

of C[[t, =, x, £]]° is generated by the relations [(2.5), i.e., generated by vectors
of power series

N (¢ )
vij:: (0) Y slijy Tty _Sjiy Tty 0)“‘(41‘:‘1, T, Qijs)
for 1</<j<s. Here note that the k-th component of #,; is written in the form
Vije()trivEi-rrprivii-vigPivBi-Br with some v,,,(x)e C{x}.
Now returning to the expression (2.3) with the minimum property assumed
above, put

{ o(itermpr(Q:)  if 1exprr(Q:Pr) = (g, v, B)
qr =

0 otherwise.

Then expression and the assumption (g, v, B) >rr 1€Xprr(P) imply - gD+
=0. Hence there exist u,;€C[[¢, 7, x, £]] such that

(2.6) (@1, ==+, @) = 2D Uyl

1si<jiss

Moreover, considering the monomials in ¢, z, § of exponent (u— s, v—vi, B—B4)
with coefficients in C[[x]] in the k-th component of the both sides of [2.6), we
may assume that u;; is of the form

Uy = cij(x>t!‘—#i\/#jz.”—”ivvj5ﬂ-Bi\/ﬁj

with some ¢;(x)e C[[x]]. (It follows c;;(x)=0if (g, v, B)=# (s V 5, viVvy, BiV Bj).)
Put

U= C“_(x)t.”-Fi\/!‘jatv-”ivyjazﬁ—ﬁivﬁj ,

— () j)

V’é]' = (0) Tty Sl]y Tty —vé‘ji) Ty O)—-(Ql]l: Tty Qz’js) )

@+, Q) =@, Q=3 UiiViy.

i<y

Then from (2.3) we get

P= 3 QiPst S UV is(Pr, -, P)+R

k=1 i<y

= i QP+ Z U R ;+R.
‘ k=1 <Jj
Here it follows XJi<;U;;Ri;;+ R %, from the assumptions above. Moreover,
implies lexprr(QiPr)<rr (¢, v, 8). This contradicts the minimum property
of the expression assumed above. Hence we may assume for the
expression [2.3).
(2nd step) Put (o, vo, @, Bo)=lexprp(P) and m=y,—pg,—1. We consider
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all the possible expressions of the form [2.3) with Q.= 9, and R &, satisfying
the condition [2.4). By virtue of (lst step), there exists at least one such ex-

pression. Moreover, for such expression that satisfies [2.4), we have |a|
<l|a,| if we put

2.7) (o, vo, @, Bo) = Maxpp{lexprp(Q:Pi)| k=1, -, s}

since (go, vo, @, Bo)Zrp (tto, vo, @0, Bo). Hence there exists an expression
that minimizes the exponent with respect to the FD-order. In the sequel,

let us assume that has this mimimum property. Then our aim is to show
aA=Q;.

Assume a+#a,. Then we have (u,, vo, @, Bo) >rp (o, vo, @0, Bo). By a per-
mutation of the indices we may assume

leXpFD(QkPk) - (#0: )JO) a; ﬁo) for l§k§0‘ y
lexprp(Q+ Pi) <rp ({lo, vo, @, Bo) for o +1<k<s
for some ¢=2. Put ci,=lcoefrp(Q:) and Q;=Itermzp(Q,) for k=1, ---, . Then
we have Qj=c,t":0:* x*0,Pk with
PEi= fo— e, VEiT Vo—Vi, Qpi=a—ai, Bii= Bo— .

Put also Q7/=Q.—Q; for k=1, ---, ¢. Then we get

2.8) pP= 2 Q,:Pk+k"§ QIPi+ 3 Q.P:.

k=0+1

Here note that lexprp(QF Pi) <rp (gto, ve, @, Bo) for k=1, ---, . The first term
of the right hand side of can be rewritten as

Il
Ma

2.9) Pli= S QIPy = 3 cot? 9% x% Pk P,
k=1

k

I
-

a-1
kgl (c1+ -+ +co)(tth 0’k xakax’gfePk——tf“52+lat”%+1xak+1axﬁ§z+1Pk+1)

+(C1tF o Fe)tHa0, e x5 0,Pa Py
Since lcoefpp(P,)=1 we have
ltermFD<P) = ltermpD(P’) = (ClJr N +ca)ltermm(t“33;"frx"{xazﬁ& Pg)

with lexprp(P)=(to, vo, @, Bo) if ¢;+ -+ +¢,#0. Hence it follows ¢,+ -+ +¢,=0
from the assumption.
On the other hand, using the Leibniz formula, we have
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(2.10) 194,85, %40, Bk Py — t#he10,he 12 %419, P 1 Py,
- - a.a a -
= FPO-PEVEES1G VO-VEVVE+1 (G- CkY k+1azﬁo ﬂk\/ﬁanpFD(Pk’ Pi.)

+SkPk+Tk+1ka+1

with some S;, T:..€9, such that

1exprp(SePr), 1€Xprp(T & +1Pr+1) <rp (o, vo, @, Bo).
Put

m’ =m—1—max{vo—po—vi Vet peV el k=1, ---, 6—1}.

Combining [2.8), [2.9), [2.10) and the assumption (2) with m replaced by m’, we
get

-5 BO-LEVEE+1] YO-YEVPR+1 . @~Qkvak+17 Bo-BrvBr+1
P= X (c;4 - +cp)t 0. X 0
k=1

‘(él QijkPk+Rij)+ Zz:lskPk_“kéTkPk"*"ké Qz,Pk’I‘k:%lePk .

This contradicts the minimum property of the expression with respect to
the FD-order.

Now we have proved that there exists an expression with some Q.=
9, and Re &, such that lexprp(Q+P:)Zrp lexprp(P) for any k. Thus lexpzp(P)
=lexprp(Qr)+1exprp(Pr)s E holds for some k. This completes the proof of
[Theorem 2.6l

together with enables us to give an algorithm to
compute, at least theoretically, an FD-Grobner basis of a given left ideal of 9,.

ALGORITHM 2.7 (FD-Gr6bner basis). Given a finite set G of generators of a
left ideal 4, of 9,, finds an FD-Gr6ébner basis of J,.
m:= min {ordz(P)| P= G} ;
G,:=G;
REPEAT
Gy :=G,
m:=m—1;
REPEAT
FOR each pair (P, Q) of elements of G, DO {
R := redrp(spro(P, Q), Gn, m);
IF R&%,, THEN G, := G,\U{R};
}
UNTIL redgp(sprp(P, Q), G, m)&F,, for any P, QG ;
UNTIL G, becomes stationary, i.e., Gn=G, for any pu<m;
RETURN G, ;
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The output of this algorithm is indeed an FD-Grobner basis by virtue of
The termination condition of this algorithm is fulfilled a priori
in finitely many steps because of the Noetherian property of monoideals (or
monomial ideals) generated by the leading exponents of elements of G, (cf. [7,
pp. 68-72]).

The FD-Grobner basis solves the problem C completely (see Sections 4, 5)
and the problem A partially as follows. (It is known that a holonomic system
is always formally Fuchsian (cf. [11]).)

THEOREM 2.8. Let M and 9 be as in Section 1.2 and let 9, be the stalk of
the sheaf 9 at 0. Assume that G is an FD-Gribner basis of the left ideal 9, of
Do,. Then M is formally Fuchsian along Y ={({, x)|t=0} at 0 if and only if
there exists PG such that lexprp(P)=(y, v, 0, 0) with some p, v& N.

PrROOF. If there exists PG such that lexprp(P)=(g, v, 0, 0), then P, and
consequently ¥ is formally Fuchsian along Y. Now assume that # is formally
Fuchsian along Y. Then there exists A=, which is formally Fuchsian along
Y. Hence we have (p/,v’, 0, 0)€Erp(Jo) for some p’,v’€N. Since & is an
FD-Grobner basis of 4,, we have by definition

Epp(do) = PUg(leXPm(P)+N2"”) =, v, 0,0).
(=

Hence there exists PG such that lexpsp(P)=(g, v, 0, 0) with some g, veN.
This completes the proof.

3. FR-Grobner basis—algebraic and global algorithmic method.

3.1. FR-Grobner basis. In order to carry out actual computation, we in-
troduce the ring 9z of differential operators whose coefficients are polynomials
of ¢ with rational functions of x as coefficients:

Dg:= C(x)[t]<0,, 02>
= {P: #gﬁa”,v,ﬁ(x)tf‘az”aﬁla,,,y,ﬁ(x) is a rational function of x},

where the sum is finite with respect to g, v, B.
For an operator P= 9 of the form

P= 3 a#,p_p(x)tﬂaz”a,ﬁ,
#ov B

we define its leading exponent, leading coefficient, leading term (in the FR-order)
by

lexprr(P) = maxrr{(y, v, )| @,y s(x)#0},
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lcoefrr(P) = a,,,, p(x) with (g, v, B):= lexprr(P),
ltermpr(P) = a,,,, p(x)t#0,°0,* with (g, v, B) := lexprr(P).
In the same way as [Lemma 2.1 we get

LEMMA 3.1. For P, Q= 9Dg we have

lexprr(PQ) = lexprr(P)+1lexprr(Q),
lCOCpr(PQ) = lcoefFR(P)lcoepr(Q) .

DEFINITION 3.2. Let I be a left ideal of @z. Then a finite subset G=
{Py, -+, P;} of @f is said to be an FR-Gribner basis of I (along Y ={t=0}) if
it satisfies the following two conditions:

(1) G generates I, i.e., I=DgP,+ -+ +DrP,.

(2) Put Epr(J):= {lexprr(P)|P=l}. Then we have

Err(l) = Epr(G) 1:PL{;(1€XPFR(P)+N"+2) .
e

DEFINITION 3.3. For P, Q= 9x with
lexprr(P) = (g, v, B),  lexprr(Q) = (¢', V', '),
the S-polynomial (or the S-operator) of P and @ is defined by
spre(P, Q) := lcoefpr(Q)tFVE ~#g V¥ -9, FVE'-F P
—lcoef pr(P)teVe -#'g V' -v'g BVE'-8'()

As in the previous section, we define a filtration of 9z by
Fp={P= 53, @0, 50010007 € D | 00, 5(2)=0 i v—p>m)
sy,

for any integer m (we use the same notation as for the filtration of 9,).

DEFINITION 3.4. Let G={P,, ---, P,} be a finite subset of 9z and m be an
arbitrary integer. For an element P of 9p,
(1) P is said to be F,-reducible with respect to G if and only if

lexpra(P) € (\J (lexpra(P)+N"")NEra(F ) -

P is said to be F ,-irreducible with respect to G if it is not & ,-reducible.
(2) Let P be Z,-reducible. Then an F,-reduction step for P by G is a
procedure to replace P by

lcoefpr(P)

IR p-piy vevig B-Bi P,
lcoefFR(Pi)t 007105 PePy
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with an arbitrary i {1, ---, s} such that lexprr(P)lexpra(P,)+N"*2,
where (g, v, B)=lexprr(P) and (p, vi, Bo)=lexprr(P;).

(3) An G y-reduction procedure for P by G is a sequence of F,-reduction
steps so that its final output becomes & ,-irreducible. We denote the
output by redrz(P, G, m) although it is not uniquely determined by P,
G, m.

Note that a sequence of &,-reduction steps always terminates in finitely
many steps because the FR-order defines a well-order on {(g, v, B)EN"*?|v—pu
>mj}.

DEFINITION 3.5. Let I be a left ideal of 9z and m be an integer. Then a
finite subset G={P,, -, P;} of Dp is said to be a set of Fn,-generators of I if
it satisfies the following two conditions:

(1) G generates I, i.e., I=DrP,+ - +DRP;,

(2) For any distinct 7, j{1, ---, s}, the output of some & ,-reduction pro-

cedure for sp(P;, P;) by G belongs to .

THEOREM 3.6. Let I be a left ideal of Dr and G be a finite set of genera-
tors of I. Then the following three conditions are equivalent:
(1) G is an FR-Gribner basis of I.
2) G is a set of Fn-generators of I for any integer m.
(3) For any P=I and any integer m, the output of an arbitrary 9 ,-reduc-
tion procedure for P by G belongs to F,.

PROOF. Condition (2) implies that for any me Z and distinct 7, j= {1, ---, s},
there exist @, -+, Q. =9z and R %, such that

SpFR(Pi; P]) = Q1P1+ +QsPs+R

with 1exprr(Q:P:) <rrlexprr(P;)V1exprr(P;) for any k=1, --- s. Hence it is
proved that (2) implies (1) in the same (and easier) way as the proof of
2.6.

Now assume (1) and choose arbitrary Pl and meZ. Let R be the output
of an arbitrary & ,-reduction procedure for P by &. Then Rel and hence
lexpra(R)E Erp(I)=Epp(G). 1t follows R %, since R is F,-irreducible. This
proves (3).

Finally (3) implies (2) since sppr(P;, P;)<1. This completes the proof.

ALGORITHM 3.7 (FR-Grobner basis). Given a finite set G of generators of a
left ideal I of Dg, finds an FR-Grobner basis of 1.
m := min {ord#(P)| P= G} ;
G.:=G;
REPEAT
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G, . =G,;
m:=m—1;
REPEAT
FOR each pair (P, Q) of elements of G,, DO {
R :=redpr(spre(P, Q), Gn, m);
IF R&¢9,, THEN G, := G, U{R};
}
UNTIL redrr(sprr(P, Q), Gn, m)&F, for any P, QG ;
UNTIL G, becomes stationary, i.e., Gn=G, for any p<m;
RETURN G, ;

The output of Algorithm 3.7 is indeed an FR-Grobner basis in view of
[Theorem 3.6, The termination condition of Algorithm 3.7 is satisfied for some
m although we do not know when in general. In order to overcome this dif-
ficulty, we introduce the method of homogenization in the next section.

Let us denote by A.,;=C[¢ x1<0d:, d.> the Weyl algebra, or the ring of
differential operators with polynomial coefficients (cf. [2].

For an operator P= 9pg, there exists a polynomial b(x) of least total degree
such that b(x)P= A,., and we denote such b(x) by den(P) (the denominator of P).

An FR-Grobner basis provides an FD-Grobner basis at a generic point of ¥
as follows:

THEOREM 3.8. Assume that a subset G={P,, .-, P;} of Anp., is an FR-
Grobner basis of the left ideal I:= DrPi+ - +DrP; of Dr. Put

a(x) = lcoefpr(P)(x) -+ lcoef pr(Ps)(x)

and assume a(x,)#0. Put p=(0, x,). Then G is also an FD-Gribner basis of
the left ideal Sp:= DpyPi+ - +DpPs of Dp.

PrOOF. We may assume x,=0. Put
(¢4, vi, B1) = lexper(Py), a;(x) = lcoefpr(P;) € C[x]
for 7=1, ---, s. Take arbitrary 7, j& {1, ---, s} with 7#7. Then we have
3.1) spre(P;, P;) = a(x)Si;Pi—a«(x)S;:P;

with S;;=t#ij9,*ii0,15, where p;;=p;\V/ pg;—p:, etc.. On the other hand, since
a;(0)a;(0)+0, we have

(3.2) sprp(Ps, Py) = aj(o)sijpi'—ai(o)sjipj .

Let R;; be the output of an &,-reduction procedure for sprr(P;, P;) by G.
Then there exist Q,, -+, Q; €9z and R€ %, such that

(3.3) sprr(P;, Pj) = QP+ - +QsPs+R
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with lexprr(P;Q;) <rr lexprr(P;)V1exprr(P;). Moreover, by the definition of & -
reduction procedure there exists a positive integer % such that a(x)*Q; (=
1, ---, s) and a(x)*R belong to the Weyl algebra A,,;. Hence Q; and R can
be regarded as elements of 9, and as such

lexprp(Pe Q1) <rp 1€Xpro(P)VIeXprp(P;)  (1=k<s)
holds. From [(3.1), [(3.2), [(3.3) it follows
spro(Pi, Pj) = Q1P+ -+ +Q:Ps+ R
—(a(x)—a;0))S;Pi+(a:(x)—a0))S;:P;.
Hence assures that G is an FD-Grobner basis since
lexprp((a;(x)— a;(0))S:;Pi) <rp 1€xprp(Si;P) = lexpro(P;) V1exprp(P;) .

This completes the proof.
COROLLARY 3.9. Let G={P,, -+, P} be a subset of A,,, and let,
Gm: {Pl, R PS; P8+1, Tty PG}

be the output of Algorithm 3.7 with the input G. Put lcoefpr(P;)=a;(x)/b;y(x)
with polynomials a;(x), b(x) relatively prime to each other. If a point p=(0, x,)
of Y satisfies a,(xy) -+ as(xo)#0, then G constitutes an FD-Gribner basis of the
left ideal 9,=D, P+ -+ +D, P of Dy.

PrROOF. First note that, for any j=s+1, --+, o, P;,, is the output of some
F n-reduction procedure for the S-polynomial of some pair of elements of G,=
{P, ---, P;} by G;. Hence as polynomial den(P,,) divides a,(x)--- a;(x) and
den(P;,,) divides a,(x) - a;(x) by induction. This implies that all P,’s are
regarded as elements of 9, and contained in the ideal 4, generated by G.
Combined with the preceeding theorem, this completes the proof.

3.2. FR-Grobner basis through homogenization.

In this section, we present a modification of Algorithm 3.7 by using a kind
of homogenization. This compensates the lack of the termination condition in
Algorithm 3.7. Let us denote by Dr[z] the (non-commutative) ring of the poly-
nomials of z with coefficients in 95. Hence z can be regarded as a parameter
for an element P of Dz[z]. We define a filtration {F2%} of Dr[z] by

g ={ 2,5 Caﬂ,,,,ﬁ_c(x)tﬂag”azﬁzce.@R[zj Qp, v p.(x)=0 if y——y—C>m}
uv B

for each integer m.

DEFINITION 3.10. An element P of Dg[z]is called F-homogeneous (of order
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m) if there exists an integer m so that P is written in the form

P= 2 aﬂ,,,,ﬁ,;(x)tf‘at”axﬁzc .

y-p-{=m

DEFINITION 3.11. For an operator P= 9y of the form

P= 2 ap,u,ﬂ(x)tﬂatyaxﬂ ’
pov. B
we define its F-homogenization P™ by
Pr= 3 a,, s(x)t#0.0. 2™ € Dplz]
#ov. B
with m := min {v—pl|a,, . s(x)*0}.

It is easy to see that P* is F-homogeneous.
Now we introduce a total order <gpgry in N**® by

(g, v, B, O <rru (', v, B/, C) if and only if (v—p—L<v'—p'—{’)

or

(v—p—C=v'—p'—C and (g, v, B) <rr (¢, v, )

317

for (g, v, B), (¢, v/, BYeN"** and {,{’eN. Then with respect to this order,

leading exponent and leading coefficient are defined by

lexprra(P) = maXprua{(y, v, B, D1, p.¢(x) %0},
Icoefrru(P) = a, ., p.¢(x) with (g, v, 8, §) := lexprru(P)

for an operator P= 9Dg[z] of the form

P= 3 a,l,,,,ﬂ‘g(x)t”a,”alﬁzg.
povi 8. g

DEFINITION 3.12. Let I be a left ideal of 9z[z] and G={P, ---, P} be a
finite subset of I. Then G is said to be an FRH-Grobner basis of I (along Y=

{t=0}) if it satisfies the following two conditions:
(1) G generates I, i.e., I=Dg[z]P,+ - +Dr[z]PF;.

(2) Put Eprg(l):= {lexprru(P)|P<I}. Then we have

Epru(l) = Erru(G) := \U (lexprru(P)+N"*?).

PG
DEFINITION 3.13. For P, Q= 9r[z] with

lexprea(P) = (p, v, 8,0,  lexprru(Q) = (¢, v, B, {"),

the S-polynomial (or the S-operator) of P and @ is defined by
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sprrua(P, Q) := lcoefpru(Q)tHVe ~£g Vv v FVB =B zLVE-ip
__lcoefFRH(P)t,u\/y'-#ratwa»plazﬂvﬂr_lgrzc\/cl_c,Q )

DEFINITION 3.14. Let G={P,, ---, P;} be a finite subset of Dz[z] consist-
ing of F-homogeneous operators. For an F-homogeneous operator P= 9g[z],
(1) P is said to be reducible with respect to & if and only if

lexprra(P) & u (lexprra(P)+N™).

P is said to be irreducible with respect to G if it is not reducible.
(2) Let P be reducible with respect to G. Then a reduction step for P by
G is a procedure to replace P by

- 1C0€prH(P)
lcoefrrn(P;)

with an arbitrary ;€ {1, ---, s} such that lexppru(P)Elexprru(P;)+N"*3,
where (g, v, B, O)=lexprra(P) and (y;, vi, Bi, {i)=1eXprra(P).

(3) A reduction procedure for P by G is a sequence of reduction steps so
that its final output becomes irreducible or zero. We denote the output
by redrru(P, G) although it is not uniquely determined by P and G.

trorig g P Bigl-tip,

LEMMA 3.15. In the same notation as in Definition 3.14, every reduction
procedure for P by G terminates in finitely many steps.

PROOF. Suppose that P is F-homogeneous of order m and reducible with
respect to G. Let P’ be the output of a reduction step for P by &G. Then we
have by definition lexprrua(P’) <rrm leXprra(P) and P’ is F-homogeneous of order
m if P’#0. Hence every reduction step does not change the F-homogeneous
order as long as the output is not zero. This implies that for every sequence
of reduction steps, the output becomes zero or irreducible in finitely many steps
since the order <prp is a well-order restricted to the set {(g, v, 8, H)eN"**|
y—p—L=m}. This completes the proof.

THEOREM 3.16. Let G be a finite set of Dgr[z] consisting of F-homogeneous
operators. Let I be the left ideal of Dr{z] generated by G. Then the follow-
ing two conditions are equivalent:

(1) G is an FRH-Gribner basis of I.
(2) For any pair (P, Q) of distinct elements of G, the output of some reduc-
tion procedure for sprru(P, Q) by G is zero.

PROOF. Since sprru(P, Q) is also F-homogeneous, this theorem can be proved
in the same way as by replacing the & ,-reduction procedure by
the reduction procedure.
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THEOREM 3.17. Let S be a finite set of generators of a left ideal I of
Dp. Put S*={P*|P=S} and I" be the left ideal of Dr[z] generated by S*.
Let G* be an FRH-Gribner basis of 1™ consisting of F-homogeneous operators.
Then G:= {subst(P,z,1)| P G*} is an FR-Grobner basis of I, where subst(P,z, 1)
denotes the result of substitution z=1 in P.

PROOF. First let us show that G is a set of generators of I. Put G*=
{P,, -+, P;} and let P be an element of I. Then there exist Q,, -+, Q€ Dr[z]
such that

ZCPh’ = Q]_P]‘{' +Q3Ps
for some {eN. Then it follows
P = subst(z*P*, z, 1)
= subst(Q,, z, )subst(P;, z, 1)+ -+ +subst(Qs, z, L)subst(F;, z, 1).

Hence I is generated by G.
Next, let us show

3.4) {lexprr(P)|PE1} = PUGIeXpFR<P)+Nn+2 .
13

Suppose P<I. Then it is easy to see that lexprru(P*)=(lexprr(P), {) with
some {=N. On the other hand, since G* is an FRH-Grobner basis, we have

lexprru(zt' P*) € C) lexprru(P)+N™*?
i=1

with some {’eN. This implies
lexprr(P) € CJ lexprr(subst(P;, z, 1))+ N"*2,
i=1

This proves [3.4), and at the same time, completes the proof of [Theorem 3.17.

This theorem yields the following algorithm of computing FR-Grdbner basis.

ALGORITHM 3.18 (FR-Grobner basis). Given a finite set G of generators of
a left ideal I of 9z, finds an FR-Grobner basis of I.
G .= {P*|PeG};
REPEAT
FOR each pair (P, Q) of elements of G DO {
R :=redrru(sprra(P, Q), G);
IF R+0 THEN G:= GU{R}:
}
UNTIL redpm;(spmy(P, Q), G):O for any P, QEG;
G := {subst(P, z, 1)| P= G} ;
RETURN G;
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The output of Algorithm 3.18 is indeed an FR-Grobner basis in view of
Theorem 3.17.

In the same way as was pointed out by Buchberger for the polynomial
ring, we can often save computation in Algorithm 3.18 by the following criterion
(the proof is similar and omitted):

PROPOSITION 3.19. Let G be a finite subset of Dr[z] consisting of F-homo-
geneous operators and P, Q be two distinct elements of G. Assume that there
exists a sequence {P,, ---, Py} of elements of G such that

1 P =P P, =0,

(2) lexprru(P)V -+ V1exprra(P:) = lexprrua(P)V 1eXprra(Q),

(3) redrru(sprra(P;, P.1), G)=0 by some reduction procedure for any j=1,

e k—1.
Then the output of some reduction procedure for sprru(P, Q) becomes zero.

4. Computation of the characteristic exponents.

We use the same notation as in Section 1. In particular, let 4 be a left
ideal of 9, associated with a Fuchsian system . as in Section 1.2. We assume
Y={{, x)|t=0}. In fact, we can treat any non-singular complex analytic hyper-
surface Y for the (theoretical) computation of Algorithm 2.7. For the (practical)
computation of Algorithm 3.6, we can treat any hypersurface Y that can be
brought into the hyperplane t=0 by a birational transformation of C"*'.

THEOREM 4.1. Assume that the system M is Fuchsian along Y at 0 with
P, -, Pied, Let G be an FD-Gribner basis of 9,:= DoP,+ -+ +D,Ps. Put

G’ = {P=G|lexprp(P)=(y, v, @, 0) for some p, v N and some ac=N"}.
Then the set of the characteristic exponents of M at 0 is given by
(4.1) ey(M, 0) = {0 C|@(P))8, 0)=0 for any P=G'}.

Moreover, let P be an element of G’ with minimum order with respect to 0.
Then there exist a monic polynomial f(0, x)=0:[0] and a(x)=0®, such that
P (P)=a(x)f(0, x)t* with some k€ Z, and the ideal Jy(M, 0) is generated by
f. In particular, we have

ex(m, 0) = {6=C| f(0, 0)=0}.

PrOOF. To prove it suffices to show that the ideal (¥, 0) is gener-
ated by

{z=ordFr® . H(3(P))| P G'}.

It is easy to see by definition that this set is contained in 4y(H, 0). Suppose
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gedy(M,0). Then in view of there exist P=J, and k=N such
that ¢(6(P))=g(0, x)z~*. This implies lexprp(P)=(v+k, v, a, 0) with some v N
and ac N". We may assume G={P,, ---, P;} with ords(P,)=k, for i=1, ---, s.
Set P(6(P))=f:(0, x)c*t for P,eqG’.

Since P=J, and G is an FD-Grobner basis, there exist Q,, ---, Q;=9, and
Reg_,_, so that

P: Q1P1+ o +QSPS+R1 leXpFD(QlPl) éFD (”—l_kv )J, a} 0)
in view of [Theorem 2.6l This implies ords(Q,)<—k—£k;, and if ords(Q;)=

—k—Fk;, we have P,eG’ and ¢,(0, x):= t***i.H(6(Q,)=[0]. Put S={ic
{1, -, stlorde(Q,)=—k—Fk;}. Then we have

6(P) = 2 8(Q)3(P)

ieS

and hence
g, x) = _ESQi(ﬁ—kiy x)f:8, x).
e

This implies that 4y(H, 0) is generated by {f,(8, x)|P;=G’}. This proves [4.1).

Let f(8, x)©{[#] be the monic polynomial which generates (K, 0) as in
Lemma 1.8, Put S’={ie{l, -, s}|P;G’}. Then since G is an FD-Grébner
basis, there exist a(x)e0§ and »,(8, x)=©3[ 0] such that

a(x)f(0, x) = 3 rd0—k)f (0, )

and that the degree of 7@, x)f«(f, x) in @ is less than or equal to that of
f(@, x), which we denote by m. Hence, if »;#0, the degree of f; in 6 must §
be m, which implies f;(0, x)=a;(x)f(8, x) with some a,(x)e0; since f divides
fi in ©i[#]. This completes the proof.

On generic points, we can compute the characteristic exponents from an
FR-Grobner basis. In fact, the following is an immediate consequence of
Theorems and [4.1.

COROLLARY 4.2. Under the same assumptions as in Theorem 3.8, put
S = {ie{l, -, s}|lexprr(P:))=(gs, vi, 0) with some p;, v, N}.

Among the set {P;|icS}, let P;, have minimum degree with respect to 0. and
set P(6(P;))=f:,(0, x)t*. Then we have

Fo(H, ) = Fo(H, p) = O,[01f 4,0, x).
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5. Computation of the induced system.

Here we use the same notation as above and assume the system # (as in
Section 1.2) is (formally) Fuchsian along Y =/{(t, x)|t=0} at 0. We study the
structure of the induced system MHy=92/(I+tD) of M along Y. The induced
system is a system which the restriction to ¥ of the holomorphic solutions of
M satisfy. Our purpose is to determine the structure of the stalk Hy , of My
at 0€Y as a module over 9;=C{x}<0,>. We denote by u the modulo class of
€9 in H=9D/9, and for P= 9, we denote by [Pu] the modulo class of P9
in My.

Let us begin with the following general result:

THEOREM 5.1. Assume M is formally Fuchsian along Y at 0 and
{keN|kzki Ney(M, 0) = @

for some ky&N. Then My, is generated by [0 u] with 0<7<ky—1 as a Di-
module. In particular, we have My =0 if k,=0.

ProoF. By definition, My, is generated by [d/u] with j=0 over 9;.
Now assume k>=k,. Then there exists P=J, such that ¢(G(P))=f(f, x)z™7 with
7=0 and fe0o[0] satisfying f(k, 0)+0. Hence P can be written in the form

P=¢#f(td, x)+t**P'(t, 0, x, 0;)
with P’e%,. From this we get
0P = 07 * (¥ f(10:, x)+¥*'P)
= (B4 B+ 1D (E0c+k+2) - {0+ b+ ) f(tDc+, )02 +87 P!,
This implies in Hy,,
0=1[0/"*Pul = (k+1)(k+2) - (k+1)f(k, x)[0 ul+[07 /" P'u].

Since 0,/ **'P'e F,_,, there exists Q(d,, x, 0,)E 9, with order less than 2 with
respect to 0; so that

a¢j+ktj+1P,*‘Q(az, X, ax) € t9D,.
Thus we get
[0:*u] € Di[u]+Ds[0u]+ - +D[0:F*u].

This proves the statement of by induction on k.
In view of this theorem, My represents the relations among the restrictions

u(09 x): alu(Ov JC), ) alko_lu(oy JC)

of a holomorphic solution u(¢, x) of # on a neighborhood of Y.
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Now let us describe an effective method to compute the induced system
My, under some moderate condition, which is always satisfied at a generic
point of Y. (See for a different general method not based on [Theorem 5.1.)

Assume that the system M satisfies the same assumptions as in
5.1. Let G be a finite set of generators of the left ideal 9, of ©,. We assume
that there exists an element P, of G such that ¢(6(P,)=f(4, x)r™70 and that
f(k, 0)=0 for any integer 2=k, (We may assume j,=0.) In view of
4.2, this assumption is fulfilled if G satisfies the conditions of at
0; i.e., if G consists of elements of A,,, with lcoefzz(P)(0)+#0 for any P=@,
and if G is an FR-Gr6bner basis of the ideal which it generates over Dp.

We define a 9¢-homomorphism p: Dy—Dg[d:] as follows: Write P= 9,

explicitly as [1.I]. Then we put
p(P) = 3, 20 5x°0,P0, € Di[d.]-

For an element P of 9{[0.], its F-order yv=ordz(P) is the order of P with re-
spect to @; and its formal symbol is of the form &(P)=A(x, 0,)0;* with some
Ae 9;. Let us denote this A by coef(P, 0, v).

By the proof of [Theorem 5.1, we have, for any 2=k,

3(p(070 * Py)) = pu(x)0.*

with some p.(x)eC{x} such that p,(0)+0. By using this P, we define ind(P, P,)
€ 9i[0,] for each P=9i[a.] by the following algorithm:

ALGORITHM 5.2 (Definition of ind(P, Py)). Given P 9{[0,] returns ind(P, P,)
€ D;[0:].
INPUT Pe9{[0.];
WHILE vy := ordz(P)=%, DO

P:= P—(coef(P, 0, v)/ p,)p(0°"*F,) ;
RETURN P;

Put 9,0 =3;%" 940.*C 9i[d;]. Then ind(-, P,) defines a 9}-homomorphism
of D4[d,] to 9;*». For an element Q=37%" Q,(x, 3,)0:* of D, *», we write
[Qu]——‘ZL"E‘ Qi(x, 0.)[0. fule My,,.

THEOREM 5.3. Under the assumptions above, there exists an integer j,=0
such that My, is explicitly given by the system of equations

[ind(p(@/P), P))ul=0  for any PG and any j=0,1, .-+, j,
for unknowns [u], ---, [0.F0'u].

PROOF. Suppose PG and ;=0 and put yv=ordr(P). Then by Algorithm
5.2 we have
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0@IP) = 3 Qu(x, 8.)p@* Py +ind@ P, P,)
k= ko

with some Q.(x, 0,)= 9. Thus ind(p(d/P), P,) belongs to .L := p(J). This im-
plies [ind(p(0/P), P,)u]=0.

Let us denote the 9/-homomorphism ind(-, P,) simply by ind. Then ind:
DU, ]~ D} *0 is surjective since ind(@/)=d/ if j<k,. Moreover the inverse
image ind~'(ind(.L)) is again contained in £. In fact, for P=9:[d,] with v:=
ordz(P) we have

P= uE Qk(x, az)p(atj°+kpo)+ind(P)
k=kg

with some Q.= 9, and hence ind(P)e.L if and only if P=.L. This implies
L Cind™(ind(.L)) C ind (L NDF0) C L.
Hence we have 9g-module isomorphisms induced by p and ind,
My o = D[0:]/L = Dk /ind(L) .

Since £ is a 9¢-submodule of 9:[d.] generated by the set {p(d./P)| P= G, j =0},
ind(.L) is a D¢-submodule of D;‘*0 generated by the set {ind(p(@.P))|P=G,
7=0}. Since 9 is a Noetherian ring, there exists j, so that ind(_L) is generated
by {ind(p(@/P))|P=G, 0<7<j,}. This completes the proof.

Finally, let us assume that the Fuchsian system # has a constant charac-
teristic exponent A€ C; i.e., i€ey(HM, p) for any peY. Then we can define
the system #‘® for the unknown ¢~*u as follows: Let P, ---, P, be as in
Section 1.2 and put k;=ordg(P,) and kt=max{k; 0}. Put Q,=t"***{Ptic g,
and define the system #‘? by

HAP:Qu==Qu=0.

Then its induced system M represents the relations among v(0, x), .v(0, x), ---
for analytic solutions u of . of the form u=uv(t, x){* with v(¢, x) holomorphic
on a neighborhood of Y.

6. Examples of actual computation.

We have implemented the algorithms presented so far on a computer algebra
system Risa/asir (cf. [16]). For example, by using this implementation, we can
compute the characteristic exponents and the induced systems along each irre-
ducible component of the singular loci of the systems for Appell’s hypergeo-
metric functions of two variables. Since these systems are holonomic, they are
formally Fuchsian by a theorem of Kashiwara, but it does not seem obvious
that they are Fuchsian along their singular loci.
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In the sequel we put n=1 and use the notation 0,=d/dx, 0,=0d/dy with
(x,y)eC?® as well as (¢, x)&C? as in the preceding sections. Let us describe
briefly the computation for the systems for Appell’s F; and F, (see e. g., [25]
for computation of F;—F; based on the concrete representation of solutions).
Our computation is purely algorithmic.

EXAMPLE 6.1 (System for Appell’s F;). The system ¥, for Appell’s hyper-
geometric function F; is defined by

g."Ma:P:;lu :Pazu:();
where
Py := x(1—x)03+ 0.0, + {r—(a+ B+ 1)x}0,—af,
Py i= y(1—y)05+x0.0,+ {y—(a@’'+ 8 +1)y}d,—a’p’

with parameters @, a’, 8, B/, r€C. (We assume these parameters take generic
values.) It is well-known that M, is a holonomic system of rank 4 and its
singular loci are defined by xy(x—1)(y—1)(xy—x—y—1)=0. (See for the
algorithmic verification.)

Put Y={(x, y)|x=0} and I=9P;;+DgrPs,. Then Algorithm 3.18 returns
G .= {P,,, Py, P:;3} as a FR-Grobner basis for I along Y ; here Ps; is a Fuchsian
operator given by

Py = (1—x)yx%0,*+(y—1)yx%,0,°
+{(—a+a’—B+p —r—3)x+(—a’— B +27+ 1} yx0,*
+a+p+1D(y—1)yx0,0.
+[{(@’—p+p'—r—Da+(B+Da’+(f —r—1)+p'—r—1}x
+(B'—na’—rf +7*1y0:+af(y—1)y0,+afla’+ 8 —7)y .

This implies that ¥, is Fuchsian along Y on {(0, y)eY |y+#0, 1}. (We can also
verify that M, is also Fuchsian along Y at (0, 0) and (0, 1) by Algorithm 2.7.)
We get

eY(‘—m-'i) p) = ,éY(‘ﬂ,l% p) = {0? a/_T+1) }9/—7-}.1}

for any pY {0, 0), (0, 1)}. Hence any multi-valued analytic solution » of H,
around Y is expressed in the form

u = v,(x, y)+va(x, Y)x* T 4uy(x, y)xﬁ’"”l

with vy, vs, vs holomorphic on a neighborhood of Y \{(0, 0), (0, 1)}. Moreover,
by Algorithm 5.2 v,(0, ), v2(0, ¥), vs(0, y) satisfy the equations

{y1=)0,*+(—(a'+§ +1)y)0,—a’§'}v:0, y) =0,
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(9, +aM:(0, ») =0,  (39,+p:(0, ») =0.

We know that these systems give precisely the induced systems because the
sum of the rank of these systems equals the rank of the system M.

EXAMPLE 6.2 (System for Appell’s F,). The system ., for Appell’s F, is
defined by

Pyu = P,u =0,
where
Py := x(1—-x)0; —2x99,0,— ¥} + {r—(a+ p+1)x}0,—(a+B+1)yd,—ap,
P = y(1—3)05—2x0.0,—x°03 + {y' —(a+ S+ 1)y}0,—(a+ B+ 1)x0.—ap

with parameters a, B8, 7, y’=C. This is a holonomic system of rank 4 with
singular locus xy(x®+y2—2xy—2x—2y+1)=0. Put I=DzP, + DrP,:, and

Y = {(x, »x*+y*—-2xy—2x—2y+1=0}.
We make a birational coordinate transformation
t= x?+y?—2xy—2x—2y+1, X=x—Y

and rewrite P,;, P, in the new coordinate system (¢, x).
Inputting {P.;, P} to Algorithm 3.7, we get, as the output of the algorithm
Stopped When m—:_‘l, G:{P41, P42, P43, P44} With

ltermpr(Py) = (x+1)(x—1)°0:0.,  ltermpr(Pi) = (x+1)*(x—1):0.,
ltermpr(Pe) = 2(x+1)(x—D)t0:*,  ltermpg(Puy) = —%—(erl)s(x—l)Zaz".

Moreover, P, is Fuchsian along Y on Y'\{(0, 1), (0, —1)} (hence so is M,). (By
using Algorithm 2.7 we can verify that <, is also Fuchsian along ¥ at (0, +1)).
We do not know if G is indeed an FR-Grobner basis of I along Y. In any
case, we know by the algorithms that any multi-valued analytic solution u of
M, around Y is written in the form

u = v,(t, x)+v,(t, X)rHrma=p-e

with v;, v, holomorphic on a neighborhood of Y\{(0, 1), (0, —1)} satisfying
Rlvl(o, x):Rgvz(O’ x):(), Where

R, = (x—1)*(x+1)%.*
F(x—Dx+D{Ra+28+71+7 +2)x—3p+3y'}.
+L{@B+2r+2)a+@r+21)B+ 7+t 2 —2r—7)Ra+2B+1)x
+(—4B+27 427 —Da+Qr 42y —4) B+ (—8y' +5)y+57'—413,
+aB{(+1r'—Dx—r+7'},
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R, = (x—D(x+1)0.+{By+3r —2a—2—-2)x—71+7'}.
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