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0. Introduction.

Let us consider the initial value problem related to the following quasi-
linear positive symmetric strictly hyperbolic system : ‘

©0.1) Ao(u)ait u+ éA,(u)aix w4+ Bwu = 0.

Thus, Ay(u), ---, A(u) are mXm symmetric matrices . depending smoothly on
ueR™, and A,(u) is positive definite while B(u) may be any mXm smooth
matrix. Strict hyperbolicity means that, for any £=(&,, ---, £,)#0, the matrix

0.2) M, § = 2 &AW AW

has m distinct real eigenvalues p,(u, &), -, pn(u, £). We assume some of these
eigenvalues actually depend on u because of quasi-linearity of the system (0.1).
We are interested in how hyperbolicity and non-linearity interact. To begin
with, we seek an analogy of the oscillatory initial value problem which is basic
in linear hyperbolic equations.
We choose as the initial data an m-vector of the form

0.3) u=2"'gAx-yp, x) at t=0,

where A>0 is a large parameter, x-y the scalar product of x and p€R", 7
being a fixed n-vector #0, and g(s, x) is a given m-vector valued smooth func-
tion with compact support in s, x, i.e., g€ CH(R**)™,

The following is a convenient assumption on the initial data:

0.4) SR g(s, x)ds = 0.

We may rewrite (0.3) as
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(0.5) u=2"'g(x-y, x) = z-lj'zf}l g(Ax-g, X0, 9) at t=0

with appropriate scalar functions g,(s, x). Here r,(u, 5) are eigenvectors of the
matrix M(u, ») corresponding. to the eigenvalues p;(u, p), /=1, -+, m. (0.4)
thus means the vanishing of mean with respect to s of each g;(s, x). In pass-
ing, we recall that the initial data we have previously considered are in one,
e.g., the first, characteristic direction so that

(0.6) gi(s, x)=0, j=2

([71(8]. See [9] for a summary. See §5 for a discussion).

The initial data (0.3) (0.4) can be interpreted as a certain slightly oscillatory
infinitesimal state which is represented by A—+oc. The factor 47! is just good
for the balance of non-linearity and hyperbolicity. Note that such factors are
of no significance in linear problems. The solution of the initial value problem
should then represent a certain infinitesimal state, which presumably reflects
essential characters of the original system provided solutions exist at least in a
time interval independent of A—-+o0. Though our choice of the linear initial
phase x-y and the requirements on g(s, x) make our discussions considerably
simpler, we still see how quasi-linearity dictates the solution in its first order
terms in A7

Let

0.7 Xj:trj(u’ ﬂ)'vu, j=1, -, m,

be characteristic vector fields. Here ° denotes the transpose and V,=(0/0u,,
-+, 0/0uy) is the gradient operation. We say that the system (0.1) satisfies
Hypothesis (H) if, for each pair X;, X, j+k, of characteristic vector fields, the
commutator [X;, X;]=X,X,—X,X; is a linear combination of X; and X, :

(0'8) [XJ') Xk] = ajk(uy n)Xj_ak](u; 77)Xk: j; k = l) e, m, ] + k;
a;; and a,; being smooth scalar functions.

REMARK. When Hypothesis (H) is satisfied, we can choose 7,(u, %), /=1,
-+, m, so that a;;=a;;=0, or

(0'9) trj(u’ ﬂ)‘vurk(u, 7]) = trk(ur n)'vurj(uy 7))7 ]’) k = 17 e, m, ] * k

(see §2). We will assume (0.9) whenever we discuss systems satisfying Hypo-
thesis (H) below.

The system of equations of the 2-D isentropic fluid flow is a standard ex-
ample of systems satisfying Hypothesis (H) (see §1).

Now one of the results in the present paper is the following
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THEOREM 1. Suppose the system (0.1) satisfies Hypothesis (H). Let n=2 or
3 and g CF(R"")™ with (0.4). Then for some A4,>0 and T,>0, independent of
A=A, there is a uniquely determined solution u(x,t, ), x€R", 0<t<T,, A=4,,
of the problem (0.1) (0.3) such that

(0.10) u(-, t, A) € L0, T,1; H*R")HNC[O, T,]; H°(R™)
and
0.11) %u(-, t, A e L0, T,]; HAR")NC(O, T,]; H’"Y(R"™))

for any 6<3. Here H*(R") is the Sobolev space over R™ of exponent p.

REMARK. The Sobolev p-norm of the initial data (0.3) is of order 2°7! as
A—oo, General discussions imply that the local solutions are expected to exist
in a time interval of length A'~° as A—-+oo.

Actually, when restricted to linear phases an analogue of Theorem 1 holds
without the restriction on n or without Hypothesis (H) (see Joly-Metivier-Rauch
[2], Schochet [6]). As will be seen below (Theorem 2), our discussions imply
at the same time how the solutions behave as A—-+oo in a fixed interval valid
for all 2. Our method of proof is to use an approximate solution with so nice
an error that its Sobolev 3-norm can be evaluated (see [7] in particular). This
method yields to the restriction on », but is basically valid for non-linear phases
once approximate solutions are worked out.

To the problem (0.1) (0.3) we have a formal asymptotic solution of the form

(0.12) Ulx, t, ) = 2! i a,(S,(x, 1), x, t)r,0, 7)
p2
+2’2. ,7; bi]-k(ZSi(x, t), XSJ‘(X, t), X, t)rk(o, 1]),
.7, k=1
Here
(0.13) Si(x, t) = —p;0, gt+x-7, j=1, -, m,

are the planar phase functions, and a,(s;, x, t) are determined from the follow-
ing partial differential equations of first order (essentially of Burgers’ type):

0 n 0 0 /1
(0.14) = 4t E;D?’(O, ’7)a_xy a;+(X;p,)0, ’7)’357(7 a?)'*‘ﬁjfaf =0
with
(0.15) aj(s;, x, 0) = gys;, x),

j=1, -, m. Here p(0, n)=0p,0, 5)/0n, and B;; are certain constants. We
see here how non-linearity and hyperbolicity are coupled even though com-
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pactness of the support of g(s, x) with respect to.s comes in to throw away
non-local terms (see §5).

bije(ss, sj, x, t) are also determined from simple partial differential equations
which will be given shortly.

Then, in fact, U(x, ¢, A) is asymptotic to u(x, ¢, 1) in the following sense.

THEOREM 2. Suppose the system (0.1) satisfies Hypothesis (H). Let u(x, t, A)
be the solution to the problem (0.1) (0.3) (0.4) given in Theorem 1. Then, for
U(x, t, 4) of (0.12),

(0.16) Nu(-, t, H=U(, t, D]s £ KA*7%, 0s3,

and

0.17) N—@—u(- b - Ut z>“ <K, 0<s<2
. 31‘ » by at » by s= 1 ’ = = »

for A=A, 0<t<T,. Here K and K, are constants independent of 2 and t, and
Il-Ils are the Sobolev s-norms.
REMARK. Let ¥, ), j=1, -+, m, be left (or row) eigenvectors of M(u, %)
corresponding to the eigenvalues p,(u, n) and normalized so that the relations
L, Jj=k,
(0.18) riu, 9)-riu, ) =0, = :
0, Jj#k,

hold. Then B;;=7%¥(0, 5)-A«0)"*B(0)7,(0, %) in (0.14). If the system (0.1) satis-
fies Hypothesis (H) and 7,(u, 5) are chesen to fulfill (0.9), then, in (0.13),

(0.19) bije(si, 5, x, 1) = —;—rmai(si, x, Hays; x, 1), i#7,

and, for j#k&,

0:20) (2,0, =140, 1) 5 Calsy 55 7. 1)

01 n 0
= Tiik 7;70:(51, x, 1)+ Birass; x, t)+)§a?k_azaj(sj: xt),

where yi: = 750, 7) - (X750, 9), B = rE0, 9) - Al0)7*B0)r,0, ), and aj, =
750, 7)-A0)"*A,0)70, ), 7, j, k=1, -, m, y=1, -, n. The requirement (0.4)
is called upon here to solve byj.

Finally, biex(se, se, %;°t) are determined from

(0.21) ibkkk+ é 0, n) 9 brre+(X kD)0, ﬂ)i(akbkkk)‘l'ﬂkkbkkk =R,
at v=1 ax,, aSk

with

(0.22) bres(se, S, x, 0) = — > biji(sk, sk, x; 0).

G F R b
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Here hir=hsi(se, x, t) are known terms computed from ag, be:j, k3j. If, on
the other hand, the initial data are in one characteristic direction, then only
one a;, say a,, survives, and b;;:, ¢+, all disappear (and thus required com-
putations are considerably simpler).

The equation (0.14) shows that a,(s;, x, t) develops shocks and loses smo-
othness in a finite time provided X;p;(0, »)#0. The interval [0, T,] in Theo-
rems 1 and 2 above, though uniform with respect to 4, lies within the interval
of t where all the a;’s and hence U(x, ¢, ) remain smooth. Although a,’s and
U(x, t, A) make sense up to =+ at the expense of their regularity, say, in
the class of BV functions and their derivatives, we are yet unable to exploit
this fact.

Theorems 1 and 2 will be proved in the sequel. We have previously dis-
cussed the case of initial data in one characteristic direction, compactly supported
in s, and satisfying (0.4), though without Hypothesis (H) ([7]). As for the system
satisfying Hypothesis (H), we have discussed the case of the initial data in one
characteristic direction, periodic in the phase variable ([8]). The proofs of
Theorems 1 and 2 are in spirit quite close to those in the above cases. To
extend our results to more general situations, it would be necessary to analyze
formal solutions proposed by Hunter, Majda and Rosales in full detail. ([1], [3],
[4]. See also §5 below).

1. Supplementary observations on the system.

We begin by supplementing technical assumptions on the system:
0 n 0
0.1) Ao(u)gt—u—f-vaA,(u)mu—i-B(u)u =0.

Basic assumptions are stated in §0. The coefficient matrices A,®), ---, B(v)
depend C*= smoothly on vR™, and for a technical reason we suppose each of
them is a sum of an mXm matrix of rapidly decreasing (S(R™)) entries and one
with constant entries (i.e., a constant matrix). Thus, for instance, A,v)=A§+
Ad(v) with constant A§ and rapidly decreasing A%(v). Since our solutions will
be shown to be bounded, this assumption is not quite restrictive. (For more
details, see [7]). '

Now Ay(v), -+, A,(v) are symmetric, and A,(v) is positive definite. More
precisely, we have positive constants y and I” such that

(1.1) 1Yy <y AWy <Ty-y.

for all yeR™, veR™.
As for the matrix M(, §), veR™, §&R", §+0 (see (0.2)), we suppose its
eigenvalues p,(v, &), -+, pn(v, & and right eigenvectors (v, &), .-+, ra(v, &) are
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C~ smooth in v and £+0. Similarly we suppose its left eigenvectors r¥(v, &),
<o, rX(v, &) are C= smooth in v and £+#0. (See also (0.18)).

We have stated Hypothesis (H) in §0. If m=3, this hypothesis is nontrivial.
Here is a standard example.

ExAMPLE 1.1 (Equations of the isentropic fluid flow). Consider the equa-
tions for u=(u,, uy, ==+, Us), Uy>0:

9 0 0 _
W”o‘*‘a—xluﬁ' +aTn u, =0,

0 no0 (Ul 0 _ 1
—a—)"—uk-}'i:l'a—xﬁ' ” )+§;';P(uo)—0, k= 1, , n,

1.2)

where P(u,) is a smooth scalar function satisfying
(1.3) P'(up) >0  (and P”(u,) > 0).

Physically, u, represents the density of the fluid, (u,, ---, u,) the velocity vector,
and P(u,) the pressure. Thus, m=n+1,

uit Ui p, M U
u% +P (uO) Uo U
_n 1 0
1.4) A(u) = 1“" ) ,
: 0
_Hn 1
Uy
_2ue g 0 1 0 0
Ug
Uy 0
(1.5) Ar(u) = —Ao(uw)+ P’ (u,) :
uo 0 O ’
1
0
0

k=1, ---, n, and (1.2) takes the form (0.1). (In the second term of Ap(u), 1
[ appears only in the (k+1)st place of the first column and of the first row).
L Note

0 51 &,
Sl epiyy BEig L g
%o 1y 1 U o 1u0 n

(L6 M, &= : : :
TN DI

Uy Uy 0 Uy Uo
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where u-&=u,&,+---+u,&,. Then
u-&

1.7 p(u, §) = ” + 1€V P (u,),
and
u-&
(1.8) plu, §=—=
Uy
are its eigenvalues (p(u, &) being (n—1)-ple if n=3).
uo/P’(uy)
1.9) r+(u, &) =| u1/P'(wo) &1/ vV P'(uo) €]
Un/ P (Ue) %60/ VP (us) €]
and
0
ct
(1.10) riu, &) =uo| . |, i=1, - ,n-1,
s

are corresponding eigenvectors. Here ¢} are constants satisfying
(1.11) ctit e Feibn=0, (i, -, i) #0,

and

cterei™ &

(1.12) : : :
cirent £a

#0.

The characteristic vector fields corresponding to our choice of eigenvectors are

S A Y AT £ 0
(1.13) X =y 5+ 2 Py *VFE) 7
and
(1.14) X, = uy 2 ci sl i=1, -, n—1
. i °k=1 k auk ’ ’ ’ .
It is immediately seen that each pair of the vector fields X,, ---, X1, X,, X_
commute.
We also have
(1.15) Xip=Xip.=c*buy=0, i=1-,n-1,
_ 1€
(1.16) X.p= I L OAL
_ 1€] uiP"(u,)
1.17) Xope = 2o (14 ),



234 A. YOSHIKAWA

_ 1 usP” (u,)
(1.18) Xobe = £ —rhes (1— o) )-
Thus, if
(1.19) Plu,) = cogroe‘z”dH—cl ,

¢ > coS:e'z“dr >0,
then X.p.=0.

REMARK. To meet our technical requirement on the system, we have to
modify (1.4) and (1.5) for large |u| and u, near u,=0 or %,<0. But for our
present purpose, this is not serious. On the other hand, the system (1.2) is
strictly hyperbolic only when n=2.

2. Discussions on Hypothesis (H).

Suppose the system (0.1) satisfies Hypothesis (H). We show that we can
then choose eigenvectors »,(v, §), k=1, ---, m, of M(v, &) so that characteristic
fields X, -+, X, commute each other (see Example 1.1). In Appendix A, we
will indicate certain peculiarities of such systems in case they are of conserva-
tion laws as in Example 1.1.

LEMMA 2.1. Suppose the vector fields X,, -+, Xm defined by (0.7) satisfy
the commutator relation (0.8) (with u replace’d by v). Then there are non-vanishing
smooth functions by(v, &), -+, bn(v, §) such that

2.1) Xibj=aub;,, J, k=1 --.m, j+k,
hold (at least locally).
COROLLARY 2.2, Let
2.2) Y;=0b,0v, X, j=1, -, m.
Then, for any i, j=1, -, m,
(2.3 Y, Y,]=Y,Y,-Y;Y,=0, 4 j=1, - ,m,
REMARK. Y; corresponds to the eigenvector b;(v, &)7,(v, &).

PrROOF OF LEMMA 2.1. For each j, (2.1) is an overdetermined system of
m—1 equations for a single unknown b;. First, note the following relations
among a;;’s:
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Xiaj+ara;, = Xeaj+agea;;,
(2.4) Xjari+a0, = X040,
Xiay+aa; =X 0,400,

i, 7, k=1, -, m,i#j+k+i. In fact, (2.4) follows from Jacobi’s identity:
LLXy, X1 X 1+00X5, X0, X J4+00Xs, X, X;1=0
and (0.8) (u replaced by v). Now, for j fixed, let
w; = X;bj—a;bj, i=1, -, m, i1+ 7.
(2.4) yields to
(2.5) Xwet+(ari—apwe = Xpyw;+(a;—a;n)w;,

i, k=1, .-, m, i+j+k+i. Therefore, if w,=0. holds and if w,=0 on a hyper-
surface transversal to X, then w, also vanishes everywhere. To fix the idea,
let j=1, and suppose w,=0. We have to show w,=0, £=2, ---, m—1, on a
hypersurface S, transversal to X,,. Since the vector fields X,, -+, Xn_, are
in involution, we can choose the surface S, to be their integral manifold. Now
if w,=0, k=2, ---, m—1, hold on S,, then since this means the values of b,
are known on S,, b, is determined by w,=0 in a neighborhood of S,. (2.5)
then automatically yields to w,=0 outside S, #=2, ---, m—1. Similar discus-
sions are valid on S, for the fields X,, ---, Xn-, and functions w,, -+, Wp_,
restricted there. So we only need to verify the bottom case, that is, m=3.
Let S; be an integral surface-of X; and X,, to which X; is transversal. Let
C, be an integral curve of X, lying on the surface S;, to which X, is trans-
versal. We can then determine b, on S; through the equation w,=X,b,—a,;b,
=0 restricted to S; by specifying the values of b, arbitrarily, thus non-vanish-
ing, on C,. Using thus determined values of b; on Ss, solve b, outside S; by
Xsb—ab,=0, or w,=0. By (2.5), we see w,=0 outside S; too.

In the following discussions, we choose eigenvectors »,(v, &), -+, ¥n(v, &) of
the matrix M(v, &) so that their corresponding characteristic vector fields X,,
-, Xn all commute each other, or X,X,=X,X; hold for j, k=1, -, m. In
other words,

(0.9) driv, HLre(v, §)1 = dri(v, E)L7sv, §)]

for j, k=1, ---, m. Here
d
driv, §)lw]= z;r,-(v-i—sw, E)lemo = w-r,v, &)

is the Fréchet-Giteaux derivative of 7,(v, &).
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3. Formal solutions.

Let us return to the initial value problem (0.1) (0.3). The corresponding
system of partial differential operators depending on veR™ is given by

(3.1 £0) =2+ 3 A+ Bo),

where A,(v)=A,v)"'A,v), Bw)=A,w)Bw).

Let us choose an m-vector valued function V=V(x, ¢, 1), roughly of order
A™' as A—+oo, such that

(3.2) V(x,0,2)=21"g(Ax 7. x)
and
3.3) L(V) =F, F=F(x,t ),

is to be interpreted as of order A=%. More precisely, we require that V(x, ¢, 4)
be smooth in

D=Dr 1,={x,t,); xR 0=t < Ty, A= 4}

for some T,>0 and 4,>0, be compactly supported with respect to x, and satisfy
the estimates:

3.4) Sgpi'k"“'*’la’faiV(x, L DS Cha< +oo
for non-negative integers £ and multi-indices a=(a,, ‘-, @), together with
(3.5) supA~* AV (e, 1, Al = Cs < o0

for s=0. Here ||-||; is the Sobolev norm of exponent s and
A= Ary1,={t, ); 0t < Ty A= A}

F(x, t, 4), on the other hand, is required to be smooth in D, compactly supported
with respect to x, and to satisfy slightly different estimates:

(3.6) S%N"’"“‘”la’faé"F(x, LA S Cha< +oo

and

@.7) sup A~ YF (-, 8, Dlls = €y <Aoo
Now let

A4,0) = A0+ dA 001+ 5 A0, 1+ RGAN0; v, v=1, .,

and N . . .
B@) = B(0)+dBO)[v]+ R«(B)O0; v)
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be the Taylor expansions of ;1,,(11) and 1§(v) around v=0. Then

LWV = LAV)V+Fi(x, t, 2),

where
(38) LV =LOV+ 3 {dﬁy(O)[V]—}——;—d?ﬁ,(O)[V, v} aiy V+dBoviv
and

(3.9) Fi(x, t, )= 3 R(A)0; V) aiy V+R(B)O; VIV

Fi(x, t, A) satisfies the same estimates as (3.6) (3.7) provided V(x, t, 4) does (3.4)
(3.5) (see discussions in [5]). We put

(3.10) Vix, t, ) = A u(x, t, D+A2uy(x, t, H)+A%us(x, t, A)
with appropriate u,, u,, #; in order that (3.4) and (3.5) be fulfilled (see Appendix
B). Substitute (3.10) into (3.8). We get

0
0x,

LV = z-*.c<0>u1+z-2{r<0>u2+ 2 dAO 15—+ d BOwTusf

, o (4A O e di o
s + 1 {LOuet 3 (4000 ] 5wt dAO w5 )

+ 15 a0, w1t dBOT s+ B O Tu)

+ BTGz, 1, D),

where Gi(x, t, ), k=4, are basically known as computed from wu;, u,, u; and
their first derivatives (see Appendix B for explicit computations). Therefore,
our task is to choose u,, u,, u, so that we may reduce .L°V)V —33-.2"*G(x,
t, A) as far as possible.

Fix neR", n+0, and let S;(x, )=—p,0, pt+x-5, j=1, .-+, m (recall (0.15)).
Note

(3.12) S; e +050, S;,2) =0, Si(x,0)=x-9

since S; ;=7 for all ;. We now set

(13wl D= BadSdx 0, x O, 1),

(3.14) w(, , )= 3 bia(ASi(x, 1), ASi(x, 1), %, Ora(, 1),
.4, k=1

(3-15) ua(x, tr 1) = i j%l=lcijkl(lsi(xr t)’ lsj(x) t)’ lsk(x; t)y X, t)rl(o’ 77)»
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by choosing suitable functions a;(s;, x, 1), bijr(ss, Sj, X, 1), Cijri(Siy Sjy Sk, X, 1), 7,
7, k, =1, ---, m, to be determined. Here we assume

bije = bjir, Cijkl = Cjri1 = Crijt = Cjin1 = Crjir = Cikjl

for ¢, j, k, [=1, ---, m. Now we can rewrite .L%V)V —9-.4"*G(x, ¢, A) rather
formally as

LWV — gz-kck = 1G4 A G+ A"Gs
where, at s;=4S,(x, #), j=1, -, m,

= 2 {e0+ MO, 0, )+aBO} (0, )

n 9
(3.16) + 3, g e, dMO, )70, 9)IrA0, 1)

+i,j§=1{(—pi(0, 2+ 040, 7J>>757b2-n
(=240, )+, ﬂ))’a‘%bu‘k}?’k@, 7),

;’"1 a.a,;d BO) 70, 7)1740, 7)

1 i 1

(3.17) +§ 3 g,

4 k=1 0sp

axd*M (0, )70, ), 70, )10, )

+
»Ms

0 a
{ai(a—s;bz‘u'*‘ 6—s,,bj“)dM(0’ 7)L7:0, 9170, n)

. ki 1=1

+ 980 aMO, )0, IO, 7}

3 bt MO, byse, )by BO)} 7400, p)

. k=1

+, 5 {000 00 - o cumH(=p,0, 7)

540, 7)o o Cont (=0, 20, )5 L condri, m),

and

Gi=13 3 a:a,d"MO, ax )70, 1), 7,0, IO, 7)

(3.18) + “_'%l:l {a,d M, bz, :)[7:(0, 7)17:(0, 77)+bjkldM(0; a;, )70, 9)17:(0, n)

+a:b;5(d BO) 70, 9170, )-+dBO) 7.0, 7170, n)}
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+ 2 {cijkl,t+M<0; Cijkz,z)‘f‘Cijkt,g(O)}rl(O, 7).

ijk

Now we have to choose nicely behaving a;, b;j, ¢i;x; Which furthermore make
=0 and G3=0. Note that (3.2) requires

(3.19)  uyx, 0, )= g(Ax-7p, x), uy(x, 0, ) =0, us(x, 0, ) =0
Let us compute r¥(0, 5)-Gi1=0, =1, .-, m. Then

n m a 1
(3200 auet 300, Dai s+ 3 BuasHXep0, Mog—(5 )

3

m 0 n
+j.§=1(pj(o’ 7)— D40, ﬂ)))’kji“g;; a;a,+ g 10, z,

Sty
1l #
!

m 0 0
+ '%1{(—‘0]{0’ 7)+ 00, 7)) as, biri+(—1:0, )40, 77))a—sk'biki} =0.

J

Here a3, = r}0, 9)-A0)r,0, n), Bsi=r¥0, 9)-BOY,0, ), and yu;=r¥0, 7)-
dr0, 9)Lr:0, )]=r¥0, 5)-(Xx7;)©O, ). Separating functions a;, b, etc. ac-
cording to the phases, we stipulate

B2 auet FPO, Dy +BuactXipd0, pp(Fat) =0
with

(3.22) asq, x, 0) = gi(s;, x)

i=1, -+, m (see (0.14) (0.15)),

3.23) (=240, n)+2:0, 77)) (bm)+ Eanaz 2,1 Biit;

d (1
+(540, P=5:0, n))rj,-fgs—_(—z- a3) =0,
J
j#i, i, j=1, -+, m (see (0.20)), and

B.20) (0, 7= 140, Dyasi— @sa5+ (a0, )= Pel0, T srim @y
as; ask

0
+2{(—P:‘(O, 1)+ 040, ﬂ))W’F(—Pk(O, 7)+50, ﬂ))a—z:}bkji =0,
J
Jj#k, 4, j, k=1, -, m

REMARK. The Ansatz by Hunter-Majda-Rosales [1] does not appeal to
separation of phases. We will discuss on the matter in §5.

The results concerning the equations (3.21)-(3.24) are summarized in the
following

PROPOSITION 3.1. (i) Let gu(s;, x) € C5(R**Y),i=1, ---, m. For each 1,
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there is a unique solution a;(s;, x, t) to the equations (3.21)(3.22), which is smooth
with respect to (s;, x, )&eR"**X[0, T] for some T>0. ays;, x,t) is compactly
supported with respect to s;, x, and furthermore

(3.25) SRai(si, x, Hds; =0

provided Sngi(s;, x)ds;=0 holds (see (0.4)).

(ii) For each pair i, j, i#], there is a solution b;;(s;, s;, x, t) to the equation
(3.23), smooth in (s;, x, t)eR"**X[0, T], compactly supported with respect to x,
while bounded in s;. Furthermore, if (3.25) holds (with i replaced by j), there
is a unique bj;i(s;, s;, x, t) which is compactly supported with respect to s;.

(ili) For any pair j, k, j+k, there is a solution by;(se, sj, X, t) to the equa-
tion (3.24), smooth in (s, s;, x, t), compactly supported with respect to x, and
bounded with respect to s, s;. Furthermore, if Hypothesis (H) holds, then we
can take by;;=(1/2)1r:0;a, (see (0.19)).

PROOF. Quite obvious. As for (iii), Hypothesis (H) and our choice of
eigenvectors satisfying (0.9) imply 7:;,=7;::. Then (3.24) reduces to
0 0 1
{040, )10, )5+ 010, =50, )5 H(brs— g rasnaras) = 0.
For the remaining part of (iii), we appeal to the following

LEMMA 3.2. Let a,, -, ay be real and a,+0. Suppose G(t,, ---, ty) is
smooth and uniformly bounded together with all its derivatives. If the t,-projec-
tion of the support of G is compact, then

(3.26) (gt tavg)F=G, (b =, t) < RY,
1

has a solution, which is bounded together with all its derivatives.

PrOOF. We may suppose a«;=1. Then
t
F(tb Tty tN) = S_;G(Sy t2+a2(s—tl)y ) tN+aN(s_tl))ds

is a solution. Let [a, b] be a bounded interval which contains the ¢,-projection
of suppG. Then F=0 for t,<a, and if ¢{,>a, then

|F@, -, tn)l < M(b—a), M=sup|G(t, -, ty)l.
Similar arguments are valid for the derivatives of F.

RemMARks. 1. If (X;p.:)0, »)#0, then (3.21) is essentially of Burgers’ type.
Its solution a.(s;, x, t) develops shocks however smooth its initial data g(s;, x)
may be. A non-regular solution, the entropy solution, then makes sense beyond
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shocks up to t=+4co.

2. If the initial data are in one characteristic direction, and g;=0, =2,
then a,=0 for i1=2, b;;»=0, i=2, i+k, b;;»=0, i#].

So far we have determined a;, i=1, ---, m, b;j;, i#7, i, j=1, ---, m, and bjs,
j#k, 1,7, k=1, -, m. To get a complete description of u,(x, ¢, 1), we still
have to determine b, i=1, ---, m. We will also need to know c;;z; for con-
trolling us(x, t, 2). Thus, suppose G3=0.

Separating phases as before, we then stipulate

3.27)  {bisi, e +MQ, by, z)+biii§(0)} 740, v)+%(aibiii>dM(0y 77)[7'1(0, 77)]7':'(0, 7))
+ 2( P (O W)+pk(0 ﬂ)) (Cznk)rk(o 77)‘*‘)[1 - 0
(3.28) 38 (=140, D540, D) 5Ccun)

+(= 2,0, D+D40, )5 cmk}mo D+fu=0, %],

829 68 {20 +PO, M) cuniH (=240, T+5:0, ) =i

+(= 040, P+2:0, )5 c,m}mo DASn =0, i#jEh#i.

Here fi=fi(si, x, 1), fi;=Fi/(Ss, S35 %, 8), fis8="Fin(ss, S5, Sk, %, ) are computed
from so far determined functions a;, b;j, 17 or i=j+k. (See Appendix C
for explicit computations.)

As the initial data for b;;:(s;, s;. x, t), we take

(3.30) bisi(si, Si, %, 0) = — Z b,;n(sl, Ss, x, 0)— Zlbjji(si, sy, %, 0)
o %;
becausé of (3.19). Then we solve b;; from

B buwt 5 PO, basa, HXDOO, 1) g (@b +Bubiss =
where h;;=—r¥0, 9)- fi(si, x, t) (see 0.21)). We also handle

(332) ( P (0 7])+pk(0 77)) (czzzk)+ Zszbm x,,+,81kb1u
+(:0, 9)—10:0, 9)7iir F(aibiii) = Ny
for i#k, where h;,=—r}0, 1])-f<(si, x, 1),

(3.33) (=140, P+, 1})) (Ciuk)+( 150, 9)+p:0, 7})) (ka)—huk,
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for i#j, where h;;,=—@1/3)r¥0, 9)- fi(s;, s;, x, 1), and

B38) (=0, D+510, 1) o b (= 5,0, D0, 1) eisn
J

S
0
+ (=20, )+ 1.0, ﬂ))mcmz = hyjr,

i#j#k=+i, where hyu=—1/6)r¥0, ) fix(si, 55, %, D).
As for the solutions to these equations, we have the following

PrROPOSITION 3.3. (i) For each i, the solution b;;(s;, si, x, 1) to the equa-
tion (3.30) (3.31) is smooth in (s;, x, )eR™*X[0, T, compactly supported with
respect to x. b;;; is bounded with respect to s;, and if (0.4) is fulfilled, b;;; is
compactly supported with respect to s;.

(i) Suppose (0.4) holds. Then for each i, k, i+k, there is a solution c;y
to the equation (3.32), smooth in (s;, x, )eR"**X[0, T], compactly supported with
respect to x, and bounded in s;. If (0.4) fails to hold, then ¢y grows like |s;|
as |s;|—oo.

(iii) Suppose the system (0.1) satisfies Hypothesis (H). Then for each triplet
i, 7, b, i=j+ k1, there is a solution c;;;, to the equation (3.33), smooth in (s;, sj,
x,t) € R***X[0, T], compactly supported with respect to x, and bounded with
respect to s;, s;.  If (0.4) holds, this is also the case for ¢iijj, Ciiji

(iv) For each quadruplet i, j, k, I, i+ j+k+1, there is a solution cjz, to the
equation (3.34), smooth in (s;, s;, Sk, %, )eR"**X[0, T, compactly supported with
respect to x, and bounded in s, sj, Si.

(v) Suppose (0.6) holds. Then c;;;x=0, i#1, j#1, and c;;p,=0, i#j+k+1.
On the other hand, c;ijr, i+, or j=1, k#1, can be chosen bounded with respect
to s; and s;, and compactly supported in x. c;ip, B#1, are compactly supported
in x, but grow like |s;| as |s;|—co (unless (0.4) holds).

PROOF. Obvious from Proposition 3.1 and Lemma 3.2 (see also Appendix C).

REMARKS. 1. In (v), ¢, =22, k514, can be written as
84 84 ~
Citir = SiS bix(s, x, l)ds—g sbie(s, x, )ds,

where b,,(s, x, t) are compactly supported with respect to s, x. On the other
hand, c¢;;;;, 7#1, contains a term of the form

1.9 4. 4010, D70, 7)]
3 0s, ' pi0, 9)—,0, 7)

$j
S byii(s, s, x, t)ds.
Note

s

Ssj bj;i(s, s, x, )ds = s,—S d by, x, t)ds—Ss_j bi(s, x, t)ds, j#1,
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with b,(s, x, t) compactly supported in s, x.
2. In (iii), if (0.4) fails to hold, ¢;;;(=c;;;;) contains terms of the form

_ 1 2 dp,0, lr:0, n)] 0 aS”
3= pi0, p)—pi0, p) 0s;
which are linear in s,.

Finally, we are content with realizing u,(x, 0, 4)=0 and just solve ¢,;;; from

biirds,

—o0

(3.35) Cigii, e b é (0, ﬂ)citii,zy'{‘ﬁncim =0
with
(3.36) Ci13i(Sy, iy 84, X, 0) = — pY cinri(Si, Si, Sq, %, 0).

Gk DFGL 1,9
Then c¢;;;; are smooth in (s;, x, )&R"*'X[0, T], compactly supported with
respect to x. The behaviors of c;;;; with respect to s; inherit those of initial
data, and thus when Hypothesis (H) is satisfied and (0.4) holds, s;;;; are bounded
in s;. Summarizing, we have shown

PROPOSITION 3.4. Suppose Hypothesis (H) holds. If (0.4) is satisfied, then
we have a formal solution V(x,t, A) of the problem (3.1) (3.2) given by (3.10)
(3.13) (3.14) (3.15). F(x,t, A) in (3.3) is given by

F(xy t) Z) = Fl(x; t: 2)'*' ké_az-kck(x; ty 2)

(Recall (3.9) (3.10) (3.18)).

4. Proofs of Theorems 1 and 2.

Theorem 1 follows from Theorem 2, and Theorem 2 is proved as in the
previous case (see [7], §3). Namely, for some T,>0 and 4,>0, we can find
v=v(x, t, 4) valid for xeR", n=2 or 3, 0=Zt<T,, A=4,, such that

.1) L+ +0) =0,

4.2) w(x, 0, ) =0,

with

(4.3) lo(-, x, Dl £ L2, 0<s<3,
4.4) ”%U(., £, D] L, 0sss2.

for 0<t<T, A=4,. This is a consequence of estimates (3.4)(3.5) (3.6) (3.7) and
a series of energy estimates combined with the iteration procedure:

LV AP V4uh) =0,  vix, 0, )=0, k=1
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starting from »%x, ¢, 2)=0. T, and A, are chosen so that v* converge to v in
the metric space corresponding to (4.3) (4.4). Then for U=U(x, t, 4) of (0.12)

u—U =v+2%u;,
and the estimates (0.16) (0.17) hold. We refer further details to [7] (cf. [4]).

5. Discussions.

In §3, we have derived (3.21) (3.23) (3.24) from (3.20) by regrouping terms
in (3.20) according to phases involved. This procedure leads to Hypothesis (H)
to integrate b;,;, k. We have applied similar separation procedures to handle
=0. On the other hand, Hunter-Majda-Rosales [1], in order to ensure bounded-
ness of b;.;, proposed an equation for a; more complicated than (3.21) as in-
volving non-local interaction terms. However, since boundedness in the s;’s of
a;, bjp; and ¢y, is what we need in our discussions, an eventual removal of
Hypothesis (H) or relaxation of (0.4) would be certainly welcoming.
Nevertheless, requirement that a, and b;,; be compactly supported in the
s-variables is almost identical to Hypothesis (H) together with (0.4).

PROPOSITION 5.1. Suppose (3.20) holds for a; and b;r; which are compactly
supported with respect to s; and to s;, sp, respectively (i, j, k=1, ---, m) Then
(3.21), (3.23) and (3.24) hold.

In fact, let J+1i, and integrate (3.20) in s, from s,=—L to s,=L, L>0
large enough. Then terms not involving s, are multiplied by 2L while terms
containing s, are integrated to become bounded or vanishing terms. Thus,
(3.20) reduces to the case without j=/. In this way, we obtain (3.21), and
returning to a prior step

0 0
,311(1 +(PJ(0 7] -0, 77)){7’]11 3 ( )+Tm s ; ajari‘Tjua—sjaiaj}

+ B0, (=240, D+ 0, IV s+ 5 b} =0,

for j#i. Integrate this equality now in s; from s;=—L to s;=L, and we
obtain (3.23). Handling a further prior step in the same way, we get (3.24).
In order to ensure compactness in s; of the support of b;;;, we have
n

(5.1) 3 (a2 Gt B g s, =0, i ],

for 7=1, ---, m, in view of (3.21). (5.1) is somewhat weaker than (0.4) but
much more complicated.
In order to ensure compactness in sj, s, of supp b,z;, j#£k, we have
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d
R{Tkjiﬁdj(sj(a), x, 1) ax(ss(0), x, 1)

d
+Tﬂliai(si(0): X, t)Wak(sk(ﬁ): X, k)}d0 :O’
or
(5.2 Frsi—r|  0s0), x, D5 ausul), %, D6 =0
* rkfi Tjki Raj Sj y X, aro ak(sk( )y X, ) — V.

Here s,(0)=(ps0, 9)—p:(0, 5))8+s;, etc. (for each fixed 7). So instead of Hy-
pothesis (H) we might try to assure

SRdj(sf(a), X, t)diaak(sk(a); X, t)da =0.

But this is hard to realize unless all but one a;’s vanish.

Now we roughly recall what seems the spirit of reasonings of Hunter-Majda-
Rosales [1]. Let s;(8)=s;4(p;0, )—p:(0, 9))8, j+i, for each fixed 7, and replace
s;’s by s;(#)’s in (3.20). Then the last sum in the left hand side of (3.20) turns
out to be

d m
=20 ;2 biri(s0), $x(0), x, 1),

So if 3.1 bjri(sj, Sk, x, t) are bounded (or sublinear) with respect to s; and
Sk, we have

. 1 m , ,
L,E}}lwmﬁ;ﬂ {bsri(s;(L), sx(L), x, )=bjri(s(—L"), sx(—L"), x, )} =0.
Thus, from (3.20), we obtain

(5.3) a;:+ épé”’(O, ﬂ)ai.ry+ﬂiiai+(xipi)(0y 77)%(':1? a%)

m . 1 2 v
+ B {oiim i e 00

5 o i 1z ) o
+ aa%.lﬁlwm S-L' @5.2,(340), %, 1) }

m . 1 L d
+ji,i§;j7’kn]}g,r}mmg_1‘,Waj(sj(ﬁ), x, 1)-ax(sx(0), x, 1)d0
=0.

If a; are known to be compactly supported in s;, then the non-local terms
vanish, and (5.3) reduces to (3.21). Non-local terms also vanish when the initial
data are reduced in a single characteristic direction, that is, g;(s, x)=0 except
for j=1, say.

1

M
REMARK. Note that if a@,(x, t)zlim”’M'**“Wg u,aj(s, x, )ds exists,
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then

L L s oo L+L’ S_ ai(si(8), x, )d0 = axx,t)

is independent of s;. Similarly, if j#k+#i+; and

1
w L+ L

for a bounded function W(s,, sg), then
W(s;, sx) = W(si(p), sx(p))
for any real p. Observe that if S;(x, t) are given by (0.15), then
(040, )—p40, P)S,(x, H—(p0, P—1p:0, N)S(x, B)
= (0+0, P—2,0, P)Si(x, 1).

Thus, when we admit non-local terms, we have to supplement the relations in
the s-space:

(5.4) (90, P)—p50, P)se+(p0, )—p0, p))si+(p£0, n)—p.0, p)s; =0,

i, 7, k=1, .-« , m. It follows s;(p)=s:(p) if p=—(s;—5)/(p;0, 9)—p0, 7).
Therefore, if

W(s,, sx) = | W), 540040

SL a,(s,(0), x, Dax(si(0), x, B

(5.5)  a;((pr—ppsi, x, )= lim L-iL

makes sense, then

Gie((Pe—Dp)si, X, 1) = @w((Pr—0,)Ss, X, 1)

and since
s, () = 210 D00 )sc | (3,0, D=b0, 7)sx(0)
j 2:0, 7)—px(0, n) 2:0, =0, )
©.6) Jm T L—i{L’ Sf ,—;%—(a,«(sj(ﬁ), x, )-ax(se(@), x, t)dl
(p;—p)(pr—ps) 0

=T h—p, s aie((pe—0)8:, %, 1),
J

i# 7+ k+1 (at least weakly). That is, (5.3) is a system of conservation laws
involving non-local terms. As a consequence, we see that a(x, t) = 27, a(x,
t)ri0, n) satisfies the equation

AP I
(5.7 —a—ta-i- Z=}1Au(0) ox.

with

(5.8) ax, 0) = g(x),
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provided
_ i 1 L
g(x> - L.}‘I:r-l-eo L"}-L’ S-L

,8(s, x)ds
exists.

Since, under (0.4), we only need (3.21), what is more important is to realize
Cijei(Ss, Sj, S, X, ) bounded or at least sublinear in s;, s;, s;. In a similar
manner to the above, we obtain from G} =0 (see (3.17)) equations for b,
which are linear. However, since we still need precise growth estimates of

a;, bjr: and ¢y, We suspend our discussions for the time being.

Appendix.

A. Hypothesis (H) and systems of conservation laws.
Suppose, in particular, the system (0.1) is of conservation laws:

(A.1) AW Aw = dQw)[w], weR™,

hold for some smooth m-vector valued functions Q,(v), veR™, v=1, ---, n. Here
d stands for the Fréchet-Gateaux differentiation :

dQ,ww]= ;—EQV(v-Few) e

Let

(A.2) Qw, &= &Q.w), &=, &) <R
Then ;

(A3 dQ(, &lw] = M@, w

(Ad) 4*Q(, &)[w*, w*] = dM(, &[w'Iw® = dM, &Lw*w*

for w, w!, w*eR™. Note the symmetry in (A.4).

PROPOSITION A.l. Suppose (A.l) holds. Let eigenvectors r;(v, &) and r,(v, &),

J#k, satisfy (0.9) (u, n replaced by v, §). If the corresponding eigenvalues p,(v, &)
and p.(v, &) are distinct, then

(A-5) d*QLr, 14 = dpyv, O Irs+dps, Hrslra
and

(A.6) dr,-(v, Ere]l=dri(v, )[7;]1 = cjrtj+cCris,
where

(A7) cin = v, &) = r¥-dry(v, 7] = dp;w, OLrs]

P, )—ps, &)
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PrOOF. Since

(A.8) M@, &)r;v, &) = p,, E)rsv, &),
we have, for weR™,
(A.9) dM(v, O)[w]riv, &)+M, &dr,v, ELw]

=dp,, OLwlr;w, §)+p,@, §dr,v, HLw].
Let w=v;, k+J, and apply (A.4) and (0.9). Then

dps, Erslrs+p,, )drsv, Hlrel = dpw(, Hlr;lre+prv, driv, 7,1,

from which (A.6) (A.7) follow provided p;(v, &)+ pi(v, §). Combining (A.8)'(A.9)
and (A.3)(A.6) (A.7), we get (A.5).

REMARK. If 7;(v, &) and 7.(v, &), j#k, correspond to the same eigenvalue
P, )=0p;v, §)=p:(v, §) (at (v, §)=(0, n), say), then (0.9) implies dp;0, )L+ (0,
7)]1=0, dp 0, 9)[7;0, )1=0.

We can also compute higher order differentials such as d*Q[r;, 7, 7:],
a*plrj, ri] and d?r;[r;, ril, i=jFk#i, 4, j, k=1, -+, m.

PROPOSITION A.2. Suppose all the eigenvalues are distinct, and (0.9) holds
for corresponding eigenvectors. Then we have

(A.10) d*Qv, &7y, 75, 71
= d’pi(v, )7y, valri+d®p;, )7, v dr;+d°pr(v, v, 7317e,

i+j#+k+i. Furthermore,

1

D5, &)= D4, §)

dpiQ, &)lr;1dpi(v, )[re]

(A1) d*piv, )7y, el =

1
T, O—1:, &)

1 1
G =00 9ot )0 O, ]

= (pj—De)CirCri+(Pr—D)C15¢i+2Pi—DPj—Dr)CijCi -
Proor. Differentiating (A.5), we obtain
(A12) d°Q, &)[w, 75, re]+d°Q, §)ldr;Lw], 71+ d*Q, §)[7;, dr:[w]]
=d*p;v Elw, rilry+dp,w, §)Ldr.[wllr;+dpsv, E)Lrrldr,Lw]
+d*pv, H)lw, rilrrt+dpr, §)ldr;Lwllri+dp,(v, &)lr1dri[w],

weR™. Taking w=r;, i#j+k+i, and applying (A.5) (A.6), together with sym-
metry in 7, j, 2, we have (A.10) and (A.11).

dp;, E)reldp.(v, §)7;]
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REMARK. In a similar manner, we have

(Avls) dzri(v’ §)Erj(v) 5)’ rk(v; E)]
= (CjiCairtCinCri—CjiCi2)7 5V, E)F(CriCij+Cricii—CriCep)r(v, &),
i+ ]+ R+
On the other hand, d*Q(v, &§)[ry, 7y, 7], ik, or d*Q(v, &)[ry, 7y, r;] do not
admit particularly handy representations, for dr,(v, &)[r;] does generally not
reduce to a simple form such as (A.6).

B. Explicit forms of G.(x, ¢, A).

In the construction of the formal solution to the problem (0.1)(0.3), we
have grouped rather harmless terms in the form of 33}.,A"*G.(x, t, 4) (see (3.11)).
G are explicitly computed as follows.

BD) Gix, t, D= 3 {aA00uI 5L ust dA0ws)

0 ~ 0
P, u2+dAy<o>[u3]a—Lu,}

- " .
+3 SR, 1 w24 A0, wlg w)

~

+d B0 u,Jus+dBO) usJus+dBO) us]uy,

n ~ a o a
(B.2) Go(x,t, )= yz="‘1 dAy(O)EuZ]_aZ u3+dAy(0)[ua]5x—;u2}
+—%y§1{d2ﬁ"(0)[uh ul]a_i: ua‘*‘dzﬁy(O)[uz, uz]a—i; U,

2 0 2 % 0
+202 B0, 4]y r 2O, sl
+d BO)[usJus+d BO) us]us,

n o P 12, ~ )
(B3) Gilx, t, = 3 dAOud 5~ et 5 SH{PAO s, vl g1
20ROt ) s 20 KO, )+ ABO) s,
(B.4) Gi(x,t z)—lé{daﬁ (O ke, 2s] o ok A O s, 2s] 2t
. 7 y by - 2y=1 V' 2y 2 axv 3 v 3y 3 axy 1
242 () s, a] o 10+ 242 A,(0) u]—a——u}
) 1y 3 axy 3 v 2y 3 ax” 2(

B5) Gix,t, D= 5 B @ A0, ) o ua 4 205,01, 115}
and

®.6) Gz, 1, ) = 3 2 440w, 5]

]
Ug.
Xy

0
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Therefore, if u,(x, t, ), us(x, t, A), us(x, t, 1) are smooth in xR", 0<t<T,,
A=4,, compactly supported with respect to x, and furthermore

(B.7) supA~*~1*!8fzu,(x, 1, Dl £ Cra <o, j=1,2,3,
and

(B.83) sletpl""“lla’;u,(-, t, Dlls < Cs < o0,

then G(x, t, )=31-,A"*G(x, t, A) satisfies the estimates

(B.9) Sl})pla"’"“'la’faiG(x, t, A= Cra< oo,

and

(B.10) sgpls‘”‘“lla’fG(-, LD = Cs < oo

Here £=0, 1, 2, ---, a=(ay, @, -, a,), a;=0, 1,2, ---, and s=0.

C. Explicit forms of f(s;, x, t), fi,(ss, 8;, X, t) and [f;;.(ss, Sj, S, X, 1)
In computing G3=0 in § 3, we have remainder terms f;, f.;, fi;z (see (3.27)
(3.28) (3.29)). Here are their details:

C1)  fdse %, 0= 3 {bean.i+MO, beaa, )+beas BOI 40, )

k#1

+ 5 {ai g (buandMO, pIr0, IO, )

i adMO, A0, IO, 7))

+adMQO, a;. )70, 170, n+aid BO)r.0, 170, n)

2L aaMO, D0, 7, 0, IO, ), =L m,

(€2 fulse sy % =2 B {base. MO, bisn, D+biss BO} 40, )

+ 8 {aia(b,dMO, IO, 10, 7)

k=1

0, (b dMO, P70, IR0, 1)

b1 a MO, a0, )10, )+ beon o a,d MO, )0, )10, )}

+2 é{ai(—gz—i—bnw aaij.»,-,,)de, D70, PIra0, )
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0

s—bijs ) AMO, )70, PIra(0, 1)

+a (aa buk+

8a, ,.
+ 98 b d MO, a0, IO, 5 bisud MO, 70, )]0, )}

+a:dMQ, a;, )70, )1, 0, P+a;dMO, a;, )70, 5)]7:0, )
+a,a;{d BO)70, 9)1750, 9)+dBO)7,0, 9170, )}

o

55 (a%a;)d*MO, )70, 9), 7«0, 9)1r 0, 9)

+~%(aia§)d2M(0, 70, 9), 70, 90, )

+ 5o (@ia) MO, L0, ), 7,0, A0, )
0 )dMO, DU, ), 70, IO, ), i, =1, m,

1
+§a

(C.3) fiie(si, s, S, X, 1) = a;a; aa a,d*M(, ﬂ)[rz(o 7]) 50, n V170, 7])
04 g a dMO, IO, ), 710, PIFO, 1)
+ i d MO, 100, ), 70, A0, )

+2 % {W(‘%bnz‘*‘ ‘a—i‘k—b;‘kz)dM(O, ﬂ)[”i(oy 77)]7’1(0, 7])

=1 a
0 0
@i Dot b ) AMO, a0, IO, 1)
5

(o brat o bace) MO, D0, IR0, )

+2.8 {52 b0 d MO, L0, 110, D+ 92 b d MO, )T, IO, )

00 by MO, 0, IO, )}, iR, 0,k U=,
j
Thus, fij::fji: i¢]., and fijk:fjk,;r-fkij:fkji:fikj:fjik (because Of the ChOiCC
of biju).
If (0.6) and (0.10) hold, then
(C.4) f1.=07 2221

(C.5) fi=0, i#FJFEL#E
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(C.6) fulsy, si, x, 1) = ay(sy, x, t)ais_(bm(si, sq, X, D)AM(, 9)[r.(0, )70, 1)

P
+b:04(Ss, 84, %, t)w a(si, x, H)dM(0, 77)[7’1'(0, 77):]7’1(0, 77),
1
i=2. Furthermore,
.7 Fisn(ss, S5, Spy X, ) =0,  i#j#k#i.

On the other hand, if the system (0.1) is of conservation laws and thus
(A.1) is fulfilled, then (C.1)(C.2)(C.3) are somewhat simplified. Such simplifica-
tions are not quite useful for our purpose in the present paper.
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