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Introduction.

Let Hol(M, N) be the Douady space of compact complex manifolds M and
N, that is Hol(M, N) is the set of all holomorphic maps of M into N. Then
Hol(M, N) has a complex analytic space structure whose underlying topology is
the compact-open topology. Moreover, the evaluation map of Hol(M, N)XN
into N sending (f, p) to f(p) is holomorphic. (See Douady [2].)

The main purpose of this paper is to study concretely the structure of
Hol(M, N) for a projective algebraic manifold M and a compact C-hyperbolic
manifold N. A complex manifold N is said to be C-hyperbolic or Carathéodory
hyperbolic if there exists a regular covering N of N whose Carathéodory pseudo-
distance is actually a distance (see Kobayashi [12], p. 129). A typical example
of C-hyperbolic manifolds is a quotient space N=8/I", where 2 is a bounded
domain in the n-dimensional complex Euclidean space C* and [ is a fixed-point-
free discrete subgroup of the analytic automorphism group Aut(2) of 2. Every
submanifold of a C-hyperbolic manifold is also C-hyperbolic.

Throughout this paper, we assume that M is a projective algebraic manifold
over the complex number field C, and N is a compact C-hyperbolic manifold.
(By Noguchi and Sunada [19], Lemma 2.3, for a C-hyperbolic projective algebraic
manifold N, it is sufficient to only assume that M is a compact complex space.)
Since a compact C-hyperbolic manifold N is complete hyperbolic, Hol(M, N) is
a compact complex analytic space with finitely many irreducible components
(see Kobayashi [12], Theorem 3.2 in Chap. V).

In Section 1, we obtain the following main result:

THEOREM 1. Let M be a projective algebraic manifold with universal covering
transformation group G, and let N be a compact C-hyperbolic manifold with uni-
versal covering transformation group I'. If holomorphic maps fi, fo: M—N
induces the same surjective monodromy (F)s=(Fo)x: G— I and if fi(M)N\fo(M)
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+@, then fi=f,.

In Section 2, we shall study the structure of the Douady space Hol(M, N).
In order to state our results, we fix the following notations. Let /7 : N—N be
a covering such that the Carathéodory pseudo-distance on N is actually a
distance. Denote by [I” the covering transformation group of /7 : N—N.

Let X be an irreducible component of Hol(M, N). Take the universal
covering p: X—X of X with covering transformation group H and the universal
covering 7 : M—M of M with covering transformation group G. We set

F(f, )= f(p)

for all (f, p)eXxM. Then F: XXM— N is a holomorphic map, which is
lifted to a holomorphic map F: XxM—N. Let Fy: HXG—TI be a homomor-
phism such that

Fo(h, g) = Fu(h, g)-F
for all (h, g)e HXG. We put
['=F(HxG) and N=N/I.

Since I' is a subgroup of I, the quotient space N is a complex manifold. Note
that N is not necessarily compact.

Let IT: N— N be the canonical projection, and let F: X XM— N be the
holomorphic map satisfying

Fo(p, m)=1II-F.
For any f=X, we obtain a holomorphic map f: M—N given by
FOY=E(, .
For every point peM, we define the holomorphic map p: X—N by
B =F(p)=F(f, p)

for all feX.
Now we have the following assertions :

PROPOSITION 1. For any point p&M, the holomorphic map p: X—p(M) is
c-biholomorphic.

THEOREM 2. For any fixed point fo of a component X of Hol(M, N), com-
plex spaces F(XXM) and XX fo(M) are c-biholomorphically equivalent.

THEOREM 3. For any component X of Hol(M, N),
dimX-+rank X < dimN.
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If dimX-+rankX=dimN, then XX f{(M) is biholomorphically equivalent to N,
where foeX. In particular, X and fo(M) are nonsingular, and I’ is a finite
index subgroup of I’ so that the canonical projection ,: N=N/—~N=N/T is
a surjective finite holomorphic map.

THEOREM 4. Let N be a compact complex manifold vepresented by a quotient
space Q/I" such that Q is a bounded domain in C" and I' is a fixed-point-free
discrete subgroup of Aut(Q). Let {(8) be the maximum dimension of all complex
spaces included in the boundary 02 of 2. If a holomorphic map f: M—N is of
rank>4(Q2), then f is rigid. Moreover, dimX<g(R2) for any component X of
Hol(M, N) with X=+Const, the component of Hol(M, N) whose elements are con-
stant maps.

These assertions are analogous to Noguchi’s results for the case where
N=I'\D, D is a symmetric bounded domain, and [ is a torsion-free discrete
subgroup of Aut(D) such that either /" is co-compact or an arithmetic discrete
subgroup of the identity component of Aut(D). In this case, every component
X of Hol(M, N) is smooth. However, in our case, X may have singular points.
Actually, in Section 3, using a Kodaira surface, we construct a C-hyperbolic
projective algebraic manifold N of dimension 3 such that N is not biholomor-
phically equivalent to a product of complex manifolds and such that for a certain
compact Riemann surface C the Douady space Hol(C, N) has a l-dimensional
component with singular points.

§1. Rigidity of holomorphic maps in Hol(M, N).

Let M be a projective algebraic manifold over the complex number field C.
Denote by = : M—M the universal covering of M whose covering transforma-
tion group is G.

Let N be a compact C-hyperbolic manifold. Take a covering II : N—N such
that the Carathéodory pseudo-distance on N is actually a distance. Denote by
I" the covering transformation group of IT: N—N.

For any holomorphic map f: M—N, the Monodromy Theorem implies that
there exists a holomorphic map f: M—N with for=II-f. We have the fol-
lowing commutative diagram :

. F
M N
r:lG ; Ii’il‘
M N.

This holomorphic map f is called a lift of f. Note that f is not unique,
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for we may replace 7 by fi=7,cfeg, where g,€G and r,=I. A lift Fof f
induces a group homomorphism fx: G—1I" such that

fog = Fiulg)f

for any g=G. We call f4« a monodromy of f. If a lift 7 is replaced by f,=
oo fogo, then f, induces a homomorphism ()« such that

(fl)*(g) = To°]?*(g0°g°g61)°731

for each g=G.
Now, we have the following rigidity theorem of holomorphic maps.

THEOREM 1. Let M be a projective algebraic manifold with universal cover-
ing transformation group G, and let N be a compact C-hyperbolic manifold with
covering tramsformation group I'. If holomorphic maps f., fo: M—N induces
the same surjective monodromy (f)s=(fo)x: G — I and if f1(M)N\fo(M) = @,
then fi=Ff,.

REMARK. In [Theorem 1, the surjectivity of (f;)x: G—I is necessary. For
example, take a compact Riemann surface R of genus g (=2) such that R has
a biholomorphic involution T with no fixed points. Then T acts on N,=RX
R by

T(p, ) =(T(p), T(q))

for any p, g=R. Let <T) be the subgroup of Aut(,) generated by T. Set
N=N,/{T». Then N is a 2-dimensional compact complex manifold and the
canonical projection P: Ny,—N is an unramified finite covering. Let 7w : 4—R
be the universal covering with covering transformation group G, where 4 is
the unit disc in the complex plane. Then I, = (x, n): N=4x4— N, is the
universal covering with covering transformation group /,=GXG. Let I be
the covering transformation group of I7: N—N.

Fix a point poeR and set ¢:(p)=(po, p), and @x(p)=(T(po), p) for any pe&
R. Then ¢, ¢, are distinct holomorphic maps of R into N,. Take z;, z,. € 4
with 7(z,)=p, and 7(z,)=T(p,). Then the holomorphic map ¢,: 4—N sending
z to (zq, 2) is a lift of ¢; for 7=1, 2. Moreover, they induce the same homo-
morphism X=(&;)x: G—1I, such that X(g)=(1, g) for each g&G, where 1 is the
unit of G. Since ;=G X G, the homomorphism X is not surjective.

We set fi=Pe-¢; for /=1, 2. Then @, is a lift of f, for each /=1, 2 and
X=(&1)x = ($2)x. On the other hand, f,, f, are distinct holomorphic maps R
into N and f,(R)=f.(R). Hence, this example shows that the assumption of
surjectivity of (fy)« in is necessary.

By using the following two lemmas, the proof of is reduced to
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the case where M is a projective algebraic curve, that is, a compact Riemann
surface.

LEMMA 1. Let R be a compact Riemann surface with universal covering
transformation group G, and let N be a compact C-hyperbolic manifold with
covering transformation group I'. If holomorphic maps fi, fo: R— N induce the
same monodromy (f)s=F)x: G— I' and if FL{(BNFo(B)~= D for the universal
covering surface B of R, then fi=f,.

Proor. The Uniformization Theorem for Riemann surfaces implies that
the universal covering surface R of R is biholomorphically equivalent to the
Riemann sphere €, the complex plane C, or the unit disc 4= {zeC||z|<1}. If
R is biholomorphically equivalent to € or C, then f,, . are constant maps, for
N is C-hyperbolic. Since fl(ﬁ’)ﬂfz(ﬁ’)q& @, we have f,=F,, and hence f,=f,.

Now, assume that R is biholomorphically equivalent to 4. In this case, we
can use the same method as the proof of [Theorem 1| in [6]. Take two points
z1, zo€d with Fi(z))=Fx(z2). Let X=(F)x=(Fo)x. We obtain

{ freg = 1g)" s

1) o o
Joe@ =X(g)o 2
for all geG.

Assume that f,#f, on 4. Since Nis C-hyperbolic, there exists a bounded
holomorphic function a on N such that a-fi#a-f. on 4. Then A;=a-f, and
A,=a-f, are bounded holomorphic functions on 4.

Since G is of divergence type, almost every boundary point {04 is an
angular limit point of G, that is, there exists a sequence {g,}5- of G such
that g.(z)—{ through a Stolz domain with vertex at { as n—o for each zeK,
where K is a compact subset in 4. Apply Fatou’s theorem to bounded holo-
morphic functions A,, 4,. For almost every boundary point {4, there exist
two complex numbers b,({), b,(0) such that A,(z) and Ax(z) converge uniformly
to by(0) and b,({), respectively as z— through a fixed Stolz domain with vertex
at {. Hence, for almost every boundary point {, there exists a sequence {g,}7-:
of G such that

Li_{gA1°gn(21) = bl(C);
}Hlﬁrg;;(h) = by(0).

By relation (1) and f(z,)=Fs(2:), we have b,(0)=by). Hence, A4, and A, have
the same boundary value for almost all {04, which implies A,=A4, on 4. This
contradicts A;# A4, on 4. Therefore, fi=f, on K. N

LEMMA 2. Let M be a projective algebraic manifold. For any two points
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b1, P2EM, there exists a non-singular, connected, 1-dimensional analytic subset R
of M such that R contains p, and p,, and such that R is biholomorphically equi-
valent to the Riemann sphere C or the inclusion map ¢: R <. M induces a surjective
homomorphism ¢y : w(R)—nm, (M) between the fundamental groups of R and M.

Proor. We will prove this lemma by the induction of dimension of M.
If M is of 1-dimension, then we can take R=M. Assume that M is of dimen-
sion n(=2) and embedded in a complex projective space P*(C) with k>n. We
may assume that p,#p,. Then we can take p,=[1, 0,0, ---, 0] and p,=[0, 1,
0, ---, 0] in P*C). If M contains the complex projective line L, in P*(C)
which meets p, and p,, then we take R=L,.

Now, assume that M contains no complex projective lines meeting p; and
p.. Let £ be the set of all hyperplanes H in P*(C) such that H contains p,
and p,. Then any element H of .£ is represented by an equation

Qszy+ - +apz, =0

in P¥C), where [a,, -, a,]eP*¥C). Since M does not contain L,, the in-
tersection B=MNL, consists of finite points. By Bertini’s Theorem, the in-
tersection MNH is smooth away from B for the generic element H of L. (See
Griffiths and Harris [5], p. 137.) We shall prove that MNH is also smooth at
every point of MNHNB for the generic element H of ..

Take any point x=[x,, x,, 0, ---, 0J=B. We may assume that x,%0. Then
{=zi/z, (=1, ---, k) are local coordinates at x= P*(C). There exist holomorphic
functions f; (=1, ---, k—n) defined on a neighborhood U of x=P*(C) such that
MNU={<cU|f(0)=0(=1, ---, k—n)} and det(df:/0C;):=:, jsr-» does not vanish
on U. Let frnii(Q=asls+--+al,. Then

. MNHNU ={{eU|f =0,i=1, -, k—n+1}
an

k-n+1

dEt(afi/aCj)xsi,jSk—nu = ;gz ajAj(C)»

where each 4; is a holomorphic function on U.

Since 4,_n,1=det(df:/0C;)1<i, jsk-n, the function 4,_,,, does not vanish on
U. Hence

{fas - ale o) 3 e u0 =0}

is of dimension <k—2. Therefore, MNH is smooth at x for the generic
element H of .£. This implies that M NH is non-singular for the generic ele-
ment H of .L.

Take an element H of £ such that M NH is non-singular. By Lefschetz’s
Theorem, the pair (M, MNH) is (n—1)-connected. (See Milnor [16], Theorem
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7.4, or Lamotke [15], Theorem (8.11).) Hence, MNH is connected and the
inclusion map ¢: MNHc M induces a surjection ¢4 : 7,(MNH)—x,(M) providing
that n=dimM =2. Therefore, for the generic element H of .£, the hyperplane
section M NH is a non-singular, connected, (n—1)-dimensional analytic subset

of M such that ¢x: my(MNH)—m (M) is surjective. This completes the proof
of Lemma 2. m

REMARK. This lemma is proved in Zaidenberg and Lin [22], Lemma 1,
p. 130.

LEMMA 3. Let M be a projective algebraic manifold with universal covering
transformation group G, and let N be a compact C-hyperbolic manifold with
covering transformation group I'. If holomorphic maps f,, fo: M—N induce the
same monodromy (F)s=(fo)s: G—I and fl(]\zl)f\fz(ﬁf)i @D, then fi=fs.

PrROOF. Take two points p,, ;5261\;1 with fi(p)=FP,), and set p,==(h)),
po=n(p,). Let R be a compact Riemann surface as in If R is of
genus =1, then f,, f, are constant on R. Since R contains p, and p., we have
fi=f, on R.

Now, assume that R is of genus >1. Then the inclusion map ¢: R M
induces a surjection ¢x: m(R)— m,(M). We set R=n"'(R), which is a non-
singular, connected, 1-dimensional analytic subset of M. By definition, R is
invariant under G and the quotient space R/G is biholomorphically equivalent
to R. Let m,: 4—R be the universal covering of R, where 4 is the unit disc.
Then #=m-m,: 4—R is the universal covering of R with covering transforma-
tion group H. Note that

H={h € Aut(d)|moch = gom, for some g G},

and that 7, induces a surjective homomorphism (7y)«: H—G sending h& H into
(mo)x(h)=g< G, where g is uniquely determined by the relation mych=g-m,.

Set goi:fi«n'o for /=1, 2. Then ¢;: 4— N is a lift of fiiR: R— M and
satisfies

@ioh = (F)x(mo)x(h))o s

for all heH. Let (gai)*———(fi)*°(fto)*. Holomorphic maps ¢, ¢.: 4— N induce
the same homomorphism (¢1)x, (@2)x: H— I', and ¢(d)N¢x(4) + @. Hence,
implies that f,=f, on R and f,=f, on R.

Let p be an arbitrary point on M. By we can take a non-singular,
connected, 1-dimensional analytic subset R’ of M such that R’ contains p and
b1, and such that R’ is biholomorphically equivalent to C or the inclusion map
¢: R”c, M induces a surjective homomorphism ¢x: 7, (R")—nm,(M). If R’ is of
genus <1, then f,, f, are constant on R’. Hence, fi(p)=/f1(p)=Ff(p:)=F+(D).
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Now, assume that R’ is of genus >1. Since p,€R'==x"Y(R’) and f.(p))=
Fo(P1), the same reasoning as above implies that f,= f: on R’. In particular,
fi(p)=fs(p). Since p is arbitrary, we have fi=f,on M. »

Proor oF THEOREM 1. Take two points p,, p, € M with fi(p,) = fa(ps).
Let ﬁieM such that =(p;)=p; for i=1, 2. There exists an element y,& with
Fo(Ba)=7eoF1(P). Since (f1)x: G—TI is surjective, we find an element g,=G
with Yo:(fl)*(go)- We have fz(ﬁ’z):fﬁgo(ﬁl)- Hence, fl(M)mfz(M)¢ @, and
implies that f,=/f, on M. This completes the proof of [Theorem 1.

COROLLARY 1. Let M be a projective algebraic manifold with universal
covering transformation group G, and let N be a compact C-hyperbolic manifold
with covering transformation group I'. If surjective holomorphic maps fi, f2:
M—N induce the same monodromy (F)x=(Fo)x: G—1I", then fi=f,. In particular,
if surjective holomorphic maps f,, fo: M—N are homotopic, then fi=F,.

PROOF. Let I'v=(f1)«(G) and Ny=N/I';. Let II,: N—N, be the canonical
projection. Take holomorphic maps ¢;: M—N, satisfying gpi°7r:]]0°fi for /=1,
2. Since M is compact, the Proper Mapping Theorem implies that ¢, (M) is a
compact analytic subset of N,. Since f, is surjective, dime,(M)=dimf (M )=
dimN,. Hence, ¢;(M)=N,, and N, is compact. Similarly, we have @,(M)=N,.
Then ¢, ¢.: M—N, are surjective holomorphic maps which induce the same
surjective homomorphism (f)x=(Fo)x: G—TI. By [Theorem I, we have ¢, =g,
and hence fi=f,. @&

Now, we have the following well-known finiteness Theorem of surjective
holomorphic maps of M to N. (Cf. Kalka, Shiffman and Wong [9], Kobayashi
and Ochiai [13], Noguchi and Sunada [19], and Urata [20].)

COROLLARY 2. Let M be a projective algebraic manifold, and let N be a
compact C-hyperbolic manifold. Then there exist finitely many surjective holomor-
phic maps of M to N.

PROOF. Assume that there exist infinitely many distinct surjective holomor-
phic maps {f.} 5=, of Mto N. Fix a point %,&M and take a relatively compact
fundamental set K, for I". There exists a unique lift f,: M—N of f, with
Fu(Z)eK, for each n. We may assume that fn(fo)ﬁyoeﬁ as n—oo,

Let ds be the Kobayashi pseudo-distance of M and d # the Kobayashi
pseudo-distance of N. Since N is C-hyperbolic and N=N/I" is compact, dy is
a complete distance. (See Kobayashi [12], Theorem 4.7 in Chap. 4.)

Let {gi, ---, g¢} be a finite system of generators of G. We set

0 = max d z(g.«(%o), %o).
1si<¢
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The distance decreasing property of Kobayashi pseudo-distances gives
d5(Fnegi(F0), Fulie) < du(gi(Zo), %) < 8

for all n=1, 2, ---, and 7=1, 2, ---, 4. Since dg is a complete distance on N,
the set K, is a relatively compact subset of N, and FuZ)EK, for each n, we
may assume that {f,cg:(%,)}5-, converges to a point z;€N as n—co for each
i=1,2, -, 4.

Since Nis complete hyperbolic, N is taut (see Eisenman or Kiernan [11]).
Hence, from the relation f,og:=(F»)x(g:)°f», Wwe may assume that {(F,)«(g:)}5=
converges uniformly to a holomorphic map 7, defined in N on compact subsets
of N as n—co. Therefore, H. Cartan’s Theorem implies that rieAut(ﬁ ) for
each =1, 2, ---, f(cf. Narasimhan [17], Chap. 5, [Theorem 4). Since I’ is dis-
crete, there exists a positive integer 7, such that (f,)«(g:)=7: for all #=n, and
i=1, 2, ---, 4. Hence, (fn)*z(fno)* for all n=n,. By [Corollary 1, we have

fa=/fa, for all n=n,. This is a contradiction. @

§2. The structure of Hol(M, N).

We shall study concretely the structure of the Douady space Hol(M, N) of
a projective algebraic manifold M and a compact C-hyperbolic manifold N.

Let Const be the set of all constant maps of M into N. Then Const is an
irreducible component of Hol(M, N) and it is biholomorphically equivalent to N.

Take a covering I7 : N—=N such that the Carathéodory pseudo-distance on
N is actually a distance. Denote by I' the covering transformation group of
IT: N-N.

Let X be an irreducible component of Hol(M, N) which is distinct from
Const. We may assume that X is reduced. (See Grauert and Remmert [4], pp.
20-21.) Take the universal covering p: X—X of X with covering transforma-
tion group H, and the universal covering = : M—M of M with covering trans-
formation group G. Then (p, 7): XxXM—XxM is the universal covering of
XXM with covering transformation group HXG, where HXG is the direct
product of H and G. We set

F(f, p)= f(p)

for all (f, p)eXxXM. Then F: XxXM—N is a holomorphic map, which is lifted
to a holomorphic map F: XXM — N. We obtain the following commutative
diagram :

Xx M N
(o, n)leG - le
XxM N.
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Let Fy: HXG—TI be a homomorphism such that
Fe(h, )= Fuh, g)-F
for all (h, g) € HXG. We put
I'=F(HxG) and N=N/T.

Since I" is a subgroup of I', the quotient space N is a complex manifold. Note
that N is not necessarily compact.

Let I7: N— N be the canonical projection, and let F: XXM — N be the
holomorphic map satisfying

Fo(p, z):ﬁoﬁ.
We have the following commutative diagram:

XxM N
(o, x)leG 5 nLr
XXM N.

For any f=X, we have a holomorphic map f: M—-N given by
FCY=F(f, -).
For every point p=M, we define the holomorphic map p: X—N by

b(F) = f(p) = E(f, p)
for all feX.

We fix these notations throughout this section.

Note that the Proper Mapping Theorem implies that both f(M) and pX)
are compact analytic subsets of N, and hence they are compact complex spaces.
Now we have the following lemma.

LEMMA 4. If fi, fo€ X satisfy f{(MINFo(M)# @, then fi=fs.. In par-
ticular, fi=/f,.

PrOOF. Take two poins (f,, p1) and (Fo, Ps) of Xx M such that (p, )(f1, 1)
=(f1, p) and (p, 7)(fo, B2)=(fs, po). The assumption F(f,, p)=F(f,, p,) implies
that there exists an element (hy, g,) € H X G satistying F(7,, §.) = Fulhe, go)
F(7,, p0=F(h(7), gor)). Define ¢, ¢, : M—K by

o) = F(ho(F0), B),
(D) = F(F2, B)
for any feM. Then (p)s=(¢:)x: G—I" and @u(F2)=¢,(g.(5,)). Hence, Lemma
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3 implies that ¢,=¢, on M. Therefore, E(f, )=F(f,, -)on M. m

LEMMA 5. For any point p=M, the holomorphic map p: X—N is injective.
If b1, p.=X satisfy py(X)NPpA(X)# @D, then pi=p,.

Proor. The first assertion of this Lemma is clear from Lemma 4.

The second assertion is proved as follows: Take two elements f;, f,.€X
with p,(f1)=p«(f.). Then we have ]?1(]71):]?2(]52)- By Lemma 4, we get ﬁ:]?z,
and hence p,(f,)=p.(f1). The rigidity theorem due to Borel and Narasimhan
([1], Theorem 3.6 and its remark) shows p;=p5,. B

Since X may have singular points, we extend the notion of holomorphic
maps on complex spaces after Whitney. Let X and Y be complex spaces. We
say that a map f: X—Y is continuous weakly holomorphic, or ¢-holomorphic
for short, if it is continuous on X and is holomorphic at every regular point
of X (see Whitney [21], p. 149). A map f: X—Y is said to be c-biholomorphic
if it is homeomorphic, and both f and f~! are c-holomorphic. Two complex
spaces X and Y are c-biholomorphically equivalent if there exists a c-biholomor-
phic map between them. We give a typical example of c¢-biholomorphically
equivalent complex spaces which are not biholomorphically equivalent: Let X
be the complex plane, and let Y be the complex space {(z, w)< C?|w? = z°%}.
Define the map f: X—Y by f({)=(? t*). Then f is homeomorphic and holo-
morphic. The inverse map f~* is given by f~!(z, w)=w/z, and hence it is not
holomorphic at the singular point (0, 0) of Y. Clearly f~! is ¢-holomorphic, and
X, Y are c-biholomorphically equivalent.

Now we have the following assersion.

PROPOSITION 1. For any point pEM, the holomorphic map p: X— p(M) is
c-biholomorphic.

PRrROOF. From we see that p: X—p(M) is homeomorhic. Since
p is holomorphic, it is clear that the graph of the inverse map /! is an analytic
subset of A(M)xX. Hence p7! is c-holomorphic (see Whitney [21], p. 149). m

COROLLARY. If N is a projective algebraic C-hyperbolic manifold, then any
component X of Hol(M, N) is c-btholomorphically equivalent to a projective alge-
braic variety.

Proor. Let II,: N= N/F— N = N/I' be the canonical projection. Then
e p(X) is a projective algebraic variety and I 5(X): p(X)—I e pX)is a
finite holomorphic map. Thus p(X) is also a projective algebraic variety. Hence
implies that X is c-biholomorphically equivalent to a projective
algebraic variety. W



300 Y. IMAYOSHI

PROPOSITION 2. For any two points f1, fo&X, complex spaces f,(M), f(M)
are c-biholomorphically equivalent.

PrOOF. First, we define the map @: F,(M)—/f(M) by
O(x)=fu(p), pEfTR).

This map @ is well-defined. In fact, for any p, g=f1'(x), implies
that p=¢, and so F()=Fag).

Second, we show that @ is continuous on f;(M). Assume that @ is not
continuous at x,=/f1(M). Then there exists an infinite sequence {x,} converging
to x, in £i(M) such that {@(x,)} does not converge to @(x,). We find a
neighborhood U of @(x,) in fo(M) and a subsequence {@(x,,)} such that (D(xnj)
¢U for all n,. For each n;, take a point p,,&M with fi(p.)=x.; Since M
is compact, we may assume that {p,;} converges to a point p,&M. Because
fi is continuous and {x,;} converges to x,, we have fi(po)=x,, and so O(x,)=
fo(po). By the continuity of f,, we obtain @(x,,)=/u(pn,)—/o(ps)=P(x,). This
is a contradiction.

Third, we prove that @ is c-holomorphic. It is sufficient to see that the
graph G, of @ is an analytic subset of /,(M)Xf,(M). By the definition of @,
we get . . . .

Go = {(/1(D), fo(P)) € HM)Xf(M)|p € M} .
Since fiXf2: M—F(M)XF(M) is holomorphic, and M is a compact complex
space, the Proper Mapping Theorem shows that G, is an analytic subset of
HM)X foM). ) )
Finally, we define the map ¥ : f,(M)—f,(M) by

U(y)=FA(p), pefiy).

By the same reasoning as above, we see that ¥ is a c-holomorphic map. It is
clear that ¥ is the inverse map of ¢. m

THEOREM 2. For any fixed point foX, complex spaces F(XXM) and XX
Fo(M) are c-biholomorphically equivalent.

PRrOOF. Define the map @ : XX fo(M)—F(XxM) by
O(f, x)=f(p), pefix).

This map @ is well-defined. In fact, for any p, g=f3(x), implies
that p=g, and hence f(p)=7(q).

Next, we show that @ is continuous on XX fo(M). Assume that @ is not
continuous at (f, x)eXX fo(M ). Then there exists an infinite sequence {(f,, x,)}
converging to (f, x) in XX Ffo(M) such that {®(f,, x,)} does not converge to
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@(f, x). We find a neighborhood U of ®(f, x) in F(XXM) and a subsequence
{D(fr,, x2,)} such that O(fr,; xap¢U for all n;. For each n,, take a point
pn,EM with fo(pn)=x., Since M is compact, we may assume that {pn,}
converges to a point gM. Because f, is continuous and {x, ;1 converges to x,
we have fy(¢)=x, and so O(f, x)=/(g). By the continuity of F, we obtain
D(fnj, Xn)=F(fn, pa)—F(f, =@(f, x). This is a contradiction.

In order to prove that @ is c-holomorphic, it is sufficient to see that the
graph Gy of @ is an analytic subset of X X FoM)YXF(XxM). By the definition
of @, we get

Go = {(f, fop), E(f, p)) € XX FAM)XFXXM)|f € X, p € M}.

Since idX foXF: XXM —XX fo(M)XF(XXM) is holomorphic, and X XM is a
compact complex space, the Proper Mapping Theorem shows that Gy is an
analytic subset of XX fo(M)XE(XXM).

Finally, the inverse map ¥ of @ is given by

T(y)=(f, 7p),  (f, p) € F().

By the similar reasoning as above, we see that ¥ is a c-holomorphic map and
it is the inverse map of @. m

From dim f(M), the dimension of the complex space A(M), is
independent of feX. We call dim f(M) the rank of X and denote it by rankX.

THEOREM 3. For any component X of Hol(M, N),
dimX +rankX < dimN.

If dimX+rankX=dimN, then XXf(M) is biholomorphically equivalent to N,
where f,=X. In particular, X and fo(M) are nonsingular, and I is a finite
index subgroup of I so that the canonical projection ﬁoz N=N/[-N=N/T" isa
surjective finite holomorphic map.

PROOF. implies that XX f,(M) is c-biholomorphically equivalent
to the analytic subset F(XxXM). Thus we have dimX +dim7,(X)=dimF(Xx
M)<dimN =dimN, and hence dimX+rankX<dimN.

If dimX+rankX=dimN, then we get dimF(XXM)=dimN. Thus FXxM)
is a non-empty, open and closed subset of N. Since N is a connected complex
manifold, we see that £(XXM)=N and XX fo(M) is biholomorphically equi-
valent to N. Hence both X and Fo(M) are nonsingular. Since N is a compact
chIJNlex manifold and dimN =dimN, we see that the canonical projection Jig os
N=N/[-N=N/I" is a surjective finite holomorphic map. In particular, [ is
a finite index subgroup of I. m
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This theorem also proves [Corollary 2 to [Theorem 1.

THEOREM 4. Let N be a compact complex manifold represented by a quotient
space /I such that 2 is a bounded domain in C™ and I is a fixed-point-free
discrete subgroup of Aut(2). Let §(2) be the maximum dimension of all complex
spaces included in the boundary 08 of 2. If a holomorphic map f: M— N is of
rank > (), then f is rigid. Moreover, dimX < ¢(Q) for any component X of
Hol(M, N) with X +Const.

PRrOOF. For the first assertion it is sufficient to show that dimX =0 for
any component X of Hol(M, N) which contains f. Assume that dimX > 0.
Since N is projective algebraic, Corollary to implies that X is c-
biholomorphically equivalent to a projective algebraic variety. Thus we have
a l-dimensional irreducible analytic subset R of X. Let ¢: R,—R be the nor-
malization of R. Then R, is a compact Riemann surface of genus >1. In
fact, if R, is of genus <1, then for a point p,=M, the holomorphic map p,:
X—N is constant on R, which contradicts Cemma 5. Hence the universal
covering surface of R, is the unit disc 4. Denote by H, the universal covering
transformation group of R,.

Define the holomorphic map @ : Ry XM —N by @(¢, p)=F(a(p), p)=a(p)(p)
for any (¢, p)eR,XM. Let 8=(d,, ---, &,): AxM—Q be a lift of #. From
we can take a point f,&4 so that @(-, p) is injective in a neighbor-
hood of #, for any ﬁe]\71.

Let » be the rank of f. Since @(z‘, -) is of rank r for any f=d4d, we may
assume that there exist holomorphic local coordinates z;, -+, z,, around a point
BoeM such that

det(%%—(z‘o, 130)) =0.

1sj. ksr

For any t=4 we set

~

3,
dle) = det(520, p0),_ -

Then d(t) is a bounded holomorphic function on 4.

Take a neighborhood K of #, which is relatively compact in 4. For almost
every boundary point <04, there exists a sequence {/,}5-, of H, satisfying
the following conditions :

(1) h (t)—7 through a Stolz domain with vertex at ¢ as j—oo for any tc K.

(2) D(ht), po)—L=2 as j—oo for any t=K.

(3) d(h;@))—d,sC as j—co for any teK.

(4) the sequence {5*((h]~, id)}5=1 of I' converges uniformly on compact
sets of £ to a holomorphic map T: 2—2.



Holomorphic maps of projective algebraic manifolds 303

It is proved that the range of T is contained in 02 as follows: From
conditions (2) and (4), we have

C=limd(h,(0), §u) = T- 8, b,

where (=@ is independent of teK. If T(2)¢0R, H. Cartan’s theorem (Nara-
simhan [17], [Theorem 4, p. 78) implies that T is an analytic automorphism of
Q. Thus T-®(, p,) depends on ¢ because D(t, p,) is injective in a neighborhood
of t,, We have a contradiction.

Now we define a holomorphic map A: M—060 by

A) = limB(h ko), §)= T+t 5).

Then A is of rank<¢(f2). Hence, by the assumption that 4(2)<r» and condition
(3), we obtain d,=0. This means that the bounded holomorphic function ¢ on
the unit disk 4 has boundary value 0 for almost all 7=d4. Thus d=0 on 4,
which contradicts the condition d(¢,)#0. Therefore, we have dimX=0.

In order to prove the second assertion, assume that some component X of
Hol(M, N) with X = Const satisfies dimX > 4(£2). Consider the Douady space
Hol(X, N). Take a point fo,&X. For any pM we have a holomorphic map
$: X—N. By Theorem 2 these maps p’s are parametrized by an analytic subset
fo(M) of N. Hence there exists a component ¥ of Hol(X, N) such that Y in-
cludes all 1, p, where II, is the canonical projection of N=Q/I" to N=8Q/I.
Note that dimY >0 because X#Const. On the other hand, from the
holomorphic p: X—N is injective. Thus, ITyop is of rank dimX>4(2). By the
first assertion of this theorem, I7,-p is rigid. This is a contradiction. m

§3. An example.

In Imayoshi [8], we saw some typical examples of 2-dimensional compact
C-hyperbolic manifolds N and Douady spaces Hol(M, N). In this section, using
a Kodaira surface in Kodaira [14], we construct a 3-dimensional C-hyperbolic
projective algebraic manifold N such that N is not biholomorphically equivalent
to a product of complex manifolds, and such that for a certain compact Rie-
mann surface C the Douady space Hol(C, N) has a 1-dimensional component
with singular points.

Fix a complex torus 7T, i.e., a compact Riemann surface of genus 1. Note
that a torus has the canonical additive group structure. Construct a 2-sheeted
ramified covering mp,: Ry—T so that mg, is ramified over two points ¢, t,ET.
By Riemann-Hurwitz relation, R, is a compact Riemann surface of genus 2.
After Kas [10], Example 1, let us construct a Kodaira surface M as follows:
Let R be a compact Riemann surface of genus 3 such that R is a 2-sheeted
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unramified covering of R, with covering projection mgz. Taking a certain com-
pact Riemann surface S of genus 9, which is a 4-sheeted unramified covering
surface of R, we can construct a Kodaira surface M. This 2-dimensional
compact complex manifold M has a holomorphic map @ : M —S X R which makes
M an r-sheeted cyclic branched covering of SXR such that Ps=P, <@ : M—S
and Pg=P,-®: M—S are both non-trivial regularly fibered surfaces, where P,
and P, are the projections of S X R onto the first and second factors, respectively.
We have the following commutative diagram:

/l\

«—— SXR ———>R

Hence, the universal covering space M is biholomorphically equivalent to a
bounded domain in C?% and so M is a C-hyperbolic projective algebraic manifold.
Moreover, M is biholomorphically equivalent to neither a 2-dimensional polydisc
nor a 2-dimensiona1 strongly pseudoconvex domain (see Imayoshi [7],
1 to [Theorem 1, and Theorems 2, 3).

Now we take a 2-sheeted ramified covering 74: A—T which ramified over

teT, =1, -+, 2m. We also construct a 3-sheeted ramified covering zz: B—T
such that zp is ramified over t{ T, k=1, ---, 2n and these branch numbers are

all 2. We may assume that {fj—/|1<7<2m, 1<k<2n} does not meet {t;, :}.
We set
p———TL'R °7TR°PR M—>T

Il =rn,—ny: AXB—>T,
={(a, b, p) € AXBXM|ma)—npb)= p(p)}.

We shall see that N satisfies the following assertions :

(1) N is a 3-dimensional C-hyperbolic projective algebraic manifold.

(2) N is not biholomorphically equivalent to a product of complex manifolds.

(3) N contains a submanifold which is biholomorphically equivalent to a
product of Riemann surfaces.

(4) There exists a compact Riemann surface C such that Hol(C, N) has a
1-dimensional irreducible component with singular points.

In order to prove assertion (1), we consider a compact analytic subset of
AXBXR defined by

= {(a, b, x) € AXBXR|m4(a)—7npb) = wgoar(x)}.

Since wp,°7r, 74, and mp are ramified over {t, t.}, {tj}3%, and {¢/}}Z,, respec-
tively, the analytic subset Z is non-singular. We see that Z is connected as
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follows: Take any points (a,, bo, xo), (a1, by, x,)E€Z. Since AX B is connected,
we have a continuous curve C,: [0, 1]>AX B with Cy(0)=(a,, b,), Co(1)=(a,, b,).
Then D,=II-C, is a continuous curve on 7. Thus we find a continuous curve
E, on R with Dy=ngemr-E,. Consequently, we obtain a continuous curve Fy,
on Z defined by F,(t)=(C,(), E«t)). Therefore, Z is connected, and hence it
is a 2-dimensional compact complex manifold.

By the same reasoning as the case of Z, the compact analytic subset N of
AXBXM is non-singular. We define a holomorphic map ¥ : N—Z by

¥(a, b, p)=(a, b, Pr(p))

for all (a, b, p)&N. It is easy to see that ¥ is of rank 2 at every point of N
because Pz is of rank 1 at an arbitrary point of M, and 7z *%g, 7,4, 75 are ramified
over {t, t,}, {t}}%™, {t¢}i*,, respectively. For every (a, b, x) € Z the fiber
U-Ya, b, x) of ¥ over (a, b, x) is biholomorphically equivalent to the fiber
Pz'(x) of Pz over x&R. In particular, every fiber ¥ '(a, b, x) is non-singular
and connected. Hence N is connected and is a complex manifold. Since AX
BxM is a C-hyperbolic projective algebraic manifold, its submanifold N is also
C-hyperbolic projective algebraic.

Let us prove assertion (2). Assume that there exists a biholomorphic map
F: Ny;xN,—N, where N, is a compact Riemann surface and N, is a 2-dimen-
sional compact complex manifold. Let P,, Pz, Py be projections of NC AX
BxXM to A, B, M, respectively. We put Fy= Ps°F, Fg= Pg-F, Fyy=Py-F. 1t
is seen that Fy(-, ¢.): N, — M is constant for every ¢, € N,. In fact, suppose
that Fy(-, ¢:): N;—M is non-constant for some g; & N,. Then Fy(:, ¢2): N1 —
M is non-constant for every ¢,N,. From Imayoshi [6], Theorem 9, the set
{Fy(-, g2)|g:=N,} is finite. Thus we get dimFy(N;XN,)=1, which contradicts
Fy is surjective. We see that Fu(-, ¢.): N;— A is constant for every ¢, N
or Fg(-, g;): N;—B is constant for every ¢.=N,. In fact, assume that Fu(:, g2):
N,—A is non-constant for some gj<N, and Fg(-, g»): N,— B is nonconstant for
some ¢4<N,. Then both Fu(-, ¢;): N;—A and Fg(-, g»): N;,—B are non-constant
for every ¢.=N,. By de Franchis’ theorem (see, for example Imayoshi [6],
Theorem 2), the sets {Fa(-, ¢2)|g2=N,} and {Fg(-, ¢2)|g.=N,} are finite. Hence
we obtain dimF X Fg(N, X N,)=1, which contradicts FsX Fg is surjective. Thus
we may assume that Fu(-, ¢,): N, — A is constant for every ¢.=N,. Then by
the relation 7z e Fu(-, g:)—7mp° Fp(-, g2) = p° Fy(-, g») on N, we conclude that
Fy(-, g2) is also constant. This is a contradiction.

Now we see assertion (3). By Sard’s theorem, we can find a point t,&T
such that the analytic subset I7-!(t,)={(a, b)| w4(a)—ms(b)=t,} of AXB is non-
singular. Let D be a connected component of II-!(¢,). Take a point x,&R
with ty=mgomr(x,). We set C=Pg'(x,). It is easy to show that DXC is a
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2-dimensional complex submanifold of N.

Finally we show assertion (4). Take a point x,=R. We set C=Pz'(x,)
and t, = mpemwr(x,) € T. Let D be an irreducible component of the analytic
subset I1-(t,) of AXB. Then we see that the Douady space Hol(C, N) has an
irreducible component X given by

X={fwwn!fwwn: C—N,(a, b) €D},

where f(,.5 defined by f..5(p)=(a, b, p) for any p=C. In fact, let Y be an
irreducible component of Hol(C, N) with XCY. Take any element f€Y. For
any (a, b)es AX B the holomorphic map Pycf(.»=id on C. Thus Py-f is non-
constant, and so Py°f=Py°f@.»n=Iid on C by de Franchis’ theorem. Since the
holomorphic map Psof (4.5 : C—A is constant map with value a, the holomor-
phic map P4 f: C—A is also constant. Similarly, Pzef: C—B is also constant.
Hence f is contained in X, and YCX. Thus X is an irreducible component
of Hol(C, N). It is seen that X is biholomorphically equivalent to D as follows:
By the universality property of Hol(C, N), the holomorphic map of DXC into
N sending (a, b, p) to (a, b, p) induces the bijective holomorphic map G: D —
X CcHol(C, N) given by G(a, b) = f.». The inverse map G™': X—D of G
with G™*(f(q.5»)=(a, b) is also holomorphic because for a fixed p,=C the map
of X into N sending f(a.5 iNto fa.n(po)=(a, b, po) is holomorphic, and so is
the map of X to D sending f(.» into (a, b). Thus G gives a biholomorphic
map between X and D.

If we choose #{, t4=T with {;=t% and t,=0<T, the D has a singular point
as same as the singular point (0, 0) of the analytic subset {(z, w)eC?| w?=2z%}.
Therefore, X has a singular point.
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