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1. Introduction.

In this paper we study smooth maps f: M"—NP? of n-manifolds into p-
manifolds (n=p) having only fold singular points and find some obstructions to
the existence of such maps. In [I5], Thom showed that, for generic maps
f: M*~R*n=2), the number of cusp singular points has the same parity as
the euler number of M™ (see also [7]); in particular, there are no smooth maps
f: M"—R? having only fold singular points if the euler number of M™" is odd.
Thom also showed that if n—p-+1 is odd and the (n—p+2)-th Stiefel-Whitney
class of M™ is non-zero, then there are no smooth maps f: M"—R? having
only fold singular points. Our main results of this paper are some generaliza-
tions of Thom’s results.

In §3, we shall show the following.

THEOREM 1. Let M™ be a closed manifold with odd euler number and NP an
even-dimensional manifold with w,-«(N?)=0 and wp(N?)=0 (n=p=2), where
wi(N?)e HY(N?; Z/2Z) denotes the i-th Stiefel-Whitney class of N?. Then there
exist no smooth maps f: M™—N? having only fold singular points.

THEOREM 2. Let N? be a stably parallelizable manifold. Suppose that n—
p+1(=1) is odd and that w,(M™)+0 for some i=Zn—p+2. Then there exist no
smooth maps f: M"—>NP having only fold singular points.

Theorems 1 and 2 are consequences of a more general result (Proposition
3.2), which we shall prove by directly constructing a certain bundle map ¢:
TM"Pe'—->T NP, where &' is the trivial line bundle over M*. Unfortunately,
Theorems 1 and 2 do not hold if n—p+1 is even. In fact, we shall give an
explicit example of a smooth map f: M*—R* with only fold singular points
such that M* has odd euler number (Example 3.7). However, if we restrict
ourselves to simple maps, we have the following.

THEOREM 3. Let M™ be a closed orientable manifold with odd euler number
and NP an orientable manifold with w,-y(N?)=0 and w,(N?)=0(n=p=2). Then
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there exist no simple smooth maps f: M™ NP having only fold singular points.

Recall that a smooth map f: M"—N? having only fold singular points is
simple if every component of the fiber f-'(¢) contains at most one singular
point (Yg=N?) (see also §3). Simple maps have the property that their Stein
factorizations ([8]) are easy to handle.

In §2, we shall show the following, which shows us that there do exist
some obstructions even if n—p+1 is even and the maps are non-simple.

THEOREM 4. Let M* be a smooth closed 4-manifold such that H (M*; Z)=
H(CP?; Z). Then there exist no smooth maps f: M*—R* having only fold
singular points.

We shall prove [Theorem 4, using a result of Sakuma [12], which is peculiar
to 4-dimensions.

Here we note that in this paper we are concerned with necessary conditions
for the existence of a smooth map with only fold singular points and that we
do not touch on sufficient conditions. For this problem, see [6, 2, 3], in which
it is shown that if the euler number of M™ is even, then it admits a smooth
map into R? with only fold singular points. See also the literatures cited in
the remark in [4, §1].

Throughout the paper, all manifolds, fiber bundles and maps are differen-
tiable of class C= unless otherwise indicated. All manifolds are paracompact
and Hausdorff.

The author wishes to express his sincere gratitude to Kazuhiro Sakuma for
many helpful discussions.

2. Normal bundles of fold components.

Let f: M*~N? be a smooth map, where M" and N? are n- and p-di-
mensional manifolds without boundary respectively (n=p). We denote by S(f)
the set of the singular points of f and call it the singular set of f. A point
geS(f) is called a fold singular point (or a fold point) if there exist local coor-
dinates (x;, ---, x,) centered at ¢ and (yi, -+, ¥,) centered at f(g) such that f
has the form:

yiof =2  (G=p-1)
Ypof = —x5— o —Xppa1+xpa+ - +x2

for some A (0<A<n—p-+1), which is called the sndex of g. (Note that the index
is well-defined if we consider that 4 and (n—p-+1)—A4 represent the same index.)
If, in addition, 2=0 or n—p+1, we call ¢ a definite fold point; otherwise, we
call ¢ an indefinite fold poini. We set S,(f)={definite fold points of f} and
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Si(f)={indefinite fold points of f}. We say that a component S of S(f) is a
fold component if all the points in S are fold singular points. Note that a fold
component also has its own index if we consider that 1 and (n—p-+1)—2 re-
present the same index. Note also that a fold component S is a (p—1)-di-
mensional submanifold of M?"™ and that f|S: S—N? is always an immersion.
Furthermore, note that if f is stable, f|S4(f)US;(f) is an immersion with
normal crossings.

Let S be a fold component of a smooth map f: M*—N”. We define the
normal bundle u(fs) of the immersion fs=f|S: S—N? so that the following
sequence of vector bundles over S is exact:

)
00— TS —> fTN? — yu(fs)—> 0,
where 7: TS—f$TN? is the canonical inclusion. Note that u(fs) is a line

bundle over S. When u(fs) is trivial, a specific trivialization u(fs):S X R is
called an orientation of v(fs) and if an orientation is given we say that »(fs)
is oriented. Note that if v(fg) is trivial it has exactly two orientations. Fur-
thermore, »(fs) is trivial if and only if w,(W(fs)€HXS; Z/2Z)) vanishes.
When v(fs) is oriented, the index A of S is a well-defined integer.

Our purpose of this section is to study the structure of the normal bundle
v(S) of a fold component S in M™ and to prove as an application.

In this paper, we adopt the convention that the index of a quadratic func-
tion is the number of its negative eigenvalues.

LEMMA 2.1. Let S be a fold component of a smooth map f: M"— NP,
Then we have a smooth map d2f : v(S)—v(fs) such that n,odif=m, and that
A2 flv(S) 1 v(S)—v(fs) is a quadratic function of index A for Yq=S, where w,:
w(S)—>S and m,: v(fs)—S are the bundle projections, v(S)=n7(q), v(fs)=
73 (g = R) and A is the index of S with respect to f.

Proor. For Yg&S, we have a well-defined quadratic map d%f,: Ker(df,)—
Coker (dfy)([1]). We see easily that Ker(df,) and Coker(df,) are canonically
identified with v,(S) and v, (fs) respectively. Hence, we have a smooth well-
defined fiber-wise quadratic map d*f : v(S)—v(fs). Furthermore we see easily
that the index of the quadratic function d*f, agrees with the index of ¢ with
respect to f, using the definition of a fold singular point. [

LEMMA 2.2. Let S be a fold component of a smooth map f: M*— NP, If
v(fs) is non-trivial, then we have 22=n—p-+1, where A is the index of S.

ProoF. Take a point ¢=S. Since v(fs) is non-trivial, we see that d*f,o¢
=a-d’f, for some linear isomorphism ¢ : v,(S)—v(S) and for some a<0. Hence,
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d*f, and —d?f, have the same index with respect to a fixed isomorphism
vq(fs)iR. Thus we have A=n—p+1—4. O
One of the main results of this section is the following observation.

PROPOSITION 2.3. Let f: M®N? (n>p) be a smooth map and S a fold
component of f of index A (0<A<n—p+1). Then the structure group of the
normal bundle v(S) of S in M™ can be reduced to
{ OAXO0n—p+1-2) 22 # n—p+1)

{OQXOINZ/2Z 22=n—p+1)

(GCO(n—p+1)), where we identify O() with

{(P 0 ) € O(n—p+1); P O(z)}

0 1n—p+1—x

and O(n—p+1—2) with

{(§ o) = 0m=p+D; Q€ 0tn—p+1-2},

and {OQDXOAYRZ/2Z is the subgroup of OQR) generated by O(A)XO(R) and

0 I
<I;_ 0'2

(1,€0(k) is the identity matrix).

) = 0(22)

PrOOF. First, we consider the case 24#n—p+1. Then by Lemma 2.2,
v(fs) is trivial. We fix an orientation of u(fs). Then by we see
that there exists a smooth map »(S)—R such that on each fiber v, (S)(¢=S) it
is a quadratic function of index 2. Thus, we see that the structure group of
y(S) is reduced to

O, n—p+1-2)={pc GLn—p+1); Qico=Q;},

where Q;: R*"?*'-R is the quadratic function of index A defined by Q, (x4, ---,
Xn-pi)=—xi— «+ —x3+ 1%+ - +x%_,41. It is known that the maximal com-
pact subgroup of O(4, n—p+1—2) is OA)XO(n—p+1—A)=G. Thus the struc-
ture group of u(S) reduces to G.

When 24=n-—p-+1, by a similar argument, we see that the structure group
of ¥(S) is reduced to

G'={pe GL(n—p+1); Qi°o¢ =aQ, for some ¢ € R—{0}}.

It is easily seen that G’ = (01, A)NZ/2Z)XR,, where R, = {a = R; a>0}.
Furthermore, we can show that the maximal compact subgroup of G’ is G=
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{O(A)XO)}XZ/2Z. Thus the structure group of u(S) reduces to G. [J

REMARK 2.4. Existence of a reduction of the structure group of a k-plane
bundle vy to O(4)XO(k—A) is equivalent to the existence of a A-plane field on

v ([14]).

Next we confine ourselves to the case where n—p+1=2. For »=2, set C,=
{exp(@nv/—1/r)k)eC; k= Z}CU(1)=S0(2), which is a cyclic group of order r.

LEMMA 2.5, Let §: E— X be a 2-plane bundle whose structure group is
reduced to C,CSOQ). If H¥X; Z) has no r-torsion, then & is trivial as a
vector bundle.

Proor. Let BC, and BSO(2) be the classifying spaces of C,-bundles and
SO(2)-bundles respectively. We have a canonical map ¢: BC,— BS0O(2). Let
as: X— BSO(2) be the classifying map of § Then by the hypothesis, a;
factors through ¢; i.e., ag=¢-B; for some B.: X— BC,(=denotes a homotopy).
Let ee H¥(BSO(2); Z)=Z be the generator. Then the euler class e(g) of £ is
equal to B¥ec*(e). On the other hand, it is known that H*BC.; Z)=C,.
Hence re(§)=B#(rc*(e))=0. Since H*(X; Z) has no r-torsion, we have ¢(&)=0,
which implies that & is a trivial 2-plane bundle. O

PROPOSITION 2.6. Let f: M"—>N"" be a smooth map with M?™ orientable
and S a fold component of f of index 1.

(1) If S is orientable and H*S; Z) has no 4-torsion, then the normal bundle
v(S) of S in M™ is trivial.

() If S is non-orientable, let w: S—S be the orientation double cover and
suppose H¥S: Z) has no 4-torsion. Then the induced bundle w*u(S) over S is
trivial.

Proor. First we consider (1). Since S and M™ are orientable, we see
that the normal bundle »(S) of S in M™ is also orientable; i.e., its structure
group is reduced to SO(2). Hence, by [Proposition 2.3, the structure group of
v(S) is reduced to SORN{(O)XO1)xZ/2Z}=C,. Then, by [Lemma 2.5,
v(S) is trivial. We can prove (2) in a similar way. [

In particular, for f: M*—N°®, we have the following.

COROLLARY 2.7. Let f: M*—N?® be a smooth map with M* oriented and S
a compact fold component of f of index 1. Then the self intersection number
S-S of S in M* vanishes.

Proor. If S is orientable, the result is obvious by [Proposition 2.6, since
H¥S:; Z)=Z. When S is non-orientable, let @: S—S be the orientation double
cover. Then we have S-S=(1/2)S-S, where §-S is the self intersection number
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of the zero section of @*u(S)—S in w*u(S) which is oriented by the pull back
of that of »(S). By [Proposition 2.6, we have S-5=0, since H¥S; Z)=Z. O

Now we prove in the introduction. Let M* be a closed 4-
manifold with Hy(M*; Z)=H(CP?; Z) and suppose f: M*‘—R® is a smooth
map with only fold singular points. We have S(f)=Sq(f)US(f), where Sq(f)
is the set of the definite fold points (index 0 or 2) and S,(f) is the set of the
indefinite fold points (index 1). Note that S,(f) and S,(f) are (possibly dis-
connected) closed 2-manifolds smoothly embedded in M*. Note also that M* is
orientable, since H,(M*; Z)=Z. We orient M* arbitrarily. Then by [Corollary]
2.7, we have S;(f)-Si(f)=0. Furthermore, since H,(M*; Z)=H,(CP?; Z)=0,
we have o(M*)=—S(f)-S(f)(mod4) by Sakuma [12], where o¢(M*) denotes the
signature of M* Since S(f)-S(f)=Sa(f)-Sa(f)+S:(f)-Si(f), we have Su(f)-
Sa(f)=—0o(M*)(mod4). Furthermore, since H,(M*; Z)= H,(CP?; Z)=Z, the
intersection form of M* is represented by the matrix (¢), where e=+1(=c(M?)).

LEMMA 2.8. Su(f) is an orientable 2-manifold.

PrOOF. Let S be a component of Sy(f). Then by Lemma 2.2, the normal
bundle »(fs) of the immersion fg=f|S: S—R*® is trivial. Since R?® is orien-
table, so is S. O

Thus the homology class [Sq(f)] represented by Su(f) is an element of
H,(M*; Z). Let [Su(f)]=I&, where EH,(M*; Z)(=Z) is a generator and /=
Z. Then we have Sy (f)-Sq(f)=0%6-£=¢l®. Hence we have e/*=—g(mod4),
which implies [2=-—1(mod4). However this equation has no integer solutions,
which is a contradiction. This completes the proof of [Theorem 4.

As a consequence of [Theorem 4, we deduce an interesting result concerning
stable maps f: M*—>R3. Let f: M*-R? be a stable map. Then it is known
that for Yg=S(f) there exist local coordinates (x,, x;, x5, x4) centered at ¢ and
(y1, vs, vs) centered at f(g) such that f has the form:

yof =x¢  (@=1,2)
k-1 .
Yoo f = 2574 B xexyT R XL
2

for some k(k=1, 2, 3)([15, 10]). Such a point ¢ is called a singular point of
Ag-type. Moreover, the singular point ¢ is called a fold singular point if £=1,
a cusp singular point if k=2, and a swallow tail if k=3. Let A,(f) be the set
of the singular points of f of A,-type. Then it is easily checked that A.(f)
are submanifolds of M* of dimension 3—%. We also note that since the dimen-
sion pair (4, 3) is nice in the sense of Mather [9], the set of the stable maps
are dense in the space C~(M*, N?) of the smooth proper maps M*—N?.
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COROLLARY 2.9. Let M* be a smooth closed 4-manifold such that H(M*; Z)
=H(CP?; Z). Then every stable map f: M*—R?® has cusp singular points.

PROOF OF COROLLARY 2.9. It is well-known that A.(f)=UissA:i(f). Now
suppose that f has no cusp points; i.e., Ax(f)=@. Then we have @=A,(f)=
A(f)JAf). Thus f has no swallow tails, either. Hence, f has only fold
points as its singularities. This contradicts [Theorem 4. [J

REMARK 2.10. Using [Corollary 2.9, we see easily that a stable map f:
M*—-N?® always has definite fold points, indefinite fold points and cusp singular

points if M* is as in [Corollary 2.9 and N3 is an open orientable 3-manifold.
Note that every open orientable 3-manifold can be immersed into R®([16]).

COROLLARY 2.11. Let M* be a 4-manifold as in Theorem 4. Then there
exist no smooth maps f: M*—>RP (2 p<4) with only fold singular points.

PrROOF. For p=3, this is a consequence of [Theorem 4. For p=4, this is
proved using a result of Eliasberg [2] (see also [11]) and the fact that M* is
not stably parallelizable. For p=2, the result follows from [15, 7], since the
euler number of M* is odd. [

REMARK 2.12. A smooth map f: M"—R* with only fold singular points is
a Morse function; thus, such maps as in |Corollary 2.11| always exist for p=1.

REMARK 2.13. Every closed orientable 3-manifold admits smooth maps into
R?(1<p<3) with only fold singular points ([2, 6]).

3. Maps having only fold singular points.

In this section, we consider smooth maps f: M"—N?(n=p) all of whose
singularities are fold singular points. This type of maps has been investigated
in some detail by Fukuda [4], who studied the relationships between the euler
numbers of M™ and S(f) and between their Stiefel-Whitney classes, in the case
where N?=R?, Here, we study from a point of view different from Fukuda’s.

LEMMA 3.1. Let f: M">NP?(n=p) be a smooth map having only fold
singular points. If the mormal bundle of the immersion f|S(f): S(f)—N? is
trivial, the (n+1)-plane bundle TM™De' is isomorphic to f*TNPPy for some
(n—p-+1)-plane bundle 5 over M™, where &' is the trivial line bundle over M™.

PrROOF. We construct a fiber-wise surjective linear map ¢ : TM"He'—>TN?
such that the diagram
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TM*@et —2— > TN»

L,k

M» ——— > NP

commutes, where = and #’ are the bundle projections. By the hypothesis, the
normal bundle of the immersion f|S(f) is trivial. We orient it arbitrarily.
For ¢=S(f), there exist an open neighborhood U, in M™ of ¢ and a smooth
map ¢,: U;—~TNP such that n’¢p;=f |U, and that ¢(x)=T s, N? is a non-zero
vector normal to df.(T.(S(f))) consistent with the orientation chosen above
(Yx=S(f)NU,). Using ¢,(g=S(f)) and the partition of unity, we can construct
a smooth map ¢: M"—TN? such that z’-d=f and ¢(x)e&df.(T(S(f))) for
YxS(f). Then define ¢: TM*@e'—>TN? by ¢(v, (x, a))=df .(v)+ad(x), where
veT M", xeM" and a=R. Then ¢ is the desired fiber-wise surjective linear
map. Then ¢ induces a fiber-wise surjective linear map ¢: TM"Pe'—f*TN?
such that z”-=m, where z”: f*TNP?—M" is the bundle projection. Define
the (n—p—+1)-plane bundle 7 over M™ by np=Ker@. Then it is easy to see
that TM"@Pe'=f*TN?Dy. O

PROPOSITION 3.2. Let f: M"—>NP?(n=p) be as in Lemma 3.1. If w,(N?)
=00Yi=k) for some k(k<p), then we have w;(M™)=0("j=(n—p+1)+k).

ProOF. By [Lemma 3.1, we have
n+1
wiM™) = w{TM"Pe') = 2_‘6 Fr*w (NPYUw;-(n),

where % is an (n—p+1)-plane bundle as in Lemma 3.1. When /=k, we have
f*w,(N?)=0 by our hypothesis. When [/<k and j=(n—p+1)+%, we have
j—Ii>n—p+1; hence, w;_(9)=0. We have, therefore, w,(M")=0 for Y;=
(n—p+L)+k. O

REMARK 3.3. By [15], we have [S(f)]*=wn,-,+:1() in [Proposition 3.2,
where [S(f)]* is the Poincaré dual of the homology class [S(f)]€H,-(M";
Z/2Z) represented by S(f). In particular, if N? is stably parallelizable, we have
Wn-par(M™)=[S()]*

Now we prove in the introduction. Suppose f: M"—N? is a
smooth map with only fold singular points. Since n—p-+1 is odd, the normal
bundle of the immersion f|S(f) is trivial by Lemma 2.2. Hence, by
3.2, we have w,(M™)=0("j=n—p-+2). This is a contradiction. This completes
the proof of [Theorem 2.

Here we note that, for N?=R? can also be deduced using Theo-
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rem 2(b) in and Lemma 2.2,

COROLLARY 3.4. Let f: M">N?(n=p=2) be a smooth map having only
fold singular points. If w,-1(N?)=0, w,(N?)=0 and M™ is a closed manifold
with odd euler number, then the normal bundle of the immersion f|S(f) is non-
trivial. In particular, if NP is orientable, S(f) is non-orientable.

PrOOF. If the normal bundle of the immersion f|S(f) is trivial, then by
[Proposition 3.2 we have w,(M"*)=0. Hence we have

IM™) = w,(M™), [M™]> =0 (mod?2),

where X(M™) denotes the euler number of M™®. This contradicts our hypothesis.
O

REMARK 3.5. If N?=R?, is a result of Sakuma [12], who
showed it using results of [4].

REMARK 3.6. In the situation of [Corollary 3.4, n must be even, since M™
is a closed manifold of odd euler number, and p must be odd, since n—p+1

is odd (cf. Cemma 2.2).

Now we prove in the introduction. Since M™ is a closed manifold
with odd euler number, n=dim M™ must be even. Thus, n—p+1is odd. Sup-
pose f: M"-NP? is a smooth map with only fold singular points. Then by
the normal bundle of the immersion f|S(f) is trivial. This con-
tradicts [Corollary 3.4, This completes the proof of [Theorem 1.

Here we note that, for N?=R?, can also be deduced using
[Theorem 2 (a) of [4] and Lemma 2.2.

A smooth map as in does exist. We give an example as

follows.
ExaMPLE 3.7. Let h: RP*—R be the Morse function defined by

xz_yz

where [x: y: z] denotes the homogeneous coordinate of RP?. The function A
has exactly 3 critical points [0:1:03,[0:0:1] and [1:0:0] with indices 0, 1
and 2 respectively. Let 7: RP*—RP*? be the involution defined by r([x: y: z])
=[y: x: z]. Note that hey=—h and that 7([0: 0: 1])=[0: 0: 1] and 7([0:
1: 0])=[1: 0: 0]. Then define another involution a: S®XRP*—S*X RP? by
alu, v)=(—u, 1)), where —u<S? is the antipodal point of u=S?% Since «a is
fixed point free, the quotient space M*=S*X RP?/a is a closed (non-orientable)
4-manifold (in fact, M* is an RP?-bundle over RP?). Furthermore, let §8:
S?X R—S?*X R be the involution defined by B(u, a)=(—u, —a). Then the quo-

hlx: y: z]) =
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tient space y(RP*)=S*}XR/B is a line bundle over RP? which is orientable as
an open 3-manifold. Since the diagram

S'x RP? idXh

S*X R

a B8
idXh
S?!X RP? —— > S’XR
commutes, we have a smooth map g: M*—y(RP? induced by idxh. Fur-
thermore, since v(RP?) is an open orientable 3-manifold, there exists ‘an im-
mersion 7: y(RP?)—R®([16]). Then define the smooth map f: M*—R® by
f=m-g. Then it is easily seen that all the singularities of f are fold points
and that X(M*)=(1/2)X(S*x RP*)=1. In fact, S(f) consists of two components
Sa(f) and S;(f), where Sq(f)=S? is the set of the definite fold points and
S:{(f)=RP? is the set of the indefinite fold points.

Example 3.7 shows that Theorems 1 and 2 do not hold if n—p+1 is even
in general.

DEFINITION 3.8[8]. Let f: M*—>N?(n=p) be a smooth map with only
fold singular points. A point ¢=S(f) is said to be simple if the component of
f~1(f(q)) containing ¢ intersects S(f) only at ¢. Furthermore, f is said to be
simple if all its singularities are simple.

For example, the map of Example 3.7 is simple. Note that if f is stable,
f1S(f) is an immersion with normal crossings. Hence, the non-simple points
are contained in a locally finite union of codimension 1 submanifolds of S(f).
In particular, if f|S(f) is an embedding, f is simple. We also note that a
smooth map f: M"—>N?(n=p) all of whose singularities are definite fold points
is simple. Such a map is called a special generic map (see, for example, [11]).

An important property of simple maps is that their Stein factorizations
([81]) are quite simple (see the proof of the following proposition), which enables
us to study their global topology.

The following proposition shows that it is difficult to construct an example
as in Example 3.7 with M* orientable.

PROPOSITION 3.9. Let f: M*>N?(n=p) be a proper smooth map with only
fold singular points. If f is simple, NP is orientable, and S(f) is non-orientable,
then M™ is non-orientable.

PROOF. Suppose M™ is orientable and let SCS(f) be a non-orientable com-
ponent of S(f). Let g,: M"—W, be the Stein factorization of f ([8]): i.e.,
for ¢, ¢’eM"™ we define g~q’ if f(¢)=f(¢’) and ¢ and ¢’ belong to the same
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connected component of f~'(f(¢)=f"'(f(¢')), and let ¢,: M">W ,=M"/~ be
the quotient map. Note that W,—q,(S(f)) admits a natural structure of a
p-manifold. Furthemore, since f is simple, ¢,|S(f) is an embedding and the
regular neighborhood N(2X) of ¥=¢q/(S) in W, is homeomorphic to an I-bundle
over Y or a Y-bundle over 3, where I=[—1, 1]and Y ={rexp((2xv—1/3)k)=
C; 0<r<1, k=0, 1, 2} (see [8]). (Note that treats only the case p=2;
however, the same argument works for general p.) Let n’: N(X)—2 be the
bundle projection. Set X=¢7'(N(2)), which is an orientable #z-manifold with
boundary. Then z: X—2X defined by w==n’-¢,;|X is a fiber bundle over X
with fiber T, where T is the transverse manifold at g=S{dimT=n—p-+1); i.e.,
T is the component of f~!(J) containing ¢, where J is a sufficiently small arc
embedded in N? which passes through f(¢) and is transverse to dfy(T(S(f)))
(see [8, p. 91). Note that 0T consists of two components 0., T and 0-T and that
there exists a Morse function g: T—R with g(T)=[—1, 1], g (—1)=0.T, g7'(1)
=0,T such that it has exactly one critical point. Take a smoothly embedded
simple closed curve C in X which is orientation reversing and set V=zn"1(C).
Then |V : V—C is a T-bundle over C(=S'). Since X is orientable, T is
orientable. Furthermore, the normal bundle of C in 2 is non-orientable, which
implies that the normal bundle of V in X is non-orientable. Hence, V is non-
orientable. Let 7: T—T be the geometric monodromy of the bundle = |V ; i.e.,
7 is a diffeomorphism such that V=T X[0, 11/(x, 1)~(7(x), 0). Since V is non-
orientable, 7 is orientation reversing. In particular we have o¢(T)=0. Fur-
thermore since the normal bundle of the immersion f|S restricted to ¢7'(C) is
non-trivial, we see that 7(0,7)=0-T and 7(0-T)=0.T. Set Z=TU,0-T X[—1, 1],
where the diffeomorphism ¢: 0-T X {+1}—dT is defined by ¢|0-T X {—1}=id:
0-Tx{—1}—0-T and ¢|0-Tx{1}=r|0-T: 8-Tx{1}—0.T. Then Z is a closed
orientable (n—p-+1)-manifold. We have X(Z)=X(T)+X0-T)—{X(0-T)+X(0.T)}.
By the existence of the Morse function g: T— R with exactly one critical point,
we have XWT)=%0-T)x1. Hence we have X(Z)= *1. Furthermore, by the
Novikov additivity, we have o(Z)=0d(T)+0(0@0_-TX[—1,1])=0. (Note that
dimT=n—p+1 is even by Lemma 2.2.) However, there exist no closed orien-
table manifolds Z with X(Z) odd and ¢(Z) even by the Poincaré duality, which
is a contradiction. This completes the proof. [

Now we prove in the introduction. Suppose f: M"—N? is a
simple map. Then by [Proposition 3.9, S(f) is orientable. Thus the normal

bundle of the immersion f|S(f) is trivial. This contradicts [Corollary 3.4. This
completes the proof of [Theorem 3.

Example 3.7 shows that does not hold for non-orientable mani-
folds M™ in general.

In Proposition 3.9, the hypothesis that f be simple is essential as the fol-
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lowing example shows.

~ ~ a3

AT TN
-/\w\ 5u=0 i;u__o__
™~ h,=—1 hu=~1"]
N~ NN\
u<0 u=0 u>0

Levels of A,

Figure 1.

ExAMPLE 3.10. We construct a smooth map f: M*—R? with M* closed
and orientable and S(f) non-orientable such that f has only fold points as its
singularities. Let T, be the torus with 2 open disks removed. Let g:IXT.;—
Ix ] be the map as in Proposition 1 of [8, p. 33] I=/=[—1, 1]); i.e., g(u, x)
=(u, hy(x)) and h,: T,—] is a certain Morse function with exactly 2 critical
points for u+#0. Set T=T,\UD2\ D2, where D? are the unit 2-disks in R? and
D2 (resp. D?) is attached to h3z'(l) (resp. hz'(—1)). T is diffeomorphic to the
torus. Define §: IXT—IxJ(J=[—2,2]) by

glIXT, =g
&u, x)= (u, 2—|x[*)  (x € D%)
8(u, x) = (u, |x]*—2) (x € D?).

Then Z(u, x)=(u, h(x)), where h,: T—J is a Morse function for u=0 (see
Figure 1). Define the orientation reversing diffeomorphism n: T—T by 5(/, m)
=(—m+1/2, —14+1/2), where we identify T with R?/Z%. Then we have 7-§&
=g-0, where 7: ]xf—>1><f is defined by 7(u, )=(—u, —t) and 0: IXT—IXT
is defined by 8(u, x)=(—u, 7(x)), since we have A_,(p(x))=—h,(x). Let M'=

IXTUp, S'XIXT U, DiXT, and X'=Dix [y, S'XIx Uy, Dix [, where D3
and D% are 2-disks and ¢;: 0DIXT—S'X{—=1}XT, ¢,: 0D;XT—-S'}{1} XT,
$r: BDIX J—S X {—1}x ] and ¢,: 8DixJ—S'x {1} x] are the identities (M’=
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ST, X'_:_Szxf). Furthermore define H: M'—X’ by

H(z, x)=(z, i(x)) € DIx]  ((z, x) € DiXT)
H@O, u, x)= 0, u, L x) e S'xIX] (8, u, x) € S*XIXT)
H(z, x)=(z, hy(x) € Dix]  ((z, x) € DixT).

Note that H': M '-IiX’QR3 is a smooth map with only fold singular points
and that Sq(H’)=S?%11S? and S,(H')=S?1.S%. Define the smooth involutions a:
M’'—M’ and B: X'—X’ by

a(z, x) = (—z, n(x)) € DiXT ((z, x) = DiXT)
al@, u, x)=(—0, 8u, x)) € S'XIXT (0, u, x) € S'XIXT)
a(z, x) = (—z, p(x)) € DixXT ((z, x) € DiXT)
and by
Bz, D=(—z, —t) € Dix] ((z )€ Dix))
BB, u, )= (—0, 1(u, D) € S'XIX] (8, u, t) & S'}IX])
Bz, )= (—z, —th e DIx]  ((z, t) € Dix)).

Note that a exchanges the two components of S,(H’) and that « maps each
component of S;(H’) to itself orientation reversingly. Then we see that « and
B are orientation preserving involutions without fixed points and that Hea=
B-H. Thus we have a well-defined smooth map H: M—X which is induced
by H, where M=M'/a and X=X'/B. Note that M is a closed orientable 4-
manifold (in fact, it is diffeomorphic to a T2%-bundle over RP?). Since X is an
orientable 3-manifold with boundary, there exists an immersion {: X—R? ([16]).
Set f={-H: M—R*. Then we see that f has only fold singular points. Fur-
thermore, we see that S,(f)=S? and S;(f)=RP*1L RP?*. Of course, f is not
simple. We also note that X(M)=0. We do not know if there exists an example

of with M™ orientable.

ExAMPLE 3.11. We give an example which shows that [Proposition 3.9 does
not hold if N? is non-orientable. Let A: S®—R be the standard height function
defined by h(x, y, z)=z and f: S*-S* the involution defined by B(x, y, z)=
(—x, v, 2)(x, y, 2)&€S*C R*). Note that h-B=h. Define another involution
a: S*XSP-S2XS? by a(u, v)=(—u, B)) (u, v)S*xS?). Then a is orientation
preserving and has no fixed points. Furthermore define the involution 7: S?X
R-S*X R by 7(u, t)=(—u, t) (u, t)=S**X R). Then 7 is orientation reversing
and has no fixed points. Since the diagram
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Stx 8§ —> S*XR

commutes, we have a well-defined smooth map f: M*—>N? induced by idXA#,
where M*=S5?XS?/a and N®*=S?XR/y. It is easily seen that f is a simple
map; in fact, it is a special generic map. Furthermore, we see that S(f)=
RP*)| RP?, that M* is orientable and that N3(= RP?*xR) is non-orientable.
Thus [Proposition 3.9 does not hold if N? is non-orientable.

In [11], we showed that a closed orientable manifold which admits a special
generic map (i.e. a smooth map with only definite fold points as its singularities)
into an open manifold is zero in the smooth oriented cobordism ring. Note that
a special generic map is always simple. For maps with indefinite folds, we
have the following, which shows us that there are additional obstructions to
the existence of a simple map f: M"—>N""! for any N* 1.

PROPOSITION 3.12. Let f: M™—N""! be a smooth map with only fold singular
points, where M™ is a closed orientable manifold. If f is simple, then M™ is
zero in the smooth oriented cobordism ving; in particular, its signature vanishes
and its euler number is even.

PrOOF. Let ¢,: M*—>W/, be the Stein factorization of f (see the proof of
[Proposition 3.9). Set X=¢,(S(f)) and let N(2X) be the regular neighborhood of
Y in W,. Furthermore put R=W,—IntN(X). Then ¢,|¢7'(R): ¢7(R)—R is
an S'-bundle over the smooth manifold R. Let N;(resp. N;) be the regular
neighborhood of ¢,(S4(f))(resp. ¢,(Si«(f))) in W,;. Then we have N(X)=N;UN;.
It is easily seen that ¢7'(N,) is diffeomorphic to a D*bundle over S;(f). Fur-
thermore, since M™ is orientable and f is simple, ¢7'(/V;) is diffeomorphic to an
S%-bundle over S;(f) (cf. [8]), where S% is the 2-sphere with 3 open 2-disks
removed. Now let Z™*! be the D*-bundle over R associated with the S*-bundle
g7 (R)—R. Since M™ is orientable, so is Z™*'. Note that dZ"*' is diffeomorphic
to g7 (R)\Ug7 (Ns)\UA, where A is a (D*1LD?*1l D*)-bundle over S,(f) associated
with the (S*11S'11 S*)-bundle d(g7(N,)). Set X'=AU;4q7'(N;), which is an S2-
bundle over S;(f). Note that X’ is an orientable n-manifold. Since the natural
inclusion

0(@3) —- Diff §*

is a weak homotopy equivalence ([13]), we see that there exists a D*-bundle
X" over Si(f) such that 0 X*"*'=X’. Set M"***=Z"*",X"". Then M"* is
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a smooth compact orientable (n-1)-manifold with oM™+ =M™, This completes
the proof. [J

REMARK 3.13. We do not know if in [Proposition 3.12 the hypothesis that
f be simple is essential or not. We also note that [Proposition 3.12 does not
hold for f: M"—>NP? with p<n—1 in general. For example, there exists a
simple map M*—R? with a(M*)+0 (see [5])).

Finally we note that there does exist a gap between simple maps and non-
simple maps. For example, we will show, in a forthcoming paper, that if f:
M*—N? is a simple map then the closed 3-manifold M?® is a so-called graph
manifold. By Levine [6], every closed 3-manifold admits a smooth map into R?
with only fold singular points. Thus, non-graph manifolds, which are known
to exist, are examples of 3-manifolds which admit smooth maps into R? with
only fold singular points but not simple ones.
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