J. Math. Soc. Japan
Vol. 43, No. 3, 1991

On hypoellipticity for a certain operator
with double characteristic

Dedicated to Professor Mutsuhide Matsumura on his 60th birthday

By Toshihiko HOSHIRO

(Received May 22, 1990)
(Revised Oct. 3, 1990)

§1. Introduction and result.
In this paper, we consider C=-hypoellipticity for the operator

(1.D) P=D+Dy*+ D+ x"Dy*+(f(x)—1)Ds,

(Dy=—i ai,- j=1,2,3, 4)

in neighborhoods (CR*) of the hypersurface x,=0. Here we assume that the
function f(x,) has the following properties:
(A1) (i) fO)=0, f(x)>0 if x:#0.
(ii) f(x.) is monotone in the intervals [0, 6) and (—ad, 0] for some
0>0.

Notice that the above operator [1.1)] is a degenerate elliptic operator with
double characteristic 2 ={(x, &) T*R*\0; & =§=&,=x,=0}. Also notice that
the canonical symplectic form o=3,dx;A\d&; is of constant rank (=2) on T ,%
for any point p=2X. A. Grigis treated a class of such operators after the
important work of L. Boutet de Monvel [1]. He has given a condition which
is necessary and sufficient for them to be hypoelliptic with loss of one derivative.
Roughly speaking, his condition is that Melin’s invariant (=subprincipal symbol
+positive trace/2) does not take non-positive (real) values on the characteristic
manifold 2. For the operator [(1.1), it becomes 0<jf(x)<2 if Im f(x:)=0
(cf. the condition (b) of théoréme 0.1 in [3]). So, under the assumption (i)
of (A.1), the operator does not satisfy the condition on the hypersurface
x,=0. Nevertheless, it has a possibility to be hypoelliptic with loss of more
than one derivatives.

First, let us give a condition of non-hypoellipticity for the operator [I.I):

THEOREM 1. [In addition to the hypothesis (A.1), we assume that
(A.2) there exist positive numbers 6, and & such that
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|x;logf(x)| =e  for 0< x,<39,.

Then, the operator (1.1) is not hypoelliptic in any neighborhood of the hypersur-
face x,=0.

We remark that there are the same conditions as (A.1) and (A.2) in the
works of Y. Morimoto and T. Hoshiro [9] where the hypoellipticity for
infinitely degenerate elliptic operators is treated. The purpose of the present
paper is to point out that the operator has a similar structure as in them.
Next we give a sufficient condition for the operator to be hypoelliptic.

THEOREM 2. In addition to the hypothesis (A.1), we assume that

(A.3) Ii@o[xllogf(xl)l =0.

Then, the operator (1.1) is hypoelliptic in some neighborhood of the hypersurface
x,;=0.

As in the works [12], and the most significant example is the operator
with f(x,)=exp(—1/|x.]%) (¢>0). It is hypoelliptic on x,=0 if and only if
o<1. Also we remark here that, in view of our proof of it would
be obvious that the operator

P = D12+D22+x22D32+(f(x1)_'1)Ds

is hypoelliptic without the assumption (A.3). It is analogous to the fact that
Fedii’s operator is also hypoelliptic without the assumption (A.3) (see [9]).
Such a difference of the conditions for hypoellipticity can be understood from
propagation of singularities along double characteristic manifolds. Generally,
the singularities can propagate along the leaves of foliations of 7',>N\7T ,3° for
p< 23 (where T ,31° is the orthogonal space of T',>] with respect to the symplectic
form ¢). For the operator (1.1), Melin’s invariant vanishes on A=33"\{x,=0,
§:>0}(where it may not be hypoelliptic microlocally) and, for any p< A4, there
is a vector (=0,,)=7T,XNT,X° which is tangent to 4. Thus on the operator
1.1), it is possible for singularities to propagate along 4 and so, such an as-
sumption as (A.3) is necessary for the operator to be hypoelliptic (it can
be regarded as a condition for preventing the propagation of singularities).
On the other hand, it can be easily observed that, for P,, there is no vector
playing the role as 0., above.

There have been several works in the cases where the above mentioned L.
Boutet de Monvel-A. Grigis’ condition is violated. See for example, V.V. Grusin
[5], K. Taira [14], B. Helffer [6] E.M. Stein [13], A. Grigis-L.P. Rothschild
and K.H. Kwon [1I1]. We do not explain here their works. However we
note that their situations and ours are different to each other. Also our result
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seems to be extended to a certain class of operators characterized geometrically.
The author wants to consider it in a future paper.

ACKNOWLEDGEMENT. The author wants to express his hearty thanks to the
refree for his helpful criticism and suggestions.

§ 2. Preliminaries.

In the present section, we recall some techniques due to L. Boutet de
Monvel [1]. They are necessary for a reduction in our proof of [Theorem 2.
First let us denote by h,(¢t) the j-th Hermite function, i.e.,

ht) = m 42 !>-1/2(—éit——z)je><p(—§).

Choosing a function ¢(t)= C=(R) so that (i) 0<@(H)=£1, (ii) ¢(H)=0 for [t|<1,
(ili) ¢(¢)=1 for |t|=2, we introduce a sequence of operators H;, j=0, 1, 2, ---
in such a way that

(2.1) Hj: VX1, X2y Xy) —> (Hjb’)(xn X2, X3, X4)

= (275)_159”45495(54)‘\54Il/4hj(x3\§4[1/2)0(?51, X2, EdEy,

where 9 denotes the partial Fourier transform of v w.r.t. x,. Notice that the
adjoint of H; is defined by

(2.2) H 2 u(xy, %2, x5, x,) —> (Hu)(x1, X3, X4)

= @) {[e g @18, b5l Gl e, ey v, E0dYEL .

We set now [I,=H,;H* and, in addition we denote by I, a pseudodif-
ferential operator with symbol 1—¢(&,)> which is of class OPS? ., with A=
(1+&.2Y2. Here we adopt the notation from H. Kumano-go Chapter 7.

We consider here some properties of these operators related to our operator

(cf. A. Grigis [3] Section IIL3).

ProrosiTiON 1. (i) II;, j=0,1, 2, --- are pseudodifferential operators of
CZCZSS OPS]O_ljg.l/g U/'lth /2:(1+E42>1/2.
(ii) For any ue LA(R*),

u=Ilpu+ > 1l;u,
j=o

with the right hand side being convergent in L*(R*).
Hereafter we denote Ile=I1—11—II(=235_,11;).
(iii) For any j, k=0,1, 2, ---

}{;!,(II{k = 5jk ¢(D4)2 .
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(iv) For any j=0, 1, 2, --- it holds
PH; = H;P; and H*P= P;H%,
where P; = D*+D;*-+(2741)| Dy| +(f(x1)—1)D,.

(v) Let us set y=(x1, x2, x4) and n=(&1, &, §&). Then the following in-
clusions hold :

WF(H*u) C {(y, p)ET*R*\0; (x;, x5, 0, x4; &1, &2, 0, E)EWF(u)}
and
WF(Hw)YT{(x1, %5, 0, x43 &1, &2, 0, E)T*R*N0; (v, n)EWF(v)}.

REMARK. In view of (iv), it is obvious that the operators II;, 7=0, 1, 2, ---
commute with our operator P.

ProOF. (i) First observe that the integral operator with kernel K(¢, s)=
h(t)h(s) (heS(R)) can be regarded as a pseudodifferential operator with symbol
e i n(t)h(r). Indeed, from Plancherel’s formula, it follows that

h(t>§@f<s>ds:<2n>-1/z<t>§%f<r>dr.

So, with aid of the property ﬁj(f):(—i)fhj(r), IT; can be regarded as a pseudo-
differential operator with symbol

(2.3) - GE - e T e h (x| €| VR AES/ €412,
This immediately yields the assertion (i).

The properties (ii) and (iii) are direct consequences of the fact that the
sequence of the Hermite functions {/;}%-, is an orthonormal basis in L*(R).

The properties in (iv) immediately follow from the fact that h,(z), 7=0, 1,
2, --- are the eigenfunctions of the Hermite operator, i.e.,

dZ
TR

(2.4) ( +t2)hj(t) — 2+ DhD).

The assertions in (v) are consequences of the fact that the distribution
kernels of the operators H, and H¥ have respectively the following integral
expressions :

(277-')_177'”4S6Xp{2'(x4—y4>54—3€32 1641 /2} (8|6, 4dE,,
and
(277)_17T~1/4geXp{Z-<x4—y4>§4‘“y32 [€,] /2}¢<§4M§4 [14d¢g,.

The stationary phase method enables us to compute the wave front set of these
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kernels (see L. Hormander [5] Theorem 8.1.9), and this yields (v) (see Theorem
8.2.13 of [5]). m

§3. Proof of non-hypoellipticity.

The proof of is almost identical to that of [Theorem 1l in [9].
We start by considering the following eigenvalue problem (with real parameter &) :

(3.1) { (—%Jrf(t)la)v(t) =), —a<t<a
v(a) =v(—a)=0.

Denote by 2,(§) the smallest eigenvalue and by v(f; &) the corresponding eigen-
function normalized so that S lu(t; &))%dt=1. Let us now recall (see Section
2 of [9]) that our assumptions (A.1) and (A.2) imply that

(3.2) there exists a positive constant C such that

A& = (Cloglé&l)? for |&| sufficiently large,
and
(3.3) for any positive number a’ satisfying 0<a’<a,
[7 1 rdt—>1 as 181
Set now
(3.4) ug(x) = exp(VA(E)- xa+i €| xa)v(xs; E)ho(xs|E]17).

We are going to show that the one parameter family of the functions
with properties (3.2) and (3.3) contradicts hypoellipticity for the operator [(1.1)

First observe that, if the operator P is hypoelliptic, then it holds the follow-
ing inequality : For any integer k>0 and for any open sets w'Ew, there exist
an integer %’ and a constant C, such that

(3.9) IDFullrocwrsy < Cif 1a§k' 1 D*Pufirecoy+ 11l L2cwr}
for any ueC*(®).

In the above inequality, let us set w={x=R*; |x,|<a, 0<x,<a, |x;]<a,
0<x;<a} and o' ={x=R*; |x,|<a’, a’'/2<x.<a’, [xs|<a’, a’/2<x,<a’} with
sufficiently small constants ¢ and a’ satisfying 0<<a’<a (recall that P does not
depend on the variables (x,, x,)).

Now, notice that us(x) is a solution of the equation Pu,x)=0 in o for
arbitrary £>0. This easily follows from the property and the definition
of v(t; &). So, if one substitutes u.(x) to [3.5), then the first term of the right
hand side vanishes.
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On the other hand, it could be seen that the property (3.2) yields the estimate
(3.6) luelzocey < Co-1E1¢ for || sufficiently large,
with some constant C,, and that the property (3.3) guarantees the inequality
(3.7) | Diuellr2cory=Cs- |E]F for |&]| sufficiently large,

with another positive constant C,.
Finally we can easily see that there is a contradiction among [3.5), (3.6)
and taking a positive integer k so that 2>C. This finishes the proof.

§4. Proof of hypoellipticity.

Since we consider the hypoellipticity in a small neighborhood of hypersurface
x,=0, we can modify f(x,) outside some neighborhood of x,;=0. So we assume
that f(x,)c C=(R) satisfies 0< f(x,)<1 preserving the properties (A.1) and (A.3).
At first, let us explain the plan of our proof. In order to show hypoellipticity
of P, one can consider it, by dividing P into three parts: PIly, PIl, and PII..
More precisely, since u=Ilyu-+Il,u+Ilu, the smoothness of u comes from
those of all terms in the right hand side. Also notice that the operators 17,
Il, and Il commute with P. So, if we show the hypoellipticity of the equa-
tions Pllyu=1II,f, PlI,u=II,f and Pl u=II«f (i.e., the smoothness of f
implies those of I1,u, II,u and IT,u), then our proof would be completed.

In addition, let us remark that it suffices to show the smoothness of the
solution # with respect to the variable x,, since P is non-characteristic with
respect to the other variables. To be more precise, we now introduce the fol-
lowing Sobolev space:

DEFINITION. We denote by H* (%, [ R) the space of all distributions u<
S’'(R*) satisfying

Slﬁ(&, &, &5, EOIP(LHE2+HE2 65 (1+E.5)1dE < 0.

In the present section, we are going to prove that, if f is C* (w.r.t. all
variables) in a neighborhood of a certain point on x,=0, then the solution uc
H*~=(=\U,H"") belongs to H*>(=/\;H"") there. It may be seen that one can
easily show that the smoothness of the solution u w.r.t. the variables (x, x,, x3),
by writing the equation Pu=7f as

(D24 D?+D*u = —{x2DE+(f(x)—1)DsJu+f

and observing recursively that the right hand side belongs to H?*>=, k=0, 1, 2, ---.
For the precise discussion, ¢f. the first part of Section 4 of [9].
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I. It would be quite obvious that II,,u< H®* since I1,, is a pseudodifferential
operator with symbol 1—¢(&,)%.

II. Next we consider the equation PIl.u=II.f. We shall show that for
any positive integer k, one can construct a parametrix @ so that QPIl.=II,
mod OPS7% 5,12 With A=(14+&.2)"%. (Note that K&OPSz%.1/. is a regularizer
of order % with respect to the variable x,, ¢f. Theorem 1.6 in Chap. 7 of [10].)
The argument below is essentially due to L. Boutet de Monvel and A.
Grigis [3] Roughly speaking, their idea is that, since P, is semi-elliptic for
7=1, one can build the parametrix . In order to make this section readable,
we shall show this explicitly.

(1). Let us choose now functions ¢;&CH(R), =1, 2, 3 so that ¢,(¢)=1 for
[t]1=1/8, ¢(1)=0 for [t|=1/4 and ¢, EP.E¢;. (Here ¢, &¢, means that, in the
support of ¢, ¢, is identically equal to 1.) Further we choose ¢,=C=(R), j=
1,2, 3 so that ¢<¢,E¢,E¢, (where ¢ is the same one in Section 2) and ¢4(¢)=
0 for |t|=1/2. Denote by ¢;, j=1, 2, 3 pseudodifferential operators with symbols
&1, &, ED=¢ (81 /(EP+HENGES, 1=1, 2, 3, respectively.

Now notice that, in the support of ¢s(1&.]/(§.°+&5%)), it holds

§°54+E7HE H 1P H(f (k) - DE =6 +E° &+ 1€.1)/4.
Denote by @, a pseudodifferential operator with symbol
0(Q)={6 +E& +E2+ x5 H(f(x)—DES T oul&s, &s, €4).
Then the symbol calculus of class S; i/, gives that
Q.P=¢,—K with K&OPS; k..
This immediately implies that
Q.Pp, = (I—K)p,.
Moreover we now use the Neumann series expansion. Set
Qo =U+K+K*+ - +K*71Q,.
Then it is clear that
4.1) 0:1Q:P = ¢.Q:Pp, mod OPS7~
=¢,+K, with K,cOPS7/.,.

(2). In the region complimentary to the one considered in (1), we shall
construct the parametrix in the following way. First let us write the symbol
ag(PY)(where N will be chosen later sufficiently large) by the sum of semi-
homogenous parts:
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0(PY) = pon.j+Don-1,;+ = + Do,
with each p, ; having the property that
P i(x1; 281, A6, B280) = A¥ P (%15 &1, &2, €W, Jfor 2>0.

In order to make (¥_on,;+7_en-1,;+ )2 a(P¥)~1, we collect the terms by
the degree of the semi-homogeneity :

voon.j Den.; =1,

¥_aN-v,j* Don, i+ Z} 08 _on-1,5* D& pan-m, i/l =0,
l+al+)1ln=y

for v=1,2, ---.

(Here notice that p,y ; = {&:2+E&2+FQ27+1) & +(f(x,)—1)E}Y is semi-elliptic
for j=1.)

Choose functions ¢, C3(R), =4, 5, so that ¢(¢t)=1 for [t]|<1/10, 1—¢:D
1—¢,21—¢, and set
Gs,; = (F_on.;F7an_1,jF o 7 an_2h41,5)
XAL=s(7 1€l /(62 +E2N} Pu(6s).

Also, we denote by ) ; and (1—¢,)@. pseudodifferential operators with symbols

gs,; and {1—¢(1&,1/(&.°+&:%)} @:(£4), respectively.
Observe now that, in the support of 1—¢(j|&,|/(£:2+&:2), it holds

1880810551 S Ca(i+ D214 &, ) H-eaamiames,
with a positive constant C, independent of ;. Hence, by induction, we can
obtain the following inequalities: In the support of {1—¢s(s1§.]1/(8:2+&:2))}ds(£0),
08087 oy, 5| S Calj+1)7Y "0+ an/i(1 4 || )N -erarrap/e=ay
and
1020815.51 < Cu(jHD V@il |g,|) N ~Carraniemay

with some positive constants C, and C, independent of j.
We now remark that the symbol ¢(H;Q; ;H*) is equal to

s, %15 &1, &, DN (21 &R [Es/ 1641112) 17 - 7 5% B(6, )7,

and that the Hermite functions have the property :

dé .
0T hi®)] = CaplHDrerdr2,

with some positive constant C,s independent of j. (See G. Folland [2] page 54.)
Finally we obtain the following inequality :
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4.2) |080%0(H;Qs,;HY)|
gc;ﬁ(]'+1)1‘N+l“‘+'ﬂ‘(l+ ls4|)—N+(ﬁ3—a1—a2—a3)/2-a4,

where C,;z is a positive constant independent of ;. This immediately implies
that the series Q,=2X5-1H,Q; ;H% converges with respect to the semi-norms in
Sz¥2.12 up to degree N—3. Moreover, since 1=, E{1—Pu(1&:1/(E2+E:2))} P2(E0)
E{1—¢s(716:1/(6:*+&:"))} 94(§,) in the support of ¢(§,), we have

(4.3) (1—)Q,PV I,
= (1—¢y) 3 H,Qq ;HXPY¥(1— )¢ 1T, mod OPS;™
j=1

= (1—0)) 3 HyQs, PY(1—$)goHY - $(D.)

j=1

= (1—¢) 3 H(I +K, )H%-$(D.)

J=1

- (I_SDI)H*+[{3:

with K, being of class OPS3%.,:/» (note that the series >)5_,H,K; ;H% converges
w.r.t. the semi-norms in Sz%/.,,, up to degree 2—3).

So, from and we can conclude that the operator Q=¢,Q,+
(1—¢)QsPY¥™* has the property mentioned above (notice that Sz ,C

—k
Szfiz.172)-

REMARK. In the above construction of the parametrix, we have to choose
N sufficiently large depending the order of the regularity (i.e., the exponent /
of H*!). The reason is that one needs the information of the semi-norms of
d(Q,) more and more as one considers the smoothness (w.r.t. x,) of the solution
u of higher order.

III. Finally let us consider the equation PIll,u=II,f. We are going to
show that, if f is smooth in a neighborhood of a certain point, then I7,u is
also smooth there. First recall (v) of Proposition 1. In order to prove Il,u=
H,H¥u is smooth, it suffices to show that WF(H¥u)=¢@. Next let us multiply
the operator H¥ from the left to the both sides of the equation PIl,u=1II,f.
Then, from (iii) and (iv) of Proposition 1}, it follows

PH¥u = H¥f .
Therefore one can easily conclude that it suffices to show the micro-local
hypoellipticity of P,(in R?), since it is known that WF(H¥f)=@ (recall (v) of
[Proposition I)). Also this would be shown by the method of the previous papers
and [@ In fact, the assumptions (A.l) and (A.3) imply the following
inequalities :

4.4) IDwl*+ 1 Dov|® = (Pov, v),  for any ve CH(R?®),



602 T. HosHIRO

and
(4.5) given any &>0, there exists a positive constant C, such that
llog<D,v|?* £ e(Pw, v)+C.lv|]?,  for any v=CHR?).
To obtain these estimates, we use partial Fourier transform w.r.t. z,. Let
Py =Dl 4+D+ & +(f(x)—1),
= D+ D" +F(x1;5 §4).
Then, it is clear that

= f(x)|&1 iof &>0,
= &4 if §.<0.

Thus, the inequality (4.4) is trivial. Moreover, let us recall that,;by “sew
together argument” one can prove from (A.1) and (A.3) the following inequality :

(4.6) F(xi; £0]

4.7 Given any ¢>0, there exists a constant C. such that

§|1og<s4>w<x1>l2dxl < eg{ | Dyw(x) |2+ ()| €] | w(xn)?}
+Cif e,
for any w € C3(R).

(For detail, c¢f. Section 3 of [9].) Thus the inequalities (4.4), and (4.7)
yield (4.5). Finally, it could be obvious that our assertion follows from the
estimates (4.4) and (4.5). (Cf. and its corollary in T. Hoshiro
or in Y. Morimoto [12].)
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