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1. Introduction.

The joint spectrum for a commuting n-tuple in functional analysis has its
origin in functional calculus which appeared in J.L. Taylor’s paper in 1970.
In the case of operators on Hilbert spaces, in F.-H. Vasilescu characterized
the joint spectrum for a commuting pair and in R. Curto did it for a com-
muting n-tuple.

For those on a Banach space, in and A. McIntosh, A. Pryde and
W. Ricker characterized the joint spectrum for a strongly commuting n-tuple
of operators. In M. Cho proved that the joint spectrum for such an n-tuple
is the joint approximate point spectrum of it.

The aim of this paper is to give a characterization of the joint spectrum
for a doubly commuting n-tuple of strongly hyponormal operators on a uniformly
convex and uniformly smooth space.

Let E™ be the complex exterior algebra on n-generators e;, ---, e, wWith
product A. Then E" is graded: E"=(7_.E}, where EPAECE?, and
{ej A\ Nej, 0 1=7,<--<jp=n} is a basis for Ef(k=1), while E{=C and E}=
(0) for <0 and £2>n. Let X be a complex Banach space and T=(T,, -+, T»)
be a commuting n-tuple of bounded linear operators on X. Let E}X)=ErQRX
and define D{™: EP(X)—EpL.(X) by D{™(xQej A Nej, )=k (—1D"'T;,xQ
ej, N-Né;, N\ Nej, when k>0 (here © means deletion), and D{"=0 when £=<0
and 2>n. A straightforward computation shows that Df™.D{?=0 for all &,
so that {E}X), Di™},cz is a chain complex, called the Koszul complex for
T=(T,, ---, T,) and denoted by E(X, T). Of course, the mapping D{* depends
on T=(T,, ---, T,). We denote it by D{™(T), if necessary.

We define T'=(T,, :--, T,) to be invertible in case its associated Koszul
complex is exact (that is, Ker(D{™)=R(D{%)) for all k). The Taylor spectrum
o(T) for T=(T,, ---, T,) is the set of z=C" such that T—z=(T',—2z,, -+, Ton—
z») is not invertible.
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A point. zeC" is in the joint approximate point spectrum o¢,(7T) of T if
there exists a sequence {x;} of unit vectors in X such that
(Ti—z)xel —0 as k — oo for i=1,2, -, n.

For an operator T=B(X), the spectrum and the approximate point spectrum of
T are denoted by o¢(T) and ¢.(T), respectively.
We denote by X* the dual space of X. Let us set

m = {(x, NEXXX*: | fll=f(x)=]|xl=1}.

The spatial numerical range V(T") and the numerical range V(B(X), T) of T
are defined by

V(T) = {/(Tx): (x, NHEx}
V(B(X), T) = {%(T): F=B(X)* and |F|=F)=1},

and

respectively. The following results are well-known for TeB(X):
(1) coe(T)C V(T') and coV(T)=V(BX), T),

where coE, E and co E are the convex hull, the closure and the closed convex
hull of E, respectively. Also

Q) V(D V(T VT).

If V(H)CR, then H is called hermitian. Hence, H is hermitian iff H* is her-
mitian. An operator T'B(X) is called hyponormal if there are hermitian
operators H and K such that T=H-+;K and the commutator C={(HK—KH)>=0,
meaning that V(C)CR*={a=R: ¢=0}. A hyponormal operator T=H-+iK is
called strongly hyponormal if H? and K? are hermitian. It holds that if T is
strongly hyponormal, then T —2 is also for every A=C. For an operator T=
H+iK, we denote the operator H—iK by T.

REMARK 1. There is an hermitian operator H such that H? is not hermitian.
However, if H is a hermitian, then

V(H? C {z=C: Rez=0}.
Hence, if T is a strongly hyponormal operator, then
V(TT)C R*.

For commuting operators T, and T such that 7 ,=H;+:K; (=1, 2), T, and
T, are called doubly commuting if T.T,=T,T,. It is easy to see that if T,
and T, are doubly commuting then H; and K, commute with H, and K.

For a commuting n-tuple T=(T,, -+, T,) such that T;,=H;+:K; (=1, ---, n),
a point z=(z,, -+, z,)EC™ is in the complete star spectrum c¢.s(7") of T if there
is some partition {7, ---, 7x}\I{ls, =, {m}={1, -+, n} such that
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B m
2 T2, 23,)+ D(T1,=2,)T1,=21)

is not invertible. In particular, the set
n —_—
{, -, zecr: 3 (T,—2,(T;—2) is not invertible}
=

is called the right spectrum of T=(T,, ---, T,) and denoted by o¢,.(T). It is
clear that ¢ (T)Cao(T)Nos(T) for a commuting n-tuple T=(T,, -, Tp).

A Banach space X is called uniformly convex if to each ¢>0, there corre-
sponds a ¢>0 such that the conditions ||x||=]ly|=1 and [[x—y|=¢ imply that
(1/2)|x+yl=1-a.

We set, for 1>0:

o) = sup{(1/2)(Ix+y|+lx—yD—1: Ixl=1, [yl <t}.

A Banach space X is called uniformly smooth if

ﬁgt—>—>0 as t—0.

REMARK 2. A Banach space X is uniformly smooth iff X* is uniformly
convex. See Beauzamy [3] for details.

We give an example of a doubly commuting n-tuple of strongly hyponormal
operators on a uniformly convex and uniformly smooth space.

Let 4 be a complex Hilbert space. Let €, be the Schatten p-class for 1<
p<oco. Then it is well-known that the space C, is uniformly convex and uni-
formly smooth, and is a 2-sided ideal of B(4). When A and B* are hyponormal
operators on 4%, the derivation 0, p=0y 5 +70x, k- iS a hyponormal operator on
Cp, where A=H+i{K and B=H’+iK’. Moreover,

V(B(Cp), 0a.5) = W(A)—W(B),

where W(T) is a usual numerical range of an operator T on a Hilbert space 4.
See Shaw [21].

Let .L4 denote the left multiplication induced by A< B(%). Then if A=
H+:K is a hyponormal operator, then .L,—=.yz+:.Lx is a strongly hyponormal
operator. Let A=(A,, ---, A,;) be a doubly commuting n-tuple of hyponormal
operators on 4. Then T=(L,, -+, L4,) is a doubly commuting n-tuple of
strongly hyponormal operators on a uniformly convex and uniformly smooth
space Cp (1<<p <o),

We use the following results.

THEOREM A ([17], Theorem 2.5). Let X be uniformly convex and let H be
a hermitian, non-negative operator on X. If there are sequences {x,}CX and
{F}CX* such that |x,0l=|fall=1 for each n with f.(x,)—1 and f.(Hx,)—0,
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then Hx,—0.

THEOREM B ([17], Theorem 2.7). Let X be uniformly convex and let T=H
+iK be a hyponormal operator on X. If {x,} is a bounded sequence in X such

that T x,—0, then Hx,—0 and Kx,—0.

2. Joint spectra of doubly commuting n-tuples.

LEMMA 1. Let T=H+iK be a strongly hyponormal operator. Then, o(TT)
Ua(TT)CR*.

ProOOF. Since T is strongly hyponormal, the proof follows from ¢(TT)—
{0}=a(TT)—{0} and o(TT)cV(TT)CR".

LEMMA 2. Let X be uniformly convex. Let T=(T,, ---,T,) be a doubly
commuting n-tuple of strongly hyponormal operators on X. If ZﬁlejTj—i—
St T5T; is not invertible (1< k=<n), then 37, T;T; is not invertible.

ProoF. Put S=(T.T., -+, TsTs, Tes:T 241, -, TnT»n). Then S is a com-
muting n-tuple. It is clear that 0 is in the boundary of the spectrum
6k, T,T;+32% . T,T;). Hence, 0 is in the approximate point spectrum of
¥ T;Ti+ %41 T;T;. So by the spectral mapping theorem for the joint
approximate point spectrum, there exists a=(a,, --, az)=0,(S) such that
>r,a;=0. Since (U;;lo(T,»Tj))U(U};kH a(Tﬂ_‘j)) is contained in R*, it follows
that a;=0 for every j=1, ---, n. Therefore, there exists a sequence {x,} of
unit vectors in X such that

T,T;xm —>0 and T,T;xn —>0 for j=1, -, k and [=k+1, -, n.

If T,=H;+iK,, then C;=i(H;K;—K;H;)=0 for j=I1, -, k. Choose a linear
functional f,=X* such that [fall=fn(xx)=1 for each m. Since then
fm(<H§+K3)xm)gO; fm(cjxm)zo and

FulTiTixm) = ful(H3+K3+Cxa) —> 0 for j=1, -, k,
it follows that
fn(Cijxn) —>0  for j=1, -, k.
Hence, by Theorem A, it follows that C;x,—0 and
(H3+K3Hxm —> 0  for j=I1,--, k.
Therefore, it follows that T,T;xn=(H3+K2—C,)xn—0 for j=1, -, n.

THEOREM 3. Let X be uniformly convex. Let T=(T,, -+, T,) be a doubly
commuting n-tuple of strongly hyponormal operators on X. Then
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Os(T) =0 (T)={(21, =, 22)EC": (24, -, Zn)E0S)},
where S=(T,, -+, Tp).

ProOOF. It is clear that
{(21: Tty Zn)ECnZ (Zy, -+, §n)€O'z(S)} C O'T(T) c acs(T)-

Since T—z=(T,—z,, -, To—2z,) is a doubly commuting n-tuple of strongly
hyponormal operators for every z=(z, ---, z,)=C?", it suffices to prove that if
0=0.(T) then 0=0,(S). By the definition of the complete star spectrum and
it follows that 3%, T;T; is not invertible and there exists a sequence
{xn} of unit vectors in X such that

T,Txn—>0 for j=1,--,n.

Since T'; is hyponormal on a uniformly convex space X, by Theorem B it follows
that T%xn—0 for j=I, -, n. Also by the spectral mapping theorem for the
joint approximate point spectrum, there exists a sequence {y,} of unit vectors
in X such that T,y,—0 for j=1, ---, n. Therefore, we have that 0=a,(S).

We now explain a recursive method of obtaining the Df"’s. We split the
basis of EZ into
B, ={e;,\--"Nej, i 1=7,<-<jpe=n—1}
and
By = {e;, A" Nej, Nen: 127, << Jpo1En—1}
for k=1, n>1.

Then EZ! is precisely the subspace of E} generated by B, and a natural
isomorphism can be established between E2-}! and the subspace of E? generated
by B,. E? can then be identified in a natural way with EZ'@BEE (=1, n>1).
It is not hard to see that D{™ takes the matrix form:

D — (Dé”"’ (—=1)***diag(T)
™ =

) Do ) (n>1, £21),
k~1

where diag(T,) is meant to be a diagonal matrix with constant diagonal entry 7T ,.
For a doubly commuting n-tuple T=(T,, ---, T,) of hyponormal operators,
define D{™(T): Er(X)—E}X) by

D{™(T) =4D§(S)),  where S=(T,, -, Th).
Let D,=D™(T) and D,=D{™(T) for every k. Then it is easy to see that
(Eka+Dk+le+l)Dk+1Ek+1 = Dk+IDk+1(Eka+Dk+IDk+1) = (Dk+15k+1)2'

LEMMA 4. Let T=(T,, -+, T,) be a doubly commuting n-tuple of hyponormal
operators. If DyDy+DyiDyyy is invertible for every k, then E(X, T) is exact.
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Proor. It suffices to prove that Ker(D,)CR(D,;,). Let x be in Ker(D,).
Put y:ﬁk+1(D-ka+Dk+1Ek+l)—1x° Then yeE},(X) and

Dy = Dyi1Dysi(DeDy4+DyyiDisy)  x
=DDe+DiiiDis)  DiaDsax
={DDs+DyiiDys) DD+ DD psr)x = x.

It follows that x&R(D;,,). Hence, R(D,.,)=Ker(D,) for every k.

THEOREM 5. Let X be uniformly convex. Let T=(T,, -+, T,) be a doubly
commuting n-tuple of hyponormal operators on X. Then o(T)Coc(T).

PrOOF. It suffices to prove that if O0coe(T), then 0&a(T). An easy
computation shows that
_ _ E(n-l)D(n-1)+D(n-l)§(n—1)+dia TnTn 0
Dka+Dk+1Dk+1 _ k k - ‘k+1 _k+1 ) g_( " ) . B )
0 D VDYDY DY+ diag(T T r)
Hence, this formula shows that if 0&gc(T), then DD+ Dyi1D.y is invertible
for every k. So, by Lemma 4, it follows that E(X, T') is exact.

LEMMA 6 ([23], Theorem 3.6). Let T=(T,, ---, T,) be a commuting n-tuple
of operators on a Banach space X. Then o(T)=a(T*), where T*=(T%, ---, T%¥).

THEOREM 7. Let X be uniformly convex and wuniformly smooth. Let T=
(T, «--, Ty) be a doubly commuting n-tuple of strongly hyponormal operators on
X. Then

o(T) = acs(T> = {(21; e, 2)ECM L (24, -, Za)E0(S)},
where S=(T,, -+, To).

PrOOF. By Theorems 3 and 5, it suffices to prove that if 0=¢(S), then
0=a(T). Since 0 belongs to ¢,(S), there exists a sequence {x,} of unit vectors
in X such that

Txy —>0 for j=1, -, n.

Since 0 belongs to o(Z%,T,T,), it also belongs to (3%, T,T,)*)=
oS, T*T*). Also (T*, ---, T¥) is a doubly commuting n-tuple of strongly
hyponormal operators on a uniformly convex space X*. From the proof of
Lemma 2 there exists a sequence {f,} of unit vectors in X* such that

TXT*f, — 0  for j=I1, -, n.

Since T;‘f is a hyponormal operator on a uniformly convex space X*. By
Theorem B, it follows that
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T¥fr —0 for j=1, .-, n.

Hence, by the spectral mapping theorem for the joint approximate point spectrum,

it follows that 0= o (T*), where T*=(T%, ---, T%¥). Therefore, from
it follows that O=a(T).
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