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1. Introduction.

The main purpose of this paper is to study what kind of space contains a
(closed) copy of @, where @ is the space of rationals with the usual topology.
We show that every non-scattered Lasnev space contains a copy of @ and every
non-scattered sequential space with character less than b contains a copy of @,
where b is the minimum cardinal of an unbounded subfamily of “w (see [2]).
In addition, let X, (n<w) be arbitrary regular topological spaces. If @ is em-
bedded in TI.<.X. as a closed subset, then there exists an n<w such that X,
contains a copy of @, where w is the first infinite ordinal number. Moreover
if we assume Martin’s axiom (MA), the statement holds for any infinite cardinal

number k less than ¢ (=2¢) instead of w. The following theorems are of similar
form to the last theorem.

(1) If Bw is embedded in Tla<.Xa (£<cf(c)), then there exists an a<lk such

that X, contains a copy of Pw, where PBw is the Stone-éeqh compactification of
o with the discrete topology.

This theorem was proved by Malyhin for the case r=w and by van
Douwen-Przymusinski for the other case.

(2) (Nogura-Tanaka [8]) If S (S,)is embedded in I1,<cX. (£<b), then there
exist @i, @, -+, Ay such that TI7-,X., contains a copy of S (S or S,, respectively),
where S is a sequential fan and S, is Arens’ space (see or [8].

We note that the closedness of embedding in our last theorem can not be
dropped, because the product of infinitely many non-degenerate topological spaces
contains a copy of Q.

By a mapping we mean a continuous, surjective function and by a space a
regular T, topological space. ‘
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2. Nowhere dense mappings.

A mapping f: Z—X is said to be nowhere dense if int f(x)=@ for all xX.
It is easy to see that if f is nowhere dense then Z and X have no isolated
point.

The following lemma is used throughout this paper.

LEMMA 2-1. Let f: Q—X be a nowhere dense mapping. Then X contains a
copy of Q.

PROOF. Let Seq={{ni, ny, -+, niy: m;<w, 1=5i<k, k<w}. For s={ny, n,,
-+, np>ESeq we say that the length of s is %, and for n<w s*(n) denotes the
sequence {ny, Ng, ***, Np, N).

By induction on the length of elements of Seq, for each s&Seq we shall
define a point ¢,=Q, an open neighborhood U, of ¢, in @ and an open neigh-
borhood V, of f(gs) in X as follows. Choose ¢,,=0, U;,=Q, V ,=X, where
{ > is the empty sequence. Suppose that we have gotten ¢;, U, and V, for s&
Seq with the length less than or equal to % satisfying f(U,)CV, Choose a
sequence {gsxn,: n<w} satisfying:

(1) {gsxcny: n<w} converges to gs,
2) {@ssecny s n<w}CUs,
® f(Qs*(m)?&f(Q,g) for n<e and f(QS*<n>)7&f<5]s*<m>> for n#m.

We show the existence of such a seqgence. Let {U,: n<w} be an open neigh-
borhood base of ¢, in @ such that U, ,CU,CU, and U,\NUp,#@ for all n<a.
Since f is nowhere dense, we can take gsxoy S(UNUDNFHf(gs)} and gsucny S
U\ s )N HF@OPI S f (@oscrs) s B<n} inductively. It is easy to see that
the sequence {gsxn,: n<w} has the properties (1)-(3). Take an open neighbor-
hood Vixcny 0f f(gswcny) SO that

@) Vs N\Vissimy=@ for n#m and f(q)& Ve for n<o.

(Note that {f(gsxwy): n<w} is a discrete subspace of X.) Next, take open sets
Uskn,C U, satisfying :

(©)  Goxcny € Uskeny
6)  fUsscns) C Viseny s
(7) The diameter of Usxn, is less than 1/n.

Now we have gotten ¢;, U, and V, for all s&Seq.

Let Y={¢s: s&Seq}. Since Y is a countable metrizable space without an
isolated point, Y is homeomorphic to @. We show that the restriction of f,
i.e. fIY:Y—f(), is a homeomorphism. Clearly f|Y is one-to-one and con-
tinuous. We show that f|Y is open. Let U be an open neighborhood of g;.
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Then, there exists an n<w such that \J/{Usxm,: m=n}CU by (1) and (7). By
(@), f(gdEU{Vsxny: ksn—1}. By (3) and (4), we get
flgs) € FNONV NIV sxary s k=n—1})
C NV NI (Uskery) : k=n—1}) C fFXONFUNU).

Hence f|Y is an open mapping. The proof is complete.

Any first countable space without an isolated point has a countable dense
in itself subset. Therefore we get,

ProOPOSITION 2-2 (Folklore). Let X be a non-scattered first countable space.
Then X contains a copy of Q.

A closed image of a metrizable space is said to be La¥nev. It is known
that there exists a Lasnev space which has no first countable point [5]. Neverthe-
less we have the following theorem.

THEOREM 2-3. Let X be a LaSnev space. If X is not scattered, then X con-
tains a copy of Q.

PrOOF. Let f: M—X be a closed map from a metric space M. Without
loss of generality we may assume that X has no isolated point. By Theorem
4 of [5], we may also assume that f is irreducible. (A map f is said to be
irreducible if any non-empty open set of M contains the full pre-image of some
point x=X.) Choose m(x)=f"Y(x) for all x=X and put Y={m(x): xX}. We
show that Y has no isolated point. Assume the contrary and let m(x,) be an
isolated point in Y. There exists an open neighborhood U of m(x,) in M such
that UNY ={m(x,)}. Since f is irreducible and f|Y is one-to-one, f-Y(x,)CU
and f(x)NU=@ for every x+#=x,. Thus X\f(X\U)={x,} is an open set.
This is impossible since X has no isolated point. Thus Y has no isolated point.
By Proposition 2-2 Y contains a subspace Z homeomorphic to Q. Now it is
easy to show that f|Z: Z—f(Z) is a nowhere dense mapping. Therefore, f(Z)
contains a copy of @ by Lemma 2-1.

A space X is sequential, if the following hold: A subset A of X is closed
if and only if the limit point of any convergent sequence in A also belongs to
A. The character X(x) of x (£X) is the least cardinal of a neighborhood base
of x.

THEOREM 2-4. Let X be a sequential space without isolated points. If the
character X(x)<b for each x=X, then X contains a copy of Q.

PrROOF. By the sequentiality of X, we can get x,=X and an open neigh-
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borhood U, of x, for each s=Seq so that the following hold:

(1) {xsxcey: B<w} converges to x, and {xxzy: <@} Us;

(2) UsxnyCU, for any k<o and Uk ;s NUskry=@ for j+k.

From now on we work in the subspace {x,: s€S} (=X*) and hence we let
{Uq: a<k} be a base of X*, where k<b. For each a<, define f,: Seq—w by:

fa(s) =min{k<o: x,€U, implies x:;=U, for every j=k}.

Since £<b, there exists h: Seq—w such that f,(s)<h(s) for almost all s=Seq
for each a. Now, let

T = {s=Seq: h(s|i)<s; for every i<Ih(s)} and Y = {xs:s=T},

where [h(s) is the length of s (=(s;, ***, Sin¢ey)) and s|i={sy, -+, S¢-1>. By de-
finition, < > belongs to T and sx(k)=T for almost all 2 for each s=T.
Therefore, Y is nonempty and without isolated points. We want to show that
Y is first countable, but the next claim assures it.

CLAIM. For any s€T, a<k, x;SU,, there exists k<w such that sx{jy+xt=T
implies Xyt EUq for any j=k and t<Seq.

By the definition of A, there exists a finite subset H of Seq such that f,(t)
<h(t) for every t=Seq\H. Pick k so that f,(s)<k and for any j=#% any ex-
tension of s#{s> does not belong to H. We show this k£ is the desired one in
the claim by induction on the length of t=Seq. Let j=k. In case t={ ), the
conclusion clearly holds. In case t=F(m) and sx{;D*ix(mdET, sx{jy*t=T and
hence x;xs5%:< U, by induction hypothesis. Then, x4 iz € U. holds for any
1= fa(sx{j>*f). By the property of k, sx{j>xf does not belong to H and hence
Fa(sx{F*E) S h(sx<{Jy*f)<m, which implies the conclusion.

REMARK 2-4. Every Lasnev space is Fréchet. (A space X is said to be
Fréchet if x€A for ACX, then there exists a sequence in A converging to the
point x.) Therefore it is natural to ask whether every non-scattered Fréchet
space contains a copy of @. In the appendix we shall show the existence of a
non-scattered Fréchet space containing no copy of @ in a strong sense under
the continuum hypothesis. We do not know whether the set theoretic hypo-
thesis is necessary or not. On the other hand, if one drops the condition about
the cardinality of characters in Theorem 2.4, one can easily get a sequential
space which has no isolated point but does not contain a copy of @. In fact

the space S, defined in has such a property. We leave its easy proof to
the reader.
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3. Embedding to product spaces.

THEOREM 3-1. Let X and Y be spaces. If XXY contains a copy of Q, then
either X or Y contains a copy of Q. '

PROOF. Assume QCXXY. Let px and py be the projections from XXY
to X and Y respectively. Let px|Q: @—X be the restriction of px to Q.
Without loss of generality we may assume px|@Q is surjective. If intepx|Q~'(x)
#@ for some x=X, then px|Q-(x) contains a copy of @, therefore Y contains
a copy of @. We have nothing to do in this case. Assume intepx|Q@ '(x)=Q
for every xX. Then px|@Q is a nowhere dense mapping. Therefore, X con-
tains a copy of @ by Lemma 2-1.

A space X satisfies the countable chain condition, if there exists no uncount-
able pairwise disjoint family of non-empty open subsets.

LEMMA 3-2 (MA). Let Z be a space of cardinality less than ¢ which has no
isolated points and satisfies the countable chain condition, and X, (a<k) be arbitrary
spaces, where k<e. If Z is embedded in Tla<.Xa as a closed subset, then there
exist a non-empty open set U of Z and an index a<k such that the mapping
Dol U U—po(U) is nowhere dense, where p,: Tla<iXa—Xo is the projection.
Moreover, if Z is countable and k=w, we do not need MA.

PROOF. Assume the contrary, i.e., for any a<x and non-empty open sub-
set U of Z there exists x<p,(U) such that intzp.|U'(x)#=@®. Then
Uintzpa| Z 7Y pa(2)): z€Z} is a dense open subset of Z for each a<k. Let &
be the set of all finite subsets of x# and for each F&& let np: Z—IlscrXs be
the restriction of the projection to Z. Then,

n
intzzF(x) = n intzpai(%a,)

for each x=(xa4,, Xay ***, Xa,)E7wr(Z). Consequently,

(1) Ulintznz'(zr(2)): z&Z} is also dense open.
Let P={p=TlacrX.: intzz5'(p)= @, F=F} and p=q if and only if p is an ex-
tension of ¢ for p, g=P. Note that p is incompatible with ¢ if and only if

intzgom p_l(p)mintzﬂdomq_l(Q) - @ ’
where domp denotes the domain of p. Then, P satisfies the countable chain
condition by the countable chain condition of Z. Set D,={p: w4gomp(z)#p} for
zeZ and D,={p: a=domp} for a<k. We first show that D, is dense in P

for all z&Z. Let peP~D,. Then myom(2)=p. Since Z has no isolated point
and intzm4om p '(p) iS @ non-empty open subset of Z; intzmgomp (H)N{2z} is non-
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empty. Hence there exist F&% and an open set U in Tl.crX. such that

(2) domp C F,

@) @ # zp (U) Cintz@gom (D),

4) z & mp(U).
Using (1) we get z’eZ such that z""(U)N\zz"zmr(Z)*+D. Put g=nz(2’).
Then g= U and hence ¢<p by (2) and (3). Since zr(2)#¢ by (3) and (4), ¢g=D.,.
These show that D, is dense in P. Next we show that D, is dense in P for
each a<k. Let pcPand F={a}\Udomp. By (1), there exists z€intzz r (7 #(2))
NintzTgomp~(p). Let g=mp(z). Then ¢g=P, domg=F and intzwpr~'(q) C
intzTaomp~(p). We get ¢<p and g=D,, therefore D, is dense in P.

Put 4={D,: zeZ}\U{D,: a<k}. Then 4 is a family of dense subsets of
P with card4<k<c. Let G be a generic filter for 4. (In the case r=w, we
do not need MA because 4 is countable.) Then \UG<&T].«.X. because, for each
a <k, there exists p=G satisfying a=domp. For each z&Z, choose p=GND,,
then p#Zaomp(2z). Thus UG&Z. On the other hand, let F={ay, a,, -+, an}
e%. Choose p;=G such that a;=dom p; for 7=1, 2, ---, n and then there exists
p=G satisfying p<p; for i=1,2, ---, n. Then FCdomp. There exists z&Z
such that 7r(\UG)=rr(z). This shows UG&Z=Z, which is a contradiction.
The proof is complete.

THEOREM 3-3. Let Z be a countable space without an isolated point. Then,

(1) Z can not be embedded in the product of countably many scattered spaces
as a closed subset.

(2) (MA) Z can not be embedded in the product of k-many scattered spaces
as a closed subset, where k<ec.

Proor. (1) If Z is embedded in IT.<.X» as a closed subset, where X, (n<w)
are scattered spaces. By Lemma 3-2 there exist an n=w and a non-empty open
set U of Z such that the mapping p,|U: U—p,(U) is nowhere dense. It is
impossible because the image of a space by a nowhere dense mapping has no
isolated point. The proof of the case (2) is similar.

THEOREM 3-4. (1) If Q is embedded in TIn<oX. as a closed subset, then at
least one factor space X, contains a copy of Q, where X, (n<w) are arbitrary
spaces.

(2) MA) If Q is embedded in Tla<.Xa as a closed subset, them at least one

factor space X, contains a copy of Q, where k<c and X, (a<k) are arbitrary
spaces.

Proor. (1) If @ is embedded in I1.<.,X, as a closed subset, then by Lemma
3-2 there exist n<w and an open subset U of @ such that the mapping p,|U:
U—p.(U) is nowhere dense. Since U is homeomorphic to @, p,(U) contains a
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copy of @ by Lemma 2-1. The proof is complete. The proof of (2) is similar.

In Theorem 3-4, we have concluded that at least one factor space contains
a copy of Q. It is natural to ask whether the factor space contains a “closed”
copy of @? We show that it is impossible.

ExaMPLE 3-5. There exists a space X which does not contain a closed
copy of @, but X? contains a closed copy of Q. Let X=R (=the set of reals)
and retopologize X as follows. The set of {{x&R: ¢—1/n<x<q+1/n}: n<w}
is a neighborhood base of ¢ in X for ¢=@Q and the set of {{x=R: p=<x<p+1/n}:
n<w} is a neighborhood base of » in X for pcR\Q. Clearly X does not con-
tain a closed copy of Q but the set {(—gq, ¢): ¢g=@Q} is a closed subset in X?
which is homeomorphic to Q.

REMARK 3-6. Hechler ([4], see [2, §8]) showed that @ is embedded in ‘@
as a closed subset but not in *w for any x<d, where d is the minimum cardinal

of a dominating family of “w. Is our Theorem 3-4 (2) provable for #<d within
ZFC?

Appendix.

Here, under the assumption of the continuum hypothesis (CH), we show the
- existence of a Fréchet space without isolated points which does not contain @
in any generic extension obtained by adjoining Cohen reals. Let P be the poset
adjoining a single Cohen real (i.e. P={p|p: n—2, for some n<w}). Since any
subset of w in a Cohen extension is in some generic extension by P, it suffices
to show the existence of a base @ of a space on @ which satisfies the follow-
ing (1)~(3).

1) (w, D) is a space without isolated points.

(2) p“(w, D) is a Fréchet space”.

3) I“Q is not embeddable in (w, D).

In order to guarantee the condition (3), we introduce a certain topological pro-
perty (say FE-property). A space X has E-property, if for any convergent
sequences {x;| k<), {(y:i|n<w): k<w} of X with lim,.,y2=x: (k<w), there
exists a function f:w—w such that {y%: k<w & n<f(k)} does not converge.
It is easy to see that @ is not embeddable to any space X with E-property.
We shall construct the space (w, 9) such that

3 Ir“(w, D) has E-property”.

Henceforth, we assume CH. Let us assume that we can construct 9, and &%
(n<w, a<w,) which satisfy the following (4)~(11).

4) 9, is a countable Boolean subalgebra of P(w), where P(w) is the power
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set of w.
For each n<w, set 92={ac9D,: nca}.

(5) &2 is a countable ideal of P(w).

(6) 9,C9Ds and €2C€} for n<w, a<pf<w,.

(7) Any nonempty a=9, is infinite.

(8) For any distinct n, m<w, there exists an a=9? such that n=a and
mew\a.

(9) bcCa (mod. f) for any a=9?% and b=&?, where bCa (mod. f) means that
b\a is finite.

(10) For any n<w, P-name x and peP, if plp“xCw”, then there are
a<w, and ¢g=p such that

(10.1) There exists an a=9? so that gl-p“xMNa is finite”;

or

(10.2) There exists an infinite b=&? so that ¢gl-p“bC x”.

(11) For any n<w, p=P and P-names x, f, if p forces

(1L1) xCw & f=<(y:lkEx)>: x—>Pw);

(11.2) =x, y, are infinite and xN\y,=@ for any k<x;

(11.3) yrN\y;=¢@ for any distinct k, [Ex, then there are a<w, and ¢=p

such that

(11.4) There exists an a=9? so that gl-“x\a is infinite”

or

(11.5) There exist an a= 9% and k<w so that gl-p“2<=x & y;\a is infinite”

or

(11.6) There exists an a=9? so that ¢ls“y:Na# @ for infinitely many

kex”.

Set 9=\Us<o,De and E"=Uq,<y, €% Since 9 is a Boolean algebra, (8) implies
that (w, @) is a 0-dimensional Hausdorff space. Moreover, every non-empty ele-
mentYof 9" is infinite and hence (w, 9) satisfies (1). It follows from (10) and
(11) that (w, 9) also satisfies (2) and (3)’. Hence, it suffices to show the ex-
istences of such 2, and €% (n<w, a<w,). Let ¥ be the set of all (n, x,p, f)’s
which satisfy the assumptions of (10) or (11). Since CH is assumed, the cardi-
nality of X is w,. Let (N4, X4, Pa, fa) (@<®;) be an enumeration of X. By
induction on a<w, we shall construct 9, and &7 (for n<w,) which satisfy
4)~(9) and (10), (11) in case (n, x, P, f) is (N4, Xa, Da> fa). The following
lemma gives each step of the inductive construction.

LEmMMA (CH). Suppose that we are given a system (B, 9*: n<w) where B
s a countable Boolean subalgebra of Plw) and 9" are countable ideals of P(w)
with the following :

(CO0) For distinct n and m, there exist ac= 3" and bs B™ such that anb
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=@, where B* denotes the set {ac B: kca};
(C1) Any nonempty a= B is infinite;
(C2) bCa (mod. f) for any as 8", bed” (n<w).
Then, the following (C3) and (C4) hold.
(C3) Suppose that n<w, pEP and P-name x satisfy pl-“xCw & aNx is
infinite for any a= B"”. Then, there exist ¢<p and bCw such that
(C3.1) (8, 3*:i<w) satisfies (CO), (C1) and (C2);
(C3.2) ql-bNx is infinite;
where 3" denotes the ideal generated by 9™U{b} and 3*'=4* for i#n.
(C4) Suppose that n<w, p<P and P-names x, f satisfy
(C4.1) |xCw, x is infinite and f=<{y,|kEx);
(C4.2) xNyr=Q and y, is infinite for any kSx;
(C4.3) Iyeny:=@ for distinct k,lSx;
(C4.4) pl-xCa (mod. f) for any ac B";
(C4.5) ply:.Ca (mod. f) for any a= B* and k=<x.
Then there are q<p and n=aCw such that
(C4.6) (3, 4*:i<w) satisfies (CO), (C1) and (C2);
(C4.7) gy N\a+ D for infinitely many kEx;
where 3 denote the Boolean subalgebra generated by B\J{a}.

ProoOF. (C3) Suppose that n<w, p=P and a P-name x satisfy the assump-
tions of (C3). Let <a;|i<w) be an enumeration of 8" and {p;|i<w) an enumera-
tion of {g=P: ¢<p} such that for any ¢<p there are infinitely many :<w such
that”g=p;. Since pl-“xNa is infinite for any a=38™”, by induction on i<w
we can take k;<w and ¢;<p; so that k;<k;y, and k;=Njgia; and gk, Ex.
Set b={k;:i<w}. It is easy to see that p and b are the desired ones.

(C4) Suppose that n<w, p=P and P-names x, f satisfy the assumptions
of (C4). Since there are no problems in the case that there exist ¢<p and
a<= 3™ such that ¢g“y.\a+ @ for infinitely many k=x”, we may assume that
pI-“For any a= 8™ {kSx: y, \a+ @} is finite”.

CLAIM 1. There exists a ¢cCw such that n&e, p“cN\y.+@ for infinitely
many kEx”, ¢cNb is finite for any bS\Ui<od* and cCa (mod. f) for any ac B™.

PrOOF OF CLAIM 1. Since {8, J*:i<w) satisfy (C0) and (C2) also in the
generic extension by P, pl“y,Nb is finite for any €4"”. Hence, we can take
a P-name z so that

P“2CUrezys & 12Nyl =1 for any kex”,

p=“zNb is finite for any bsg™”,

P“z is infinite”.

Then, pl“zCa (mod.f) for any a=®™”. Similarly as in the proof of (C3),
we can take ¢cCw so that né&c¢, ¢ is infinite, ¢N\b is finite for any b=J9”, cCa
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(mod. f) for any e= 8" and pl-“cNz is infinite”. This ¢ is the required one.
The proof of Claim 1 is complete.

Let ¢ be one as in Claim 1.

Fact [7, 1.1.2 Lemma]. Let X and 4 be countable subsets of P(w) such
that xN\y is finite for each x=X and y=%. Then, there exists an aCw such
that xCa (mod. f) for any x€2X and aNy is finite for any yEY.

Applying this fact to 4* and {c}\U{e;: j<i}\UU,>:d? inductively, we get
the following sequence <e;|i<w).

CLAIM 2. There exists a sequence {e;|i<w) such that n<e, and {e;|i<w)
is a partition of w\c and bCe; (mod. f) for any b€I* (i<w).

Let <e;]i<w) be one as in Claim 2 and define s; (<w) by: s,=w>c and
sisi=Ujes;e; for each i<w. Set a=Nj,s; Then, the following hold: n€a
and aNc=Q; e;Ca for any ica; ¢;Cw\a for any icw\a.

Now, ¢g=p and a satisfy (C.4.6) and (C.4.7) and the proof of has
been completed.

References

[1] A.V. Arhangel’skii and S.P. Franklin, Ordinal invariants for topological spaces,
Michigan Math. J., 15 (1968), 313-320.

[2] E.K.van Douwen, The integers and topology, in Handbook of Set-Theoretic
Topology, ed. by K. Kunen, et al., North-Holland, Amsterdam, 1984, pp. 117-167.

[3] E.K.van Douwen and T.C. Przymusinski, First countable, and countable spaces
all compactification of which contain SN, Fund. Math., 102 (1979), 229-234.

[47] S.H. Hechler, Exponents of some N-compact spaces, Israel J. Math., 15 (1973),
384-395.

[5]7 N. Lasnev, Continuous decompositions and closed mappings of metric spaces, Soviet
Math. Dokl., 165 (1965), 1504-1506.

[6] V.I. Malyhin, BN is prime, Bull. Acad. Polon. Sci., 27 (1979), 295-297.

[7] J.van Mill, An introduction to Bw, in Handbook of Set-theoretic Topology, ed. by
K. Kunen, et al., North-Holland, Amsterdam, 1984, pp. 503-567.

[87] T. Nogura and Y. Tanaka, Spaces which contain a copy of S, or S,, and their ap-
plications, Topology Appl., to appear.

Katsuya EpA Shizuo KAMO

Institute of Mathematics Department of Mathematics
University of Tsukuba University of Osaka Prefecture
Tsukuba 305 Sakai, Osaka 591

Japan Japan

Tsugunori NOGURA

Department of Mathematics
Faculty of Science

Ehime University
Matsuyama 790

Japan



	1. Introduction.
	2. Nowhere dense mappings.
	THEOREM 2-3. ...
	THEOREM 2-4. ...

	3. Embedding to product ...
	THEOREM 3-1. ...
	THEOREM 3-3. ...
	THEOREM 3-4. ...

	Appendix.
	References

