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1. Introduction.

The purpose of this paper is to present some results related to the Teichmiiller
spaces. Let I" be a Fuchsian group acting on the upper half plane U={Imz>0}.
Then the Teichmiiller space T'(I') is represented as a bounded domain in the
Banach space B(U*, I') of bounded quadratic differentials for I" in the lower
half plane U* (Bers [I]). We consider the function ¢,(z)=az?, a=C, defined
in U*. Let F, be a solution of the differential equation {f, z}=¢.(z), where
{f, 2Yy=(f"/f)Y—Q/2)f"/f")? denotes the Schwarzian derivative of f. Then it
is known that F, is univalent in U* if and only if @ belongs to the set V=
{a=(1--re?%)/2; r<4cos?d, 0<0<x} ([4, 5]). Since it has such a simple form,
the function ¢,, a<V, cannot belong to 7'(I") unless I” is one of some elementary
groups (see Section 4). However if we are allowed to vary I in its quasicon-
formal equivalence class, we obtain the following result:

THEOREM A. Let Qu(I') be the set of all quasiconformal automorphisms of
U compatible with I'. If I' contains a hyperbolic element, then for each acV
there exists a sequence wn, n=1,2, -+, in Qu(") with an element @,=T(wypI
sw3z') such that ¢, converges normally (uniformly on every compact subsets of U*)
to ¢, in U*.

The motivation of this theorem originates from a problem related to the
outradii of Teichmiiller spaces. By a theorem of Nehari the outradius o(I")
of T(I") does not exceed 6. The following theorem shows that this value 6 is
sharp within the range of the quasiconformal equivalence class.

THEOREM B. Set o(I")=sup{o(w-I"-w™?); weQyul')}. Then the equality
OI")=6 holds if 0<dim T(").

Actually if I" is of the second kind, Theorem B is trivially deduced from
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the equality o(/')=6, which is established by Sekigawa and Yamamoto [12, 13].
However for any finitely generated Fuchsian group I" of the first kind, o(I") is
strictly less than 6 (Sekigawa [11]). Chu showed in [2] an example of a
sequence [',, n=1, 2, ---, of finitely generated Fuchsian groups of the first kind
such that o(I",) converges to 6, but the topological structure of the surface
U/I’, becomes more and more complicated as n increases. We remark that
Theorem B gives an amelioration of Chu’s result, namely,

COROLLARY. Let 6=(g;vy, -+, va) (§20, 25, = -+ Sy S 00) be a signature

(for the definition, see e.g. [6, p.57]) satisfying (i) 2g—2+427_,(1—1/v;)>0, and
(ii) 3g—34+n>0, then

sup{o(I"); I' is a Fuchsian group with the signature o} = 6.

Nate that the condition (i) implies that T(I") is not a single point. Since
two Fuchsian groups with the same signature are quasiconformally equivalent
to each other, thus this corollary follows.

The author owes much to Prof. H. Yamamoto with whom he has discussed
the subject matter during his preparation of this paper. The author also ex-
press his deepest gratitude to Prof. Y. Kusunoki for his continual encourage-
ment and useful suggestions.

2. Preliminaries.

In the following D denotes the unit disk 4={|z|<1} or the upper half plane
U, and D* denotes the exterior of D in the Riemann sphere €. Let I" be a
Fuchsian group acting discontinuously on D and hence also on D*. We denote
by B(D*, I') the space of bounded quadratic differentials for " in D*. In other
words a holomorphic function ¢ in D* belongs to B(D*, I') if and only if (i)
o(r2)r" (2 =¢(2) for all y&I' and all zeD*, and (ii) the norm is finite, i.e., || ¢l p.
=8UpP,epsd(2) 2| @(2)| < oo, where A(z) is the density of the hyperbolic metric on D*
which has constant (Gaussian) curvature —4. Then A(z)=(|z|*—1)"' for D*=4*,
and A(z)=(—2Imz)"! for D*=U*. A quasiconformal automorphism w of € is
said to be compatible with I” if weyew™" is a Mobius transformation for each
yelI'. Then the Teichmiiller space Tp.(I") is the set of all ¢ of B(D*, I') with
the following property: There is a quasiconformal automorphism w,, of C com-
patible with /" such that w, is conformal in D* and its Schwarzian derivative
{wy,lps, 2z} coincides with ¢. If I' is the trivial group {id}, we abbreviate
Tp«({id}) to Tp«(1) and call it the universal Teichmiiller space. Then for any
I', Tp(I') is included in Tp(1). Suppose that I" acts on U. By using the
Mobius transformation h(z)=—i(z—1)/(z-+1) we define the mapping h* which
takes ¢ of B(U*, I') into (p-h)h’(z)* of B(4* h~'<I'-h). Then we can see that
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h* is an isometry of BU* I') onto B(d* h=*<I'-h) and that A*Typd )=
Tsh *<I'°h). By this mapping h* we may identify these two Teichmiiller
spaces and in the following argument we shall replace the notations Tp«(I") and
lelps by T(I') and |l¢|| respectively, when the domain D is not specified and
no confusion will arise. The outradius o(/") of T(I") is defined to be sup{jlp|;
peT(")}. By a theorem of Nehari the inequality o(/")<6 holds.

3. Behaviour of quadratic differentials.

Let I’ be a Fuchsian group acting on D (=U or 4). We denote by Qp([")
the set of all quasiconformal automorphisms w of D compatible with I, that is,
welsw='is also a Fuchsian group acting on D. The quotient space Rpr=D/I"
is a Riemann surface with the hyperbolic metric induced by that on D.

In the following we set D=U and assume that [’ contains at least one
hyperbolic element y. We consider a sequence w,, n=1, 2, ---, in Qu(I[") with the
following property:

(3.1) ya=wneyowyr' is of the form z—Anz, where 2,>1, and A,—1 as n—oo.

An example of such a sequence is obtained by the method described in the proof
of Theorem 11 in Bers’s paper [1], namely by squeezing a simple closed curve
on Rp. In that paper Bers considered only finitely generated groups, but the
extremal length method which he employed there is applicable to infinitely
generated ones. (See also the proof of Theorem 3 in [1].)

Let w,, n=1, 2, ---, be a sequence in Qy(I") with the property (3.1). We
choose an element ¢, from each T(I',), where I'n=w,-[ow3'. The Nehari
theorem yields the inequality |¢.(z)|£3/2(Imz)*> in U*. Hence the ¢,’s are
locally uniformly bounded in D* and then form a normal family. Let V be the
set {a=(1—re*"%)/2; r<4cos®d, 0<H<m}.

PROPOSITION 3.1. Let {¢a, }=: be a subsequence of {¢n}5-1 which converges
normally to a function @ in U*. Then ¢(z)=az™® for some acV.

ProoF. For convenience we replace the notations I, {¢n,} by I'n, {@n}
respectively. We set @a(2)=2z72P,(z) for n=1, 2, ---; and n=co. Then obviously
P,, n=1, 2, ---, converges normally to P. in U*., To show that P. is constant
in U*, we have only to show that P. is constant along the negative imaginary
axis I. Recall that under the condition (3.1) I', contains an element of the form
7a(2)=4n2. By substituting 7. for y in the equality ¢.(yz)y'(z2)*=¢a(z), which
holds for all yel',, we obtain that P,(2.z)=P,(z). Set z=—i and take an
arbitrary point w=—7r7 on I. Let ¢>0 be given. By the equicontinuity of the
family {P,}, we can choose 6>0 so that |P,({)—P,(w)|<e holds for each n
whenever |{—w|<d. Since A, converges to 1, if N is taken to be sufficiently
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large, then every set {Ayz; v=0, +1, +2, ---} for n>N intersects the J-neigh-
bourhood of w, and so | P,(w)— P,(2)| =| Pu(w)— Pr{(A5"z)| <& holds for a suitable
choice of integer v,. Hence the inequality

| Po(w)— Po(2)| < | Poo(w)— Pr(w)| 4| Pu(2)— Pul(2)| +¢

holds and by letting n—co it follows that | Po(w)— Po(2)| <e. Since ¢ is arbitrary,
the equality P.(w)=P.(z) follows. Thus P. is constant along I, and hence so
is it in U*. Set P.=a. Then ¢, converges normally to az™® in U*.

Next, to show that a belongs to V, we use the mapping h* defined in the
previous section, which maps 7T'y«(I'») onto 7' 4(h~'<I",oh) for each n. Set ¢,
=h*p,. Then ¢, converges normally to ¢(z)=4a(z®—1)"? in 4* (with respect
to the spherical metric of €). Due to the fact which is proved in [4], we need
only to show that a solution of the differential equation {f, z} =¢(z) is uni-
valent in 4*. Let F, be the solution of the equation {F,, z}=¢n(z) such that
Fo(z)=z+0(]z| ™) as |z|—oo. Since ¢, belongs to T s(h~*<I",-h), F, is univalent
in 4* for all n. Then by taking a subsequence if necessary we may assume
that F,, converges to a univalent function F. in 4* ([9, Theorem 1.7]). By the
classical Cauchy’s integral formula, the k-th derivative F$ of F, (in particular
for k=1, 2, 3) converges normally to F, and so {F,, z} converges normally to
{F., z}. Hence the univalent function F. satisfies the equation {F., z}=¢.(2).
Now we complete the proof of the proposition.

PROOF OF THEOREM A. First let @ be an interior point of the set V. Let
{w,} be a sequence in Qy(I") with the property (3.1). Then the Fuchsian group
I'n=wypel"-w3' contains the element y,(z)=A1,z with 1,—1 as n—oo. Here we
may assume that y, is primitive in [, i.e., if yo=7" for an element y of [y,
then y=+1. Let K, be the subgroup of [', which consists of all elements
keeping the imaginary axis invariant. Then K, is either the cyclic group {y»>
generated by 7. or an extension of {(y,> of index 2. For the latter case, by a
conjugation of I, by a Mobius transformation of the form z—7z (r>0) we may
assume that the elliptic transformation 7(z)=1/z belongs to K,. We may
assume that y, represents a simple closed geodesic on R, =U /Iy or on a two
sheeted covering of Ry . Then the collar lemma (see e. g. [3]) provides the sector
Sp={z€U; f,.<argz<m—0,}, where log(cosec 8,-+cot 0,)=(2 sinh(log+/1.))7%,
with the following property: yS,=S, for yeK, and yS.N\S,=@ otherwise.
Note that §,—0 as n—oo.

For a technical reason we change the context of our argument to the unit
disk 4. To this end, we use the Mobius transformation h(z)=:/(1—2z)/(1+2z) and
set Gp,=h"'el'oh, H,=h"*K,hand T,=h"'S,. Then G, acts discontinuously
on 4\d*. The subregion T, of 4 is symmetric about the interval —1<{x<1,
and bounded by the two circular arcs which meet each other at +1 with the
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angle ©—260,. The group H, coincides with the stabilizer (Ga)r,={8€G,;
gT,=T,} of T,. Furthermore H, consists of the transformations
(I+An)z+1—2%)
A=2)z+1+2)’
and (if H, contains elliptic elements)
(1+2)z—1—4%)
1-=2)z—14+2)°
since h~'ey-h belongs to H,.

As the point at infinity oo belongs to 4%, in the following we use the
spherical metric of ¢ when we consider the convergence of functions. To com-
plete the proof it suffices to choose ¢, from 7(G,), n=1, 2, ---, so that ¢, con-
verges to 4a(z?—1)"% in 4* Set d=(1—2a)? with Red>0. Then with the
assumption that « is in the interior of V, we have that |6—1|<1. Following

Kalme [5] we define a continuous mapping W,:C—C by using the above
Mbbius transformation h as follows:

y=0, 1, +2, -,

y=0, +1, +2, -,

—2i0(—1/(h(2)h(z)’*—(—i)°) for zed,
—2i0(—10)?/(h(2)°—(—1)%) for zed*,
where we choose an arbitrary, but fixed branch of z° in U*. The mapping W,
is conformal in 4%*, satisfies that W,(z2)=z+0(]z|!) as |z|—o0, and in 4 has the
Beltrami coefficient p,(2)=(W,):/(W,),=(0—1)1—2%)/(1—2*). Thus W, is a

guasiconformal automorphism of €. Furthermore {W,| s, z} =4a(z*—1)"2. We
remark that

(3.2) Walz) = {

3.3) 1(8(2))g"(2)/8'(2) = pa(2)

holds for all g H,. Next we construct a sequence of Beltrami coefficients
Un, n=1, 2, .-, defined in 4 with the following properties:

(3.4) |pnlle =10—1], and p, converges to g, almost everywhere in 4, and
(3.5) un(g(2))g'(2)/8'(z) = palz)  for all gEGy,.

To do this, let {g:}70 (go=id) be the set of representatives of the left cosets
G./H,. Then by using the function g, we set

tao(w)giw)/gi(w) for z=giw), weT,,
0 for zed—\og:«(T,).
Since g;T.N\g;To=@ for i#j, ¢, is well defined. By [3.3), [3.6)] and the fact

that H,=(G,)r,, we can see easily that pu, satisfies both the statements (3.4)
and (3.5). The Lebesgue measure of 4—7T, diminishes as n—oo and eventually

becomes 0. Hence p, converges to p, in measure and then a subsequence

(3.6) Ua(2) = {
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Uny =1, 2, ---, converges to g, almost everywhere in 4 ([10, pp. 91-92]). By
replacing the notation {z,;} by {#,} we obtain the desired sequence.

Let W, be the quasiconformal automorphism of € such that Wa)e=pu(W,),
in 4, W,);=0 in 4* and W, (2)=z+0(|z|™!) as |z]|—oo. Under this normaliza-
tion at z=oco, for each R>1, |W,(2)|£2R for |z|<R holds, since W, is con-
formal in 4* ([9, Corollary 1.3]). Then it follows that the family {W,} of
(1+1]6—1])/(01—16—1|)-quasiconformal automorphisms is normal. By abuse of
language a uniformly convergent subsequence is denoted again by {W,}. By
the normalization W,(2)=z+0(|z|™!) as [z]|—oo, the limit function W. is not
constant and hence a quasiconformal automorphism of € ([7, p. 29, Theorem
5.2]). Then we obtain that W.=W, in €, because both functions satisfy the
same Beltrami equation and the normalization condition at oo ([7, p. 187, Theorem
5.2]). In particular the conformal mapping W,| s« converges uniformly to W, | s
in 4*, and therefore ¢,={W,| s, 2z} converges normally to 4a(z*—1)"* in 4*.
Finally from (3.5) it follows that ¢, belongs to 7(G,). Thus we proved the
theorem for a which is in the interior of V.

We assume next that a is on the boundary of V. We denote by F* the
conformal mapping in 4* defined by the second expression in for 6=(1—
2a)'® Set a,=(1—1/k)a (k=1, 2, ---). Then a, belongs to the interior of V,
and so we can construct as above a sequence W, ., n=1, 2, -, of quasicon-
formal automorphisms of € compatible with G, which converge uniformly to
Ws,. On the other hand, W,,| s converges uniformly to F¥ in 4*. Hence by
a suitable choice of sufficiently large n(k), k=1, 2, ---, the sequence Wi,y 2| ax
converges uniformly to F¥ in 4*. Then ¢ncry, e ={Wace,, 2} converges normally
to {F¥, z}=4a(z>—1)"* in 4*. We have already seen that ¢, . belongs to
T(Grcry). Thus we complete the proof of Theorem A.

4. A remark on Theorem A.

The question naturally arises whether or not in the statement of Theorem
A the sequence {¢,} can be chosen so that ¢, converges to ¢, in cl7(1), the
closure of 7'(1) in the Banach space B(U%*, {id}). This is true if I’ is either a
cyclic group {y> generated by a hyperbolic transformation y(z)=4z, 4>1, or an
extension of {y)> of index 2. Indeed in these cases we can see that ¢,, acV,
belongs to the closure of T'(I") in B(U*, I') by considering the mapping W,-hA™?,
where W, and h are as in the previous section. However in general we can
give a negative answer to this question.

PROPOSITION 4.1. In the statement of Theorem A, suppose that I’ is neither
a hyperbolic cyclic group {y> nor an extension of <{y> of index 2. Then for each
a+0 and for any choice of a normally convergent sequence {¢,} to ., ¢, does
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not converge to ¢, in clT(1).

ProorF. From the assumption it follows that /" and hence I, (=wpol cw3?)
are not elementary groups. Then the limit set of I", consists of infinitely many
points and in particular there are infinitely many hyperbolic fixed points of I7,,.
Since ¢, converges to ¢, normally in U*, there is a number N>0 such that
the inequality 4(Imzo)*|¢n(20)] >2]| @] >0 holds for zy=—7 whenever n>N. Let
7 be a hyperbolic element of /', whose attractive fixed point ¢ is neither 0 nor
co. Since ¢, is a quadratic differential for I, it follows that

“4.1) 4(Im 9*(20))*| (9" (20)) —@a(1*(20)) |
= 4(Imzo)*| @n(zo)| —4| a|(Im 9*(20))?/| 9*(20) | %,

for each integer v. On the other hand %(z,) converges to the real number
g(#0) as y—oo. Hence (Im%9*(z0))*/1%*(z0)|*—0 as y—+oco. Thus by letting v—
+ oo, we obtain with that [|@a—@.l=2]|a| for n>N. Hence ¢, does not
converge to ¢, in cl T(1). Q.E.D.

5. Proof of Theorem B.

Now we shall give a proof of [Theorem B. If I' contains no hyperbolic
elements, then [’ is necessarily elementary, namely the limit set of I” consists
of at most two points. In this case, I" is of the second kind and then o(l")=6
follows from [13]. In particular we have that ©(I")=6. If I' contains a hy-
perbolic element, then by Theorem A we can choose a sequence {w,}5-; In
Qu(I") and quadratic differentials ¢,€T(,), [,=w,°I>w3', which converge
normally to ¢(z)=(—3/2)z"%, since —3/2€V. Note that the value [¢]|=6 is
attained at each point on the negative imaginary axis. Hence it follows in
particular at z,=—7 that

4(Im zo)* | @n(20)| —> 4(Im z,)*| @(2,)| = 6.

On the other hand the Nehari theorem yields that [¢,|<o(/",)<6. Therefore

o(I',) converges to 6, and hence the equality ©(/")=6 holds. Thus we complete
the proof of Theorem B.

References

[1] L. Bers, On boundaries of Teichmiiller spaces and on kleinian groups: I, Ann. of
Math., 91 (1970), 570-600.

[2] T.Chu, On the outradius of finite-dimensional Teichmiiller spaces, Ann. of Math.
Studies, 79, Princeton Univ. Press, Princeton N.]J., 1974, pp. 75-79.

[3] N, Halphern, A proof of the collar lemma, Bull. London Math. Soc., 13 (1981),
141-144.



[4]
(5]
(6]
[7]
(8]
[9]
[10]
(11]
[12]

[13]

T. NAKANISHI

E. Hille, Remark on a paper by Zeev Nehari, Bull. Amer. Math. Soc., 55 (1949),
552-553.

C.I. Kalme, Remarks on a paper by Lipman Bers, Ann. of Math., 91 (1970), 601-
606.

I. Kra, Automorphic Forms and Kleinian Groups, Benjamin, 1972.

O. Lehto and K.I. Virtanen, Quasiconformal Mappings in the Plane, Springer, 1973.
Z. Nehari, The Schwarzian derivative and schlicht functions, Bull. Amer. Math.
Soc., b9 (1949), 545-551.

Ch. Pommerenke, Univalent Functions, Vandenhoeck and Ruprecht, Gottingen, 1975.
H.L. Royden, Real Analysis, 2nd ed., Collier-MacMillan, London, 1968.

H. Sekigawa, The outradius of the Teichmiiller spaces, Téhoku Math. J., 30 (1978),
607-612.

H. Sekigawa and H. Yamamoto, Outradii of Teichmiiller spaces of finitely generated
Fuchsian groups of the second kind, J. Math. Kyoto Univ., 26 (1986), 23-30.

H. Sekigawa and H. Yamamoto, Outradii of Teichmiiller spaces of Fuchsian groups
of the second kind, Tohoku Math. J., 38](1986), 365-370.

Toshihiro NAKANISHI

Department of Mathematics
Faculty of Science
Shizuoka University
Shizuoka 422

Japan



	1. Introduction.
	THEOREM A. ...
	THEOREM B. ...

	2. Preliminaries.
	3. Behaviour of quadratic ...
	4. A remark on Theorem ...
	5. Proof of Theorem B.
	References

