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The purpose of this note is to prove a theorem which implies the following:
Given an arbitrary open Riemann surface R and an arbitrary positive real num-
ber p. There exist a holomorphic function f on R and two subregions S and
T of R with SUT=R such that f|S (f|T, resp.) belongs to H?(S) (H?(T),
resp.) and yet f does not belong to H?(R).

1. We denote by HP(R) for a positive real number p the class of holo-
morphic functions f on an open Riemann surface R such that |f|? has a har-
monic majorant on K. In this note we prove the following

THEOREM. For an arbitrary holomorphic function f on an arbitrary open
Riemann surface R and any positive real number p, there exist two subregions S,
and Ty of R with S;UT;=R such that f|S; (f| Ty, resp.) belongs to H?(S;)
(H?(Ty), resp.).

This result was originally obtained by Baifiuelos and Wolff when R is
the unit disk. The proof will be given in nos. 2-7.

Proof of the Theorem.

2. First we fix our basic notation. We take an exhaustion {R,}T of R
(cf. e.g. [2]) and denote by {U,;};%, (n=1, 2, ---) the connected components of
Up=Ryn-1— Rsn-s, Where we set Ry=@. We connect Us,; (=1, -+, vp; n=2,3, )
with Ryn-s by @ strip V,j=¢u;(Das) in Ryn-s—Ryn_s, i.e. an image of a rectangle

Dyj={x+yi: 0<x<1, 0<y<ya;}

by a conformal mapping ¢,; of a neighborhood of D,; to R. We may assume
that

(pnj(l:o; ynjl‘]) = aanmaRzn—s ’
Gafll, 14+y,;4]) = 0V ,;NoU,;,
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anm Vnk = @ (]ik);

where [z, z,] means the line segment {tz,+(1—t)z,: 0<¢<L1} for points z,, z,
in the complex plane. We divide V,; into two strips

Vai=¢dnil{x+yr : 0<x<1/2, 0<y<yaj}),
Vii= du{x+yi: 1/2<x <], 0<y<yaj}).

Then we set Vi=@,
Vo= \Vay Vi= Vi, Vi= Vi (0=23, ),
Jj=1 j=1 =1
and

W= | YValUaU Vﬁﬂ)}" (n=1,2, ).

Here X° means the interior of the set X.

3. We give complementary ‘slits’ ¢, in V, as follows. For every integer
n with n=2 and real number r with 0<»<1, we consider a subset

aur) = U gni[1/2, 1/247ymsiD)

of oW ,_,. Since the harmonic measure v,(r; 2)=w(0ni:(¥), Wy ; 2) (n=1, 2, --+)
of ¢,..(r) considered on W, converges to 0 as »—0, there exists a real number
Qni1=0,4,(f) with 0<a,.;<1 depending on the positive number

M, (f) = max{| f(2)|? : z& Un+1U Vn+2}+l

in such a way that

1
Va(@na1; 2) = m

on
a1 = WaNO0Rzn-;1.

The first requirement for ¢, is thus given here in this number and the second
in Number 5.

4. Now we give slits 7, in V, as follows. We fix a sequence {r,}3 of
real numbers r, with 0<»,<a, and consider slits

ealra) = U @uill1/24 707, 1/24 30si])

inV, (n=2,3, --+). Let u be any bounded harmonic function on an unbounded
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open subset

Sa=Saltrabied = | \J(FaulUnUVam) "= O ralra)

=n+l

(n=1, 2, ---) of R with vanishing boundary values on 0S,. Since |u(z)| is do-
minated by

flu| = sups, | u(z)|

on ¢, (m=n+l, n+2, ---), we have

[u@)| = ullvm-1rn; 2) = ullva-lan; 2) = |ull/2
on I'; and hence on ¢,_,(r,-,) if m=n-+2. Then by induction we obtain
lu(2)| < [lull/2™-"

on I';,; so that u=0. This shows the uniqueness of the solution for the
Dirichlet problem on S, which is equivalent to the maximum principle for
Sy :sups,u=supss,-xu for any bounded continuous function u on S, except for
a subset X of 0S, of logarithmic capacity zero locally and harmonic on S,.

5. Now the second requirement for complementary slits ¢, is formulated.
We fix an integer n with n=2. For a real number » with 0<r=<a,, we con-
sider the harmonic measure

wa(r; 2) = 00S:({an}5+1)—02(1), Sul{an}si); 2)

of 0S,({an}3s)—0.(r) on S,({an}s+1). Since w,(r; z) converges to 1 as r—0,
there exists a real number b,=b,(f) with 0<b,<a, such that

walbn; z) 2 1/2
on
;= Sn({am}oz;ﬂ)maRzn—z .

6. Finally we construct a harmonic majorant for |f|? on S;. We set

Sf = Sl({bm}?) .

The open set S, is connected since v;=1 and U,;=R; is connected. For every
integer n with n=2 we consider a positive harmonic function A, on S, such
that boundary values of h, is 0 for (Carathéodory) boundary points accessible
from S;—S,({bn}5+) and 2M, for boundary points accessible from S,({bn}7+1).
Since h, is dominated by 2M, on ¢,(b,), we have

ho(2) £ 2Mavn-y(by; 2) £ 2Myvn_y(an; 2) £1
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on I'; and hence on ¢,_,(b,-,) if n=3. Then by induction A, is dominated by
1/2"2 on I';. On the other hand we have

on I'} and hence on S;—R,,_,. Therefore we can define a harmonic majorant
hi2) = M)+ 35 hal2)

of |f|? on S;, where we set M(f)=max{|f(z)|?:z€R,UV,}.

7. We now briefly complete our proof by constructing another subregion
T; of R. We take another exhaustion {FP,}T of R with

an((Rzn—1—Ezn—z)U(Pzn—r“P-znw)) =R ’

where P,=@. We consider a subregion 7, of R by connecting the components
{Pon-1—Pis-5}5 in the same way as that of S;. Then S,UT;=R and f|S,
(f1Ty, resp.) belongs to H?(S;) (H*(T;), resp.). 0

8. To derive the statement in the introduction from the theorem we need
to construct a holomorphic function on an arbitrary open Riemann surface R
which is not in H?(R) (0<p<oo). This follows at once from the Behnke-Stein-
Florack existence theorem and the fact that any g in H?(R) is Lindelofian (i.e.
log*]g| admits a superharmonic majorant) by observing special distributions of
zeros of Lindeléfian holomorphic functions (cf. e.g. [2], p. 270).
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