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0. Introduction.

If T:X-2Y¥ and U:Y—-2%, (x, y)€XXY is a coincidence of T and U if
Tx>y and Uy>x. In a recent paper, Browder, [4], has proved the existence
of coincidences in a variety of situations. In this paper we shall extend
Browder’s results to the case of m (=2) spaces. The basic tool that we use is
Brouwer’s fixed-point theorem for a simplex (though we could equally well use
the KKM theorem). We prove in that if, for each /=0, ---, m—1,
X; is a nonempty convex subset of a topological vector space and T;: X;—2%i+
has nonempty convex values (with (m—1)+1 interpreted as 0) then there exists
(%0, ***» Xm-1)E X)X+ X Xpp-; such that

fOI‘ all Z-:O, rry m—1 , szl D X1

provided that each T'; is either “Browder-Fan” or of “Kakutani
type” (Definition 2.3). These definitions will require that some (but possibly
not all) of the sets X; are compact and some (but possibly not all) of the
underlying topological vector spaces are locally convex. It is curious that the
two kinds of map can be mixed in any order. is a consequence
of the main existence theorem, [Theorem 3.1, in which we allow some of the
maps to satisfy a weaker condition than “Browder-Fan”. This weaker con-
dition does not require the vector spaces to be topologized, since it is stated in
terms of the “polytopology”, which is an intrinsic topology defined on any
nonempty convex subset of a vector space (Definition 1.1). The proof of Theo-
rem 3.1 goes by way of two special cases, [Theorem 1.4 and [Theorem 2.5

If X is a nonempty compact convex subset of a topological vector space
and for all feE’,

Sf={x:x<X, f(x)=max f(X)}

then S: E’—2% has nonempty closed convex values. In we prove
a coincidence theorem that involves the map S. This result (which was proved
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in a different way in [11]) seems to be entirely independent of
and can best be thought of as a generalization of Kakutani’s fixed-point theorem
to the non-locally-convex case. .In fact, it -has as immediate consequences
generalizations of Kakutani’s fixed-point theorem due to Browder, [4], Theorems
8and 9, Fan, [5], Theorems 5 and 6 and Takahashi, [12], Theorem 8 and [13],
Theorem 11. These applications are discussed fully in [11], Remark 4.6.

We now introduce some abbreviations and notation. Vs stands for “real
vector space”, tvs for “real Hausdorff topological vector space”, Ics for “real
locally convex Hausdorff topological vector space”, /sc for “lowersemicontinuous”
and usc for “uppersemicontinuous”. If E is a tvs we write E’ for its topological
dual. If m=1 we write ¢, for the subset

{(217 M) Zm) : 21) Tty lmgoy '21+ e '{"lm:l}

of R™ and Z,=1{0, 1, ---, m—1} with addition modulo m. Finally, if f:XXY
—R we say that f has property (P) in its first variable if, for all yeY, f(-, v)
has property (P); we define in ¢ts second variable analogously.

The author would like to express his appreciation to the referee for a
number of very useful comments on the first version of this paper.

1. Browder-Fan maps.

DEFINITION 1.1. Let X be a nonempty convex subset of a vs E. If m=1
and x,, -, xn,X we write q[x,, -+, xn] for the map of ¢, into X defined by

glxy, ) xnJAD) =221+ - HAnxn A=Ay, -, An)E0q).

The polytopology of X is the finest topology on X with respect to which all the
maps q[x;, -*-, xn] are continuous. (A subset Y of X is polyopen & for all
mz=1 and x,, -+, xn€X, glxy, -, 21 YY) is open in ¢,.)

We now give some motivation for the above definition. In order to establish
our results under the weakest possible hypotheses we shall assume that our
vs’s are tvs’s only when it seems strictly necessary. The polytopology of X is
very useful in this connection since it is derived purely from the convexity of
X. (The word “polytopology” is an amalgam of “polytope” and “topology”).
Any real affine function on X is poly-continuous. If E is a tvs then the poly-
topology of X is at least as fine as the relative topology.

DEFINITION 1.2. We say that T :X—2Y is Browder-Fan (B-F) if
X is a nonempty compact convex subset of a tvs,

Y is a nonempty convex subset of a vs,

for all xeX, Tx is a nonempty convex subset of ¥
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and
for all yeY, T-'y is open in X.

We say that T : X—2Y is poly-Browder-Fan (p-B-F) if
X and Y are nonempty convex subsets of vs’s,

for all x€X, Tx is a nonempty convex subset of V
and
for all yeY, T-'y is poly-open in X.

We note that if T is B-F then it is automatically p-B-F. See Remark 1.5
for the reason for the terminology “Browder-Fan.”

The following results on selections are suggested by the proof of Browder,
[3], Theorem 1, p. 285.

LEMMA 1.3. (@) Let T:X—2Y be B-F. Then there exist y,, -+, y,€Y
and a continuous map f:X— o, such that

f07’ all JCEX, Tx BQEylr Ty yn]f(x) .
(b) Let T:X—2¥ be p-B-F and x,, -+, xn€X. Then there exist y,, -, y,€Y
and a continuous map f:on— 0, such that
for all A€an,  Tqlxi, -, xndA) 2Ly, -, Y211 (4).
(¢) Let T:X—2Y¥ be B-F. Let Z be a nonempty convex subset of a vs and
U:XXY—-2%. For all vy, -, y.€Y define Uly,, -, ¥al: XX0,—2% by

ULy, -5 3a1(x, D=Ulx, qly1, -5 321A)  (x, HEXX0).
If

for all x€X and yeTx, U(x, v) is a nonempty convex subset of Z
and

for all zeZ and y,, -+, y, €Y, Ulyy, -+, ¥217%2) is open in XXo,

then there exists a map g:X—Y such that the map of X into 2% defined by

x —>U(x, g(x))
is B-F.

PrOOFS. (a) For all xeX, Tx+* @ hence

X=UT'y.
YEY
Since X is compact and the sets T-'y are open, there exist y;, -+, ¥,€Y such

that
X = Cj T_lyj .
j=1
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Let py, -+, p» be a continuous partition of unity on X subordinate to this open
covering. Define f:X—¢, by

Fx)=(pa(x), -+, palx))  (x€X).
Clearly f is continuous. If xX let J={j: p,(x)>0}. Then

alys, =) ¥a1f(0) = 3042035 = T, 0423,
Now
je] = x&Ty; = Tx>y;.

Hence, since Tx is convex,

Tx E 4[3’1, Tty yn:l.f(x)
as required.

(b) This follows from (a) since the map of ¢, into 2¥ defined by

A —> Tqlxy, -, xn](4)
is B-F.
(¢) Let vy, -+, y,€Y and f:X—g, be as in (a). The result follows with

g=qly1, -, ¥a.1f. (We note that if z&€Z then U(x, g(x))2z & (x, f(x))E
U[ylv "ty yn]_l(z)-)

We now come to our first cyclic coincidence theorem. This result will
eventually be incorporated into [Theorem 3.1.

THEOREM 1.4. Let m=1 and, for each i€ Z,, let T;: X;—2%i+1 be p-B-F.
Suppose -that there exists i &Zn such that T;, is B-F. Then there exists
(XO, T xm—l)eXox vee XXm-l such ﬁ’lat,

for all i€Z,, Tix:D X41.

PROOF. Case 1 (m=1). This is similar to, but simpler than, case 2 dis-
cussed below and so we leave the details to the reader.

Case 2 (im=2). Without loss of generality we suppose that T, is B-F. From
[Lemma 1.3/(a) there exist yi, -+, yL,€X; and a continuous map fo: Xo— Gr e
such that

for all x€X,, Tox 2 g1 fo(x), (1.4.1)

where ¢, is written for ¢y}, -, 2y : 0nay—X:. We now apply
(b) m—1 times and, for each reZ,\{0}, find yi*!, ---, yot,,,€X,,, and a
continuous map f,: nuy— Gner+1y Such that

for all 2€aairy,  TigA) 2 graf+(4), (1.4.2)

. where ¢4, is written for g[y1*!, -+, ¥30n] Onean—=Xrs1. Since fr-ifm-s
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---f1fogo is @ continuous map of the simplex ¢,,, into itself (recall that, in Z,
if r=m—1 then r+1=0), from Brouwer’s theorem there exists 4,0, such
that

fm—1 "‘flfoQo(lo) =4. (1.4.3)
The result follows from (1.4.1), (1.4.2) and with

x0200(20>
and, for all reZ, {0},

Xr = qrfra1 "'foCIO(lo) .

REMARK 1.5. Our next result goes back to Browder, [3], Theorem 1, p. 285
and is equivalent to Fan’s minimax inequality, [6], Theorem 1, p.103. These
results are our motivation for the terminology “ Browder-Fan ”.

COROLLARY 1.6. If T:X—2* is B-F then there exists x&X such that
Tx>x.

COROLLARY 1.7. Let T :X—2Y be p-B-F and U :Y—2% be B-F. Then there
exists (x, y)EXXY such that Tx=y and Uy>«x.

Using we can prove the following generalization of a two-
function inequality given in Simons [10], Theorem 1 (c), p. 380 and [11], Theo-
rem 1.4. See also Liu [9], Theorem 1, p. 517.

THEOREM 1.8. Let

X be a nonempty convex subset of a vs,
Y be a nonempty compact convex subset of a tvs,

f: XXY—-R be quasiconcave in its first variable
and lsc in its second variable,

g: XXY—>R be poly-usc in its first variable
and quasiconvex in its second variable
and
f<g on XXY.
Then
miny supy f < supy infyg .

PrOOF. If the result were false, we could choose »=R so that
miny supy f > r > supy infyg.
We could then contradict with
Tx={y:yeY, glx, y<r} (x€X)
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and
Uy={x:x€X, f(x, y)>r} (yey).

REMARK 1.9. Following Ben-El-Mechaiekh, Deguire and Granas [2], Défini-
tion 2, p. 381 we say that T : X—2% is ¢* if

X is a nonempty compact convex subset of a tvs,
Y is a nonempty convex subset of a vs,

for all x=X, Tx is a convex subset of ¥V
and there exists 7': X—2¥ such that

for all xe X, @+ TxCTx
and
for all yevy, T-1y is open in X.

We say that T : X—-2Y is poly-¢* if

X and Y are nonempty convex subsets of vs’s
and
for all x,, -+, xn€X, Teglxy, -+, xnl:on—2Y is ¢

Then [Lemma 1.3, [Theorem 1.4, [Corollary 1.6 and remain true
with “B-F” replaced by “ ¢*” and “p-B-F” replaced by “poly-¢*” throughout.
The proofs are essentially identical with those given in the text. The modified
Lemma 1.3(a) is then a slightly more precise version of [2], Théoréme 2.2,

p. 381, the modified [Corollary 1.6 is [2], Théoréme 3.1, p. 382 and the modified
is a generalization of [2], Corollaire 3.4, p. 382. can
also be modified to give a generalization of [2], Corollaire 5.5, p. 384.

2. The support map and generalizations of Kakutani’s fixed-point theorem.

DEFINITION 2.1. Let X be a nonempty compact convex subset of a tvs E.
We define the support map S: E’—2% by

Sy={x:xeX, {x, yo=max{X, y>} (yekE£).

Theorem 2.2 was proved in a different way in [11], Theorem 4.5. It was
also shown in [11], Remark 4.6 that this result unifies a number of fixed-point
theorems for multivalued maps in tvs, Ics and normed space situations due to
Browder, Fan and Takahashi. Theorem 2.2 can be deduced from a recent
result in a similar vein of Fan [7], Theorem 8, p.526. It can also be deduced
from a recent result of a totally different character of Granas and Liu, [8],
Théoreme 2.1, p. 329.
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THEOREM 2.2. Let X be a nonempty compact convex subset of a tvs E and
T :X—-2F be B-F. Then (with S as above) there exists (x, y)EXXE’ such that
Tx>y and Sy>x.

ProOF. Define U: XX E’—2% by
Ulx, y)=1{z: ze X, <z, y>><x, >} ((x, y)EXXE).

Clearly, for all (x, y)eXXE’, U(x, y) is a (possibly empty) convex subset of X
and, for all ze X and y,, ---, y,€E’,

ULys, =, 321700 = {(x, D2 x€X, A0, 3322, 99> 32w, 990}

(see Lemma 1.3/(c)) which is open in XX, So if
for all x€X and yeTx, Ux, W+ @ (2.2.1)

then we could apply Lemma 1.3(c) and obtain a map g:X—E’ such that the
map of X into 2¥ defined by x—U(x, g(x)) would be B-F. It would then follow
from that there would exist x€X such that U(x, g(x))2x. This
is impossible from the definition of UU. Thus is false and so

there exist x=X and y=Tx such that
for all zeX, <z, y>=<x, ».
This clearly implies that x=Sy and completes the proof of the theorem.

Here we shall consider just one application of namely we
shall show how to deduce Kakutani’s original fixed point theorem from it. First
we make a definition.

DEFINITION 2.3. We say that T : X—2Y is of Kakutani type (Kt) if

X is a nonempty convex subset of a tvs,
Y is a nonempty compact convex subset of a Ics F,

for all x€X, Tx is a nonempty closed convex subset of Y

and
T is usc.

LEMMA 2.4 (Kakutani). Let X be a nonempty compact convex subset of a lcs
E and V: X—2% be Kt. Then there exists x&X such that Vx>x.

PrROOF. Let yeE’ and x&Sy. Since @+ VxCX
mind Vx, y> < max<{X, y)=<x, y). (2.4.1)
Define T : X—2% by
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Tx={y:yeFE, <{x, yo<min{Vx, y>} (xeX).
It clearly follows from that
xelSy = y&Tx.
From T is not B-F. Since V is usc,
for all yeE’/, T-'y is open in X .
Further, by definition,
for all xeX, Tx is convex.

It follows that
there exists x€ X such that Tx=@ .
Since Vx is closed and convex and E is locally convex,
Tx=¢ &= for all yeE’/, min{Vx, y)> =<{x, y>
= Vx>ox.

This gives the required result.

We now come to our second cyclic coincidence theorem. As was the ‘case
with this result will eventually be incorporated into
The case with £=2 is Browder [4], Theorem 1, p. 70.

THEOREM 2.5. Let k=1 and, for each heZ,, let Y, be a nonempty compact
convex subset of a lcs Fn and V,:Y,—2Yn+1 be Kt. Then there exists
(Yor s Ve-1)E Yo X +++ XYy such that,

for all hEZk, Vhyhath.

Proor. We suppose that £=2 since the case when k=1 is essentially
Let X=Y,X -+ XY,_., and E=F,X --- XF,_, and define V: X—2%
by

V(yo, s Y1) = V-1V 5-1X VoYo X - X VioaYr-2

(Yoy s Ve-DEY ;X = XY 1)
Then V is Kt. From there exists
x=(Yo, "y Va-1)E X such that Vx>x.

This gives the required result.

REMARK 2.6. remains true with “B-F” replaced by “g*”
(see Remark 1.9) throughout.
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3. A general cyclic coincidence theorem.

THEOREM 3.1. Let m=1 and, for each i Z,, let T;: X,—2%i+1 be p-B-F or
Kt subject to the following restrictions.

(@) If T;is Kt then T;., is B-F or Kt.

(b) There exists i€ Zy such that Ty, is B-F or K.
Then there exists (xq, ***, Xm-1)E XX =+ X Xpoy such that

for all ZEZm, Tz-xi‘—_)xiﬂ. (3.1.1)

Proor. In view of and we can suppose that
m=2 and, in view of we can suppose that there exists s€Z,
such that T, is Kt. Let s(0)< --- <s(k—1) be exactly those values of s€Z,
for which T, is Kt. For each heZ, let t(h)=s(h)+1€Z, and Y,=X,»,. For
each heZ, we are going to define V,:Y,—2¥n+1,

Case 1 t(h+D)=t(h)+1€Z,). Then Yi1=X,n,+1. We define V,=T;x,.

Case 2 (t(h+1+#th)+1eZ,). Here T,u, is B-F, for all r=th)+1, .-,
sth+1)—1, T, is p-B-F and Ty, is Kt. Arguing as in there
exist continuous maps

feaw ¢ Xecwy —> Gremr+ns

fr cOniry —> On@r+1) (T’Zt(h)—l—l, M) S(/’l+1)—l)

and

gr: 6oy —> X, (=t(h)+1, -, s(h+1))
such that,

for all x€X,u,, T X 2 qreny+1f e (X)
and,

for all »r=t(h)+1, ---, s(h+1)—1 and A€o, ¢, Trqg(A) 3 qrir f+(A) .
We define V,:Y,—2Vr+1 (e, Xy, —2%sa+n+1) by

Va=Tsa+v@sn+vSsnsv-1 fen -

For all heZ,, V, is Kt. In case 1 this is immediate from the definitions
and in case 2 this follows since T4y is Kt and gsasny, fscnin-1, > frn) are
continuous. Thus, from there exists (yo, ==+, Y2-1)E Yo X =+ X Yoy
such that

for all heZ,, VaVan D Vasr-

For all heZ, we write
Limw =€ Yr=Xin.

If reZ ~\{t(h): heZ,} then there exists heZ, such that
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re {tth)+1, -, s(th4-1)}.
We then write

xr:(]rfr—x (X)) € Xr

We leave it to the reader to show that (3.1.1) is satisfied.

If we are prepared to assume that the X,’s are all subsets of tvs’s then we
obtain the following version of [Theorem 3.1 that has a somewhat simpler
statement. The case with m=2, T, B-F and T; Kt generalizes Browder [3],

Theorem 7, p. 290, and [4], Theorem 3, p. 71, in that the topological conditions
are slightly weaker.

COROLLARY 3.2. Let m=1 and, for each i€ Z,, T;:X;—2%ix1 be B-F or
Kt. Then there exists (x4, ***, Xm-1)E XX =+ X X -y Such that

f07’ all ZIEZm, Tixiaxiﬂ.
Our final result is-a version of [Corollary 3.2 in terms of sets.

COROLLARY 3.3. Let m=1 and, for each icZ,, X; be a nonempty convex
subset of a tvs E;, A, CX; XX+, and

for all x€X;, {y:yeXu, (x, y)eA;} be nonempty and convex.
Suppose that, for all i€ Z,, either

X; is compact and, for all yeX;y,, {x: x€X;, (x, v)EA,;} is open in X;
or

Ei is a les, Xiyy is compact in Eivy and A; is closed in X;X X4y .
Then there exists (x4, ** ) Xm-1) EXoX «++ X Xp_1 such that
for all ieZ,, (%3, Xi41) € Ay
PROOF. Immediate from with
yeTix & (x,y)eA;.

REMARK 3.4. and [Corollary 3.2 remain true with “B-F”
replaced by “¢*” and “p-B-F” replaced by “poly-¢*” (see Remark 1.9)
throughout.

The results of Browder and Fan discussed in this paper have been extended

in a totally different direction in Ben-El-Mechaiekh, Deguire and Granas [1],
Théoréme 2, p. 339.
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