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On the slender property of certain Boolean algebras
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(Received Dec. 27, 1984)

$1. Introduction.

K. Eda introduced the notion of the slender property in complete Boolean
algebras. In this paper, we shall show that certain Boolean algebras have the
slender property, thereby answer the question in [3].

Throughout this paper, we shall use the terminologies for forcing of set
theory (see e.g. [5] or [6]). We denote by Z the group of all integers. We
regard the set Z“ of all functions from w to Z as the countable direct product
of Z. For each n<w, e, stands for the element of Z¢ which is defined by

(1 if i=n,
eali) = {
0 otherwise.

“Yon<w(---)” means that “For almost all natural numbers n, ---.”, and “I*n<w

”

(---)” means that “For infinitely many natural numbers n, ---.”.

DEFINITION. A complete Boolean algebra B has the slender property, if it

holds that
IVx:(Z*)" — Z homo V*n<w (n(e,)=0)|p = 1.

REMARK. This definition is different from the definition of the slender prop-
erty in [1]. {In [1], the slender property is defined by using other group theo-
retical terminologies, i.e., B has the slender property, if every homomorphism
7 from Z¢ to the Boolean power Z® is infinitely linear. But, both definitions
are equivalent.

In relation to the siender property, Eda proved the following theorem.

THEOREM 1. Let B be a complete Boolean algebra.
(i) If B satisfies the (w, w)-weak distributive law, then B has the slender

property.
(i) If 1(2*)7| =w|p=1 holds, then B does not have the slender property.

Eda and Hibino asked in [3] whether the complete Boolean algebra adding
a Cohen-generic real has the slender property. We shall answer positively this
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question in section 2. By (ii), assuming the continuum hypothesis
(CH), the complete Boolean algebra Col(w, w,) consisting of all regular open sets
in the (w, w,)-collapsing poset does not have the slender property. In section 3,
we shall consider that whether Col(w, w;) has the slender property when CH is
false. In section 4, we shall construct the complete Boolean algebra with the
w,-chain condition (the w.-c.c.) which does not have the slender property.

In sections 2 and 3, we shall use the following terminologies. For each
few®, f denotes the function in @® which is defined by

fo) =1,
Fn+1) = Fn)(DienfO ) +n),  for n<w.

For any elements f, g€w®, f dominates g (denoted by g<*f), if V*n<w(g(n)
< f(n)). A subset F of w® is said to be cofinal in w®, if Vgew?If=F (g<*f).

§2. Main theorem.

For each cardinal k£, Fn(x, 2) denotes the poset {p; IxCr(|x|<w & p:x—2)}
whose order is the inverse inclusion.

THEOREM 2. The complete Boolean algebra r.o.(Fn(k, 2)) consisting of all
regular open subsets of Fn(x, 2) has the slender property, for any cardinal .

PROOF. Let x be any cardinal. Set P=Fn(«, 2). To get a contradiction,
suppose that

(1) 7 is a P-name and p,=P,
(2) p“r: (Z*)"—Z homo”,
(B Dol T n<w(n(e,)+0)".
Define the P-name ¢ by
o :w—w & Yn<<w(o(n)=|nle,)|)”.
Since P satisfies the w,-c.c., there is aC«x such that
lal=w and p,<= Pla and ¢ is a P|a-name,

where Pla={p&P;dom(p)Ca}.

CONVENTION. For each s=2%, “s|— ---” meanithat 3p=P(pCs & p I-p ).

Set

S={s€2%; Vn<wIj<ow(sl“c)=s") & I*n<o(sl“al)+0")}.
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Then, by (2) and (3), we have that
4) SN[ po] is comeager in [po],

where [p]={s€2%; p,Cs}.
For each few®, take p,=P|a and ¢,=P|(x~a) such that

poC p, and 3k€Z(p,Ugs p“n(F)=F").
Since |{p;; few?}|=|Pla]|=w, there is p=P|a such that
{few?; py=p} is cofinal in w”.
Since [p]C[po], by (4), there is s&S such that pCs. Define g:w—w by
g(n) = the unique j<w such that s |- “g(71)=,".
Then, since s, it holds that
(5) I*n<w (g(n)#0).
By the choice of p, there is f=w® such that
6) g<*f and p;=p.

Take ¢: k—2 such that
sCe¢ and g, Co.
Set
H=1{heZ"; 3p=sP3kcZ(pC ¢ & plp“x(h)=E")},

and define 6 : H—-Z by
f(h) = the unique 2= Z such that

ApeP(pCo & p p“a(h)=E").
Then, we have that

(7 H is a pure subgroup of Z¢,

(8) 6 is a homomorphism from H to Z,
9) Vn<w(e,=H & |0(e,)|=g(n)).

By (6) and by the choice of ¢, it holds that
(100 feH.

For each n<w, define f,cw® by

fa@) =

0 otherwise .

{ f@  ifizn,
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Since feH, we have that Yn<e (f,H). Take m,<w such that
me=Vn<w (g(n)<f(n).
Set f*=fy, and m,=max(m,, |G(f*)]).

CLamm 1. m,<Vn<w(0(f,)=0).

ProoF OF CLAIM 1. Let n be any natural number such that m;<n. By
the definition of f, it holds that 3xeZ® (f(n)x=f,). Since H is pure, we have
that

F(n) divides 6(f,).

On the other hand, since f,=f*—3X75%, f(i)e, we have that

0(fa) = O(/*) =12k, 76, .
So, it holds that
OIS 10N +Zica JO @) < J(m).
Thus, we have that 6(f,)=0. q.e.d. of Claim 1.
By Claim 1, we have that
f(e;,) =0 for m;<Vn<w
This contradicts (5) and (9). This completes the proof. O

Let B be the Boolean algebra of all Borel subsets of the unit interval [0, 1]
and & the ideal of all meager sets in 8. It is known that the quotient
algebra B/3J is isomorphic to r.o.(Fn(w, 2)). So, we have the following corollary.

COROLLARY 1. The complete Boolean algebra B/J has the slender property.

This answers the question in [3].

§3. Theorem 3.

Let Fn(w, w,) be the (w, w,)-collapsing poset {p; In<w (p: n—w,)} whose
order is the inverse inclusion. We denote by Col(w, w,) the complete Boolean
algebra of all regular open sets in Fn(w, w,).

By (ii), assuming CH, every complete Boolean algebra that col-
lapses ®, does not have the slender property. It seems to be interesting to
check whether this is true when CH is false. Especially, does Col(w, w,) have
the slender property? The following theorem gives a partial answer to this
question.

THEOREM 3. Let P be a poset and k=|P|. Suppose that the following (x)
holds.
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(%) VECw®(|F|Zk = Jgew® VfEF(f<*g)).
Then, r.0.(P) has the slender property.

PrROOF. Let P be a poset and x=|P]|. Assume that (x) holds. To get a
contradiction, suppose that

(1) w is a P-name and peP,
(2  Ip“m:(Z*) — Z homomorphism”,
B) Plr“In<w(nle,)+0)".
For each p=P, set
H,={heZ*; Ik€Z (p I-p“x(h) = F")},
and define 6,: H,—Z by
@ ,(h) = the unique k€ Z such that p Ip“x(h)=Fk".
CLAIM 2. There is pEP such that p<p and {few”; FEH,} is cofinal in w®.

PROOF OF CLAIM 2. Suppose not. For each peP, p<p, take f,€w® such
that
Vgew’ (§geH, = not f,<*g).

Since |{f,; peP & p<p}|<|P|=k, by (x), there is few® such that VpcP
(P<p = fp<*f). So, it holds that

VpePVgew® (p<p & F€H, = not f<*g).

But, this contradicts the fact that {gew®; I3p=sP (p<p & geH,y)}=w". q.e.d.
of Claim 2.

Take p*< P such that
(4) p*<p and {few”;feH,} is cofinal in w”.

By induction on n<w, using (2) and (3), take p,eP (n<w) and m,<w (n<w)
such that, for any n<w,

B P P* & Prri<Pa,

6) ma<Mpyy, 7

(7)  ViSmaIREZ (pol-p“nle) =F"),

@)  palp“mlen,)*0".

Set H=\_Un<oHp, and §=\<.0,,. Define gew® by
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g(n) = |6(e,)| for any n<w.
Then, the following (9)~(12) hold.
9 H is a pure subgroup of Z¢.
(10) 0 : H— Z homomorphism.
(11) Vn<w(e,€H) & I*n<w(g(n)#0).
(12) 3fcw’ (g<*f & feH).

By a similar argument as in the proof of we can derive a contradiction
from (9)~(12). O

It is well-known that the statement “VFCw® (|F|<2® = Jgew’ VfEF
(f<*g))” is consistent with ZFC+42=w,. So, we have the following corollary.

COROLLARY 2. The statement “Col(w, w,) has the slender property” is con-
sistent with ZFC+2°=w,.

I do not know whether the statement “Col(w, @,) does not have the slender
property” is consistent with ZFC+2¢=w,.

§4. A certain complete Boolean algebra with the w,-c.c. which does not
have the slender property.

In [2], Eda showed an example of a complete Boolean algebra with the w,-
¢. ¢. which does not have the slender property. His example is complicated, since
it was constructed by using a complete Boolean algebra B which satisfies
IMA4—CH|lz=1. In this section, we shall construct a complete Boolean alge-

bra with those properties more directly.
Define the poset P by (H, §) = P if and only if

An<w 3hg, -+, hp-1€H (H=Di<n{h> & Z*=HPZ* ")
& 6: H— Z homomorphism,

and, for any (H, @0), (G, g)EP,
(H, ) < (G, o) if and only if HOG & § Do,

where (h)> denotes the subgroup generated by ki, @D.<,H; the direct product of
H; (<n) and Z“ " the subgroup {heZ*; Vi<n (h(z)=0)} of Z<.

THEOREM 4. (i) P satisfies the w,-c. c.
(i) r.0.(P) does not have the slender property.

In the proof of this theorem, we need the following lemma.
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LEMMA 1. YheZ*3(H, 6)eP(heH).

PROOF. This lemma follows immediately from the proof of Theorem 19.2
in [4, p. 94]. O

PROOF OF THEOREM 4. First, we shall show (i). So, let W be any subset
of P such that |W|=w,. Foreach p=(H, §)cW, take n,<w and A%, ---, h,’{p-l
€ H such that
H = @< KT,
and set
Sp=<hPnyli<nyy,

tp =<ORY) | i<ny.
CrLAaiM 3. There are W/CW, n<w, s and ¢ such that
1) W]=w,
2) VoeW (ny,=n & s,=s & tp,=1).

PROOF OF CLAIM 3. This claim follows immediately from the fact that
Hnp; pEWHU{s,y; peWhU{t,; peW}=w. q.e.d. of Claim 3.

Take W/CW, n, s and ¢ which satisfy (1) and (2) in Claim 3. We shall
show that

() W’ are pairwise compatible.

In order to show (%), let p=(H, #) and ¢=(H’, ') be any elements in W’. For
each :<n, set
gi = hi—hi.

Since g, -+, gn-: are in Z* ", by Lemma 1, there are a subgroup G of Z“ "
and <o such that

(3) G@Z«)\(ﬂ{i) — Zm\n ,

(4) 8oy 0y Gn-1 € G.

Let = be the homomorphism from G to {0}CZ. Set
c=0Hr : HPG — Z.

Then, it is easy to see that (HEG, )P & (HDHG, 0)<(H, 0), (H, §').
Next, we shall show (ii). Define the P-name # by

dom(%) = {(h, k)" ; heZ® & keZ},
7((h, B))={(H, 0); heH & §(h)=Fk}.
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By it holds that

VheZeVpePAgePAkeZ (g 1-»“(h, k) €7").

From this, we have that

p “%:(Z*)” — Z homomorphism”.

To complete the proof we show that |-p“T°n<w(#(e,)=0)". Let n<w and
p=(H, @)= P. It suffices to show that

Im<wIgeP(@<)p & n=m & gql-p“Flen)#0").

Take m<w and p=(H, §)e P such that

F<p & n=m & Ze=HPZo ™.

Set G=H®<e,>, and define 7: G—Z by

v(h+ken) =8G(h)+k  for YVheH and VikeZ.

Set ¢=(G, r)e P. Then, it holds that

¢g<p<p and ql-p“Flen) =1"

This completes the proof. |
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