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1. Introduction.
Let £ be a regular uncountable cardinal. Consider the set
S(k, £¥) ={x€Ps*)  [x|=|xNkl*}.

A question has been raised, notably in [1], and [5], whether S(x, £*) can
be stationary.

By a result of Baumgartner, cf. [1], if S(x, £#*) is stationary then « is
(weakly) inaccessible and 0% exists. We show (in Corollary 4.3) that if S(&, &)
is stationary then the function f(§)=&* on £ has the Galvin-Hajnal norm «*.

2. Some facts about P.(A).

Throughout this paper, & is a fixed regular uncountable cardinal; all other
greek letters denote ordinal numbers. If x is a set of ordinals, then

X =the order type of x;
as usual, |x| is the cardinality of x. For 1>k,
PA={xCA: |x|<k}.

2.1. DEFINITION ([4]). A set CZP[A) is closed if whenever DCC is a
chain under inclusion with |D|<«k, then \UDeC. C is unbounded if for every
xEP,(A) there is a yeC with xCy. Cis a club if it is closed and unbounded.
A set SCP.(A) is stationary if SNC+@ for all clubs C.

2.2. PROPOSITION. A subset C of &k is a club iff C is a club in PJ(x); also,
£ s a club in P/(k).

2.3. PROPOSITION. Let k<a<f. If Cis a club in P a) then the set
{xeP(B) : xNacsC}
is a club in P(pB).
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2.4. LEMMA (Abraham). Let k<a<pB. If C is a club in P(p) then the set

{xNa : x=C}
contains a club in PJla).

2.5. COROLLARY. Let k<a<fB. A set SCPJla) is stationary in PJla) if
and only if the set
{xeP(B) : xNacsS}
is stationary in P/(f).

3. Ordinal functions on P.(4).
3.1. DEFINITION. Let f and g be ordinal functions on P.(A).
f<g iff {x:f(x)<g(x)} contains a club.
The 2-norm of f is the rank of f in the well-founded relation < :
I/la=supiligla+1:g<fh
(If A=k, ||f|=|fl. is the Galvin-Hajnal norm, cf. [3].)

3.2. For y<k«, let ¢, be the constant function with value 7.
We have

ledla=7.

For almost all x (i.e. for all x in a club CZP,(4)),

Kz = XMNEK
is an ordinal, and
ezl =x.

3.3. PROPOSITION. For all e such that k<a<2, and all x€PJR), let

a,=xMNa.
Then

lazl;=a.
(The proof is by induction.)

3.4. PRrROPOSITION ([2]). An ordinal function f is canonical if |fl:<lgla
implies f<g. For each 7n<2* there is a canonical function f, on PJR) such
that ||f,ll2=7.

(The functions in 3.2 and 3.3 are canonical, for p<A.)

3.5. For every <4t if f, is the 7*® canonical function on P,(4), then

[(x)<4%.
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It follows that
1252 = 2%,
In particular,

(3.6) [6—&*] = x*.

4. A theorem on P.(A4).

4.1. THEOREM. Let t<a<i, and let [ be an ordinal function on Pla) with
| flla<LA. The following holds for almost all x< P,(4):

xN[fla < flxNa).

If a=« then Theorem 1 takes the following form:
4.2. THEOREM. If f is an ordinal function on k, |f|=B<A, then

Bz < flKks)
for almost all x= PJ(Q).

4.3. COROLLARY. If the set Sk, £*) is stationary, then the function &—§&*
on £ has norm k*.

ProoOF of the Corollary. Assume that S(k, £*) is a stationary subset of
P.(g*). If ||&*]>k* then there is a function f on & such that f(§)<&*+ for
almost all & and | f|=«*. Thus it suffices to prove that for any function f on
k such that f(&§)<&*, if | fll=«* then {£<k: f(§)=&*} is stationary. Let f be
such a function.

By Theorem 4.2 (with f=A=«") the set
{xeP(c*) : 2<f(ro)}
contains a club. Since S(x, £*) is stationary, so is the set
{xePx*) : f(k)=xz}.
By Corollary 2.5, {é<k: f(§)=&*} is a stationary subset of k. Od

PrROOF of Theorem 4.1. Let x<a<A. We prove the theorem by induction
on | flla.

Assume that f is an ordinal function on P.a) such that the theorem fails;
let B=|fll.<A. Hence the set

X={xeP,) : xN\B>f(xNa)}

is stationary. By normality, there is a stationary set YCX and some y<pf
such that for every xev,
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y=the f(xNa)™ element of xNS.

Let g<f be a function on P(a) such that | gll.=7.
By the induction hypothesis,

xNy < glxNa)

holds for almost all x < P.(A).
On the other hand, the set

{xeP) : xNy=f(xNa)}
is stationary. On the other hand, the set
{xePdla) : glx)<f(x)}
contains a club in P, (a), and so
{xeP.A) : glxNa)< f(xNa)}
contains a club in P,(4); hence for almost all x = P,(4),

Ny < fxNa).
A contradiction. O

5. Final remarks.

It is well known that stationary subsets of & remain stationary in generic
extensions obtained by <&x-closed forcing. This is not the case for stationary
subsets of P,(2): In [1], Baldwin proves that if £ is weakly inaccessible and
A>k is Ramsey, then the set

S={xeP): |x|>kt*}

is stationary. If A is changed to £* by the Lévy collapse, then S is no longer
stationary, even though the forcing is <x-closed. By Theorem 4.2, |x| <}
for almost all x< P.(x*).

We conclude by stating two open problems: What is the consistency
strength of the following ?

(5.1) S(k, £*) is stationary
and
(5.2) [E—&Y] =™

(5.1) holds if x is x*-supercompact (cf. [1]), and implies by 4.3.
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6. Added in proof (May 1986).

Hans-Dieter Donder, Aki Kanamori and Jean-Pierre Levinski have kindly
brought to my attention the following partial answers to the open problems

(5.1) and [5.2:

6.1 (Baumgartner [6]). If « is ineffable then the function &—&* has norm
gt. If V=L then ||E*|=k"* if and only if £ is ineffable.

6.2 (Donder). If g is inaccessible but not Mahlo and if ||§*||=«* then L[U]
exists.

6.3 (Levinski [7]). If S(k, £*) is stationary then 0* exists.
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