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Introduction.

The tightness criterion by Kolmogorov-Chentsov (Chentsov [2]) plays an im-
portant role in various limit theorems of stochastic processes with discontinuities
of at most the first kind. The criterion is stated as follows: A sequence of
stochastic processes $X_{t}^{n},$ $t\in[0, T],$ $n=1,2,$ $\cdots$ , right continuous with the left
hand limits is tight if there are positive constants $K,$ $\gamma$ and $\alpha$ not depending on
$n$ such that

$E[|X_{t}^{n}-X_{t}^{n_{1}}|^{\gamma}|X_{\iota_{2}}^{n}-X_{t}^{n}|^{\gamma}]\leqq K|t_{2}-t_{1}|^{1+\alpha}$ , $0\leqq t_{1}<t<t_{2}\leqq T$ ,

$E[|X_{t}^{n}|^{\gamma}]\leqq K$ , $0\leqq t\leqq T$ .

In this paper, we shall give analogous tightness criteria for sequences of
stochastic processes $X_{t}^{n}$ , $n=1,2,$ $\cdots$ , taking values in $C=C(R^{d} ; R^{d})$ and $D=$

$D([0, T];C)$ with discontinuities of at most the first kind. Here $C$ is the space
of continuous maps from $R^{d}$ into itself and $D$ is the set of all maps from $[0, T]$

into $C$, right continuous with the left hand limits. A main object of considering
such processes is to obtain tightness criteria for sequences of stochastic flows,
which will be discussed in the latter half of this paper.

In case that $X_{t}^{n}$ are C-valued processes, $X_{t}^{n}(x),$ $x\in R^{d}$ can be regarded as a
continuous random field with values in $R^{d}$ if $t$ is fixed. Then Kolmogorov-
Prohorov’s tightness criterion for continuous random field is applicable: There
are positive constants $K,$

$\gamma$ and $\beta$ not depending on $n$ such that

$E[|X_{t}^{n}(x)-X_{t}^{n}(y)|^{\gamma}]\leqq K|x-y|^{d+\beta}$ ,

$E[|X_{t}^{n}(x)|^{\gamma}]\leqq K$ .
See Totoki [9]. However, since we consider $X_{t}^{n}(x)$ as random fields with two
parameters $t$ and $x$ , the tightness criterion should be given in the mixed form
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of the above two criteria. Our criterion is in fact related to Chentsov [3].

In Section 1, we discuss the tightness of C-valued processes, right continuous
with the left hand limits. Since their laws are given as probability measures
in $D=D([0, T];C)$ , the criterion will be given to a sequence of probability
measures in D. (Theorem 1.1). In Section 2, we discuss the tightness of D-
valued processes, right continuous with the left hand limits. The criterion will
be given to a sequence of probability measures in $D([0, T];D)$ .

In the latter half of the paper, we shall apply these criteria to obtain a
tightness condition for L6vy processes with values in $C$ . The criterion is stated
in terms of the means, covariances and characteristic measures of the L\’evy
processes, called the characteristics of the processes. (Theorem 3.1). We then
discuss the tightness of stochastic flows generated by C-valued L\’evy processes.
Let $X_{t}$ be a C-valued L\’evy process with some additional regularity conditions.
We consider the stochastic differential equation of the jump type $d\xi_{t}=dX_{t}(\xi_{f-})$ .
The solution defines a stochastic flow or a $G_{+}$-valued L\’evy process, where $G_{+}$

is the semi-group consisting of continuous maps. See Fujiwara-Kunita [5].

Tightness condition of stochastic flows is given in terms of the characteristics
of their generators. (Theorems 4.1 and 4.3).

The convergence problem of stochastic flows will be discussed in a separate
paper. [10].

1. Tightness of C-valued processes.

Let $C=C(R^{d} ; R^{d})$ be the totality of continuous maps from d-dimensional
Euclidean space $R^{d}$ into itself. It is a Fr\’echet space by the compact uniform
metric $\rho$ . Let $D=D([0, T];C)$ be the totality of maps $X;[0, T]arrow C(R^{d} ; R^{d})$

such that $X_{t}\equiv X(t)$ is right continuous with the left hand limits with respect to
the metric $\rho$ and $X_{T}= \lim_{t\dagger T}X_{t}$ , where $T$ is a fixed positive integer. For $X,$ $Y$

of $D$ , we define the Skorohod metric $s$ by

$s(X, Y)=\inf_{\lambda\in H}\sup_{t\in[0.T]}\{\rho(X_{t}, Y_{\lambda(t)})+|\lambda(t)-t|\}$ ,

where $H$ is the set of all homeomorphisms on $[0, T]$ . Then $D$ is a complete
separable space with respect to a metric equivalent to $s$ . We denote by $\mathcal{B}_{D}$ the
topological Borel field of $D$ .

Suppose we are given a sequence of probability measures $\{P_{n}, n=1,2, \cdots\}$

on $(D, \mathcal{B}_{D})$ . It is called tight if for any $\eta>0$ , there is a compact subset $A$ of
$D$ such that $P_{n}(A)>1-\eta$ holds for all $n$ . The object of this section is to give
a tightness criterion, which is a combination of the well known Kolmogorov-
Prohorov’s tightness criterion for continuous processes or Totoki’s theorem for
continuous random fields ([9]) and Kolmogorov-Chentsov’s criterion for discon-
tinuous processes ([2]).
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For each $t,$ $X_{t}(x)$ denotes the value of the map $X_{t}\in C$ at the point $x\in R^{d}$ .
The following notations will be used.

$\Delta_{(t_{1},t_{2})}X(x)=X_{t_{2}}(x)-X_{t_{1}}(x)$ , $\Delta_{(x.y)}X_{t}=X_{t}(y)-X_{t}(x)$ ,

$\Delta_{(t_{1},t_{2}),(x,y)}X=\Delta_{(t_{1},t_{2})}X(y)-\Delta_{(t_{1}.t_{2})}X(x)$ .

THEOREM 1.1. Let $\{P_{n}\}$ be a sequence of probability measures on $(D, \mathcal{B}_{D})$ .
Supp0se that for each hypercube I with the center $0$ there are p0sttive constants
$K,$ $\alpha,$ $\beta,$

$\gamma$ wzth $\gamma\geqq 1$ and a posttive non-decreaszng functim $\epsilon(t),$ $t>0$ wzth
$\lim_{t\downarrow 0}\epsilon(t)=0$ such that

(1.1) $E_{n}[|\Delta_{(t_{1}.t),(x,y)}X|^{\gamma}|\Delta_{(t.t_{2}),(x’.y’)}X|^{\gamma}]$

$\leqq K|t_{2}-t_{1}|^{1+\alpha}|x-y|^{d+\beta}|x’-y’|^{d+\beta}$ , $x,$ $y,$ $x’,$ $y’\in I$ , $t_{1}<t<t_{2}$ ,

(1.2) $E_{n}[|\Delta_{(t_{1}.t).(x,y)}X|^{\gamma}|\Delta_{(t.t_{2})}X(0)|^{\gamma}]\leqq K|t_{g}-t_{1}|^{1+a}|x-y|^{d+\beta}$ ,

$x,$ $y\in I$ , $t_{1}<t<t_{2}$ or $x,$ $y\in I$ , $t_{2}<t<t_{1}$ ,

(1.3) $E_{n}[|\Delta_{(t_{1},t)}X(0)|^{\gamma}|X_{(t.t_{2})}X(0)|^{\gamma}]\leqq K|t_{2}-t_{1}|^{1+a}$ , $t_{1}<t<t_{2}$ ,

(1.4) $E_{n}[|X_{t}(x)-X_{t}(y)|^{\gamma}]\leqq K|x-y|^{d+\beta}$ , $x,$ $y\in I$ , $t=0,$ $T$ ,

(1.5) $E_{n}[|X_{t}(0)|^{\gamma}]\leqq K$ , $t=0,$ $T$ ,

(1.6) $E_{n}[|\Delta_{(0.\delta),(x.y)}X|^{\gamma}+|\Delta_{(T-\delta,T),(x.y)}X|^{\gamma}]\leqq\epsilon(\delta)|x-y|^{d+\beta}$ ,

$E_{n}[|\Delta_{(0.\delta)}X(0)|^{\gamma}+|\Delta_{(T-\delta.T)}X(0)|^{\gamma}]\leqq\epsilon(\delta)$

hold for all $n$ , where $E_{n}$ denotes the expectati0n based on $P_{n}$ . Then $\{P_{n}\}$ is tight.

Before we proceed to the proof of the theorem, we shall give a rather
abstract and intermediate criterion of the tightness. The following notations
will be used in the statements:

$\Vert\phi\Vert_{I}=\sup_{x\in I}|\phi(x)|$ , $\Vert\phi\Vert_{I}^{0}=\sup_{x.y\in I}|\phi(x)-\phi(y)|$ ,

where $I$ is a hypercube. The inequality $\Vert\phi\Vert_{I}\leqq\Vert\phi\Vert_{l}^{0}+|\phi(0)|$ holds if $0$ is the
center of $I$ .

PROPOSITION 1.1. Let $\{P_{n}\}$ be a sequence of pr0bability measures on $(D, \mathcal{B}_{D})$ .
Supp0se that for each hypercube I with the center $0$ , there are posttive constants
$K,$ $\alpha,$ $\beta,$

$\gamma$ and a positive non-decreasing functim $\epsilon(t),$ $t>0$ with $\lim_{t\downarrow 0}\epsilon(t)=0$ such
that

(1.7) $E_{n}[\{\Vert X_{t}-X_{t_{1}}\Vert_{l}\Vert X_{t_{2}}-X_{t}\Vert_{I}\}^{\gamma}]\leqq K|t_{2}-f_{1}|^{1+\alpha}$ , $t_{1}<t<t_{2}$ ,

(1.8) $E_{n}[ \sup_{t}|X_{t}(x)-X_{t}(y)|^{\gamma}]\leqq K|x-y|^{d+\beta}$ , $x,$ $y\in I$ ,
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(1.9) $E_{n}[ \sup_{t}|X_{t}(0)|^{\gamma}]\leqq K$ ,

(1.10) $E_{n}[\Vert\Delta_{(0.\delta)}X\Vert_{I}^{\gamma}+\Vert\Delta_{(T-\delta,T)}X\Vert_{I}^{\gamma}]\leqq\epsilon(\delta)$

hold for all $n$ . Then $\{P_{n}\}$ is tight.

For the proof of the above proposition, it is convenient to characterize a
relatively compact subset of $D$ . For each hypercube $I$ and positive number $\delta$ ,

we define the modulus of the continuity of $X\in D$ as

$w_{I}’’(X; \delta)=\sup\Vert X_{t_{1}}-X_{t}\Vert_{I}\wedge\Vert X_{t}-X_{t_{2}}\Vert_{I}$

where the supremum extends over all $t_{1},$ $t,$ $t_{2}$ such that $t_{1}<t<t_{2}$ and $t_{2}-t_{1}<\delta$ .
Also, we put

$w_{I}(X;[ \tau, \sigma])=\sup_{t_{1},t_{2}\in\zeta\tau\sigma 3}.\Vert X_{t_{2}}-X_{t_{1}}\Vert_{I}$ .

LEMMA 1.1. A subset $A$ of $D$ is relatively compact if the following two con-
ditions are satisfied.
(a) There is a compact subset $K$ of $C$ such that $X_{t}\in K$ holds for all $X\in A$ ,

(b) For any hypercube $I$,

$\lim_{\deltaarrow 0}\sup_{x\in A}w_{I}’’(X;\delta)=0$ ,

$\lim_{\deltaarrow 0X}\sup_{\in A}w_{I}(X;[0, \delta])=0$ ,

$\lim_{\deltaarrow 0X}\sup_{\in A}w_{J}(X;[T-\delta, T])=0$ .

The lemma can be proved by modifying the appropriate theorem in Bil-
lingsley [1]. It is omitted. Now, in the proof of Proposition 1.1, Garsia’s in-
equality giving a priori estimate for modulus of continuity of functions plays an
important role. We shall give its special form.

LEMMA 1.2. Let $\phi(x)$ be a continuous map from the hypercubeI of $R^{d}$ into
$R^{d}$ . Then for any $\gamma>0$ and $\kappa>2d$

(1.11) $| \phi(x)-\phi(y)|<\frac{8\kappa}{d^{\kappa/2\gamma}(\kappa-2d)}|x-y|^{(\kappa-2a)/\gamma}\{\int_{I}\int_{I}\frac{|\phi(\tilde{x})-\phi(\tilde{y})|^{\gamma}}{|\tilde{x}-\tilde{y}|^{\kappa}}d\tilde{x}d\tilde{y}\}^{1/\gamma}$

PROOF. Garsia’s lemma [6] is stated as follows: Let $P$ and $\Phi$ be con-
tinuous, strictly increasing functions on $[0, \infty$ ) such that $p(O)=\Phi(O)=0$ and
$\lim_{t\uparrow\infty}\Phi(t)=\infty$ . Suppose

$\int_{I}\int_{I}\Phi(\frac{|\phi(\tilde{x})-\phi(\tilde{y})|}{p(e(I))})d\tilde{x}d\tilde{y}\leqq B$ ,

where $e(I)$ denotes the common length of the edge of the hypercube. Then

$| \phi(x)-\phi(y)|\leqq 8\int_{0}^{|x-y|}\Phi^{-1}(\frac{B}{u^{2d}})dp(u)$ .
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Now set $\Phi(r)=r^{\gamma}$ and $p(t)=t^{\kappa/\gamma}$ . Then

$\int_{I}\int_{I}\Phi(|\phi\frac{(\tilde{x})-}{p(e(}I\frac{\phi(\tilde{y})1}{))})d_{\tilde{X}}d\tilde{y}\leqq\int_{I}\int_{I}\frac{|\phi(\tilde{x})-\phi(\tilde{y})|^{\gamma}}{d^{\kappa/2}|\tilde{x}-\tilde{y}|^{\kappa}}dPd\tilde{y}\equiv B$ ,

and

$\int_{0}^{|x-y|}\Phi^{-1}(\frac{B}{u^{2d}})p(du)\leqq(\frac{\kappa}{\kappa-2d})|x-y|^{(\kappa\sim 2d)/\gamma}B^{1/\gamma}$ ,

so that (1.11) follows.

PROOF OF PROPOSITION 1.1. What we have to show is that given a positive
$\eta$ there is a subset $A$ of $D$ satisfying (a), (b) and $P_{n}(A)>1-\eta$ for all $n$ . First
we shall construct a subset $B=B(\eta)$ satisfying (a) and $P_{n}(B)>1-\eta/2$ for all $n$ .

Define the modulus of continuity of $\phi\in C(I;R^{a})$ by

$w_{I}( \phi;\delta)=\sup_{x.y\in I,\rceil x-y|<\delta}|\phi(x)-\phi(y)|$ .
By Garsia’s inequality (1.11),

$\sup_{t}w_{I}(X_{t} ; \delta)^{\gamma}\leqq C_{1}\delta^{\kappa-2d}\int_{I}\int_{I}\frac{\sup_{t}|X_{t}(x)-X_{t}(y)|^{\gamma}}{|x-y|^{\kappa}}dxdy$ .

By (1.8) the expected values of the above double integral with respect to $P_{n}$ ,

$n=1,2,$ $\cdots$ are all dominated by the same finite number $K \int_{I}\int_{I}|x-y|^{d+\beta-\kappa}dxdy$

if $\kappa\in(2d, 2d+\beta)$ . Therefore we have

$E_{n}[ \sup_{t}w_{I}(X_{t} ; \delta)^{\gamma}]\leqq C_{2}\delta^{\kappa-2d}$

for all $n$ . Now let $\eta$ and $\zeta$ be arbitrary positive numbers. Then Chebischev’s
inequality yields that there is $\delta=\delta(\zeta, \eta)$ such that

(1.12) $P_{n}[ \sup_{t}w_{I}(X_{t} ; \delta)\geqq\zeta]\leqq\frac{\eta}{4}$ , $n\geqq 1$ .

By the similar consideration, we obtain from (1.8)

$E_{n}[( \sup_{t}\Vert X_{t}\Vert_{I}^{0})^{\gamma}]\leqq C_{3}$ , $n\geqq 1$ .

The above and (1.9) imply

$E_{n}[ \sup_{t}\Vert X_{t}\Vert_{I}^{\gamma}]\leqq C_{A}$ , $n\geqq 1$ .

Consequently, there is a positive constant $a$ such that

(1.13) $P_{n}[ \sup_{t}\Vert X_{t}||_{I}\geqq a]\leqq\frac{\eta}{4}$ , $n\geqq 1$ .

The above two inequalities (1.12) and (1.13) lead to $P_{n}(B_{I}(\zeta, \eta))\geqq 1-\eta/2$ for all
$n$ , where

$B_{I}( \zeta, \eta)=\{X\in D ; \sup_{t}w_{I}(X_{t} ; \delta)<\zeta, \sup_{t}\Vert X_{t}\Vert_{I}<a\}$ .



314 H. KUNITA

Let $I_{l},$ $l=1,2,$ $\cdots$ be a sequence of hypercubes with the center $0$ and the length
$l$ . Set

$B( \eta)=\bigcap_{l=1}^{\infty}\bigcap_{m=1}^{\infty}B_{I_{t}}(\frac{1}{m},$
$\frac{\eta}{2^{m+l}})$ .

Then $P_{n}(B(\eta))>1-\eta/2$ for all $n$ . Consider now a subset of $C$ :

$K_{I}(\zeta, \eta)=t\phi\in C$ ; $w_{I}(\phi;\delta)<\zeta,$ $\Vert\phi\Vert_{l}<a$ }
and set

$K( \eta)=\bigcap_{t=1}^{\infty}\bigcap_{m=1}^{\infty}K_{I_{l}}(\frac{1}{m},$
$\frac{\eta}{2^{m+l}})$ .

By Ascoli-Arzel\‘a’s theorem, $K(\eta)$ is relatively compact in $C$ . Since $X_{t}\in K(\eta)$

holds for all $t$ if $X\in B(\eta)$ , the condition (a) is fulfilled.
We shall next construct a subset $C=C(\eta)$ of $D$ satisfying (b) and $P_{n}(B)>$

$1-\eta/2$ for all $n$ . For any $\zeta>0$ , there is $\delta=\delta(\zeta, \eta)$ such that

$P_{n}[w_{I}’’(X; \delta)\geqq\zeta]\leqq\frac{\eta}{4}$

holds for all $n$ by (1.7). See Billingsley [1], Theorem 15.6 and its proof. Also
by (1.10) there is $\delta>0$ such that

$P_{n}$ [ $\Vert X_{\delta}-X_{0}\Vert_{I}\geqq\zeta$ or $\Vert X_{T}-X_{T-\delta}\Vert_{I}\geqq\zeta$] $\leqq\frac{\eta}{4}$ , $n\geqq 1$ .

Let $\delta$ be the minimum of the above two $\delta’ s$ . Then the set

$C_{I}(\zeta, \eta)=\{X\in D ; w_{I}’’(X;\delta)<\zeta, \Vert X_{\delta}-X_{0}\Vert_{I}<\zeta, \Vert X_{T}-X_{T-\delta}\Vert_{I}<\zeta\}$

satisfies $P_{n}(C_{I}(\zeta, \eta))>1-\eta/2$ . Note that $w_{I}’’(X;\delta)<\zeta$ and $\Vert X_{\delta}-X_{0}\Vert_{I}<\zeta$ implies
$\Vert$ $X.-X_{0}\Vert_{I}<2\zeta$ for any $s$ in $[0, \delta]$ and hence $w_{I}(X;[0, \delta])<4\zeta$ . Similarly it holds
$w_{I}(X;[T-\delta, T])<4\zeta$ if $X\in C_{I}(\zeta, \eta)$ . Consequently, the set

$C( \eta)=\bigcap_{l=1}^{\infty}\bigcap_{m=1}^{\infty}C_{I_{l}}(\frac{1}{m},$
$\frac{\eta}{2^{m+l}})$

satisfies the condition (b). The inequality $P_{n}(C(\eta))\geqq 1-\eta/2$ holds for all $n$ .
Now the set $A(\eta)=B(\eta)\cap C(\eta)$ satisfies conditions (a) and (b) and $P_{n}(A(\eta))\geqq$

$1-\eta$ for all $n$ . This proves the proposition.

We can now complete the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. It is enough to prove $(1.7)-(1.10)$ of Proposition 1.1.
We first consider (1.7). By Garsia’s inequality,

$\Vert\Delta_{(t_{1}.t)}X\Vert_{I}^{0}\leqq C_{1}\int_{I}\int_{I}\frac{|\Delta_{(\iota_{1}.).(x.y)}X|^{\gamma}}{|x-y|^{\kappa}}dxdy$ .

The same inequality is valid to $\Vert\Delta_{(l.t_{2})}X\Vert_{I}^{0}$. Therefore (1.1) yields
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$E_{n}[\{\Vert\Delta_{(t_{1}.t)}X\Vert_{I}^{0}\Vert\Delta_{(t.t_{2})}X\Vert_{I}^{0}\}^{\gamma}]$

$\leqq C_{1}^{2}\int_{I}\int_{I}\int_{I}\int_{I^{-}|x-y|^{\kappa}}^{\underline{E}_{n}\underline{[|}X}\Delta_{(t_{1}.t),(x.y)1_{x-y’|^{\kappa}}^{\gamma}}|\Delta_{(t,t_{2}).(x’.y’)}X|^{\gamma}]$ dxdydx’dy’

$\leqq C_{1}^{2}K|t_{2}-t_{1}|^{1+\alpha}\int_{I}\int_{I}\int_{I}\int_{I}|x-y|^{d+\beta-\kappa}|x’-y’|^{d+\beta-\kappa}dxdydx’dy’$

$\leqq C_{3}|t_{2}-t_{1}|^{1+\alpha}$ .

The above 4-ple integral is finite if we choose $\kappa$ from $(2d, 2d+\beta)$ . Apply tbe
similar argument to (1.2). Then we have

$E_{n}[\{\Vert\Delta_{(t_{1}.t)}X\Vert_{I}^{0}|\Delta_{(t.t_{2})}X(0)|\}^{\gamma}]\leqq C_{4}|t_{2}-t_{1}|^{1+a}$ , $t_{1}<t<t_{2}$ or $t_{2}<t<t_{1}$ .
These two inequalities and (1.3) imply (1.7).

For the proof of (1.8), we will make use of a real variable lemma due to
K\^ono [7]. Let $0=t_{0}^{(m)}<t_{1}^{(m)}<\cdots<t_{2^{m}}^{(m)}=T$ be a partition of $[0, T]$ such that
$t_{k}^{(m)}=k2^{-m}T$ . For an $R^{d}$ -valued function $f(t),$ $t\in[0, T]$ right continuous with
the left hand limits, set

$\delta_{m.k}(f)=\min\{|f(t_{k}’)-f(t_{k})|, |f(t_{k+1})-f(t_{k}’)|\}$

where $t_{k}=t_{k}^{(m)}$ and $t_{k}’=(t_{k}+t_{k+1})/2$ , and

$\overline{\Delta}_{m}(f)=\max_{0\leqq k\leqq 2^{m}-1}\delta_{m.k}(f)$ .

Then for any positive integers $P$ and 1,

$|f(p2^{-l}T)-f(0)| \wedge|f(p2^{-l}T)-f(T)|\leqq\sum_{m=1}^{\infty}\overline{\Delta}_{m}(f)$ .

See Lemma 3 and its proof in [7]. This implies in particular

$\sup_{t}|f(t)|\leqq\sum_{m=1}^{\infty}\overline{\Delta}_{m}(f)+|f(0)|+|f(T)|$ .

Now, setting $f(t)=\Delta_{(x.y)}X_{t}$ and taking $L^{\gamma}$-norm, we have

(1.14) $E_{n}[ \sup_{t}|X_{t}(x)-X_{t}(y)|^{\gamma}]^{1/\gamma}$

$\leqq\sum_{m=1}^{\infty}E_{n}[\overline{\Delta}_{m}(\Delta_{(x.y)}X)^{\gamma}]^{1/\gamma}+E_{n}[|\Delta_{(x.y)}X_{0}|^{\gamma}]^{1/\gamma}+E_{n}[|\Delta_{(x.y)}X_{r}|^{\gamma}]^{1/\gamma}$

Note that
$\delta_{m.k}(\Delta_{(x.y)}X)\leqq|\Delta_{(x.y)}X_{t_{i}}-\Delta_{(x.y)}X_{t_{l}}\cdot|^{1/2}|\Delta_{(x.y)}X_{t_{k+1}}-\Delta_{(x.y)}X_{\iota_{k}’}|^{1/2}$ ,

and

$\overline{\Delta}_{m}(\Delta_{(x.y)}X)^{sr}\leqq\sum_{k=0}^{am-1}\delta_{m.h}(\Delta_{(x.y)}X)^{s\gamma}$

Then we have by (1.1)
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$E_{n}[ \overline{\Delta}_{m}(\Delta_{(x,y)}X)^{2\gamma}]\leqq^{2}\sum_{k=0}^{m-1}E_{n}[\delta_{m,k}(\Delta_{(x}y)X)^{2\gamma}]$

$\leqq 2^{m}K(2^{-m}T)^{1+\alpha}|x-y|^{2(d+\beta)}$

$\leqq KT^{(1+\alpha)}|x-y|^{2(d+\beta)}2^{-m\alpha}$ .
Therefore by Schwarz’s inequality,

$\sum_{m=1}^{\infty}E_{n}[\overline{\Delta}_{m}(\Delta_{(x.y)}X)^{\gamma}]^{1/r}\leqq\frac{2^{-\alpha/(2\gamma)}}{-2^{-\alpha/(2\gamma)}}(KT^{(1+a)})^{1/(2\gamma)}|x-y|^{(d+\beta)/\gamma}\overline{1}$

Substitute this and (1.4) to (1.14). Then we obtain (1.8). Inequality (1.9) can be
shown similarly using (1.3) and (1.5). The property (1.10) follows from (1.6)

immediately, using Garsia’s inequality. The proof is complete.

As an application of Theorem 1.1, we shall give a criterion of the existence
of the right continuous C-valued process with the left hand limits.

THEOREM 1.2. Let $X_{t}(x),$ $0\leqq t\leqq T$ , $x\in R^{d}$ be an $R^{d}$ -valued random field.
Suppose that for any hypercubeI of $R^{a}$ , there are positjve constants $K,$ $\alpha,$ $\beta,$

$\gamma$

with $\gamma\geqq 1$ satisfying these prOpertjes;

(1.15) $E[|\Delta_{(t_{1}.t).(x,y)}X|^{\gamma}|\Delta_{(t,t_{2}).(x’}y’)X|^{\gamma}]$

$\leqq K|t_{2}-t_{1}|^{1+\alpha}|x-y|^{d+\beta}|x’-y’|^{d+\beta}$ , $x,$ $y,$ $x’,$ $y’\in I$ , $t_{1}<t<t_{2}$ ,

(1.16) $E[|\Delta_{(t_{1},t),(x.y)}X|^{\gamma}|\Delta_{(t.t_{2})}X(0)|^{\gamma}]\leqq K|t_{2}-t_{1}|^{1+\alpha}|x-y|^{d+\beta}$ ,

$x,$ $y\in I$ , $t_{1}<t<t_{2}$ or $x,$ $y\in I$ , $t_{2}<t<t_{1}$ ,

(1.17) $E[|\Delta_{(t_{1}.t)}X(0)|^{\gamma}|X_{(t,t_{2})}X(0)|^{\gamma}]\leqq K|t_{2}-t_{1}|^{1+\alpha}$ , $t_{1}<t<t_{2}$ ,

(1.18) $E[|X_{t}(x)-X_{t}(y)|^{\gamma}]\leqq K|x-y|^{d+\beta}$ , $x,$ $y\in I$ , $t=0,$ $T$ ,

(1.19) $E[|X_{t}(0)|^{\gamma}]\leqq K$ , $t=0,$ $T$ ,

(1.20) $\lim_{\deltaarrow 0+}E[|\Delta_{(t.t+\delta)}X(x)|^{\gamma}]=0$ , $x\in I$ , $0\leqq t\leqq T$ .

Then there is a nght continuous C-valued prOcess $\tilde{X}_{t}(x)$ such that $\tilde{X}_{t}(x)=X_{t}(x)$

holds $a$ . $s$ . $P$ for any $x$ and $t$ .
PROOF. Let $\delta_{n}=\{(J/2^{n})T;j=1,2, \cdots , 2^{n}\}$ be a sequence of the partitions of

$[0, T]$ . By $(1.15)-(1.18)$ , there is a constant $K’$ such that

$E[ \sup_{t\in\delta_{n}}|X_{t}(x)-X_{t}(y)|^{\gamma}]\leqq K’|x-y|^{d+\beta}$ , $x,$ $y\in I$ ,

$E[ \sup_{t\in\delta_{n}}|X_{t}(0)|^{\gamma}]\leqq K’$

hold for all $n$ , The proof can be carried out similarly as in the proof of
Theorem 1.1. Then by Totoki’s theorem [9], $X_{t},$ $t\in\delta_{n}$ may be regarded as a
C-valued process with the discrete parameter. For each $n$ , we define a right
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continuous C-valued process $X_{t}^{n}$ by setting $X_{(j/2^{n})T}$ if $t\in[(]/2^{n})T,$ $((j+1)/2^{n})T)$ ,

$j=0,1,2,$ $\cdots$ Let $P_{n}$ be the law of $X_{t}^{n}$ defined on $(D, \mathcal{B}_{D})$ . We shall prove
that the sequence $\{P_{n}\}$ is tight, assuming temporally that there is $\delta_{0}>0$ satisfying

(1.21) $P$ ( $X_{\delta}(x)=X_{0}(x)$ and $X_{T-\delta}(x)=X_{T}(x)$ ) $=1$ , $x\in R^{d}$ , $0\leqq\delta\leqq\delta_{0}$ .

The argument below is close to that of Theorem 1.1 and Proposition 1.1. Ob-
viously, the law $P_{n}$ satisfies $(1.1)-(1.6)$ if we restrict $t$ and $\delta$ to the points of $\delta_{n}$ .
Then we can prove similarly as in the proof of Theorem 1.1 and Proposition 1.1,
that for any $\eta>0,$ $\zeta>0$ there are $\delta>0,$ $a>0$ such that $P(B_{I}^{n}(\zeta, \eta))>1-\eta/4$ holds
for all $n$ , where $B_{I}^{n}(\zeta, \eta)$ is the set of all $\omega$ satisfying the following two con-
ditions

$\sup_{t}w_{I}(X_{t}^{n} ; \delta)<\zeta$ , $\sup_{t}\Vert X_{t}^{n}\Vert_{I}<a$ .

Also, there is $\delta\in[0, \delta_{0}]$ such that $P(C_{I}^{n}(\zeta, \eta))>1-\eta/4$ holds for all $n$ , where
$C_{I}^{n}(\zeta, \eta)$ is the set of all $\omega$ satisfying

$w_{I}’’(X^{n} ; \delta)<\zeta$ , $\Vert X_{\delta}^{n}-X_{0}^{n}\Vert_{I}<\zeta$ , $\Vert X_{T}^{n}-X_{T-\delta}^{n}\Vert<\zeta$ .

These two properties conclude that $\{P_{n}\}$ is tight as before. Now let $P_{\infty}$ be any
limit point of $\{P_{n}\}$ . Restricting the time parameter to the countable dense subset
$\bigcup_{n}\delta_{n}$ , the finite dimensional distribution of $\tilde{P}_{\infty}$ coincides with that of the proc-
ess $X_{t}(x)$ with respect to $P$. Since $X_{t}(x)$ is right continuous in $t$ in propability
by (1.20), any finite dimensional distribution of $\tilde{P}_{\infty}$ coincides with that of $X_{t}(x)$ .
Therefore $\tilde{P}_{\infty}$ is the law of $(X_{t}, P)$ . This implies in particular that for almost
all $\omega,$ $\lim_{\iota_{k}}\downarrow t.t_{k}\in U_{n}\delta_{n}X_{c_{k}}(\omega)$ exists for all $t$ and the limit $\tilde{X}_{t}(\omega)$ is a right con-
tinuous C-valued process with the left hand limits. This $\tilde{X}_{t}$ is the desired
modification of $X_{t}(x)$ . Finally we can remove the restriction (1.21) by the
change of time. See the proof of Theorem 15.7 in Billengsley [1].

2. Tightness of C-valued processes with double time parameters.

In this section, we shall discuss the tightness of C-valued processes with double
time parameters $(s, t)\in[0, S]\cross[0, T]$ . Such a process aPpears, for example, as
a solution of a stochastic differential equation or a stochastic flow, where the time
$s$ stands for the initial time of the solution. The tightness criterion given in
this section will be aPplied to get a tightness criterion for stochastic flows in
Section 4.

Let $\tilde{W}$ be the totality of maps; $[0, S]arrow D=D([0, T];C)$ such that $X_{s}$ is
right continuous with the left hand limits with respect to the Skorohod topology
$s$ . We define the another Skorohod metric $\sim s$ on $\tilde{W}$ by

$\sim s(X, Y)=\inf_{\lambda\in H}\sup_{s}\{s(X_{s}, Y_{\lambda(s)})+|\lambda(s)-s|\}$ ,
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where $\tilde{H}$ is the set of all homeomorphisms of $[0, S]$ . We denote by $X_{s.t}(x)$ the
restriction of $X_{s}$ to the point $(t, x)\in[0, T]\cross R^{d}$ . These notations will be used
in the following.

$\Delta_{(s_{1},s_{2})}X_{t}(x)=X_{s_{2}.t}(x)-X_{s_{1}.t}(x)$ , $\Delta_{(t_{1}.l_{2})}X_{s}(x)=X_{s.t_{2}}(x)-X_{s,t_{1}}(x)$ ,

$\Delta_{(s_{1},s_{2}).(x.y)}X_{t}=\Delta_{(s_{1},s_{2})}X_{t}(y)-\Delta_{(s_{1},s_{2})}X_{t}(x)$ ,

$\Delta_{(t_{1}.t_{2}).(x.y)}X_{s}=\Delta_{(t_{1}.t_{2})}X_{s}(y)-\Delta_{(t_{1},t_{2})}X_{s}(x)$ ,

$\Delta_{(s_{1},s_{2}).(t_{1},t_{2}),(x,y)}X=\Delta_{(t_{1},t_{2}).(x,y)}X_{s_{2}}-\Delta_{(t_{1},t_{2}).(x.y)}X_{s_{1}}$ .

THEOREM 2.1. Let $\{\tilde{P}_{n}\}$ be a sequence of probability measures on $($ ffi $\mathcal{B}_{\dot{W}})$ .
SuppOse that for any hypercubeI wzth the center $0$ there are $po\alpha$ five constants
$K,$ $\alpha,$ $\beta,$

$\gamma$ with $\gamma\geqq 1$ satisfying the following $(2.1)-(2.6)$ for any $s_{1}<s<s_{2},$ $t_{1}<t<t_{2}$ ,
$t_{3}<t’<t_{4}$ and $x_{j},$ $y_{j}\in I,$ $j=1,2,3,4$ .
(2.1) $\tilde{E}_{n}[A_{1i_{1}}A_{2i_{2}}A_{3i_{3}}A_{4i_{4}}]$

$\leqq Ka_{1i_{1}}a_{2i_{2}}a_{3i_{3}}a_{4i_{4}}|s_{2}-s_{1}|^{1+\alpha}|t_{2}-t_{1}|^{1+\alpha}|t_{4}-t_{3}|^{1+\alpha}$ if $(t_{1}, t_{2})\cap(t_{3}, t_{4})=\emptyset$ ,

$\leqq Ka_{1i_{1}}a_{2i_{2}}a_{3\ell_{3}}a_{4i_{4}}|s_{2}-s_{1}|^{1+\alpha}|t_{2}-t_{1}|^{1+\alpha}$ if $(t_{1}, t_{2})\subset(t_{3}, t_{4})$ ,

where
$A_{11}=|\Delta_{(s_{1},s),(t_{1},t).(x_{1},y_{1})}X|^{\gamma}$ , $A_{12}=|\Delta_{(s_{1}.s).(t_{1}.t)}X(0)|^{\gamma}$ ,

$A_{21}=|\Delta_{(s_{1},s).(t.t_{2}).(x_{2}.y_{2})}X|^{\gamma}$ , $A_{22}=|\Delta_{(s_{1},s).(\zeta.t_{2})}X(0)|^{\gamma}$ ,

$A_{31}=|\Delta_{(s,s_{2}),(t_{3}.t’).(x_{3\prime}y_{3})}X|^{\gamma}$ , $A_{32}=|\Delta_{(s,s_{2}).(t_{3}.t’)}X(0)|^{\gamma}$ ,

$A_{41}=|\Delta_{(s,s_{2}).(t’.t_{4}).(x_{4}.y_{4})}X|^{\gamma}$ , $A_{42}=|\Delta_{(s,s_{2}),(t’.t_{4})}X(0)|^{\gamma}$ ,

and $a_{j1}=|x_{j}-y_{j}|^{d+\beta},$ $a_{j2}=1,$ $j=1,2,3,4$ .
(2.2) $\tilde{E}_{n}[B_{1i_{1}}^{2}A_{3i_{3}}A_{4i_{4}}]\leqq Kb_{1i_{1}}^{2}a_{3i_{3}}a_{4i_{4}}|s_{2}-s_{1}|^{1+\alpha}|t_{4}-t_{3}|^{1+\alpha}$ ,

$\tilde{E}_{n}[B_{3i_{3}}^{2}A_{1i_{1}}A_{2i_{2}}]\leqq Kb_{3i_{3}}^{2}a_{1i_{1}}a_{2i_{2}}|s_{2}-s_{1}|^{1+\alpha}|t_{2}-t_{1}|^{1+a}$ ,
where

$B_{11}=|\Delta_{(s_{1},s).(x_{1}.y_{1})}X_{t}|^{\gamma}$ , $B_{12}=|\Delta_{(s_{1}.s)}X_{t}(0)|^{\gamma}$ ,

$B_{31}=|\Delta_{(s,s_{2}).(x_{3}.y_{3})}X_{t}|^{\gamma}$ , $B_{32}=|\Delta_{(s.s_{2})}X_{t}(0)|^{\gamma}$ ,

and $b_{j1}=|x_{j}-y_{j}|^{d+\beta},$ $b_{j2}=1,$ $j=1,3$ .

(2.3) $\tilde{E}_{n}[B_{1i_{1}}B_{3i_{3}}]\leqq Kb_{1i_{1}}b_{3i_{3}}|s_{2}-s_{1}|^{1+a}$ ,

(2.4) $\tilde{E}_{n}[C_{1i_{1}}C_{2i_{2}}]\leqq Kc_{1i_{1}}c_{2i_{2}}|t_{2}-t_{1}|^{1+\alpha}$ ,

where
$C_{11}=|\Delta_{(t_{1}.t).(x_{1}.y_{1})}X_{s}|^{\gamma}$ , $C_{12}=|\Delta_{(t_{1}.t)}X_{s}(0)|^{\gamma}$ ,

$C_{21}=|\Delta_{(t.t_{2}),(x_{2}.y_{2})}X_{s}|^{\gamma}$ , $C_{22}=|\Delta_{(t.t_{2})}X_{s}(0)|^{\gamma}$ ,

and $c_{j1}=|x_{j}-y_{j}|^{d+\beta},$ $c_{j2}=1,$ $j=1,2$,
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(2.5) $\tilde{E}_{n}[|X_{s,t}(x)-X_{s.t}(y)|^{\gamma}]\leqq K|x-y|^{(d+\beta)}$ ,

(2.6) $\tilde{E}_{n}[|X_{s.t}(0)|^{\gamma}]\leqq K$ .
Supp0se further that there is a posztive non-decreasing function $\epsilon(t),$ $t>0$ with
$\lim_{t}\downarrow 0\epsilon(t)=0$ satisfying the following $(2.7)-(2.9)$ for any $t_{1}<t<t_{2}$ and $x_{j},$ $y_{j}\in I$ .
(2.7) $\tilde{E}_{n}[A_{1i_{1}}A_{2i_{2}}]\leqq\epsilon(\delta)^{2}a_{1i_{1}}a_{2i_{2}}|t_{2}-t_{1}|^{1+a}$ , if $(s_{1}, s)=(O, \delta)$ or $(S-\delta, S)$ ,

(2.8) $\tilde{E}_{n}[B_{1i}]\leqq\epsilon(\delta)b_{1i}$ if $(s_{1}, s)=(O, \delta)$ or $(S-\delta, S)$ ,

(2.9) $\tilde{E}_{n}[C_{1i}]\leqq\epsilon(\delta)c_{1i}$ if $(t_{1}, t)=(O, \delta)$ or $(T-\delta, T)$ .
Then $\{\tilde{P}_{n}\}$ is tight.

Before we proceed to the proof of the theorem, we shall give an inter-
mediate criterion for the tightness.

PROPOSITION 2.1. Let $\{\hat{P}_{n}\}$ be a sequence of pr0bability measures on $(\pi, \mathcal{B}_{\dot{W}})$

such that for any hypercube I there are $po\alpha tive$ constants $K,$ $\alpha,$ $\beta,$
$\gamma$ and a posttive

non-decreasrng function $\epsilon(t),$ $t>0$ with $\lim_{t\downarrow 0}\epsilon(t)=0$ such that

(2.10) $\tilde{E}_{n}[\{\sup_{t}\Vert\Delta_{(s_{1},s)}X_{t}\Vert_{I}\cdot\sup_{t}\Vert\Delta_{(s,s_{2})}X_{t}\Vert_{I}\}^{2\gamma}]\leqq,K|s_{2}-s_{1}|^{1+a}$ , $s_{1}<s<s_{2}$ ,

(2.11) $\tilde{E}_{n}[\Vert\Delta_{(t_{1}.t)}X_{s}\Vert_{I}^{\gamma}\Vert\Delta_{(t,t_{2})}X_{s}\Vert_{I}^{\gamma}]\leqq K|t_{2}-t_{1}|^{1+\alpha}$ , $t_{1}<t<t_{2}$ ,

(2.12) $\tilde{E}_{n}[\sup_{t}|X_{s,t}(x)-X_{s.t}(y)|^{\gamma}]\leqq K|x-y|^{(d+\beta)}$ , $x,$ $y\in I$ , $0\leqq s\leqq S$ ,

(2.13) $\tilde{E}_{n}[\sup_{t}|X_{s,t}(0)|^{\gamma}]\leqq K$ , $0\leqq s\leqq S$ ,

(2.14) $\tilde{E}_{n}[\sup_{t}\Vert\Delta_{(0,\delta)}X_{t}\Vert_{I}^{\gamma}+\sup_{t}\Vert\Delta_{(S-\delta.S)}X_{t}\Vert_{I}^{\gamma}]\leqq\epsilon(\delta)$ ,

(2.15) $\tilde{E}_{n}[\Vert\Delta_{(0.\delta)}X_{s}\Vert_{I}^{\gamma}+\Vert\Delta_{(T-\delta.T)}X_{s}\Vert_{I}^{\gamma}]\leqq\epsilon(\delta)$ , $0\leqq s\leqq T$ .
Then $\{\tilde{P}_{n}\}$ is tight.

For the proof of the proposition it is necessary to characterize a relatively
compact subset of $\tilde{W}$. We shall introduce modulus of continuities

(2.16) $\tilde{w}_{I}’’(X;\delta)=\sup\sup_{t}\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}\wedge\sup_{t}\Vert\Delta_{(s.s_{2})}X_{t}\Vert_{I}$ ,

where the supremum extends over all $s_{1}<s<s_{2}$ and $s_{2}-s_{1}<\delta$ . Set.

(2.17) $\tilde{w}_{I}(X;[\tau, \sigma])=\sup_{\tau\leqq\cdot s_{1}<s\leqq\sigma}\sup_{t}\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}$ .

LEMMA 2.1. A subset $\tilde{A}$ of $\varpi$ is relatively comPact if these two cm&tions
are satisfied.
$(a’)$ For each rational $s$ of $[0, S]$ , there is a compact subset $K(s)$ of $D$ such that
$X_{s}\in K(s)$ for all $X\in\tilde{A}$ .
$(b’)$ For any hypercube $I$, it holds
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(2.18)
$\lim_{\deltaarrow 0X}\sup_{\sim,\in A}\tilde{w}_{I}’’(X;\delta)=0$

,

(2.19)
$\lim_{\deltaarrow 0}$ $\{ \sup_{\sim,X\in A}\tilde{w}_{I}(X;[0, \delta])+ \sup_{\sim,X\in A}\tilde{w}_{I}(X;[S-\delta, S])\}=0$ .

The proof is omitted, since it is analogous to that of Lemma 1.1.

PROOF OF PROPOSITION 2.1. It is sufficient to prove two properties $(a’)$ and
$(b’)$ of Lemma 2.1. We first consider $(a’)$ . The following argument is close to
that of Proposition 1.1. Let $\zeta$ and $\eta$ be any positive numbers. From (2.12),

there is $\delta=\delta(\zeta, \eta)$ such that

(2.20) $P_{n}[ \sup_{t}w_{I}(X_{s,t} ; \delta)\geqq\zeta]\leqq\frac{\eta}{8}$ , $\forall s\in[0, S]$ .

From (2.12) and (2.13), there is $a=a(\zeta, \eta)$ such that

(2.21) $\tilde{P}_{n}[\sup_{t}\Vert X_{s,t}\Vert_{I}\geqq a]\leqq\frac{\eta}{8}$ , $\forall s\in[0, S]$ .

From (2.11), there is $\delta=\delta(\zeta, \eta)$ such that

(2.22) $\tilde{P}_{n}[w_{I}’’(X_{s} ; \delta)\geqq\zeta]\leqq\frac{\eta}{8}$ , $\forall s\in[0, S]$ .

From (2.15), there is $\delta=\delta(\zeta, \eta)$ such that

(2.23) $\tilde{P}_{n}$ [ $\Vert\Delta_{(0.\delta)}X_{s}\Vert_{I}\geqq\zeta$ or $\Vert\Delta_{(T-\delta.T)}X_{s}\Vert_{I}\geqq\zeta$] $\leqq\frac{\eta}{8}$ .
Now let $\delta$ be the minimum of the above three $\delta’ s$ . Consider the subset of $D$ :

(2.24) $\tilde{K}_{I}(\zeta, \eta)=\{\phi\in D$ ; $\sup_{t}w_{I}(\phi_{t} ; \delta)<\zeta,$ $\sup_{t}\Vert\phi_{t}\Vert_{I}<a$ ,

$w_{I}’’(\phi;\delta)<\zeta,$ $\Vert\Delta_{(0.\delta)}\phi\Vert_{I}<\zeta,$ $\Vert\Delta_{(T-\delta,T)}\phi\Vert_{I}<\zeta$ }.

Let $I_{l},$ $l=1,2,$ $\cdots$ be a sequence of hypercubes with the center $0$ and the length
I. Set

$\tilde{K}(\eta)=\bigcap_{t}\bigcap_{m}\tilde{K}_{I_{l}}(\frac{1}{m},$
$\frac{\eta}{2^{m+l}})$ .

Then $\tilde{K}(\eta)$ satisfies conditions (a) and (b) of Lemma 1.1 and hence it is relatively
compact in $D$ as is shown in the proof of Proposition 1.1. It holds $\tilde{P}_{n}(X_{s}\in$

$\tilde{K}(\eta))>1-\eta/2$ for all $n$ by $(2.20)-(2.23)$ . Let $\{s_{k}, k=1, 2, \}$ be the set of all
rational numbers in $[0, S]$ and let $\eta_{k},$ $k=1,2,$ $\cdots$ be positive numbers such that
$\sum_{k}\eta_{k}=\eta$ . Set $\tilde{K}(s_{k})=\tilde{K}(\eta_{k})$ . Then it holds $\tilde{P}_{n}$ ( $X_{s_{k}}\in\tilde{K}(s_{k})$ for all $k$ ) $\geqq 1-\eta/2$ .
Consequently, the set $\tilde{B}=$ { $X;X_{s_{k}}\in\tilde{K}(s_{k})$ for all $k$ } satisfies condition $(a’)$ and
$\tilde{P}_{n}(\tilde{B})\geqq 1-\eta/2$ for all $n$ .

We shall next consider $(b’)$ . Let $\zeta$ and $\eta$ be any positive numbers. From
(2.10) there is a positive $\delta=\delta(\zeta, \eta)$ such that

$\tilde{P}_{n}[\tilde{w}_{I}’’(X;\delta)\geqq\zeta]\leqq\frac{\eta}{4}$ .
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From (2.14), there is a positive $\delta=\delta(\zeta, \eta)$ such that

$\tilde{P}_{n}$ [ $\sup_{t}\Vert\Delta_{(0.\delta)}X_{t}\Vert_{I}\geqq\zeta$ or $\sup_{t}\Vert\Delta_{(S-\delta.S)}X_{t}\Vert_{I}\geqq\zeta$] $\leqq\frac{\eta}{4}$ .

Let $\delta$ be the minimum of the above two $\delta’ s$ . Set
$\tilde{C}_{I}(\zeta, \eta)=\{X\in\tilde{W}$ ; $\tilde{w}_{I}’’(X;\delta)<\zeta,$

$\sup_{t}\Vert\Delta_{(0,\delta)}X_{t}\Vert_{I}<\zeta$

and $\sup_{t}\Vert\Delta_{(S-\delta.S)}X_{t}\Vert_{I}<\zeta$ }

and
$\tilde{C}(\eta)=\bigcap_{l=1}^{\infty}\bigcap_{m=1}^{\infty}\tilde{C}_{I_{l}}(\frac{1}{m},$

$\frac{\eta}{2^{m+l}})$ .
Then it holds $\tilde{P}_{n}(\tilde{C}(\eta))>1-\eta/2$ . The set $\tilde{C}(\eta)$ clearly satisfies $(b’)$ . Con-
sequently, the set $\tilde{A}(\eta)=\tilde{B}(\eta)\cap\tilde{C}(\eta)$ is relatively compact by Lemma 2.1 and
satisfies $\tilde{P}_{n}(\tilde{A}(\eta))>1-\eta$ , proving that $\{\tilde{P}_{n}\}$ is tight. The proof is complete.

PROOF OF THEOREM 2.1. It is enough to prove $(2.10)-(2.15)$ . We first con-
sider (2.10). Making use of Garsia’s inequality, (2.1) yieIds similarly as in the
proof of Theorem 1.1,

(2.25) $\tilde{E}_{n}[\{\Vert\Delta_{(s_{1}.s).(t_{1}.t)}X\Vert_{I}\Vert\Delta_{(s_{1}.s).(t.t_{2})}X\Vert_{I}\Vert\Delta_{(s.s_{2}).(t_{3},t’)}X\Vert_{I}\Vert\Delta_{(s.s_{2}).(t’.t_{4})}X\Vert_{I}\}^{\gamma}]$

$\leqq C_{1}|s_{2}-s_{1}|^{1+\alpha}|t_{2}-t_{1}|^{1+\alpha}|t_{4}-i_{8}|^{1+\alpha}$ if $(t_{1}, t_{2})\cap(t_{3}, t_{4})=\emptyset$ ,

$\leqq C_{2}|s_{2}-s_{1}|^{1+\alpha}|t_{2}-t_{1}|^{1+\alpha}$ if $(t_{1}, t_{2})\subset(t_{3}, t_{4})$ .
Next, (2.3) implies similarly as the above

(2.26) $\tilde{E}_{n}[\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}^{\gamma}\Vert\Delta_{(s.s_{2})}X_{t}\Vert_{I}^{\gamma}]\leqq C_{3}|s_{2}-s_{1}|^{1+\alpha}$ .
Now let $0=t_{0}^{(m)}<\cdots<t_{2^{m}}^{(m)}=T$ be a partition such that $t_{k}^{(m)}=k2^{-m}T$ . For a

C-valued function $f$, set

$\delta_{m.k}(f)=\min\{\Vert f(t_{k})-f(t_{k}’)\Vert_{I}, \Vert f(t_{k+1})-f(t_{k}’)\Vert_{I}\}$ ,

$\overline{\Delta}_{m}(f)=\max_{k}\delta_{m.k}(f)$ ,

where $t_{k}=t_{k}^{(m)}$ and $t_{k}’=(t_{k}+t_{k+1})/2$ . Then it holds

$\sup_{t}\Vert f(t)\Vert_{I}\leqq\sum_{m=1}^{\infty}\overline{\Delta}_{m}(f)+\Vert f(0)\Vert_{I}+||f(T)\Vert_{I}$ , $f\in D([0, T];C)$ .

Setting $f(t)=\Delta_{(s_{1}.s)}X$ or $\Delta_{(s.s_{2})}X$, we have

(2.27) $\sup_{t}\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}\cdot\sup_{t}\Vert\Delta_{(s.s_{2})}X_{t}\Vert_{I}$

$\leqq\sum_{m.m’}\overline{\Delta}_{m}(\Delta_{(s_{1}.s)}X)\overline{\Delta}_{m’}(\Delta_{(s,s_{2})}X)$

$+( \sum_{m}\overline{\Delta}_{m}(\Delta_{(s.s_{2})}X))(\Vert\Delta_{(s_{1},s)}X_{0}\Vert_{I}+\Vert\Delta_{(s_{1}.s)}X_{T}\Vert_{I)}$

$+( \sum_{m’}\tilde{\Delta}_{m’}(\Delta_{(s_{1}.s)}X))(\Vert\Delta_{(s,s_{2})}X_{0}\Vert_{I}+\Vert\Delta_{(s,s_{2})}X_{T}\Vert_{I})$ .
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We shall prove

(2.28) $\tilde{E}_{n}[\{\sum_{m.m^{r}}\overline{\Delta}_{m}(\Delta_{(s_{1}.s)}X)\overline{\Delta}_{m’}(\Delta_{(ss_{2})}X)\}^{2\}}]^{1/(2\gamma)}\leqq C_{4}|s_{2}-s_{1}|^{(1+\alpha)/(27)}$ .

The left hand side is dominated by

$\sum_{m.m’}$ $\{ \sum_{k.k^{i}}a_{m,k,m’}^{(n)}k^{!}\}^{1/(2))}$ ,

where
$a_{m,k,m’,k’}^{(n)}=\tilde{E}_{n}[\delta_{m,k}(\Delta_{(s_{1}.s)}X)^{2\gamma}\delta_{m’,k’}(\Delta_{(s.s_{2})}X)^{2\gamma}]$ .

By (2.25),

$a_{m.k,m’,k’}^{(n)}\leqq C_{1}|s_{2}-s_{1}|^{1+\alpha}2^{-m(1+\alpha)}2^{-m’(1+\alpha)}$ , if $(t_{R}^{(m)}, t_{k+1}^{(m)})\cap(t_{k’}^{(m^{r})}, t_{k’+1}^{(m’)})=\emptyset$

$\leqq C_{2}|s_{2}-s_{1}|^{1+\alpha}2^{-m(1+\alpha)}$ , if $m\geqq m’$ and $(t_{k}^{(m)}, t_{k+1}^{(m)})\subset(t_{k’}^{(m’)}, t_{k’+1}^{(m’)})$ .
Therefore if $m\geqq m’$ we have

$\sum_{k.k’}a_{m.k,m’,\iota^{r}\leqq C_{5}|s_{2}-s_{1}|^{1+\alpha}(2^{-m\alpha}2^{-m’a}+2^{-m\alpha})}^{(n)}$ ,

so that

$\sum_{m=1}^{\infty}\sum_{m’=1}^{m}(\sum_{k,}a_{m.km}^{(n)}\cdot k^{\prime)^{1/(2\gamma)}\leqq C_{6}|s_{2}-s_{1}|^{(1+a)/(2\gamma)}}\cdot$

We have similarly

$\sum^{\infty}$ $m’ \sum(\sum a_{m.k.m’}^{(n)}k^{\prime)^{1/(2\gamma)}\leqq C_{7}|s_{2}-s_{1}|^{(1+\alpha)/(2\gamma)}}\cdot$

$m’=1m=1$ $k.k’$

These two inequalities imply (2.28).

We shall next prove

(2.29) $\tilde{E}_{n}[(\sum_{m}\overline{\Delta}_{m}(\Delta_{(s.s_{2})}X))^{2\gamma}\Vert\Delta_{(s_{1},s)}X_{t}\Vert_{l}^{2\gamma}]^{1/(2\gamma)}\leqq C_{8}|s_{2}-s_{1}|^{(1+\alpha)/(2\gamma)}$ , $t=0$ or $T$ ,

(2.30) $\tilde{E}_{n}[(\sum_{m}\overline{\Delta}_{m}(\Delta_{(s_{1}.s)}X))^{2\gamma}\Vert\Delta_{(s,s_{2})}X_{t}\Vert_{I}^{2\gamma}]^{1/(2\gamma)}\leqq C_{9}|s_{2}-s_{1}|^{(1+\alpha)\prime(2\gamma)}$ , $t=0$ or $T$ .

The left hand side of (2.29) is dominated by

(2.31) $\sum_{m}\{\sum_{k}\tilde{E}_{n}[\delta_{m,k}(\Delta_{(s,s_{2})}X)^{2\gamma}\Vert\Delta_{(s_{1},s)}X_{t}\Vert_{I}^{2\gamma}]\}^{1/(2\gamma)}$ .

We have from (2.2),

$\tilde{E}_{n}[\Vert\Delta_{(s.s_{2}).(t_{3}.t’)}X\Vert_{I}^{\gamma}\Vert\Delta_{(s,s_{2}).(t’.t_{4})}X\Vert_{I}^{\gamma}\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}^{2\gamma}]$

$\leqq C_{10}|s_{2}-s_{1}|^{1+\alpha}|t_{4}-t_{3}|^{1+\alpha}$ ,

making use of Garsia’s inequality. This implies

$\tilde{E}_{n}[\delta_{m,k}(\Delta_{(s.s_{2})}X)^{2\gamma}\Vert\Delta_{(s_{1}.s)}X_{t}\Vert_{I}^{2\gamma}]\leqq C_{11}|s_{2}-s_{1}|^{1+\alpha}2^{-m(1+\alpha)}$ .
Then (2.31) is dominated by $C_{12}|s_{2}-s_{1}|^{(1+a)/2\gamma}$ and (2.29) follows. Inequality (2.30)
can be proved similarly. Then $(2.28)-(2.30)$ prove (2.10) in view of (2.27).

Inequality (2.11) follows from (2.4) immediately using Garsia’s inequality.
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Inequality (2.12) follows from (2.4) and (2.5) as is shown in the proof of Theorem
1.1. Similarly (2.13) follows from (2.4) and (2.6). From (2.7) and (2.8), we have
similarly

$\tilde{E}_{n}[\sup_{t}\Vert\Delta_{(0,\delta)}X_{t}\Vert_{I}^{\gamma}+\sup_{t}\Vert\Delta_{(S-\delta,S)}X_{t}\Vert_{I}^{\gamma}]\leqq C_{13}\epsilon(\delta)$ .

This proves (2.14). From (2.9) we get (2.15) immediately. The proof is complete.

As an application of Theorem 2.1, we shall show that the random field
$X_{s,t}(x)$ , $(s, t)\in[0, S]\cross[0, T]$ , $x\in R^{d}$ satisfying the moment inequalities like
$(2.1)-(2.6)$ (replacing $E_{n}$ by $E$ ) has a modification $\tilde{X}_{s,l}$ , which is a C-valued proc-
ess right continuous with the left limits both in $s$ and $t$ . In order to state the
property of the modification more precisely, we shall introduce a subspace $\overline{W}$ of
$\tilde{W}$ equipped with a topology stronger than the Skorohod topology $\tilde{s}$ introduced
before.

Let $D=D([0, T];C)$ . For $X,$ $Y\in D$ we introduce the uniform topology
$\overline{\rho}(X, Y)=\sup_{t}\rho(X_{t}, Y_{t})$ , where $\rho$ is the compact uniform metric on $C=C(R^{d} ; R^{d})$ .
Let $\overline{W}$ be the totality of maps $X;[0, S]arrow D$ which is right continuous with the
left limits relative to $\overline{\rho}$ . We define another Skorohod metric $\overline{s}$ on $\overline{W}$ by

$S(X, Y)= \inf^{\sup_{s}\{\overline{\rho}(X_{\lambda(s)}},$
$Y_{s}$ ) $+|\lambda(s)-s|$ },

where $\tilde{H}$ is the totality of homeomorphisms of $[0, S]$ . Then WcW and $\overline{s}(X, Y)$

$\geqq\sim s(X, Y)$ if $X,$ $Y\in\overline{W}$. Hence the s-topology is stronger than s-topology. Now
let $\pi_{t}$ ; $Darrow C$ be the projection defined by $\pi_{t}(\phi)=\phi(t),$ $\phi\in D$ . Then $\pi_{t}$ is a con-
tinuous map from $(D,\overline{\rho})$ into $(C, \rho)$ . Hence if $X_{s}\in\overline{W}$, then $X_{s,t}\equiv\pi_{t}(X_{s})$ is right
continuous with the left limits not only in $t$ but also in $s$ with respect to $\rho$ .

THEOREM 2.2. Let $X_{s,t}(x)$ , $(s, t)\in[0, S]\cross[0, T]$ , $x\in R^{d}$ be an $R^{d}$ -valued
random field such that for any hypercubeI with the center $0$ , there are positive
constants $K,$ $\alpha,$ $\beta,$ $r$ with $\gamma\geqq 1$ satisfying $(2.1)-(2.6)$ for any $s_{1}<s<s_{2}$ , $t_{1}<t<t_{2}$ ,

$t_{3}<t’<t_{4}$ and $x_{i},$ $y_{i}\in I,$ $i=1,$ $\cdots$ $4$ , where $E_{n}$ is replaced by E. SuPpose further
that

(2.32)
$\delta’arrow 0+\lim_{\deltaarrow 0+}E[|X_{s+\delta.t+\delta’}(x)-X_{s.t}(x)|^{\gamma}]=0$

, $\forall s,$ $t,$ $x$ .

Then there is a random field $\tilde{X}_{s,t}(x)$ such that for almost all $\omega,$ $X.,$ $\cdot(\cdot, \omega)$ is an
element of $\overline{W}$ and $X_{s,t}(x)=\tilde{X}_{s,t}(x)$ holds $a$ . $s$ . $P$ for any $s,$ $t,$ $x$ .

PROOF. Let us temporally fix $s$ and consider $X_{s.t}(x)$ as a random field with
parameters $t\in[0, T]$ and $x\in R^{d}$ . Then it satisfies conditions $(1.15)-(1.20)$ of
Theorem 1.2, because of (2.4), (2.5), (2.6) and (2.32). Consequently, in view of
Theorem 1.2 there is a C-valued process with time parameter $t$ denoting $\hat{X}_{s.t}$

which is right continuous with the left limit relative to $t$ and satisfies $\hat{X}_{s,t}(x)$

$=X_{s,t}(x)a.s$ . $P$ for any $s,$ $t,$ $x$ . Then similarly as in the proof of Proposition
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2.1 we can prove that the process $\hat{X}_{s,t}$ satisfies $(2.10)-(2.15)$ replacing $E_{n}$ by $E$ .
Let now $Q$ be the totality of positive numbers $rS$ , where $r’ s$ are dyadic

rationals in $[0,1]$ . Let $f(s),$ $s\in Q$ be a $D=D([0, T];C)$-valued function. Given
a partition $0=s_{0}^{(m)}<\cdots<s_{2^{m}}^{(m)}=S$ where $s_{k}^{(m)}=k2^{-m}S$ , we define

$\tilde{\delta}_{m.k}^{I}(f)=\lim\{\Vert|f(s_{k})-f(s_{k}’)\Vert|_{I}, \Vert|f(s_{k+1})-f(s_{k}’)\Vert|_{I}\}$ ,

$\tilde{\Delta}_{m}^{f}(f)=\max_{k}\delta_{m.k}^{I}(f)$ ,

where $I$ is a hypercube and $\Vert|\phi\Vert|_{I}=\sup_{x\in I.t\in[0.T]}|\phi_{t}(x)|$ and $s_{k}=s_{k}^{(n)}$ , $s_{k}’=(s_{k+1}$

$+s_{k})/2$ . Then $f(t)$ , $t\in Q$ has the discontinuities of at most the first kind if
$\sum_{m=1}^{\infty}\tilde{\Delta}_{m}^{I}(f)<\infty$ holds for any hypercube $I$ . See K\^ono [7], Lemma 3. Now
setting $f(s)=\hat{X}_{s},$ $\cdot(\cdot),$ $s\in Q$ , we have by (2.10)

$E[ \tilde{\Delta}_{m}^{I}(\hat{X})^{2\gamma}]\leqq\sum_{k}E[\tilde{\delta}_{m.k}^{I}(\hat{X})^{2\gamma}]\leqq K\cdot 2^{m}\cdot 2^{-m(1+a)}\leqq K2^{-ma}$

and

$E[| \sum_{m=1}^{\infty}\tilde{\Delta}_{m}^{I}(\hat{X})|^{2\gamma}]^{1/(2\gamma)}\leqq K^{1/(2\gamma)}\sum_{m=1}^{\infty}2^{-m\alpha/(2\gamma)}<\infty$ .

Consequently we have $\sum_{m\Rightarrow 1}^{\infty}\tilde{\Delta}_{m}^{I}(\hat{X})<\infty a.s$ . for any hypercube $I$ , proving that
$\hat{X}_{s}.\cdot(\cdot)$ has the discontinuities of at most the first kind with respect to the
topology $\overline{\rho}$ . Define now $\tilde{X}_{s}=\lim_{s’\in Q.\iota^{i}\downarrow s}\hat{X}_{s’}$ for any $s\in[0, S]$ . Then $\tilde{X}_{s}$ is a
D-valued process right continuous with the left limits with respect to the metric

$\overline{\rho}$ of $D$ . Hence $\tilde{X}_{s}(\omega)$ is an element of $\overline{W}$ for almost all $\omega$ . On the other hand,
note that $\hat{X}_{s.t}(x)$ is continuous in $s$ in probability for each $t$ and $x$ in view of
(2.32). Then it turns out that $\tilde{X}_{s.\ell}(x)=X_{s,t}(x)$ holds $a.s$ . $P$ for each $s,$

$t$ and $x$ .
Hence this $\tilde{X}_{s.t}(x)$ is the desired modification of $X_{s.t}(x)$ .

REMARK. Owing to the above theorem, probability measures $P_{n}$ of Theorem
2.1 are supported by the subset $\overline{W},$ $i.e.,\tilde{P}_{n}(\overline{W})=1$ holds. However, the tight-
ness of $\{\tilde{P}_{n}\}$ with respect to the $\overline{\epsilon}$-topology is false in general.

Now, the solution of a stochastic differential equation $X_{s.t}$ (denoted by $\xi_{s,t}$

in Section 4) has the time parameter $0\leqq s\leqq t\leqq T$ , where $s$ stands for the initial
time and $X_{s.t}$ denotes the state of the solution at time $t,$ $t\geqq s$ . Defining $X_{s.t}=$

$X_{s.*}$ for $t\leqq s$ , we may consider that $X_{s.t}$ has the parameter in $[0, T]\cross[0, T]$ .
Then the law of $X_{s.t}$ is a probability measure on $\tilde{W}=D([0, T];D)$ , $D=$

$D([0, T];C)$ supported by the closed subset $\hat{W}=\{X\in\tilde{W};X_{s.t}=X_{s.t\vee s}$ for any
$s,$ $t\in[0, T]$ } of $\tilde{W}$. Let $\mathcal{B}_{\hat{W}}$ be the topological Borel field of $\hat{W}$ . Tben the law
of $X_{s.t}$ is defined as a Probability measure on $(\hat{W}, \mathcal{B}_{\hat{W}})$ .

The next theorem gives a tightness criterion for a sequence of C-valued
processes with parameters $0\leqq s\leqq t\leqq T$ .

THEOREM 2.3. Let $\tilde{P}_{n},$ $n=1,2,$ $\cdots$ be a sequence of prObalnljty measures on
$(\hat{W}, \mathcal{B}_{\hat{W}})$ such that for any hypercubeI with the center $0$ there are $po\alpha tive$ con-
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stants $K,$ $\alpha,$ $\beta,$
$\gamma$ with $\gamma\geqq 1$ satisfying $(2.1)-(2.6)$ for any $x_{t},$ $y_{i}\in I,$ $i=1,$ $4$ and

$0\leqq s_{1}<s<s_{2}\leqq t_{1}<t<t_{2}\leqq T$ and $0\leqq s_{1}<s<s_{2}\leqq t_{3}<t’\leqq t_{4}$ . Suppose further there is
$\epsilon(t)>0,$ $t>0$ with $\lim_{tarrow 0}\epsilon(t)=0$ satisfying $(2.7)-(2.9)$ for any $x_{i},$ $y_{i}\in I$ and $t_{1}<t<t_{2}$ .
Then $\{\tilde{P}_{n}\}$ is tight.

PROOF. Set for any $s,$
$t$ , $t_{1}<i_{2},$ $s_{1}<s_{2}$

$\hat{\Delta}_{(t_{1}.t_{2})}X_{s}=\Delta_{(t_{1}.t_{2})}X_{s\wedge t_{1}}$ , $\hat{\Delta}_{(s_{1},s_{2})}X_{t}=\Delta_{(s_{1}.s_{2})}X_{t\vee s_{2}}$ ,

$\hat{\Delta}_{(s_{1}.s_{2}).(\iota_{1}.t_{2})}X=\Delta_{(s_{1}.s_{2}).(t_{1}\vee s_{2}.t_{2}\vee s_{2})}X$ .
Then similarly as in the proof of Proposition 2.1, we can show that the above
$\hat{\Delta}_{(t_{1}.t_{2})}X_{s}$ etc. satisfy $(2.10)-(2.17)$ of Proposition 2.1. Then $P_{n},$ $n=1,2,$ $\cdots$ are
tight. Indeed, in the proof of Proposition 2.1, replace $\Delta_{(t_{1}.t)}X$ etc. by $\hat{\Delta}_{(t_{1}.t)}X$

etc. Then we see that the whole argument is applicable to the present case
without any essential change.

Finally we give a criterion of the existence of the C-valued process with
two parameters $0\leqq s\leqq t\leqq T$ .

THEOREM 2.4. Let $X_{s.t}(x),$ $0\leqq s\leqq t\leqq T,$ $x\in R^{d}$ be an $R^{d}$-valued random field
such that for any hypercubeI there are positive constants $K,$ $\alpha,$ $\beta,$

$\gamma$ with $\gamma\geqq 1$

satisfying $(2.1)-(2.6)$ for any $x_{i},$ $y_{i}\in I,$ $i=1,$ $\cdots,$
$4$ and $0\leqq s_{1}<s<s_{2}\leqq t_{1}<t<t_{2}\leqq T$ ,

where $E_{n}$ is replaced by E. SuPpose further (2.32) holds. Then there is a C-valued
Process $\tilde{X}_{s.t}$ right continuous with the left limits in both $s$ and $t$ such that $X_{s.t}(x)$

$=\tilde{X}_{s.t}(x)$ holds $a$ . $s$ . $P$ for any $s,$
$t$ and $x$ .

3. Tightness of C-valued L\’evy processes.

Let $X_{t}=X_{t}(\omega),$ $t\in[0, T]$ be a C-valued process defined on a probability
space $(\Omega, \mathcal{F}, P)$ , right continuous with left limits $a.s$ . It is called a C-valued
L\’evy process if it is continuous in probability and has the independent incre-
ments; $X_{\iota_{i+1}}-X_{\iota_{i}},$ $i=0,$ $\cdots$ $n-1$ are independent for any $0\leqq t_{1}\leqq\cdots\leqq t_{n}\leqq T$. In
particular, if $X_{t}$ is continuous in $t$ , it is called a C-valued Brownian motion. In
the followings, we always assume that $X_{t}$ is stationary, $i.e.$ , the law of $X_{t}-X_{s}$

depends on $t-s,$ $X_{0}=0$ and $E[|X_{t}(x)|^{2}]$ is finite for all $t,$ $x$ .
Given a C-valued L\’evy process $X_{t}$ , we define the Poisson random measure

$N((O, r],$ $A$ ) associated with $X_{t}$ by

(3.1) $N((O, t$], $A$) $=\#\{s;\Delta X_{s}\in A\}$ , $\Delta X_{s}=X_{s}-X_{s-}$ ,

where $A$ is a Borel set of $C$ excluding $0$ . The intensity measure $\nu’$ is defined
by $\nu’((0, t$], $A$ ) $=E[N((0, t],$ $A$)]. Since $X_{t}$ is stationary, $\nu’$ is the product measure
$dt\otimes\nu(df)$ . The measure $\nu$ is called the characteristic measure of $X_{t}$ .

Let $x_{1},$
$\cdots$ , $x_{N}$ be $N$ points in $R^{d}$ and consider the N-point motion $X_{t}(\underline{x})=$
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$(X_{t}(x_{1}), \cdots X_{\iota}(x_{N}))$ . Its characteristic function $E[\exp i\Sigma_{\hat{k}=1}^{v}(\alpha_{k}, X_{t}(x_{k}))]$ is rep-
resented by L\’evy-Khinchin’s formula:

exp $r[j\sum_{k=1}^{N}(\alpha_{k}, b(x_{k}))$ $\frac{1}{2}\sum_{k,l=1}^{N}\alpha_{k}a(x_{k}, x_{l})\alpha_{l}$

$+ \int_{c}\{\exp(;^{N}\delta_{=1}^{(\alpha_{k}},$ $f(x_{k})))-1-i \sum_{k=1}^{N}(\alpha_{k}, f(x_{k}))\}\nu(df)]$ ,

where

(3.2) $b(x)$ is an $R^{d}$-valued function,

(3.3) $a(x, y)$ is a $d\cross d$-matrix valued function such that $a^{kl}(x, y)=a^{lk}(y, x)$

for any $k,$ $l=1,$ $\cdots$ $d$ and $x,$ $y\in R^{d}$ , and $\sum_{t.j=1}^{N}\alpha_{i}a(x_{t}, x_{j})\alpha_{j}\geqq 0$ for any
$x_{i},$ $\alpha_{j}\in R^{d}$ , $i,$ $j=1,$ $\cdots$ $N$.

(3.4) $\nu$ is a a-finite measure on $C$ such that $\nu(\{0\})=0$ and $\int_{c}|f(x)|^{2}\nu(df)<\infty$

for any $x\in R^{d}$ .
Hence the law of a C-valued process is uniquely determined by the triple $(a, b, \nu)$ .
It is called the characteristics of the C-valued L\’evy process.

The following proposition is shown in Fujiwara-Kunita [5].

PROPOSITION 3.1. Let $(a, b, v)$ be a tnPle satisfying (3.1), (3.2) and (3.3).

SuplOse that there are $po\alpha tive$ constants $L$ and $\epsilon$ satisfying the followings:

(3.5) Trace $a(x, y)|\leqq L(1+|x|)(1+|y|)$ ,

(3.6) Trace $(a(x, x)-2a(x, y)+a(y, y))|\leqq L|x-y|^{2}$ ,

(3.7) $|b(x)|\leqq L(1+|x|)$ ,

(3.8) $|b(x)-b(y)|\leqq L|x-y|$ ,

(3.9) $\int_{c}|f(x)|^{\gamma}\nu(df)\leqq L(1+|x|)^{\gamma}$ ,

(3.10) $\int_{c}|f(x)-f(y)|^{\gamma}v(df)\leqq L|x-y|^{\gamma}$ ,

for all $x,$ $y\in R^{d}$ and $\gamma\in[2,2\vee d+\epsilon$ ). Then there is a C-valued L\’evy process $X_{t}$

with characteristics $(a, b, v)$ . Furthermore, it satisfies
(3.11) $E[ \sup_{0\leqq S\xi t}|X_{s}(x)-X_{s}(y)|^{\gamma}]\leqq Kt|x-y|^{\gamma}$ ,

(3.12) $E[ \sup_{0\leq s\xi C}|X_{s}(x)|^{\gamma}]\leqq Kt(1+|x|)^{\gamma}$ ,

for all $x,$ $y\in R^{d},$ $t\in[0, T]$ and $r\in[2,2\vee d+\epsilon$ ), where $K$ is a $po\alpha tive$ number
depending only on $L$ and $\epsilon$ .

Cmversely let $X_{t}$ be a C-valued $L\delta vy$ process satisfying $(3.11)-(3.12)$ for all
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$x,$ $y\in R^{d}$ , $t\in[0, T]$ and $r\in[2,2\vee d+\epsilon$ ). Then the associated characterzstics
satisfies $(3.5)-(3.10)$ for all $x,$ $y\in R^{d}$ and $\gamma\in[2,2\vee d+\epsilon$ ).

We shall give a tightness criterion for the sequence of C-valued L\’evy proc-
ess in terms of its characteristics.

THEOREM 3.1. Let $X_{t}^{n},$ $n=1,2,$ $\cdots$ be a sequence of C-valued L\’evy prOcesses
with characterzstics $(a_{n}, b_{n}, \nu_{n})$ , respectively. SuppOse that there are Positive con-
stants $L$ and $\epsilon$ not dependjng on $n$ such that $(3.5)-(3.10)$ are satisfied for all $x,$ $y$

$\in R^{d},$ $\gamma\in[2,2\vee d+\epsilon$ ) and $n$ . Then $\{X_{t}^{n}\}$ is tight.

PROOF. It is enough to prove conditions $(1.1)-(1.6)$ of Theorem 1.1. We
can calculate these moments easily making use of inequalities (3.11) and (3.12).

Indeed, since the law of $\Delta_{(t_{1}.t).(x.y)}X^{n}$ coincides with that of $X_{t-t_{1}}^{n}(y)-X_{t-t_{1}}^{n}(x)$ ,
we have from (3.11)

$E[|\Delta_{(t_{1}.t),(x.y)}X^{n}|^{\gamma}]\leqq K(t-t_{1})|x-y|^{\gamma}$ .

Note that $\Delta_{(t_{1},t),(x.y)}X^{n}$ and $\Delta_{(t,t_{2}).(x’.y’)}X^{n}$ are independent if $t_{1}<t<t_{2}$ . Then
we get

$E[|\Delta_{(t_{1}.t).(x.y)}X^{n}|^{\gamma}|\Delta_{(t,t_{2}).(x’.y’)}X^{n}|^{\gamma}]$

$\leqq K^{2}(t_{2}-t)(t-t_{1})|x-y|^{\gamma}|x’-y’|^{\gamma}$ .

This proves (1.1), taking $\gamma$ from $(2\vee d, 2\vee d+\epsilon)$ . Inequalities (1.2) and (1.3)

can be shown similarly using (3.12). Inequalities (1.4) and (1.5) are obvious from
(3.11) and (3.12). Inequality (1.6) is immediate from (3.11) and (3.12).

4. Tightness of $G_{+}$-valued L\’evy processes.

In this section we shall discuss the tightness and the regularity of stochastic
flows generated by C-valued L\’evy processes. Let $X_{t}$ be a C-valued L\’evy process
satisfying (3.11) and (3.12) for any $\gamma\in[2,2\vee d+\epsilon$ ) where $\epsilon>0$ . Let $s<t$ and
$\mathcal{F}_{s,\iota}$ be the least sub a-field of $\mathcal{F}$ for which $X_{u}-X_{v},$ $s\leqq u\leqq v\leqq t$ are measurable.
Suppose that $f_{t}$ is a right continuous $R^{d}$-valued process with the left hand limits,
adapted to $\mathcal{F}_{s,t}$ . The stochastic integral of $f_{\iota}$ by $dX_{\iota}(x)$ is defined by

(4.1) $\int_{s}^{\iota}dX_{r}(f_{r-})=\lim_{\Delta_{|arrow 0}|}\sum_{i=0}^{n-1}X_{\iota_{i+1}}(f_{t\ell})-X_{t_{i}}(f_{\iota_{i}})$ ,

where $\Delta$ are partitions $\Delta=\{s=t_{0}<t_{1}<\cdots<t_{n}=t\}$ . As to the existence and some
basic properties of the stochastic integral, we refer to Fujiwara-Kunita [5].

Let us consider the stochastic differential equation defined by $X_{t}$ . Given
$s\in[0, T]$ and $x\in R^{d}$ , an $R^{d}$-valued $\mathcal{F}_{s,t}$-adapted process $\xi_{t}$ , right continuous
with the left hand limits is called the solution of equation

$d\xi_{t}=dX_{t}(\xi_{\iota-})$
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if it satisfies

(4.2) $\xi_{t}=x+\int_{s}^{t}dX_{r}(\xi_{r-})$ .

It is known that the equation has a unique solution, which we denote by $\xi_{s,t}(x)$ .
The solution admits the following modification.

PROPOSITION 4.1 ([5]). Supl0se that $X_{t}$ is a stationary C-valued L\’evy pr0cess
satisfyng (3.11) and (3.12) for any $\gamma\in[2,2\vee d+\epsilon$ ), where $\epsilon>0$ . Then the solu-
tion $\xi_{s.\iota}$ admits the following properties:
(i) $\xi_{\iota.t}$ is stationary, $i$ . $e.$ , the law of $\xi_{s.t}$ depends on $t-s$ .
(ii) For each $s,$ $\xi_{s,t},$ $t\in[s, T]$ is a nght continuous C-valued process with the left
limits $a$ . $s$ .
(iii) For each $s<t,$ $\xi_{s,u}=\xi_{t,u^{Q}}\xi_{s,t}$ holds for all $t<ua$ . $s$ . Furthermore, $\xi_{t_{i},t_{i+1}}$ ,
$i=0,$ $n-1$ are independent for any $0\leqq t_{1}<t_{2}<\cdots<t_{n}\leqq T$.
(iv) There is a posttive constant $M$ depending only on $L$ and $\epsilon$ in $(3.5)-(3.10)$ such
that

(4.3) $|E[\xi_{s.t}(x)-x]|\leqq M(t-s)(1+|x|)$ ,

(4.4) $E[ \sup_{s\leqq r\leqq t}|\xi_{s,r}(x)-x-(\xi_{s,r}(y)-y)|^{\gamma}]\leqq M(t-s)|x-y|^{\gamma}$ .
(4.5) $E[ \sup_{s\leqq r\leqq t}|\xi_{s.r}(x)-x|^{\gamma}]\leqq M(t-s)(1+|x|)^{\gamma}$

holalS for all $x,$ $y\in R^{d},$ $s,$ $t\in[0, T]$ and $\gamma\in[2,2\vee d+\epsilon$ ).
(v) The following limits exist:

(4.6) $A^{tj}(x, y)= \lim_{harrow 0+}\frac{1}{h}E[(\xi_{s,s+h}^{\ell}(x)-x^{i})(\xi_{s,s+h}^{j}(x)-x^{j})]$ ,

(4.7) $b^{i}(x)= \lim_{harrow 0+}\frac{1}{h}E[\xi_{s,s+h}^{\ell}(x)-x^{i}]$ .

Conversely, let $\xi_{s.t}(x),$ $0\leqq s\leqq t\leqq T,$ $x\in R^{d}$ be an $R^{d}$-valued random field, nght
continuous in $t$ , satisfying $(i)-(v)$ . Then there is a unique C-valued L\’evy process
$X_{t}$ satisfying (3.11) and (3.12) for any $\gamma\in[2,2\vee d+\epsilon$ ) such that $\xi_{s.t}$ is the solution
of (4.2) for each $s$ .

Now the space $C$ may be considered as a topological semigroup if we define
the product of $f,$ $g\in C$ by the composition $f\circ g$ of the maps. We denote the
semigroup by $G_{+}$ . Then the solution $\xi_{s.t}$ defines a L\’evy process in the semigroup
$G_{+}$ because of properties $(i)-(iii)$ of the proposition. The associated C-valued
L\’evy process $X_{t}$ is the infinitesimal generator of $\xi_{s.t}$ .

REMARKS. 1. $A^{ij}(x, y)$ of (4.6) is represented by

$A^{ij}(x, y)=a^{ij}(x, y)+ \int_{c}f^{\iota}(x)f^{j}(y)\nu(df)$ .
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2. From (4.4), there is a positive constant $M$ such that

(4.8) $E[ \sup_{s\leqq r\leqq t}|\xi_{s,r}(x)-\xi_{s,r}(y)|^{\gamma}]\leqq M|x-y|^{\gamma}$

holds for all $x,$ $y\in R^{d}$ and $t\in[s, T]$ .

Consider now a sequence of $G_{+}$-valued L\’evy processes $\xi_{s.t}^{n}$ generated by C-
valued L\’evy processes $X_{t}^{n}$ . We sball give a tightness criterion of $\xi_{s.t}^{n}$ by means
of the characteristics of $X_{t}^{n}$ .

THEOREM 4.1. SuPpose that there are $po\alpha tive$ constants $L$ and $\epsilon,$
$\epsilon>2\vee d$ ,

such that the sequence of charactenstics $asso\alpha ated$ with C-valued L\’evy processes $X_{t}^{n}$

satisfies $(3.5)-(3.10)$ for all $\gamma\in[2,2\vee d+\epsilon$ ). Then for each $s$ , the sequence of $G_{+}-$

valued L\’evy Processes $\{\xi_{s.t}^{n}\}$ generated by $\{X_{t}^{n}\}$ is tight.

PROOF. It is enough to prove that $\{\xi_{s.t}^{n}\}$ satisfies $(1.1)-(1.6)$ when $s$ is fixed.
For simplicity, we shall write $\xi_{s.\iota}^{n}$ as $\xi_{t}^{n}$ . Let $s<t_{1}<t<t_{2}$ and $\gamma\in[2,$ $(2\vee d+\epsilon)/2)$ .
Then,

$E[|\Delta_{(t.t_{2}).(x.y)}\xi^{n}|^{\gamma}|\mathcal{F}_{s.t}]=E[|\xi_{t.t_{2}}^{n}(\tilde{y})-\xi_{t.t_{2}}^{n}(\tilde{x})-(\tilde{y}-\tilde{x})|^{\gamma}]$

where $\tilde{y}=\xi_{t}^{n}(y)$ and $\tilde{x}=\xi_{t}^{n}(x)$ . The above is dominated by $M(t_{2}-t)|\tilde{y}-\tilde{x}|^{\gamma}$ in
view of (4.4). Therefore,

$E[|\Delta_{(t.t_{2}).(x.y)}\xi^{n}|^{\gamma}|\Delta_{(t_{1}.t).(x’.y’)}\xi^{n}|^{\gamma}]$

$\leqq M(t_{2}-t)E[|\xi_{t}^{n}(y)-\xi_{t}^{n}(x)|^{\gamma}|\Delta_{(t_{1}.t).(x’.y’)}\xi^{n}|^{\gamma}]$

$\leqq M(t_{2}-t)E[|\xi_{t}^{n}(y)-\xi_{t}^{n}(x)|^{2\gamma}]^{1/2}E[|\Delta_{(t_{1}.t).(x’.y’)}\xi^{n}|^{2\gamma}]^{1/2}$ .
Apply now (4.8) and (4.4) to each member of the right hand side. Then the
above is dominated by

$M^{2}(t_{2}-t)(t-t_{1})^{1/2}|y-x|^{\gamma}|y’-x’|^{\gamma}$ .
Therefore (1.1) is satisfied if $\gamma\in(2\vee d, (2\vee d+\epsilon)/2$]. We can prove (1.2) and
(1.3) similarly. The properties $(1.4)-(1.6)$ are obvious. Hence $\{\xi_{t}^{n}\}$ is tight.

We have so far discussed the problems in case that the initial time $s$ of $G_{+}-$

valued L\’evy process is fixed. In the following, we shall discuss the regularity
and the tightness problems of $G_{+}$-valued L\’evy process regarding it as a two
parameter process, applying Theorem 2.2.

THEOREM 4.2. SuPpose that the charactenstics of the C-valued L\’evy process
$X_{t}$ satisfies $(3.5)-(3.10)$ for $\gamma\in[2,3d+\epsilon$ ) for some $\epsilon>0$ . Then the $G_{+}$-valued proc-
ess $\xi_{s,t}(x, \omega)$ has a mo&fication such that it is a $G_{+}$-valued process, nght con-
tinuous with the left limits in both $s$ and $t$ .

It is enough to prove that $\xi_{s,t}$ satisfies $(2.1)-(2.6)$ and (2.32). We shall only
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prove the special case of (2.1), since other inequalities can be shown more or
less in the same way. Set

$A_{1}=|\Delta_{(s_{1}.s),(t_{1}.t).(x_{1}.y_{1})}\xi|^{\gamma}$ , $A_{2}=|\Delta_{(s_{1}.s).(t.t_{2}).(x_{2}.y_{2})}\xi|^{\gamma}$ ,

$A_{3}=|\Delta_{(s,s_{2}).(t_{3},t’).(x_{3}.y_{3})}\xi|^{\gamma}$ , $A_{4}=|\Delta_{(s.s_{2}).(\iota’.\iota_{4}).(x_{4}.y_{4})}\xi|^{\gamma}$

where $\gamma>3d$ .
LEMMA 4.1. For any hypercube $I$ , there are $po\alpha tive$ constants $K,$ $\alpha,$

$\beta$ such
that for any $s_{1}<s<s_{2}$ and $t_{1}<t<t_{2}\leqq t_{3}<t’<t_{4}$ the following inequality holds:

(4.9) $E[A_{1}A_{2}A_{3}A_{4}] \leqq K(s_{2}-s_{1})^{1+\alpha}(t_{2}-t_{1})^{1+\alpha}(t_{4}-t_{3})^{1+\alpha}(\prod_{i\Rightarrow 1}^{4}|x_{i}-y_{i}|)^{d+\beta}$

PROOF. We begin with proving

(4.10) $E[A_{4}|\mathcal{F}_{0.\iota’}]\leqq C_{1}(t_{4}-t’)\{(|\xi_{s_{2},\iota’}(x_{4})-\xi_{s_{2}.t’}(y_{4})|^{\gamma}+|\xi_{s.t’}(x_{4})-\xi_{s.t’}(y_{4})|^{\gamma})$

$\Lambda(|\xi_{s_{2}.t’}(y_{4})-\xi_{s.t’}(y_{4})|^{\gamma}+|\xi_{s_{2}.t’}(x_{4})-\xi_{s.t’}(x_{4})|^{\gamma})\}$ .
The random variable $A_{4}$ is written as

$A_{4}=|(\xi_{\iota’.\iota_{4}}(j_{4}^{I})-\xi_{t’.t_{4}}(B_{4}\rangle-j_{4}+X_{4})-(\xi_{t’.t_{4}}(p_{4})-\xi_{t’,t4}(R_{4})-\phi_{4}+R_{4})|^{\gamma}$ ,

where $\hat{y}_{4}=\xi_{s_{2}.t’}(y_{4}),\hat{x}_{4}=\xi_{s_{2}.t’}(x_{4}),$ $ff_{4}=\xi_{s,l’}(y_{4})$ and $R_{4}=\xi_{s.t’}(x_{4})$ . Since $\xi_{\iota}$ is
independent of $\mathcal{F}_{0,t’}$ , we have by (4.4)

(4.11) $E[A_{4}|\mathcal{F}_{0.t’}]=E[|(\xi_{t’.\iota_{4}}(\hat{y}_{4})-\xi_{t’.t_{4}}(\hat{x}_{4})-\hat{y}_{4}+\hat{x}_{4})$

$-(\xi_{t’.t_{4}}(y_{4}\wedge)-\xi_{t’.t_{4}}(\ovalbox{\tt\small REJECT}_{4})-p_{4}+R_{4})|^{\gamma}]$

$\leqq M(r_{4}-t’)(|_{i}t_{4}-j_{4}|^{\gamma}+|R_{4}-p_{4}|^{\gamma})$ .
Also, (4.11) is dominated by

$M(t_{4}-t’)(|\hat{x}_{4}-R_{4}|^{\gamma}+|j_{4}-\hat{y}_{4}|^{\gamma})$ .
Therefore (4.10) is satisfied.

We next prove that for any $p>1$ there is a positive constant $C_{2}=C(p)$ such
that

(4.12) $E[A_{3}A_{4}|\mathcal{F}_{0.t_{3}}]$

$\leqq C_{2}(i_{4}-i_{8})^{1+(1/p)}\{|\xi_{s_{2}.t_{8}}(x_{3})-\xi_{s_{2}.t_{3}}(y_{3})|^{\gamma}+|\xi_{s.\iota_{3}}(x_{3})-\xi_{s.t_{3}}(y_{3})|^{\gamma}\}$

$\cross\{|\xi_{s_{2}.t_{8}}(x_{4})-\xi_{s_{2}.\iota_{s}}(y_{4})|^{\gamma}+|\xi_{s.t_{3}}(x_{4})-\xi_{s.t_{3}}(y_{4})|^{\gamma}\}$

$\leqq C_{2}(t_{4}-t_{3})^{1+(1/p)}\{|\xi_{s_{2}.l_{3}}(x_{3})-\xi_{s.t_{3}}(x_{3})|^{\gamma}+|\xi_{s_{2}.t_{3}}(y_{3})-\xi_{s.t_{3}}(y_{3})|^{\gamma}\}$

$\cross\{|\xi_{s_{2}.\iota_{3}}(x_{4})-\xi_{s.\iota_{3}}(x_{4})|^{\gamma}+|\xi_{s_{2}.t_{3}}(y_{4})-\xi_{s.t_{3}}(y_{4})|^{\gamma}\}$ .
Apply (4.10) and then H\"older’s inequality. Then we have

(4.13) $E[A_{3}A_{4}|\mathcal{F}_{0.t_{3}}]\leqq C_{1}(t_{4}-t’)E[A_{3}^{p}|\mathcal{F}_{0.t_{3}}]^{1/p}$

$\cross E[\{|\xi_{s_{2}.t’}(x_{4})-\xi_{s_{2}.t’}(y_{4})|^{\gamma}+|\xi_{s.t’}(x_{4})-\xi_{s,t’}(y_{4})|^{\gamma}\}^{q}|\mathcal{F}_{0.t_{3}}]^{1/q}$ ,
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where $q$ is the conjugate of $p$ . It holds similarly as (4.10),

$E[A_{3}^{p}|\mathcal{F}_{0.\iota_{3}}]^{1/p}\leqq C_{3}(t’-t_{3})^{1/p}\{|\xi_{s_{2}.\iota_{3}}(x_{3})-\xi_{s_{2},t_{3}}(y_{3})|^{\gamma}+|\xi_{s,t_{3}}(x_{3})-\xi_{s.t_{3}}(y_{3})|^{\gamma}\}$ .
The last member of (4.13) is dominated by

$M^{1/p}\{|\xi_{s_{2},t_{3}}(x_{4})-\xi_{s_{2},t_{3}}(y_{4})|^{\gamma}+|\xi_{s.t_{3}}(x_{4})-\xi_{s,t_{3}}(y_{4})|^{\gamma}\}$ .
Therefore the first inequality of (4.12) is verified. The second inequality can be
shown similarly.

We shall next prove that for any $p>1$ and $p’>1$ , there is a positive con-
stant $C_{4}=C_{4}(p, P’)$ such that

(4.14) $E[A_{1}A_{2}A_{3}A_{4}] \leqq C_{4}(t_{4}-t_{3})^{1+(1/p)}(t_{2}-t_{1})^{(1+(1/p))(1/p’)}(\prod_{i=1}^{4}|x_{i}-y_{\ell}|)^{\gamma}$ .
Indeed, note that

$E[A_{1}A_{2}A_{3}A_{4}]=E\{A_{1}A_{2}E[A_{3}A_{4}|\mathcal{F}_{0.t_{3}}]\}$

$\leqq E[(A_{1}A_{2})^{p’}]^{1/p’}E\{E[A_{3}A_{4}|\mathcal{F}_{0.\iota_{3}}]^{q’}\}^{1/q’}$

where $q’$ is the conjugate of $p’$ . Replacing $A_{3}$ and $A_{4}$ of (4.12) by $A_{1}^{p’}$ and $A_{2}^{p’}$ ,
respectively and $\mathcal{F}_{0,t_{3}}$ by $\mathcal{F}_{0.\iota_{1}}$ and taking the expectation of the first inequality
of (4.12), we obtain

$E[Af’A_{2}^{p’}]\leqq C_{5}(t_{2}-t_{1})^{1+(1/p)}E\{(|\xi_{s_{1}.t_{1}}(x_{1})-\xi_{s_{1}.\iota_{1}}(y_{1})|^{p’\gamma}+|\xi_{s,t_{1}}(x_{1})-\xi_{s.t_{1}}(y_{1})|^{p’\gamma})$

$\cross(|\xi_{s_{1},l_{1}}(x_{2})-\xi_{s_{1}.t_{1}}(y_{2})|^{p’\gamma}+|\xi_{s,t_{1}}(x_{2})-\xi_{s.t_{1}}(y_{2})|^{p’\gamma})\}$ .
By (4.8), the above is dominated by $C_{6}(t_{2}-t_{1})^{1+(1/p)}(|x_{1}-y_{1}||x_{2}-y_{2}|)^{p’\gamma}$. Further-
more we have similarly as the above

$E\{E[A_{3}A_{4}|\mathcal{F}_{0.\iota_{3}}]^{q’}\}^{1/q}‘\leqq C_{7}(t_{4}-t_{3})^{1+(1fp)}(|x_{3}-y_{3}||x_{4}-y_{4}|)^{\gamma}$ .
These two estimates prove (4.14).

We shall next prove that for any $p,$ $P’>1$ , there is a positive constant $C_{8}$

such that

(4.15) $E[A_{1}A_{2}A_{3}A_{4}]\leqq C_{8}(t_{4}-t_{3})^{(1+(1/p))(1/p\cdot)}(t_{2}-t_{1})^{1/q’}(s_{2}-s_{1})^{1+(1/p’)}$ ,

where $q’$ is the conjugate of $p’$ . Since $E[A_{3}A_{4}|\mathcal{F}_{0.t_{3}}]$ is $\mathcal{F}_{s.T}$-measurable we have

$E[A_{1}A_{2}A_{3}A_{4}]=E\{E[A_{1}A_{2}|\mathcal{F}_{s.T}]E[A_{3}A_{4}|\mathcal{F}_{0,t_{3}}]\}$ .
Set

$Z=|\Delta_{(t_{1},t),(x_{1},x_{1}’)}\xi_{s}-\Delta_{(t_{1}.\iota),(y_{1},y_{1}’)}\xi_{s}|^{\gamma}|\Delta_{(t,\iota_{2}),(x_{2},x_{2}’)}\xi_{s}-\Delta_{(t.t_{2}).(y_{2}.y_{2}’)}\xi_{s}|^{\gamma}$ .
Then

$E[A_{1}A_{2}| \mathcal{F}_{s.T}]=\int Z\mu(dx_{1}’dx_{2}’dy_{1}’dy_{2}’)$ ,

where $\mu(dx_{1}’, \cdots , dy_{2}’)=P(\xi_{s_{1},s}(x_{1})\in dx_{1}’, \xi_{s_{1}.s}(y_{2})\in dy_{2}’)$ . Therefore we have
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(4.16) $E[A_{1}A_{2}A_{3}A_{4}]= \int E\{E[A_{3}A_{4}|\mathcal{F}_{0,\iota_{3}}]Z\}\mu(dx_{1}’, \cdots dy_{2}’)$

$\leqq\int E\{E[A_{3}A_{4}|\mathcal{F}_{0,\iota_{3}}]^{p’}\}^{1/p}$
‘

$E[Z^{q’}]^{1/q’}\mu_{\backslash }’dx_{1}’,$ $\cdots$ $dy_{2}’$).

We have by (4.12)

$E\{E[A_{3}A_{4}|\mathcal{F}_{0,t_{3}}]^{p’}\}^{1fp^{i}}$

$\leqq C_{9}(t_{4}-t_{3})^{(1+(1/p))(1/p’)}\{\sum_{i=3,4}E[|\xi_{s_{2}.t_{3}}(x_{i})-\xi_{s.t_{3}}(x_{t})|^{2\gamma p’}]^{1/p’}$

$+ \sum_{i\approx 3.4}E[|\xi_{s_{2}.t_{3}}(y_{i})-\xi_{s,t_{3}}(y_{i})|^{2\gamma p’}]^{1/p’}\}$ .

Setting $\mu(d\tilde{x}_{i})=P(\xi_{s.s_{2}}(x_{i})\in d\tilde{x}_{i})$ , we have

$E[|\xi_{s_{2},t_{3}}(x_{i})-\xi_{s.t_{3}}(x_{i})|^{2\gamma p’}]$

$= \int E[|\xi_{s_{2},\iota_{3}}(x_{i})-\xi_{s_{2}.t_{3}}(\tilde{x}_{i})|^{2\gamma p’}]\mu(d\tilde{x}_{i})$

$\leqq M\int|x_{i}-\tilde{x}_{t}|^{2\gamma p’}\mu(d\tilde{x}_{i})$

$\leqq ME[|\xi_{s,s_{2}}(x_{i})-x_{i}|^{2\gamma p’}]$

$\leqq M^{2}(s_{2}-s)$ .

Therefore we have

(4.17) $E[E[A_{3}A_{4}|\mathcal{F}_{0.t_{3}}]^{p’}]^{1/p’}\leqq C_{10}(t_{4}-t_{3})^{(1+(1/p))(1/p’)}(s_{2}-s_{1})^{1/p’}$

On the other hand, we have from (4.4)

$E[|\Delta_{(t_{1}.t),(x_{1},x_{1}’)}\xi_{s}|^{2\gamma q’}]\leqq C_{11}(r-t_{1})|x_{1}-x_{1}’|^{2\gamma q’}$

etc. Therefore, using (4.8), we get

(4.18) $\int E[Z^{q’}]^{1/q^{r}}\mu(dx_{1}’, \cdots dy_{2}’)$

$\leqq C_{12}(t-t_{1})^{1/q’}\{E[|\xi_{s_{1},s}(x_{1})-x_{1}|^{2\gamma}]+E[|\xi_{s_{1},s}(y_{1})-y_{1}|^{2\gamma}]$

$+E[|\xi_{s_{1},s}(x_{2})-x_{2}|^{2\gamma}]+E[|\xi_{s_{1},s}(y_{2})-y_{2}|^{2\gamma}]\}$

$\leqq C_{13}(t-t_{1})^{1/q’}(s-s_{1})$ .
The inequality (4.15) follows from (4.16), (4.17) and (4.18).

We now proceed to the proof of (4.9). Let $0<\epsilon<1$ . Then from (4.14) and
(4.15) we get

(4.19) $E[A_{1}A_{2}A_{s}A_{4}]\leqq C_{14}(t_{4}-t_{3})^{(1+(1/p))(1/p’)\epsilon+(1+(1/p))(1-\epsilon)}(t_{2}-t_{1})^{(1/q’)\epsilon+(1+(1/p))(1/p’)(1-\epsilon)}$

$\cross(s_{2}-s_{1})^{(1+(1/p’))\epsilon}(|x_{1}-y_{1}||x_{2}-y_{2}||x_{3}-y_{3}||x_{4}-y_{4}|)^{(1-\text{\’{e}})\gamma}$ .
Choose $p,$ $p’,$ $P’$ greater than 1 such that
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$\frac{1}{1+p’}<\frac{2}{3}<\frac{1}{(p^{f}-1)(p+1)}\wedge(1-\frac{p^{n}p}{p’(p+1)})$

and set $\text{\’{e}}=2/3$ . Then we see that powers of $(t_{4}-t_{3}),$ $(t_{2}-t_{1})$ and $(s_{2}-s_{1})$ in (4.19)

are greater than 1. Hence (4.9) is established with $\gamma>3d$ .

REMARK. By virtue of Theorem 4.2, the $G_{+}$ -valued L\’evy process has the
multiplicative property $\xi_{s,u}=\xi_{t,u^{Q}}\xi_{s,t}$ for all $s<t<ua.s$ .

Finally, we shall give a tightness criterion for the sequence of two parameter
$G_{+}$ -valued processes $\xi_{s.t}^{n}$ .

THEOREM 4.3. SuppOse that there are $po\alpha tive$ constants $L$ and $\epsilon$ such that
the sequence of charactenstics associated with C-valued L\’evy procexes $X_{t}^{n}$ satisfies
$(3.5)-(3.10)$ for all $\gamma\in[2,3d+\epsilon$ ). Then, the sequence of two parameter $G_{+}$-valued
prOcesses $\{\xi_{\epsilon.t}^{n}\}$ generated by $\{X_{t}^{n}\}$ is tight.

The proof is immediate from Theorem 2.3 and the proof of Theorem 4.2.

As an example, we shall consider the tightness of solutions of SDE which
is widely studied in the literatures. Let $(U, \mathcal{B}_{U})$ be a measurable space and $\mu$

be a a-finite measure on it. Let $\sigma(x)=(\sigma^{ik}(x));R^{d}arrow R^{d}\otimes R^{d},$ $b(x);R^{d}arrow R^{d}$ and
$f(x, u);R^{d}\cross Uarrow R^{d}$ be measurable functions such that there are positive con-
stants $L$ and $\epsilon$ satisfying

(4.20) $|\sigma(x)|+|b(x)|\leqq L(1+|x|)$ ,

(4.21) $|\sigma(x)-\sigma(y)|+|b(x)-b(y)|\leqq L|x-y|$ ,

(4.22) $\int_{U}|f(x, u)|^{\gamma}\mu(du)\leqq L(1+|x|)^{\gamma}$ ,

(4.23) $\int_{U}|f(x, u)-f(y, u)|^{\gamma}\mu(du)\leqq L|x-y|^{\gamma}$ ,

for any $\gamma\in[2,3d+\epsilon$ ). Let $B_{t}=(B_{t}^{1}, \cdots , B_{t}^{r})$ be a standard Brownian motion and
$N_{p}(dt, du)$ be a stationary Poisson random measure on $[0, T]\cross U$ with the
characteristic measure $\mu$ . Set $\tilde{N}_{p}(dt, du)=N_{p}(dt, du)-dt\mu(du)$ and

(4.24) $X_{\iota}(x)= \sum_{k=1}^{r}\sigma^{k}(x)B_{t}^{k}+b(x)t+\int_{U}f(x, u)\tilde{N}_{p}((0, t$], $du$).

It is a C-valued L\’evy process with characteristics $(a, b, \nu)$ , where

(4.25) a $(x, y)= \sum_{k=1}^{r}\sigma^{tk}(x)\sigma^{jk}(y)$ ,

(4.26) $\nu(A)=\mu\{u;f(\cdot, u)\in A\}$ , $A\in \mathcal{B}_{C}$ .
The characteristics $(a, b, \nu)$ satisfies $(3.5)-(3.10)$ . Therefore the solution of SDE

(4.27) $d \xi_{t}=\sum_{k}\sigma^{k}(\xi_{t})dB_{\iota}^{k}+b(\xi_{\iota})dt+f(\xi_{\iota-}, u)N_{p}(dt, du)$
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defines a $G_{+}$ -valued L\’evy process.
Now let $(\sigma_{n}(x), b_{n}(x),$ $f_{n}(x, u)),$ $n=1,2,$ $\cdots$ be a sequence of functions such

that there are positive constants $L$ and $\epsilon$ satisfying $(4.20)-(4.23)$ for all $n$ . Let
$X_{t}^{n},$ $n=1,2,$ $\cdots$ be a sequence of C-valued L\’evy processes defined by (4.24) using
$(\sigma_{n}(x), b_{n}(x),$ $f_{n}(x, u))$ , and let $\xi_{s.t}^{(n)}$ be the $G_{+}$-valued L\’evy processes generated

by $X_{t}^{n}$ . Then $\{\xi_{s.t}^{n}\}$ is tight.
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