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In this paper we study the symbolic calculus for a Banach function algebra
with certain conditions. First we define a class of Banach function algebras
which contains the class of all function algebras and the class of all ultraseparating
Banach function algebras. Our purpose is to prove the theorem asserting that if
A is a non-trivial Banach function algebra in the class, then only analytic func-
tions can operate on A. It is a generalization of theorems of de Leeuw and
Katznelson [6], Bernard [2] and Bernard and Dufresnoy [3]

1. Introduction.

Let A be a Banach function algebra on a compact Hausdorff space X, that
is, a point separating unital subalgebra of C(X) (the algebra of all complex
valued continuous functions on X) with the Banach algebraic norm N(-). We
say that A is a function algebra if N(-) is the supremum norm |:]«. Suppose
that A is a complex valued continuous function on an open subset D of the
complex plane. We say that & operates by composition on A if hof is in A
whenever f<= A has the range contained in D.

de Leeuw-Katznelson proved that if A is a non-trivial function algebra
(=non C(X)), the nany non-analytic function does not operate by composition on
A. But it is not the case for Banach function algebras as many examples show.
For example the algebra

AD)={feCd’): 2| fn)| <o}

of all continuous functions on the unit circle I' with absolutely convergent
Fourier series with the norm

Nf)=Z | fm)]

for f in A({'), where f(n) denotes n-th Fourier coefficients, is conjugate closed
non-trivial Banach function algebra. Bernard [2] defined ultraseparability for
Banach function algebras and showed that Z does not operate by composition on
a non-trivial ultraseparating Banach function algebra. Bernard-Dufresnoy
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also showed that if a non-analytic function & operates boundedly on an ultra-
separating Banach function algebra, then it is trivial one. Our result is a
generalization of above results by de Leeuw-Katznelson and Bernard and Bernard-
Dufresnoy. : .

We denote the uniform closure of A in C(X) by clA in this paper.

2. Definition and examples.

Let E be a normed space with the norm n(:). E denotes the space of all
bounded sequences in E. Suppose that A is a Banach function algebra on X
with the norm N(-). We may consider that Aisa subalgebra of C()? ), where
X is the Stone-Cech compactification of the direct product of the space of - all
positive integers NN and the compact Hausdorff space X, with the Banach alge-
braic norm 1\7(-) which is defined as follows:

N(F)=sup{N(fn): n=1, 2, -}

for f=(f,) in A 11 A separates the points of )?, we say that A is ultra-
separating on X. Suppose that Y is a compact subset of X. Put

AlY={feCY): F|Y=ffor 3Fe A},

where F|Y 1is the restriction of F to Y. Then A|Y is a Banach function
algebra on Y with the norm

Ny(f)=inf{N(F): Fe Aand F|Y =f}

~

for f in A]Y. If A is ultraseparating on X, then A is ultraseparating on X
with N(-) [1] and A|Y is also ultraseparating on Y with Ny(:). We may
suppose that (A]Y)"=A|Y and Ny(-)=(Np)(-). We denote (A)~ by A and
(NY“(-) by N(-) and (X)~ by X respectively. For further information for ultra-
separability, see [1], and [3].

DEFINITION. Let A and B be Banach function algebras on X. We say that
A is B-ultraseparating if A separates the points in X which are separated by B.

Let A be an ultraseparating Banach function algebra on X with the norm
N(-). Then A is C(X)-ultraseparating and clA-ultraseparating on X. If Ais a
function algebra, then A is clearly clA-ultraseparating by definition. If A is
B-ultraseparating on X and Y is a closed subset of X, then A|Y is B|Y-ultra-
separating on Y.

Let H* be the uniformly closed subalgebra of L* (the algebra of all bounded
measurable functions on the unit circle I" in the complex plane) consisting of
L= functions whose negative Fourier coefficients vanish. Then H* is ultra-
separating on the maximal ideal space of L= since H* is a logmodular sub-
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algebra of L>.

PROPOSITION 1. Let B be a Douglas algebra on I' (uniformly closed algebra
lying between H> and L*). We consider that H* and B are function algebras
on the maximal ideal space M(B) of B. Then H> is B-ultraseparating. Suppose
that Y is a closed restriction set for B (B|Y is uniformly closed); then H*|Y is
cl(H=|Y)-ultraseparating.

PROOF. Suppose that ¥ and § are different points in 1\7I(B) and f=( fn)eﬁ
separates them. Let Cpz be the C*-algebra generated by invertible Blaschke
products in B. In [5] it is shown that the linear span H*+Cp equals B. By
the open mapping theorem there is a constant K which depends only on B with
the property that for every f in B there are a g H* and an h&Cp such that
f=g+h and |g|-=K|fll. and |h|=<K|flle. Thus we have an expression
fr=gnthn with |gille=K|fale and [h.]|-=K|fz]- for g,€H” and h,Cp
for every positive integer n. So g—:(gn)eﬁ” or ﬁz(hn)eég separates ¥ and
7. Suppose that g does not separate them. Without loss of generality we may
assume A(%)=0 and 5(37)21. Put

XWP=({n} x M(B)N{zeM(B): |h(z)| =1/3}
and
X ®=({n} XM(B))(\{ZGM(B): U;(Z)l =1/2}.

Let us denote

PXP={pesM(Cp): 3z X such that f(z)=f(p) for ¥feCp}
and

PXP={pesM(Cp): 3z X such that f(z)=/f(p) for ¥feCs}.

Since we may consider that the maximal ideal space M(Cg) of Cp is the equiva-
lent class of the points of M(B) which is not separated by functions in Cg, it is
easy to see that we may suppose that PX{’ and PX$® are disjoint compact
subsets of M(Cp). Since H*NCp is a logmodular subalgebra of Cz on M(Cp)
[5], we can take functions j, in H*N\Cp with ||j,|~=<3 and |j,|<1 on PX{
and |7,/=2 on PX® for every n. It follows that j=(j,)e(H*NCp)~ separates
X and j as a function on A?(B). Thus we have concluded that H* is B-ultra-
separating.

Let ¥ and § be a point in Y and suppose that (cl(H*|Y))™ separates them.

Then (B|Y)™~ separates ¥ and j since Y is a closed restriction set for B. Thus
(H>|Y )" separates ¥ and j since H* is B-ultraseparating.

Generally H*|Y is not uniformly closed nor ultraseparating, because Y may
not be a closed restriction set for H* and because Y may contain analytic disks.
Let A; be B;-ultraseparating Banach function algebra on X; with the norm
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N;() for 7=1, 2. Suppose that X is the formal union X,\UX,. Then we see that
A={feCX): flX,€A, and f|X,=A,}
is a Banach function algebra on X with respect to the norm
N(f)=max{N,(f | X1), No(f | Xo)}
and B-ultraseparating on X where B denotes the Banach algebra

{feC(X): flX,€B, and f|X,€B,}
with the norm
N(f)=max{Ni(f| X)), N:(f|Xp}.

(Ni(+) denotes the norm of B, for /=1, 2.)
There are many other examples of B(clA)-ultraseparating Banach function
algebra A which is not uniformly closed nor ultraseparating.

PROPOSITION 2. Let A and B be Banach function algebras on X. Then
A is B-ultraseparating on X if and only if for every positive integer m, there
exist a positive 0 and a positive integer | with the following property (x):

For every disjoint compact subsets X, and X, of X with the condition

that there are ai, a,, -+, @Gn and by, by, -+, by, in the unit ball of B such
that
jgl(lajl—lbjl)élﬂ on X,
(%) Sal-ibhs=12 o X,

there exist fi, fo, -+, f1 and gy, s, -+, g1 in the unit ball of A such that
l
El(lfjl—lgj])ia on X,

jé)l(lfjl—lgjl)é—ﬁ on X,.

is a generalization of the characterization for ultraseparating
Banach function algebras and we can prove it almost in the same way as

[Theorem| in [1].

3. Main result.

In this section we show a generalization of the theorems of de Leeuw-
Katznelson [6], Bernard [2] and Bernard-Dufresnoy [3].

THEOREM. Let A be a clA-ultraseparating Banach function algebra on X
with the norm N(-) and h be a continuous but non-analytic function on an open
subset of the complex plane. Suppose that h operates by composition on A; then
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we have A=C(X).

PRrROOF. It is trivial that i operates by composition on clA. It follows that
clA=C(X) by the theorem of de Leeuw-Katznelson. So we may consider only
the case of ultraseparating Banach function algebras. Without loss of generality
we may assume that A is defined on the closed unit disk and that A is not
analytic at the origin. Let 4; be a positive C>-function on the complex plane

C supported in {weC :|w|<d} with a small positive ¢ such that SSAg(w)dxdyZL
where w=x-+yi. Put

Hiz,, zz>:ggh<zl—z2w>45<w>dxdy |2, <1—8, |z <1.

Then Hsz;, z,) is a C>-function and tends to h{z,) uniformly on a compact sub-
set of
{(z1, 2,)€C*: |2,| <1, 0< ] z,| <1}

as 0 tends to 0. We consider the following two cases:

(1) For some z, with 0<|z,| <1, there exists a >0 such that 0/0z,Hs(z;, z)
=¢; for every small 0 on {z;€C: |z | <p}.

(2) For every z, with 0<|z,|<1 and for every small >0, there exists a
small J, such that for every 9, with 0<d,<d, there exists § with 0<d<d, such
that 8/0z,Hs(z,, z,) is not a constant on {z,C :|z,| <7} with respect to z,.

Case (1). We may suppose that Hs(zy, z,)—csz,=PFP;5(z,) is analytic on
{z;€C :|z:1<%/2} and continuous on {z;€C:|z;|=%/2}. Suppose that
sup|| Pslle=c0 (supremum takes for all small §>0). Then sup|c¢;|=cc. So
sup inf{||csZ+ fllw: f € Ao} =00, Where A, is a disk algebra on {z,=C :|z,| <%5/2}.

It is a contradiction since Hjs(z,, z.)—=csz,+Ps(z;) and

sup sup{| Hs(zy, z5)| : |z:1 =0/2) Ssup{|h(2)] 1 |z] =9/2} <co.

Thus we have sup||P;s|l.<oo and it follows by the normal family argument that
there is a sequence {0(n)} of positive numbers converging to 0 which satisfies
that P;.,, tends to an analytic function P as n tends to 0. So left hand side of

Hjny(21, 25)— Psny(20)=Cs(nyZ1

tends to h(z;)—P(z,) and thus right hand side to ¢z; as »n tends to co. We con-
clude that h(z)=cz+P(z) on {z€C:|z|=%/3} where P(z) is analytic near
{zeC:|z]=%/3} and we may suppose that ¢#0 since A is not analytic at the
origin. Let f be a function in A. Put a sufficiently small positive real number
a with

af(M)c{zeC: |z|=9/4}
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for the maximal ideal space M, of A. Then

haf)=c-af+Paf)
and
P(af)

are functions in A since P(z) is analytic near {z&C:|z|=%/3}. So we see that
f is in A since c-af is in A and ¢@+0. Thus we conclude that A=C(X) by
a theorem of Bernard since we have shown that A is conjugate closed and
since A is ultraseparating.
Case (2). Put
A.={feA: f(x)=0}

and A,={feA,;:|fll==1} for a point x in X. Then we have

Az=U{f €45t Nhef)<n}

and it follows that there is an integer n, such that the closure of {feA%:
N(hef)<mno} with respect to the topology on A, induced by the norm N(.)
contains an open subset by the Baire’s category theorem. Therefore there exist
an ¢>0 and a g in A, and a dense subset U of

{ftgeds: N(f)<Ze}

such that N(heF)<n, for every F in U. Since A is ultraseparating, Aand A
are ultraseparating on X and X respectively. So we have

inf sup{| f(y)| : fe4, f(9.)=0, N(f)£1}=2M>0,

where infimum takes for all different points y, and y, in X [2]. Puta compact
neighborhood

Y={yeX:|[gy)|=M?/6}
of x. We will show that Y is an interpolation set for A, that is, A|Y=C(Y).
Suppose that it follows that A|Y=C(Y) for each point x in X. Then we have
a finite number of interpolating compact subsets Y,, Y, ---, Y, of X which
cover X. Since )?:U?,- and

A |V DAY =AY ) =CT")
for 7=1, 2, ---, n, we see that clﬁ:C()?). So we have A=C(X) by Bernard’s
lemma.
Let ¥, be the quotient space reduced by identifying the points of ¥ which
are not separated by ﬁxlf. Let %, be the point in Y, which corresponds to
J={z#e?: f(#)=0for e A, |V}

In fact %, is the only point in ?z which is identified more than one points in
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Y. Let %, and X, be points in 7~ J, then we see that an f=(f,) in A separates
%, and %, since A is ultraseparating on X and since we may suppose that %,
and %, are points in X. Suppose that (f—( fn(x)))|}7 separates ¥, and %,. It
shows that ﬁx]? separates %, and %, since (f—(f,,(x)))!? isin ﬁmlf Suppose
that (F—(fa(x))ED=(F—(fa(x)(#s), it follows that (fa(x))(%1)#(fa(x))(%y).
There is a £ in A,|¥ such that E(%,)=0, because %, is in ¥J. Thus £ or
(fu(x))E separates %; and %,. We have just shown that ﬁzlf' separates the
points of )7'\]. Let I be the uniform closed subalgebra of C(f;) which is
generated by 1713117' and constant functions. Then we may suppose that [ is a
function algebra on Y. By the definition of J and %,, for each j in ANEN!
there exists an f, in A,|Y such that fo(5)0 and Np(fo—(g))<e/3 where (g)
denotes (gl|Y, glY, =) in ﬁxlf. We put a compact neighborhood

G={ze¥.: [Fo®|=W/DIF)}

of ¥ in Y. and we may suppose that G is also a compact subset of ¥ since %,
is the only point which is identified more than one point in ¥ and Fol&0)=0.
Put

V={feC(G): fFecl(A,|G)for "Fecl(4,|G)}

and let [VV+((cap)] be the uniformly closed subalgebra of C(G) which is
generated by :
{FiFeA-((cni)) : Fy, RREV, (can)El}

where F denotes the complex conjugation of F. Let F,, F,, -, Fn and G,, G,,
-, Gn be functions in V and let ((c,s) be in [». Then Gy(ne)(fo) is in
cl(4,]G) by definition of V since ((cns))(fo) is in A|G where (fy)
=( ZOIGN, folG, ) in A;|G. By the same way we see that F;G,(c..))(f,) is in
cl(A.|G), so we have

F\Fy - FpG\Gy - Cullenn) Foecl(A,]G)
in general. Thus we have
[VVHcae))IX(F)el(A, ] G).

Since [VV+((cqs))] is a self-adjoint closed unital subalgebra of C(G), if we prove
that [V V+((c.s))] separates the points of G, it follows that [V V+((c.:)]1=C(G)
by the Stone-Weierstrass theorem. Thus we have

[V V41X (F)=C(G)

since (f,) is bounded away from 0 on G. 1t follows that cl(Zzlé):C(é) and
then lelG—:C(G) by Bernard’s lemma, so I|G=C(G). Since [ is a function
algebra on ¥, and since there is an interpolating compact neighborhood of
every point in Y,\{%,), we have I=C({¥,) by Corollary 2.13 in [4]. So we
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have A|Y=C(Y) by Bernard’s lemma since cl(fllf’):[l , (ca)] is conjugate closed
and separates the points of ¥, where [I, (c,)] is the function algebra generated
by I and /=. Thus it remains only to prove that [V V--((c.;))] separates the
points of G.

LEMMA. [VV+((car)] separates the points of G for case (2).
PROOF. Suppose that fi=((f®).): and f=(f®).)s are in A,|G with
Na(f)<e. Then we have

h(fir (@) —Faw)Ecl(A,|G)

for a complex number w with the sufficiently small absolute value, where ((g))
=((g), (g), ---)IG. For, if fR+g|Y—fHw is in U for every n and k, then

Ny(h(fm2+glY —fRw)<n,

for each n and k2 and we see that

R Fr+H (@) —Faw)=(A(f R+ g|Y —f Bw)a)

is in A,|G, thus in cI(A,|G). For the general case, f;+((g))—f.w is the uni-
form limit of the functions in U, thus we have

W[+ (@) —Faw)ecl(A,]G).

Since H,(71+((g)), J») is the uniform limit of linear combinations of h(f,+((g))
—faw), it follows that

Hy( fi+((g)), foecl(A,1G)

for sufficiently small 6 and for f; and 7, in /Llé with Na( f1)<e. For the same

reason 5 L 5 5

{Hs(f1+(g)+dfs, fo)—Hs(f1+((g), f2)}/4
of sufficiently small d is in cl(flzlﬁ) for fl in {feleézﬁa(f)<s} and for fz
and f, in A,|G such that f. is bounded away from 0 on G and for a complex
number 4 with the small absolute value. If 4 is real number and tends to 0,

then

{Hy( Fo+ @)+ AFs, To—Hy(Fi (gD, T} /4
tends to

(Re f0)0/0x,Hy( Fi+((9)), fo)+(Am73)8/8y.Hy( Fi+((g), f2)

in cl(ﬁzlé), where z;=x,+yy. By the same way, if 4 is purely imaginary
number, then we see that

i(Im f)8/0x Hy( F1+((g), fo)—i(Re[)8/0y.Hal frt+(()), F2)
is in cl(flxlé). Thus we have

5. Hy(Fi+ (), Ffsecl(A,16)
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for sufficiently small ¢ and for fl, f‘z and 73 in AZ[CE which satisfy that ﬁa( fl)
<¢ and that 7, is bounded away from 0 on G, where we denote (1/2)(8/dx,
+i0/dy:) by 7. So

3, Hy fi+(g), Tofaccl(A,]6)

for fl in {feflzlézj\‘fa(fsz} and for fg in leé such that fz is bounded away
from 0 on G and for fg in cl(flxlc). Thus we conclude that

5 Hy fi+((9), faeV

for fl in {zeﬁxlé:ﬁa(f)<s} and for fg in leé such that fz is bounded away
from 0 on G.

Let a and b be different points in G and suppose that /~ does not separate
them. By the definition of M, there is an 72(( far)n)e in A such that

NH=1/M, Fa=1 and  fh)=0

since we may suppose that a and b are points in X. So f’:f—((f,,k)n)k is in
A, and B
fla)—f/(b)=1.

Without loss of generality we may assume | f/(b)|=1/2. (If not, take J instead
of f ” below and change a and b.) There is f” in A such that

N(FH<1/M, 77@=0 and  f"(b)=1.

Thus we have f/f"eA,, N(F'fH<2/M?, |f'7"(b)|=1/2 and 7'f”(a)=0. Since
we may consider that b is in }7, we have [((g))(b)|=M?*e/6 by definition on Y.
There exists a complex number a with |a|<1 such that

(@NB)+T'F (b) X aM?e/2=0.

Put 7=|((@)b)+F'F (b)x aM*/2|a])| if a+0 and put p=|F'F"(b)x M?/2| if
a=0 and put z,=(F,)(b). Since we consider only the case (2), there is a
sufficiently small 0 such that d,Hjs(z;, z,) is not a constant function on {z,€C:
|z:|<n}. Since f ’f ”(a)=0 we can choose appropriate complex numbers a;, and
a, with absolute values less than 1 which satisfy that

Fla)(@)F(az)(@)# F(a)(0)F(asz)(b),

where we denote

F(B)(p)=8HX(2)+F'F"x BM?e/2, (F))D),

which shows that V'V separates ¢ and b. Thus we conclude that [V V4 ((cns)]
separates the points of G.
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