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1. Introduction.

In this paper, we consider the existence of nonexpansive retractions con-
cerning nonexpansive mappings. The study of nonexpansive retraction is closely
connected to differential equations and geometry of Banach spaces. Especially,
it plays an important role in the theory of nonexpansive mappings (cf. Goebel
and Reich [5]). In recent years, the existence of nonexpansive retractions has
been shown from the mean ergodic theorems for nonexpansive mappings. In
[1] Baillon proved the first mean ergodic theorem for nonexpansive mappings:
Let $C$ be a closed convex subset of a Hilbert space and let $T$ be a nonexpansive
mapping of $C$ into itself. If the set $F(T)$ of fixed points of $T$ is nonempty,
then for each $x\in C$, the Ces\‘aro means

$S_{n}(x)= \frac{1}{n}\sum_{k=0}^{n- 1}T^{k}x$

converge weakly to some $y\in F(T)$ . This theorem was extended to a uniformly
convex Banach space with a Fr\’echet differentiable norm by Bruck [3], Hirano
[6] and Reich [10]. In this case, putting $y=Px$ for each $x\in C,$ $P$ is a non-
expansive retraction of $C$ onto $F(T)$ such that $PT=TP=P$ and $Px\in\overline{co}\{T^{n}x$ ;

$n=0,$ 1, } for each $x\in C$. In [13], Takahashi proved the existence of such a
retraction for an amenable semigroup of nonexpansive mappings in a Hilbert
space. Recently Hirano-Takahashi [7] studied this result in a uniformly convex
and uniformly smooth Banach space.

In this Paper, we Prove the existence of such a retraction in a uniformly
convex Banach space without additional assumption. Further we find a sequence
of means on $N=\{0, 1, \}$ , generalizing the Ces\‘aro means on $N$, such that the
corresponding sequence of mappings converges to such a retraction.

2. Preliminaries.

Let $S$ be a commutative semigroup and let $m(S)$ be the Banach space of all
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bounded real valued functions on $S$ with supremum norm. An element $\mu\in m(S)^{*}$

(the conjugate space of $m(S)$ ) is called a mean on $S$ if $\Vert\mu\Vert=\mu(1)=1$ . Let $\mu$ be
a mean on $S$ and $f\in m(S)$ . Then we denote by $\mu(f)$ the value of $\mu$ at the
function $f$ . According to the time and circumstances, we write by $\mu_{t}(f(t))$ or
$\int f(t)d\mu(t)$ the value $\mu(f)$ . For each $s\in S$ , we also define an operator $r_{s}$ of

$m(S)$ into itself by $(r_{s}f)(t)=f(ts)$ for every $t\in S$ and $f\in m(S)$ . We denote by
$r_{s}^{*}$ the conjugate operator of $r_{s}$ . A mean $\mu$ is said to be invariant if $\mu(r_{s}f)$

$=\mu(f)$ for all $s\in S$ and $f\in m(S)$ . For $s\in S$ , we also define a mean $\delta_{s}$ on $S$ by
$\delta_{s}(f)=f(s)$ for every $f\in m(S)$ . A mean $\mu$ is said to be finite if $\mu=\Sigma_{i=1}^{n}a_{i}\delta_{S}i$

’

where $a_{1},$ $\cdots$ , $a_{n}\geqq 0$ with $\sum_{i=1}^{n}a_{i}=1$ and $s_{1},$
$\cdots$ , $s_{n}\in S$ .

Let $C$ be a closed convex subset of a uniformly convex Banach space $E$ ,

let $T$ be a nonexpansive mapping of $C$ into itself with $F(T)\neq\emptyset$ and let $\mu$ be
an element of $m(S)^{*}$ . Fix $x\in C$ and consider a functional $F$ on the conjugate

space $E^{*}$ of $E$ given by $F(x^{*})= \int\langle T^{n}x, x^{*}\rangle d\mu(n)$ for every $x^{*}\in E^{*}$ , where $\langle y, x^{*}\rangle$

is the value of $x^{*}\in E^{*}$ at $y\in E$ . Then $F$ is bounded and linear. Since $E$ is

reflexive, there is an $x_{0}\in E$ such that $\int\langle T^{n}x, x^{*}\rangle d\mu(n)=\langle x_{0}, x^{*}\rangle$ for every
$x^{*}\in E^{*}$ . Such an $x_{0}\in E$ is denoted by $\Psi_{\mu}x$ or $\int T^{n}xd\mu(n)$ . If $\mu$ is a mean on
$S,$ $\mathcal{T}_{\mu}x$ is an element in the closure of the convex hull of $\{x, Tx, T^{2}x, \}$ .
Let $E$ be a Banach space. Then, with each $x\in E$ , we associate the set $J(x)$

$=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=\Vert x\Vert^{2}=\Vert x^{*}\Vert^{2}\}$ . Using the Hahn-Banach theorem it is imme-
diately clear that $J(x)\neq\emptyset$ for each $x\in E$ . Then the multivalued operator
$J:Earrow E^{*}$ is called the duality mapping of $E$ . Let $B=\{x\in E:\Vert x\Vert=1\}$ . Then,
the norm of $E$ is said to be G\^ateaux differentiable (and $E$ is said to be smooth) if

$\lim_{tarrow 0}\frac{\Vert x+ty\Vert-\Vert x\Vert}{t}$

exists for each $x$ and $y$ in $B$ . It is said to be Fr\’echet differentiable if for each
$x$ in $B$ , the limit is attained uniformly for $y$ in $B$ . It is well known that if
$E$ is smooth, then the duality mapping $J$ is single valued. We also know the
following result [3]: Let $C$ be a closed convex subset of a uniformly convex
Banach space with a Fr\’echet differentiable norm and let $T$ be a nonexpansive
mapping of $C$ into itself with $F(T)\neq\emptyset$ . Then for each $x\in C$, the set

$F(T) \cap\bigcap_{n\in N}\overline{co}\{T^{k}x;k\geqq n\}$

consists of at most one point.

3. Asymptotic behavior of nonexpansive mappings.

We begin with the following lemma which is obtained by using Bruck’s
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result [4].

LEMMA 1. Let $C$ be a bounded closed convex subset of a uniformly convex
Banach space $E$ and let $T$ be a nonexpansive mapping of $C$ into itself. Let
$\{\mu_{a}\}$ be a net of finite means on $N=\{0, 1, \}$ such that $\Vert\mu_{\alpha}-r_{1}^{*}\mu_{\alpha}\Vertarrow 0$ and let

$\lambda$ be a finite mean on N. Then, for any $x\in C$,

$\lim_{a}\int\Vert T\mathcal{T}_{\lambda}T^{s+k}x-\mathcal{T}_{\lambda}T^{s+k+1}x\Vert d\mu_{\alpha}(s)=0$

uniformly in $k=0,1,2,$ $\cdots$

PROOF. By [4], we know that there exists a continuous, strictly increasing
and convex function 7 of $[0, \infty$ ) into itself with $7(0)=0$ such that for any
$u_{1},$

$\cdots$ , $u_{m}\in C$ and $\lambda_{1},$ $\cdots$ , $\lambda_{m}\geqq 0$ with $\Sigma_{t=1}^{m}\lambda_{i}=1$ ,

$\gamma(\Vert T(\lambda_{i})-\sum_{i=1}^{m}\lambda_{i}Tu_{i}\Vert)\leqq\max_{1\leq i.j\leqq m}(\Vert u_{i}-u_{j}\Vert-\Vert Tu_{i}-Tu_{j}\Vert)$ .

Let $\lambda=\Sigma_{i\Leftarrow 1}^{n}a_{i}\delta_{t_{i}}$ , where $a_{1},$ $\cdots$ , $a_{n}\geqq 0$ with $\Sigma_{i=1}^{n}a_{i}=1$ and $t_{1},$ $\cdots$ , $t_{n}\in N$. Let
$\epsilon>0$ and choose $\alpha_{0}$ so large that $\Vert\mu_{a}-r_{1}^{*}\mu_{a}\Vert<\epsilon/dn^{2}$ for every $\alpha\geqq\alpha_{0}$ , where $d$

is the diameter of $C$. Then, we have

$\gamma(\int\Vert T\mathcal{T}_{\lambda}T^{s+k}x-\mathcal{T}_{\lambda}T^{s+k+1}x\Vert d\mu_{a}(s))$

$\leqq\int\gamma(\Vert T\mathcal{T}_{\lambda}T^{s+k}x-\mathcal{T}_{\lambda}T^{s+k+1}x\Vert)d\mu_{\alpha}(s)$

$\leqq\int\max_{1\leqq i.j\leq n}(\Vert T^{\iota_{i+s+k}}x-T^{t_{j}+s+k}x\Vert-\Vert T^{t_{i}+S+k+1}x-T^{t_{j}+s+k+1}x\Vert)d\mu_{a}(s)$

$\leqq\int\sum_{1\leqq t,j\leq n}(\Vert T^{t_{i}+s+k}x-T^{t_{j}+s+k}x\Vert-\Vert T^{\iota_{i+s+k+1}}x-T^{t_{j}+s+k+1}x\Vert)d\mu_{a}(s)$

$= \sum_{1\leq i.j\leq n}\int\Vert T^{t_{i}+s+k}x-T^{t_{j}+s+k}x\Vert d(\mu_{a}-r_{1}^{*}\mu_{a})(s)$

$\leqq n^{2}\cdot d\cdot\Vert\mu_{a}-r_{1}^{*}\mu_{\alpha}||<\epsilon$

for every $\alpha\geqq\alpha_{0}$ and $k\in N$. (Indeed, the first inequality follows from that $\mu_{\alpha}$

is a finite mean and 7 is a convex function. The third inequality follows from
nonexpansiveness of $T.$ ) Since $\gamma^{-1}$ is continuous and $\gamma^{-1}(0)=0$ , we have the
desired result.

By using Lemma 1, we prove the following:

THEOREM 1. Let $C$ be a bounded closed convex subset of a uniformly convex
Banach space $E$ and let $T$ be a $nonexpan\alpha ve$ mappjng of $C$ into itself. Let
$\{\mu_{a}\}$ be a net of finite means on $N$ such that $\Vert\mu_{\alpha}-r_{1}^{*}\mu_{\alpha}\Vertarrow 0$ and let $x\in C$.
Then for any weak neighborhood $W$ of $F(T)$ , there exists $\alpha_{0}$ such that

$\mathcal{T}_{\mu_{\alpha}}T^{k}x\in W$ for all $\alpha\geqq\alpha_{0}$ and $k\in N$ .
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PROOF. We follow an idea of Bruck in [3]. Since $F(T)$ is weakly compact,
it is easy to see that there exist a convex weak neighborhood $W’$ of $F(T)$ and
$\delta>0$ such that $W’+B_{\delta}\subset W$, where $B_{\delta}=\{x\in E:\Vert x\Vert\leqq\delta\}$ . By Lemma 1.4 in [3],

choose $\epsilon>0$ so small that $\Vert x-Tx\Vert\leqq\epsilon\Rightarrow x\in W’$ and $0<\epsilon<\delta/3d$ , where $d=$

$\sup\{\Vert x\Vert : x\in C\}$ . Then choose $\alpha_{1}$ so large that $\Vert\mu_{\alpha}-r_{1}^{*}\mu_{\alpha}\Vert<\epsilon^{2}/2d$ for all $\alpha\geqq\alpha_{1}$ .
Let $\lambda=\mu_{\alpha_{1}}=\sum_{i=1}^{n}a_{i}\delta_{\iota_{i}}$ , where $a_{1},$ $\cdots$ , $a_{n}\geqq 0$ with $\Sigma_{i=1}^{n}a_{i}=1$ and $t_{1},$ $\cdots$ , $t_{n}\in N$.
By Lemma 1, there exists $\alpha_{0}$ with $\alpha_{0}\geqq\alpha_{1}$ such that

$\int\Vert T\mathcal{T}_{\lambda}T^{s+k}x-\mathcal{T}_{\lambda}T^{s+k+1}x\Vert d\mu_{\alpha}(s)<\epsilon^{2}/2$

and $\Vert\mu_{\alpha}-r_{1}^{*}\mu_{\alpha}\Vert<\epsilon/\tau$ for every $\alpha\geqq\alpha_{0}$ , where $\tau=\max\{t_{i} ; 1\leqq i\leqq n\}$ . Fix $k$ and
let $y=T^{k}x$ . Then for any $\alpha\geqq\alpha_{0}$ we have

$\int\Vert \mathcal{T}_{\lambda}T^{s}y-T\mathcal{T}_{\lambda}T^{s}y\Vert d\mu_{a}(s)$

$\leqq\int\Vert \mathcal{T}_{\lambda}T^{s}y-\mathcal{T}_{\lambda}T^{s+1}y\Vert d\mu_{\alpha}(s)+\int\Vert \mathcal{T}_{\lambda}T^{s+1}y-T\mathcal{T}_{\lambda}T^{s}y\Vert d\mu_{\alpha}(s)$

$<\epsilon^{2}/2+\epsilon^{2}/2=\epsilon^{2}$ .
In fact, we have

I $\mathcal{T}_{\lambda}T^{s}y-\mathcal{T}_{\lambda}T^{s+1}y\Vert=\sup_{Ux\cdot||\leqq 1}\langle \mathcal{T}_{\lambda}T^{s}y-\mathcal{T}_{\lambda}T^{s+1}y, x^{*}\rangle$

$= \sup_{\# xU\leqq 1}\int\langle T^{t+S}y-T^{t+1+S}y, x^{*}\rangle d\lambda(t)$

$= \sup_{Nx||\leqq 1}\{\int\langle T^{t+s}y, x^{*}\rangle d\lambda(t)-\int\langle T^{t+s}y, x^{*}\rangle d(r_{1}^{*}\lambda)(t)\}$

$\leqq(\sup_{t,s\in N}\Vert T^{t+s}y\Vert)\cdot\Vert\lambda-r_{1}^{*}\lambda\Vert<d\cdot\epsilon^{2}/2d=\epsilon^{2}/2$ .

Fix $\alpha$ with $\alpha\geqq\alpha_{0}$ and let $\mu_{\alpha}=\sum_{j=1}^{m}b_{j}\delta_{s_{j}}$ , where $b_{1},$ $\cdots$ , $b_{m}\geqq 0$ with $\Sigma_{j=1}^{m}b_{j}=1$ and
$s_{1},$

$\cdots$ , $s_{m}\in N$. Put

$A=$ { $j$ : $1\leqq j\leqq m$ and $\Vert \mathcal{T}_{\lambda}T^{s_{j}}y-T\mathcal{T}_{\lambda}T^{s_{j}}y\Vert\geqq\epsilon$ }

and $B=\{1,2, \cdots , m\}\backslash A$ . Then $\Sigma_{j\in A}b_{j}\leqq\epsilon$ . In fact, if $\Sigma_{j\in A}b_{j}>\epsilon$ , then we have

$\epsilon^{2}>\int\Vert \mathcal{T}_{\lambda}T^{s}y-T\mathcal{T}_{\lambda}T^{s}y\Vert d\mu_{\alpha}(s)$

$= \sum_{j=1}^{m}b_{j}\Vert \mathcal{T}_{\lambda}T^{s}!y-T\mathcal{T}_{\lambda}T^{s_{j}}y\Vert$

$\geqq\sum_{j\in A}b_{j}\Vert \mathcal{T}_{\lambda}T^{s_{j}}y-T\mathcal{T}_{\lambda}T^{s_{j}}y\Vert$

$\geqq(\sum_{j\in A}b_{j})\epsilon>\epsilon^{2}$ ,

which is a contradiction. Fix $f\in F(T)$ and define



NonexPansive retractions 5

$x_{1}= \sum\{b_{j}f : j\in A\}+\sum\{b_{j}\mathcal{T}_{\lambda}T^{s_{j}}y:j\in B\}$

and $x_{2}= \sum\{b_{j}(\mathcal{T}_{\lambda}T^{s_{j}}y-f):j\in A\}$ . Then since $\Vert \mathcal{T}_{\lambda}T^{s_{j}}y-T\mathcal{T}_{\lambda}T^{s_{j}}y\Vert<\epsilon$ for all
$j\in B$ , we have $\mathcal{T}_{\lambda}T^{s_{j}}y\in W’$ . Hence we have $x_{1}\in W’$ , since $W’$ is convex and
$f\in W’$ . We also obtain

$\Vert x_{2}\Vert\leqq 2d\cdot\sum\{b_{j} : j\in A\}\leqq 2d\cdot\epsilon<2\delta/3$ .

Thus, we have $\int \mathcal{T}_{\lambda}T^{s}yd\mu_{\alpha}(s)=x_{1}+x_{2}\in W’+B_{2\delta/3}$ . While, we have

$\Vert \mathcal{T}_{\mu_{a}}y-\int \mathcal{T}_{\lambda}T^{s}yd\mu_{a}(s)\Vert$

$\leqq\sum^{n}a_{\iota}\Vert\int(T^{s}y-T^{t_{i+S}}y)d\mu_{\alpha}(s)\Vert$

$t=1$

$\leqq\sum_{i=1}^{n}a_{i}\cdot\sup_{s\in N}\Vert T^{s}y\Vert\cdot\Vert\mu_{a}-r_{t_{i^{*}}}\mu_{\alpha}\Vert$

$\leqq d\cdot(\epsilon/\tau)\cdot\tau=d\cdot\epsilon<\delta/3$ .

Therefore, $\mathcal{T}_{\mu_{\alpha}}y=\mathcal{T}_{\mu_{\alpha}}T^{k}x\in W’+B_{\delta}\subset W$ for all $\alpha\geqq\alpha_{0}$ .

4. Nonlinear ergodic theorems.

We prove in this section nonlinear ergodic theorems for nonexpansive
mappings in a uniformly convex Banach space. First we obtain the existence
of a nonexpansive “ergodic” retraction.

THEOREM 2. Let $C$ be a closed convex subset of a uniformly convex Banach
space $E$ and let $T$ be a nonexpansive mapping of $C$ into itself with $F(T)\neq\emptyset$ .
Then there exzsts a nonexpansrve retractim $P$ of $C$ onto $F(T)$ such that $PT=TP$
$=P$ and $Px\in\overline{co}\{T^{n}x;n=0,1, 2, \}$ for each $x\in C$.

PROOF. Consider $\mu_{n}=(1/n)\Sigma_{i=0}^{n-1}\delta_{i}(n=1, 2, )$ . Then there is a subnet $\{\mu_{n_{\alpha}}\}$

of $\{\mu_{n}\}$ such that $\mu_{n_{\alpha}}$ converges to a mean $\mu$ in the weak* topology. It is
obvious that $\mu$ is invariant. Since $\mu_{n_{\alpha}}$ converges to $\mu$ in the weak* topology,
we have that $\mathcal{T}_{\mu_{n_{\alpha}}}x$ converges weakly to $\mathcal{T}_{\mu}x$ for each $x\in C$. So, put $Px=\mathcal{T}_{\mu}x$

for each $x\in C$. Then, for any $x$ and $y$ in $C$, we have

$\Vert Px$ – $Py\Vert^{2}=\langle Px-Py, j\rangle$

$= \lim_{a}\langle \mathcal{T}_{\mu_{n_{\alpha}}}x-\mathcal{T}_{\mu_{n_{\alpha}}}y, j\rangle$

$\leqq\sup_{a}\Vert \mathcal{T}_{\mu_{n_{\alpha}}}x-\mathcal{T}_{\mu_{n_{a}}}y\Vert\cdot\Vert j\Vert$

$\leqq\Vert x-y\Vert\cdot\Vert P_{X}-Py\Vert$ ,
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where $j\in J(Px-Py)$ . Hence $P$ is nonexpansive on $C$. Since $\langle PTx, x^{*}\rangle$

$= \langle \mathcal{T}_{\mu}Tx, x^{*}\rangle=\int\langle T^{n}Tx, x^{*}\rangle d\mu(n)=\int\langle T^{n+1}x, x^{*}\rangle d\mu(n)=\int\langle T^{n}x, x^{*}\rangle d\mu(n)=\langle Px$ ,

$x^{*}\rangle$ for every $x^{*}\in E^{*}$ and $x\in C$, we have $PT=P$. Since $\mu$ is a mean on $N$,

we have
$Px=\mathcal{T}_{\mu}x\in\overline{co}\{T^{n}x : n=0,1, 2, \}$

for each $x\in C$ . Finally we show $Px=\mathcal{T}_{\mu}x\in F(T)$ for each $x\in C$ . Fix $x\in C$ .
Since $F(T)\neq\emptyset$ , the set $\{x, Tx, T^{2}x, \}$ is bounded. So, we have a T-invari-
ant bounded closed convex subset $D$ of $C$ with $D\supset\{x, Tx, T^{2}x, \}$ . Let us
apply Theorem 1 or [3, Cor. 1.1] to $1\mu_{n}$ }, $D$ and $T_{D}$ , where $T_{D}$ is the restriction
of $T$ to $D$ . Then, we obtain $Px=\mathcal{T}_{\mu}x\in F(T_{D})\subset F(T)$ . This completes the
proof.

The following theorem improves a result of Bruck [3].

THEOREM 3. Let $C$ be a closed convex subset of a uniformly convex Banach
space $E$ with a Fr\’echet differentiable norm and let $T$ be a $nonexpan\alpha ve$ maPping
of $C$ into itself with $F(T)\neq\emptyset$ . Then there is a unique nonexpanstve retraction
$P$ of $C$ onto $F(T)$ such that $PT=TP=P$ and $Px\in\overline{co}\{T^{n}x:n=0,1, 2, \}$ for
each $x\in C$. Further, if $t\mu_{\alpha}I$ is a net of finite means on $N$ such that $\Vert\mu_{\alpha}-r_{1}^{*}\mu_{\alpha}\Vert$

$arrow 0$, then $\mathcal{T}_{\mu_{a}}x$ converges weakly to $Px$ for each $x\in C$.
PROOF. By Theorem 2, there is a nonexpansive retraction $P$ of $C$ onto

$F(T)$ such that $PT=TP=P$ and $Px\in\overline{co}\{T^{n}x:n=0,1, 2, \}$ for each $x\in C$ .
Fix $x\in C$ and $n\in N$. Then we have

$Px=PT^{n}x\in\overline{co}\{T^{k}T^{n}x:k=0,1, 2, \}=\overline{co}\{T^{k}x:k\geqq n\}$ .
Hence, $Px \in\bigcap_{n\in N}\overline{co}\{T^{k}x:k\geqq n\}$ . By [3], we also know that

$F(T) \cap\bigcap_{n\in N}\overline{co}\{T^{k}x:k\geqq n\}$

consists of at most one point. Therefore we have

$\{Px\}=F(T)\cap\bigcap_{n\in N}\overline{co}\{T^{k}x : k\geqq n\}$ .

This implies that such a retraction is unique. Let $x\in C$ and let $\{\mathcal{T}_{\mu_{a}}x\}\beta$ be a
subnet of $\{\mathcal{T}_{\mu_{\alpha}}x\}$ which converges weakly to $y\in C$. Then, by Theorem 1, we
have $y\in F(T)$ . Further $y \in\bigcap_{n\in N}\overline{co}\{T^{k}x;k\geqq n\}$ . In fact, fix $n\in N$. Then since
$\Vert\mu_{\alpha}-r_{n}^{*}\mu_{\alpha}\Vertarrow 0,$

$\mathcal{T}_{\mu_{a}}T^{n}x\beta$ converges weakly to $y\in F(T)$ . Hence $y\in\overline{co}\{T^{k}x$ ;

$k\geqq n\}$ . So, we have the desired result.

REMARK. In Theorem 3, we know that $\mathcal{T}_{\mu_{\alpha}}T^{k}x$ converges weakly to $Px$
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uniformly in $k=0,1,2,$ $\cdots$
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