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1. Introduction.

Among the most elementary relations in mathematics are the equivalence
relations. Especially in geometry, equivalence relations between manifolds are
usually defined by the existences of maps satisfying some suitable conditions.
An isometry is the most fundamental map of this kind and defines the equiv-
alence relation of isometry between riemannian manifolds. Another kind of
maps which defines an equivalence relation between riemannian manifolds is
the quasi-isometry. Now suppose that $X$ and $Y$ are riemannian manifolds. A
diffeomorphism of $X$ onto $Y$ is called a quasi-isometry if there is a constant
$a\geqq 1$ such that

(1.1) $a^{-1}|\xi|\leqq|d\varphi(\xi)|\leqq a|\xi|$ for all $\xi\in TX$ .
When there is a quasi-isometry from $X$ onto $Y$ , we say that $X$ is quasi-isometric
to $Y$ : Obviously to be quasi-isometric is an equivalence relation. Another map
belonging to a broader class is a pseudo-isometry introduced by Mostow [15] for
studying discontinuous subgroups of semi-simple Lie groups. A pseudo-isometry
of $X$ into $Y$ is a continuous map satisfying

(1.2) $a^{-1}d(x_{1}, x_{2})-b\leqq d(\varphi(x_{1}), \varphi(x_{2}))\leqq ad(x_{1}, x_{2})$ for all $x_{1},$ $x_{2}\in X$

with suitable constants $a\geqq 1$ and $b\geqq 0$ , where $d$ denotes the distance functions
of $X$ and $Y$ induced from their riemannian structures. It is evident that a
quasi-isometry is a pseudo-isometry. But, as is expected from the observation
that (1.2) is not symmetric, the existence of a pseudo-isometry does not define
an equivalence relation; in fact there exists a pair of complete riemannian
manifolds $X$ and $Y$ such that there is a pseudo-isometry from $X$ onto $Y$ but
there are no pseudo-isometries of $Y$ into $X$.

Now we introduce another kind of maps called rough isometries which
satisfy a condition weaker than (1.1) and (1.2). Let $X$ be a metric space. For
a point $x$ in $X,$ $B_{r}(x)$ denotes the open r-ball around $x$ : Moreover for a subset
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$Y$ of $X$ we denote by $B_{r}(Y)$ the r-neighborhood of $Y;B_{r}(Y)=\{x\in X:d(x, Y)<r\}$ .
A subset $Y$ of $X$ is called $\epsilon$ -full in $X$ for $\epsilon>0$ if $X=B_{\epsilon}(Y)$ , and is said to be
full if it is $\epsilon$ -full for some $\epsilon>0$ . A map $\varphi$ : $Xarrow Y$ between two metric spaces
$X$ and $Y$ , not necessarily continuous, is called a rough isometry, if the image of
$\varphi$ is full in $Y$ and if there are constants $a\geqq 1$ and $b\geqq 0$ such that

(1.3) $a^{-1}d(x_{1}, x_{2})-b\leqq d(\varphi(x_{1}), \varphi(x_{2}))\leqq ad(x_{1}, x_{2})+b$ for all $x_{1},$ $x_{2}\in X$ .
Our notion of rough isometry is essentially the same as that of coarse equiv-
alence in the sense of Gromov who discussed, in his article [10], the behavior
of such a map “ at infinity “. Quasi-isometries and pseudo-isometries with full
images are obviously rough isometries. We can easily show that if $\varphi$ : $Xarrow Y$

and $\psi:Yarrow Z$ are rough isometries then so is the composition $\psi\circ\varphi$ : $Xarrow Z$ .
Moreover for a rough isometry $\varphi$ : $Xarrow Y$ , we have a rough isometry $\varphi^{-}:$ $Yarrow X$

such that both $d(\varphi^{-}\circ\varphi(x), x)$ and $d(\varphi\circ\varphi^{-}(y), y)$ are bounded in $x\in X$ and in
$y\in Y$ , respectively. In fact, for each $y\in Y$ , choose $x\in X$ so that $d(\varphi(x), y)<\epsilon$ ,

where we assume that the image of $\varphi$ is $\epsilon$ -full in $Y$ , and put $\varphi^{-}(y)=x$ . We
call such $\varphi^{-}$ a rough inverse of $\varphi$ . Two metric spaces are said to be roughly
isometric if there is a rough isometry between them. As is seen above, to be
roughly isometric is an equivalence relation. Note that by weakening the con-
dition (1.2) of pseudo-isometry we are able to make being roughly isometric an
equivalence relation: This partially motivates our definition of rough isometry.
By definition any two metric spaces of finite diameter are roughly isometric to
each other, so the rough isometry makes sense only for non-compact metric
spaces. In addition rough isometries neglect “compact factors “ of spaces; for
example, if $X$ and $Y$ are roughly isometric spaces and $K$ is a compact space,
then $X$ is roughly isometric to the product $Y\cross K$. Moreover a rough isometry
does not preserve topological types because we do not assume a rough isometry
to be continuous. For instance, the infinite Loch Ness monster and the infinite
jungle gym (these terminologies are due to [17]) are roughly isometric to the
2-dimensional and 3-dimensional euclidean spaces, respectively (see Fig. 1).

Here we must mention the work of Milnor [13], which motivates our work,
gives examples of pairs of riemannian manifolds roughly isometric to each
other, and suggests the method of discrete or combinatorial approximation of
geometries of riemannian manifolds. First suppose that $\Gamma$ is a Pnitely generated
group with finite generator system $A$ . For an element $\gamma\neq 1$ of $\Gamma$, let $|\gamma|_{A}$ be
the smallest positive integer $k$ such that $\gamma$ is presented by a product of $k$

elements of $A\cup A^{-1}$ , and put $|1|_{A}=0$ . This $|_{A}$ is called the word norm of $\Gamma$

with respect to $A$ , and satisfies the following conditions for all $\beta,$ $\gamma\in\Gamma$ : (i)

$|\gamma|_{A}\geqq 0$, and $|\gamma|_{A}=0$ iff $\gamma=1$ ; (ii) $|\gamma^{-1}|_{A}=|\gamma|_{A}$ ; (iii) $|\beta\gamma|_{A}\leqq|\beta|_{A}+|\gamma|_{A}$ . Also
the word norms corresponding to two finite generator systems $A$ and $B$ are
equivalent; $i.e.$ , there is a constant $a\geqq 1$ such that $a^{-1}|\gamma|_{A}\leqq|\gamma|_{B}\leqq a|\gamma|_{A}$ for all
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(a) the infinite Loch Ness monster

(b) the inPnite jungle gym

Figure 1.

$\gamma$ . Now suppose moreover that $\Gamma$ acts freely and properly discontinuously on a
complete riemannian manifold $X$ as isometries and that $X/\Gamma$ is compact. Fix a
point $0$ in $X$ and put $\Vert\gamma\Vert=d(0, \gamma 0)$ for $\gamma\in\Gamma$. Then obviously the following hold
for all $\beta,$ $\gamma\in\Gamma$ : (i) $\Vert\gamma\Vert\geqq 0$, and $\Vert\gamma\Vert=0$ iff $\gamma=1$ ; (ii) $\Vert\gamma^{-1}\Vert=\Vert\gamma\Vert$ ; (iii) $\Vert\beta\gamma\Vert\leqq$

$\Vert\beta\Vert+\Vert\gamma\Vert$ . In this situation, Milnor [13] has shown the inequalities

(1.4) $a^{-1}|\gamma|_{A}-b\leqq\Vert\gamma\Vert\leqq a|\gamma|_{A}$ for all $\gamma\in\Gamma$,

where $a\geqq 1$ and $b\geqq 0$ are suitable constants. Now put $\delta_{A}(\beta, \gamma)=|\beta^{-1}\gamma|_{A}$ . Then
$\delta_{A}$ is a left-invariant metric on $\Gamma$, called the word metric of $\Gamma$ with respect to
$A$ , and the map $\varphi:\Gammaarrow X,$ $\gammaarrow\gamma 0$ is a rough isometry (with respect to the word
metric $\delta_{A}$ of $\Gamma$ and the riemannian metric $d$ of $X$ ) satisfying the inequality

(1.5) $a^{-1}\delta_{A}(\beta, \gamma)-b\leqq d(\varphi(\beta), \varphi(\gamma))\leqq a\delta_{A}(\beta, \gamma)$ for all $\beta,$ $\gamma\in\Gamma$.

Thus we can conclude that if a discrete group $\Gamma$ acts freely and properly dis-
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continuously on complete riemannian manifolds $X$ and $Y$ as isometries in such a
way that both $X/\Gamma$ and $Y/\Gamma$ are compact then $X$ is roughly isometric to $Y$ ,

since to be roughly isometric is an equivalence relation. Also using (1.4), Milnor
has shown that the volume growth rate of $X$ is dominated by that of $\Gamma$ ; in
fact he proved

(1.6) $c^{-1}\cdot\#\{\gamma\in\Gamma:|\gamma|_{A}\leqq a^{\prime-1}r-b’\}\leqq volB_{r}(0)\leqq c\cdot\#\{\gamma\in\Gamma:|\gamma|_{A}\leqq a’r+b’\}$ ,

where $a’\geqq 1$ , $b’\geqq 0$ and $c\geqq 1$ are constants, and, for a set $S,$ $\#S$ denotes the
cardinality of $S$ . This fact suggests that the geometry of the riemannian
manifold $X$ may be approximated by the combinatorial geometry of the discrete
group $\Gamma$.

Generally speaking, when an equivalence relation is given, what we have to
do is, more or less, to find invariants which are preserved by the equivalence
relation. This is just what we are going to do in this article for the rough
isometry: We will show that some geometric attributes of riemannian manifolds,
such as the volume growth rates or the validities of isoperimetric inequalities,
are inherited through rough isometries. But, by definition, the local geometry of
a manifold does not brought into another manifold by a rough isometry, since
we have not assumed a rough isometry even to be continuous. So we need an
additional condition on riemannian manifolds which governs local geometries of
the manifolds. In fact on a riemannian manifold we will impose the following
condition:

$(*)$ the Ricci curvature is bounded from below by a constant $-(n-1)K^{2}(K>0)$ ,

where $n$ is the dimension of the manifold, and the injectivity radius is
positive.

If a complete riemannian n-manifold $X$ satisfies the condition $(*)$ , we especially
have the following facts:

(1.7) $volB_{r}(x)\leqq V(r)$ and $area\partial B_{r}(x)\leqq A(r)$

for all $x\in X$ and for all $r>0$ ;

(1.8) the function $rarrow volB_{r}(x)/V(r)$ is monotone non-increasing
for all $x\in X$ ;

(1.9) vol $B_{r}(x)\geqq V_{0}r^{n}$ for all $x\in X$ and for all $r\in(O$ , inj $X/2$] ,

where $V(r)$ denotes the volume of a geodesic ball in the simply connected com-
plete riemannian n-manifold of constant curvature $-K^{2},$ $A(r)$ the area of the
corresponding geodesic sphere, $V_{0}$ a constant depending only on the dimension
$n$ , and inj $X$ denotes the injectivity radius of $X$. The first two facts follow
from standard comparison theorems; they hold only under the assumption of
lower bound of the Ricci curvature. The inequality (1.9) is a theorem of Croke
[8; Proposition 14].
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To establish our theorems of invariance of geometric properties of manifolds
under rough isometry, we approximate a riemannian manifold by a combinatorial
structure, which we call a net. In the case of Milnor’s work, the orbit $\Gamma 0$ of
the action of $\Gamma$ on $X$ may be considered as a net in our sense, and we have
already seen in (1.6) that the geometry of the discrete group $\Gamma$ reflects that of
the riemannian manifold $X$. This is also the case with a net in a complete
riemannian manifold satisfying the condition $(*)$ . Moreover a net in a complete
riemannian manifold has a canonical metric of combinatorial nature, which cor-
responds to the word metric in the case of a finitely generated group, and we
have an inequality similar to (1.5) for a net in a complete riemannian manifold
if the Ricci curvature of the manifold is bounded from below. By this inequality
we can see that the net is roughly isometric to the manifold. Now the scheme
of the proofs of our theorems of invariance of geometric properties under rough
isometries is stated in the following form. Suppose that complete riemannian
manifolds $X$ and $Y$ satisfying $(*)$ are roughly isometric to each other. Then a
rough isometry between $X$ and $Y$ induces a rough isometry between nets $P$ in
$X$ and $Q$ in $Y$ by the aid of the inequality similar to (1.5). On the other hand
a discrete approximation lemma such as (1.6) suggests that the geometries of $P$

and $Q$ coincide with those of $X$ and $Y$ , respectively. Thus the rest is to show
that two roughly isometric nets $P$ and $Q$ have the same geometry, and this is,
in general, easy to prove. So most of our work will be concentrated in the
proofs of discrete approximation lemmas similar to (1.6).

The construction of this article is as follows. In \S 2, we define a net in a
riemannian manifold, and give its elementary properties. In \S 3 and \S 4, respec-
tively, we will show that the volume growth rate and the validity of isoperimetric
inequalities are invariant under rough isometry with the condition $(*)$ . Finally,
in \S 5, we prove the Liouville theorem for harmonic functions on a complete
riemannian manifold satisfying $(*)$ which is roughly isometric to the euclidean
space. Also this paper contains an appendix where we give a generalization
of the local isoperimetric inequality of Buser [6], which will be utilized in \S ’4
and \S 5.

2. Nets in riemannian manifolds.

When we attempt to demonstrate that some geometric properties of rieman-
nian manifolds, such as the volume growth rate or the validity of isoperimetric
inequalities, are invariant under rough isometry, to approximate riemannian
manifolds by discrete or combinatorial structures makes the proofs intelligible.
The combinatorial structure which we utilize as an approximation of a rieman-
nian manifold is a net. The purpose of this section is to dePne it and to state
some of its elementary properties.
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Let $P$ be a countable set. A family $N=\{N(p):p\in P\}$ is called a net struc-
ture of $P$ if the following conditions hold for all $p,$ $q\in P$ :
(i) $N(p)$ is a finite subset of $P$ ;
(ii) $q\in N(p)$ iff $P\in N(q)$ .
For a point $p\in P$, each element of $N(p)$ is called a neighbor of $p$ . By a net we
mean a countable set with a net structure. Combining by a segment each pair
of two points which are neighbors of each other, we can immediately understand
that a net is essentially nothing but a countable l-dimensional locally finite
simplicial complex without orientation, or equivalently, locally finite countable
graph. Now suppose that $P$ is a net. A sequence $p=(P_{0}, \cdots , p_{l})$ of points in
$P$ is called a path from $p_{0}$ to $p_{l}$ of length $l$ if each $p_{k}$ is a neighbor of $p_{k-1}$ .
A net $P$ is said to be connected if any two points in $P$ are combined by a
path. For points $p$ and $q$ of a connected net $P,$ $\delta(p, q)$ denotes the minimum of
the lengths of paths from $P$ to $q$ . Obviously this $\delta$ satisfies the axioms of
metric; we call this $\delta$ the combinatorial metric of $P$. A net $P$ is said to be
uniform if sup $\{\# N(p):p\in P\}<\infty$ , where, for a set $S,$ $\# S$ denotes the cardinality
of it. By definition the following lemma is immediate.

LEMMA. (i) If $P$ is a uniform connected net, then, for all $r\geqq 0$ and for all
finite subsets $S$ of $P$, the inequality

(2.1) $\#\{p\in P:\delta(p, S)\leqq r\}\leqq\lambda^{r}\cdot\# S$

holds, where $\lambda\geqq 1$ is a constant independent of $r$ and $S$.
(ii) Supp0se that $P$ and $Q$ are connected nets, $P$ uniform, and that $\varphi:Parrow Q$

is a rough isometry with respect to the combinatorial metrics of $P$ and Q. Then
there is a constant $\mu$ such that

(2.2) $\# S\leqq\mu\cdot\#\varphi(S)$

for any finite subset $S$ of $P$.
Now we give examples of nets. Let $\Gamma$ be a finitely generated group, and

$A$ its finite generator system. Then a net structure $N=\{N(\gamma):\gamma\in\Gamma\}$ on $\Gamma$ is
defined by $N(\gamma)=\gamma(A\cup A^{-1})$ . Of course the combinatorial metric coincides with
the word metric $\delta_{A}$ with respect to $A$ mentioned in \S 1. All finitely generated
groups are connected uniform nets in this manner, and this combinatorial struc-
ture on a discrete group essentially coincides with the notion of Cayley graph
in the combinatorial group theory.

There is another example of nets appearing in riemannian geometry, which
plays an important role in our subsequent discussions. Suppose that $X$ is a
complete riemannian manifold, and let $d$ be the induced metric. A subset $P$ of
$X$ is said to be $\epsilon$ -separated for $\epsilon>0$ , if $d(p, q)\geqq\epsilon$ whenever $p$ and $q$ are distinct
points of $P$, and an $\epsilon$ -separated subset is called maximal if it is maximal with
respect to the order relation of inclusion. Obviously a maximal $\epsilon$-separated
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subset of $X$ is $\epsilon$ -full in $X$. Let $P$ be a maximal $\epsilon$ -separated subset of $X$. We
define a net structure $N=\{N(p):p\in P\}$ of $P$ by $N(p)=\{q\in P:0<d(p, q)\leqq 2\epsilon\}$ .
A maximal $\epsilon$ -separated subset of a complete riemannian manifold with the net
structure described above will be called an $\epsilon$ -net in $X$. It is easy to see that an

$\epsilon$-net in a complete riemannian manifold is connected if the manifold is connected.
In our later discussions of this paper, all manifolds and nets are assumed to be
connected unless otherwise indicated.

(2.3) LEMMA. Let $X$ be a complete riemannian n-manifold whose Ricci curvature
is bounded from below by $-(n-1)K^{2}(K>0)$ , and let $P$ be an $\epsilon$ -separated subset
of X. Then we have

(2.4) $\#\{p\in P:x\in B_{r}(p)\}\leqq\nu$

for all $r>0$ and for all $x\in X$, where $\nu=\nu(n, K, \epsilon, r)>0$ . Consequently every
$\epsilon$ -net in a complete riemannian manifold whose Ricci curvature is bounded from
below is uniform.

PROOF. Fix $r>0$ and $x\in X$, and put $P_{x}=\{p\in P;x\in B_{r}(p)\}$ . Obviously
$B_{\epsilon/2}(p)\subset B_{r+\epsilon/2}(x)\subset B_{2\tau+\epsilon/2}(p)$ holds for all $p\in P_{x}$ . Also by (1.8) we have

vol $B_{\text{\’{e}}/2}(p) \geqq\frac{V(\epsilon/2)}{V(2r+\epsilon/2)}$ vol $B_{2r+\epsilon/2}(p)$ . Hence with the fact that $B_{\epsilon/2}(p)s$ are

disjoint, we conclude

vol $B_{\tau+\epsilon/2}(x) \geqq\sum_{p\in P_{x}}$ vol $B./2(p)$

$\geqq\frac{V(\epsilon/2)}{V(2r+\epsilon/2)}\sum_{p\in P_{x}}volB_{2r+\in/2}(p)$

$\geqq\frac{V(\epsilon/2)}{V(2r+\epsilon/2)}volB_{r+\epsilon/2}(x)\cdot\# P_{x}$ ;

$i.e.,$ $\# P_{x}\leqq V(2r+\epsilon/2)/V(\epsilon/2)$ . $\square$

The following lemma, which is a generalization of the inequality (1.5) of
Milnor, will be a fundamental tool in the later discussions, because this lemma
makes it possible to interpret the geometry of a riemannian manifold into the
combinatorial geometry of an $\epsilon$ -net in the manifold.

(2.5) LEMMA. Let $X$ be a complete riemannian n-manifold whose Ricci curvature
is bounded from below by $-(n-1)K^{2}$ , and $P$ an $\epsilon$ -net in X. Then $P$ with the
combinatorial metric $\delta$ is roughly isometric to $X$ : In fact we have

1
(2.6) $--d(p_{1}2\epsilon p_{2})\leqq\delta(p_{1}, p_{2})\leqq ad(p_{1}, p_{2})+b$ for all $p_{1},$ $p_{2}\in P$ ,

where $a\geqq 1$ and $b\geqq 0$ are constants dependjng only on $n,$ $K$ and $\epsilon$ , and consequently
the inclusion of $P$ into $X$ is a rough isometry.

PROOF. The first inequality in (2.6) trivially holds (without the assumption
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on the Ricci curvature). We prove the second inequality in (2.6). Suppose that
$p_{1}$ and $p_{2}$ are arbitrary distinct points of $P$. Let $\gamma$ be a minimizing geodesic
from $p_{1}$ to $p_{2}$ with unit speed. Put $P_{\gamma}=\{q\in P:B_{\epsilon}(q)\cap\gamma\neq\emptyset\}$ . Obviously
$\{B_{\epsilon}(q):q\in P_{\gamma}\}$ covers $\gamma$ , and $\delta(p_{1}, p_{2})\leqq\# P_{\gamma}$ . Moreover take the positive integer
$k$ so that $k-1<d(p_{1}, p_{2})/2\epsilon\leqq k$ , and let $x_{0}(=p_{1}),$ $x_{1},$

$\cdots$ , $x_{k- 1},$ $x_{k}(=p_{2})$ be the
points on $\gamma$ such that $d(x_{j- 1}, x_{j})=d(p_{1}, p_{2})/k$ for $j=1,$ $\cdots$ , $k$ . Then $q\in B_{\epsilon}(\gamma)$

$\subset\bigcup_{j=0}kB_{2\epsilon}(x_{j})$ for all $q\in P_{\gamma}$ , and therefore $P_{\gamma}\subset U_{j=0}^{k}\{q\in P;x_{j}\in B_{2\text{\’{e}}}(q)\}$ . Hence
with (2.4) we have $\# P_{\gamma}\leqq\Sigma_{f=0}^{k}\#\{q\in P:x_{f}\in B_{2\epsilon}(q)\}\leqq\nu(k+1)<\nu\{d(p_{1}, p_{2})/2\epsilon+2\}$ ,

where $\nu=\nu(n, K, \epsilon, 2\epsilon)$ . Thus we conclude $\delta(P_{1}, p_{2})<\nu\{d(p_{1}, p_{2})/2\epsilon+2\}$ . $\square$

The above lemma especially suggests that any two nets in a complete
riemannian manifold whose Ricci curvature is bounded from below are roughly
isometric to each other, since the rough isometricity is an equivalence relation.

3. Volume growth rate.

Since the rough isometricity between riemannian manifolds is an equivalence
relation, we may expect that a rough isometry preserves some invariants of
manifolds. In this section we show that the volume growth rates of geodesic
balls in riemannian manifolds are invariant under rough isometries, and the
proof of this fact, which is the most elementary and typical in our work, will
make one to understand the scheme of the proofs of our theorems. Now let $X$

be a complete riemannian manifold, and $0$ a point in $X$. Then $X$ is said to be
of polynomial growth of order $m(\geqq 0)$ if

(3.1) $m= \inf$ { $k>0: \lim_{rarrow}\sup_{\infty}r^{-k}$ vol $B_{\tau}(0)<\infty$ }

holds, and is said to be of exponential growth if

(3.2) $\lim_{\gamma r}\inf r^{-1}\log volB_{r}(0)>0$

holds. Obviously these definitions do not depend on the choice of a point $0$ in
X. It is known that a complete riemannian n-manifold of non-negative Ricci
curvature is of polynomial growth of order $\leqq n$ , and that a simply connected
complete riemannian manifold of negative sectional curvature bounded away from
zero is of exponential growth. For other examples of computations of volume
growth rates, see [13] : Also in [2], [4], [7] and [12], some relations between
the volume growth rate and the other attributes of a riemannian manifold are
discussed.

The purpose of this section is to prove the following theorem.

(3.3) THEOREM. Supp0se that $X$ and $Y$ are complete riemannian manifolds satis-
fying $(*)$ , and that $X$ is roughly isometric to Y. Then $X$ is of p0lyn0mial growth
of order $m$ (resp. of exp0nential growth) if so is $Y$.
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As a consequence of this theorem, we obtain pairs of complete riemannian
manifolds not roughly isometric to each other; for example, the hyperbolic spaces
are not roughly isometric to the euclidean spaces.

We prove Theorem 3.3 by showing that the volume growth rate of a
manifold is approximated by that of an e-net in the manifold. Here, for a net
$P$ with a point $0$ in it, the growth rate is defined by replacing vol $B_{r}(0)$ in (3.1)

and (3.2) by $\#\{p\in P:\delta(0, p)<r\}$ ; $e.g.,$ $P$ is said to be of exponential growth if
$\lim\inf_{rarrow\infty}r^{-1}\log\#\{p\in P:\delta(0, p)<r\}>0$ .
(3.4) LEMMA. Let $P$ and $Q$ be uniform nets roughly isometric to each other.
Then $P$ is of polynomial growth of order $m$ (resp. of exponential growth) if and
only if so is $Q$ .

PROOF. Let $\varphi$ : $Parrow Q$ be a rough isometry satisfying

(3.5) $a^{-1}\delta(p_{1}, p_{2})-b\leqq\delta(\varphi(p_{1}), \varphi(p_{2}))\leqq a\delta(p_{1}, p_{2})+b$ for all $p_{1},$ $p_{2}\in P$ .
Fix $0\in P$, and put $0’=\varphi(0)$ . Then, with (3.5) and (2.2), we have

$\#\{p\in P:\delta(0, p)<r\}\leqq\mu\cdot\#\varphi(\{p\in P:\delta(0, p)<r\})\leqq\mu\cdot\#\{q\in Q:\delta(0’, q)<ar+b\}$ ,

and this implies the lemma. $\square$

The following lemma, which follows from a generalization of the inequality
(1.6) of Milnor, claims that the volume growth rate of a manifold is approxi-
mated combinatorially.

(3.6) LEMMA. SuppOse that $X$ is a complete riemannian manifold satisfying $(*)$ ,
and that $P$ is an $\epsilon$ -net in X. Then $X$ is of polynOmjal growth of order $m$ (resp.

of expOnentjal growth) if and only if $P$ is of polynomial growth of order $m$

(resp. of exponential growth).
PROOF. We may consider only the case $0<\epsilon\leqq injX$, because any nets in $X$

are uniform and roughly isometric to each other as Lemma 2.3 and Lemma 2.5
suggest, and consequently, have the same growth rate, by Lemma 3.4. Fix a
point $0$ in $P$. Since the geodesic ball $B_{a- 1(r-b)-\text{\’{e}}}(0)$ in $X$, where $a$ and $b$ are the
constants in (2.6), is covered by $\{B_{\text{\’{e}}}(p):p\in P, \delta(0, p)<r\}$ , we get

$volB_{a- 1(r-b)-\epsilon}(0)\leqq V(\epsilon)\cdot\#\{p\in P:\delta(0, p)<r\}$ ,

from (1.7). On the other hand, for $p\in P$ with $\delta(0, p)<r,$ $B_{\epsilon/2}(p)$ is contained in
$B_{2\epsilon r+\epsilon/2}(0)$ , and we have

vol $B_{2\epsilon r+\epsilon/2}( 0)\geqq(\frac{\epsilon}{2})^{n}V_{0}\cdot\#\{p\in P:\delta(0, p)<r\}$ ,

by (1.9) and the fact that $B_{\epsilon/2}(p)s$ are disjoint. Hence we obtain the inequality

$c^{-1}volB_{a’-1r-b’}(0)\leqq\#\{p\in P:\delta(0, p)<r\}\leqq c$ vol $B_{a’r+b’}(0)$ ,

where $a’\geqq 1,$ $b’\geqq 0$ and $c\geqq 1$ are constants, and this implies the lemma. $\square$

Now Theorem 3.3 follows immediately from Lemma 3.4, Lemma 3.6, Lemma
2.3 and Lemma 2.5. In fact, take $X$ and $Y$ as in Theorem 3.3, and let $P$ and
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$Q$ be nets in $X$ and $Y$ , respectively: First note that both $P$ and $Q$ are uniform.
Then a rough isometry between $X$ and $Y$ induces a rough isometry between $P$

and $Q$ as Lemma 2.5 suggests, and therefore $P$ and $Q$ have the same growth
rate. On the other hand, Lemma 3.6 says that the growth rates of $P$ and $Q$

coincide with those of $X$ and $Y$ , respectively. Hence we conclude that $X$ and
$Y$ have the same volume growth rate.

4. Isoperimetric constants.

In this section we show that the validity of some isoperimetric inequalities
is inherited through rough isometries. Suppose that $X$ is a complete riemannian
n-manifold. For $0<m\leqq\infty$ , the m-dimensional isoperimetric constant $I_{m}(X)$ of $X$

is dePned by

$I_{m}(X)= \inf_{\Omega}\frac{area\partial\Omega}{(vo1\Omega)^{(m-1)/m}}$ ,

where $\Omega$ runs over all non-empty bounded domains in $X$ with boundaries suffi-
ciently smooth so that their $(n-1)$-dimensional measures $area\partial\Omega$ are well dePned.
We also adopt the convention that $(m-1)/m=1$ when $m=\infty$ . The classical
isoperimetric inequality for the euclidean space $R^{n}$ suggests that $I_{n}(R^{n})=$

$n^{-(n-1)/n}\alpha_{n-1}^{1/n}$ and $I_{m}(R_{n})=0$ for $m\neq n$ , where $\alpha_{n-1}$ denotes the volume of the
unit $(n-1)$-sphere. Of course the isoperimetric constant vanishes if $X$ is com-
pact. For any complete riemannian n-manifold $X$, we also have $I_{n}(X)\leqq I_{n}(R^{n})$ ,

and $I_{m}(X)=0$ for $m<n$ , by considering the limit of $area\partial B_{r}(0)/\{volB_{r}(0)\}^{(m-1)/m}$

when $rarrow 0$ , where $0\in X$. Moreover it is known that $I_{\infty}(X)>0$ for any simply
connected complete riemannian manifold $X$ whose sectional curvature is bounded
from above by a negative constant, and that $I_{m}(X)=0(m>n)$ for a complete
riemannian n-manifold $X$ of non-negative Ricci curvature. For other results
concerned with isoperimetric constants, see [6], [16] and [19], and papers cited
in them.

The main result in this section is the following:

(4.1) THEOREM. Let $X$ and $Y$ be complete riemannian manifolds satisfying $(*)$

which are roughly isometric to each other, and suppose that max { $\dim X$, dim $Y$ }
$\leqq m\leqq\infty$ . Then $I_{m}(X)>0$ if and only if $I_{m}(Y)>0$ .

The scheme of the proof is the same as that of Theorem 3.3. First we
define the isoperimetric constants for a net, and next, we show the discrete
approximation holds: Then Theorem 4.1 will follow immediately.

Now suppose that $P$ is a net. For a subset $S$ of $P$ we define its boundary
$\partial S$ by

$\partial S=\{p\in P:\delta(p, S)=1\}$ .
Then the m-dimensional isoPenmetnc constant of $P$ is defined by



Rough isometries 401

$I_{m}(P)= \inf_{s}\frac{\#\partial S}{(\# S)^{(m-1)/m}}$ ,

where $S$ ranges over all the non-empty finite subsets of $P$.

(4.2) LEMMA. Let $P$ and $Q$ be uniform nets roughly isometric to each other.
Then $I_{m}(P)>0$ if and only if $I_{m}(Q)>0$ .

PROOF. Let $\varphi$ be a rough isometry of $P$ into $Q$ satisfying (3.5) with $(\kappa+1)-$

full image. Take an arbitrary non-empty finite subset $S$ of $P$, and put $T=$

$\{q\in Q:\delta(q, \varphi(S))\leqq\kappa\}$ . By (2.2) we have
(4.3) $\# T\geqq\#\varphi(S)\geqq\mu^{-1}\cdot\# S$ .
Now let $q\in\partial T$ . There is $p\in P$ such that $\delta(q, \varphi(p))\leqq\kappa$ . Then $1\leqq\delta(\varphi(p), \varphi(S))$

$\leqq 2\kappa+1$ , since $\delta(q, \varphi(S))=\kappa+1$ , and this implies, with (3.5), that $1\leqq\delta(P, S)\leqq\sigma+1$

with $\sigma=a(b+2\kappa+1)-1$ . Especially we get $\delta(p, \partial S)\leqq\sigma$ . Hence we obtain $\partial T\subset$

$\{q\in Q:\delta(q, \varphi(\{p\in P:\delta(p, \partial S)\leqq\sigma\}))\leqq\kappa\}$ . Then, by (2.1) we obtain

(4.4) $\#\partial T\leqq\#\{q\in Q:\delta(q, \varphi(\{p\in P:\delta(p, \partial S)\leqq\sigma\}))\leqq\kappa\}$

$\leqq\lambda_{Q}^{\kappa}\cdot\#\varphi(\{p\in P:\delta(p, \partial S)\leqq\sigma\})$

$\leqq\lambda_{Q}^{\kappa}\cdot\#\{p\in P:\delta(p, \partial S)\leqq\sigma\}$

$\leqq\lambda_{P}^{\sigma}\lambda_{Q}^{\kappa}\cdot\#\partial S$ ,

where $\lambda_{P}$ and $\lambda_{Q}$ are the constants in (2.1) for $P$ and for $Q$ , respectively. From
(4.3) and (4.4), we get

$\lambda_{P}^{\sigma}\lambda_{Q}^{\kappa}\mu^{(m-1)/m}\frac{\#\partial S}{(\# S)^{(m-1)/m}}\geqq\frac{\#\partial T}{(\# T)^{(m-1)/m}}\geqq I_{m}(Q)$ .

Letting $\#\partial S/(\# S)^{(m-1)/m}arrow I_{m}(P)$ , we obtain the inequality

$\lambda_{P}^{\sigma}\lambda_{Q}^{\kappa}\mu^{(m-1)/m}I_{m}(P)\geqq I_{m}(Q)$ ,

and this implies the lemma. $\square$

(4.5) LEMMA. Suppose that $X$ is a complete riemannian n-manifold satisfying $(*)$

and $P$ is an $\epsilon$ -net in X. Then, for every $m\in[n, \infty],$ $I_{m}(X)>0$ if and only if
$I_{m}(P)>0$ .

The special case of the lemma with $m=\infty,$ $X$ the universal covering of a
compact riemannian manifold $M$, and $P$ the fundamental group of $M$ with a net
structure described in \S 2, is due to Gromov [11; Theorem 6.19]; see also [10]

and [5].

PROOF. It is sufficient to consider only the case when $\epsilon\in(0$ , inj $X/2$]. First
we prove that $I_{m}(X)>0$ implies $I_{m}(P)>0$ . Let $S$ be an arbitrary non-empty

finite subset of $P$. Put $\Omega=\bigcup_{p\in S}B_{\epsilon}(p)$ . Immediately we have $(\epsilon/2)^{n}V_{0}\cdot\# S\leqq vol\Omega$ ,

by (1.9). Also since $\partial\Omega\subset\bigcup_{p\in\partial’S}\partial B_{\epsilon}(p)$ , where $\partial’S=\partial(P-S)$ , we have $area\partial\Omega$

$\leqq A(\epsilon)\cdot\#\partial’S$ from (1.7). In addition, by (2.1), $\#\partial’S\leqq\lambda\cdot\#\partial S$ holds, and we get



402 M. KANAI

$area\partial\Omega\leqq\lambda A(\epsilon)\cdot\#\partial S$ . Thus we $obtain_{-}$ the inequality $area\partial\Omega/(vol\Omega)^{(m-1)/m}\leqq$

$c_{1}\cdot\#\partial S/(\# S)^{(m-1)/m}$ with $c_{1}=\lambda A(\epsilon)(\epsilon/2)^{-n(m-1)/m}V_{0}^{-(m-1)/m}$ , and this implies

$I_{m}(X)\leqq c_{1}I_{m}(P)$ .
Next we prove that $I_{m}(P)>0$ implies $I_{m}(X)>0$ , by the method of Buser [6].

Let $\Omega$ be an arbitrary bounded domain in $X$ with smooth boundary. Put $S=$

$\{p\in P:vol(\Omega\cap B_{\epsilon}(p))>volB_{\text{\’{e}}}(p)/2\}$ and $P_{0}=(P-S)\cap B_{\epsilon}(\Omega)$ , where $B_{\text{\’{e}}}(\Omega)$ denotes
the $\epsilon$ -neighborhood of $\Omega$ . Evidently $\{B_{\epsilon}(p):p\in S\cup P_{0}\}$ covers $\Omega$ . By the local
isoperimetric inequality (see Appendix), we have

$\frac{area(\partial\Omega\cap B_{\epsilon}(p))}{\{vo1(\Omega\cap B_{\epsilon}(p))\}^{(m-1)/m}}\geqq j_{m}$ for all $p\in P_{0}$ .
Thus with (2.4) we get

(4.6) $\sum_{p\in P_{0}}vol(\Omega\cap B_{\epsilon}(p))\leqq[\sum_{p\in P_{0}}\{vol(\Omega\cap B_{\epsilon}(p))\}^{(m- 1)/m}]^{m/(m-1)}$

$\leqq[j_{m}^{-1}\sum_{p\in P_{0}}area(\partial\Omega\cap B_{\epsilon}(p))]^{m/(m- 1)}$

$\leqq\{\nu j_{m}^{-1}area\partial\Omega\}^{m/(m-1)}$ ,

where $\nu=\nu(n, K, \epsilon, \epsilon)$ . We proceed dividing the proof into two cases according
$to^{-}whetherS$ is empty or not.

Case 1: $S=\emptyset$ . In this case we have from (4.6) that

$vol\Omega\leqq\sum_{p\in P_{0}}vol(\Omega\cap B_{\epsilon}(p))\leqq\{\nu j_{m}^{-1}area\partial\Omega\}^{m/(m- 1)}$ .
$i.e.$ ,

(4.7) $\frac{area\partial\Omega}{(vo1\Omega)^{(m-1)/m}}\geqq\nu^{-1}]_{m}$ .

Case 2: $S\neq\emptyset$ . Put $i=area\partial\Omega/(vol\Omega)^{(m-1)/m}$ . Then by (4.6) we have

vol $\Omega\leqq$

$\sum_{p\in S\cup P_{0}}$

$vol(\Omega\cap B_{\epsilon}(p))$

$\leqq\sum_{p\in S}vol(\Omega\cap B_{\epsilon}(p))+\{\nu]_{m^{1}}^{-}area\partial\Omega\}^{m/(m- 1)}$

$\leqq V(\epsilon)\cdot\# S+(\nu]_{m^{1}}^{-}i)^{m/(m-1)}vol\Omega$ .
Thus we obtain

(4.8) vol $\Omega\leqq 2V(\epsilon)\cdot\# S$ if $i\leqq 2^{-(m- 1)/m}\nu^{-1}]_{m}$ .
Now put $H=\{x\in X:vol(\Omega\cap B_{\epsilon}(x))=volB_{\text{\’{e}}}(x)/2\}$ . Let $p\in\partial S$ . Then there is
$p_{1}\in S$ such that $d(p, p_{1})\leqq 2\epsilon$ . Note that $vol(\Omega\cap B_{\epsilon}(p))\leqq volB_{\epsilon}(p)/2$ and
$vol(\Omega\cap B_{\epsilon}(p_{1}))>volB_{\text{\’{e}}}(p_{1})/2$ . Hence on a minimizing geodesic from $P$ to $p_{1}$ of
length $\leqq 2\epsilon$ , we find a point of $H$, since the function $xarrow vol(\Omega\cap B_{\text{\’{e}}}(x))$ on $X$ is
continuous. This shows that $\partial S\subset B_{2\text{\’{e}}}(H)$ . Now let $Q$ be a maximal $\epsilon$-separated
subset of $H$. Then we have $\bigcup_{p\in\partial S}B_{\epsilon/2}(p)\subset B_{5\epsilon/2}(H)\subset\bigcup_{q\in Q}B_{7\epsilon/2}(q)$ . This implies,
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with (1.9), (1.8), the local isoperimetric inequality for $m=\infty$ (see Appendix) and
(2.4) that

(4.9) $( \frac{\epsilon}{2})^{n_{V_{0}\cdot\#\partial S\leqq_{p}\cong}}s^{VolB_{\epsilon/2}(p)}$

$\leqq\sum_{q\in Q}$vol $B_{7\epsilon/2}(q)$

$\leqq\frac{V(7\epsilon/2)}{V(\epsilon)}q\in B$ vol $B_{\epsilon}(q)$

$=2 \frac{V(7\epsilon/2)}{V(\epsilon)}\sum_{q\in Q}vol(\Omega\cap B_{\epsilon}(q))$

$\leqq 2_{j_{\infty}^{-1}}\frac{V(7\epsilon/2)}{V(\epsilon)}\sum_{q\in Q}area(\partial\Omega\cap B_{\text{\’{e}}}(q))$

$\leqq 2\nu_{j_{\infty}^{-1_{\frac{V(7\epsilon/2)}{V(\epsilon)}area\partial\Omega}}}$ .
Now from (4.8) and (4.9) we obtain

(4.10) $\frac{area\partial\Omega}{(vo1\Omega)^{(m-1)/m}}\geqq c_{2^{\frac{\#\partial S}{(\# S)^{(m-1)/m}}}}$ if $i\leqq 2^{-(m- 1)/m}\nu^{-1}j_{m}$ ,

where $c_{2}=2^{-(2m-1)/m}\nu^{-1}(\epsilon/2)^{n}V_{0}V(\epsilon)^{1/m}V(7\epsilon/2)^{-1}j_{\infty}$ .
Hence by (4.7) and (4.10) we conclude

$I_{m}(X) \geqq\min\{2^{-(m- 1)/m}\nu^{-1}j_{m}, c_{2}I_{m}(P)\}$ . $\square$

Now Theorem 4.1 follows from Lemma 4.2 and Lemma 4.5.

5. Liouville’s theorem.

The classical theorem of Liouville, which suggests that all positive harmonic
functions on the euclidean space are constant, has a lot of geometric generaliza-
tions. Among such works, Yau [18] showed that this also holds for complete
riemannian manifolds of non-negative Ricci curvature by the gradient estimate
of positive harmonic functions. Also a geometric interpretation of the work of
Moser [14] says that on a riemannian manifold quasi-isometric to the euclidean
space there are no positive harmonic functions other than constants (cf. [9; \S 4]),
and his proof relies on the validity of analytic inequalities such as the Sobolev
inequality. It is well known that such inequalities are closely related to isoperi-
metric inequalities: On the other hand we have seen in the previous section
that the validity of some isoperimetric inequalities is invariant under rough
isometry. So we expect that we can extend Moser’s theorem to complete
riemannian manifolds roughly isometric to the euclidean space. The purpose of
this section is to show that this is in fact true under the additional condition $(*)$ .
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(5.1) THEOREM. Supp0se that $X$ is a complete riemannian n-manifold satisfying
$(*)$ , and that $X$ is roughly isometric to the euclidean m-space $R^{m}$ with $m\geqq n$ .
Then every positive harmonic function on $X$ is constant.

By this theorem, we know that the inPnite Loch Ness monster, the infinite
jungle gym, and their higher dimensional versions have no positive harmonic
functions other than constants. In this manner we can construct many new
examples of riemannian manifolds for which the Liouville theorem holds.

Theorem 5.1 is an immediate consequence of the following two propositions.

(5.2) PROPOSITION. Let $X$ be a complete riemannian manifold satisfying $(*)$

which is roughly isometric to the euclidean plane $R^{2}$ . Then every posrtive super-
harmonic function on $X$ is constant.

PROOF. From Theorem 3.3, $X$ is of polynomial growth of order 2. Then
by a theorem of Cheng and Yau [7; \S 1], we conclude the proposition. $\square$

(5.3) PROPOSITION. Supp0se that $X$ is a complete riemannian n-manifold satis-
fying $(*)$ , and that $X$ is roughly isometric to the euclidean m-space with $m\geqq$

max $\{3, n\}$ . Then there are bounded domains $\Omega_{k}(k=1, 2, )$ in $X$ satisfying the
following conditions:
(i) $\overline{\Omega}_{k}\subset\Omega_{k+1}$ , and $X= \bigcup_{k=1}^{\infty}\Omega_{k}$ ;
(ii) for each $k$ and for every posjtjve harmonic function $u$ on $\Omega_{4k}$ , we have the
Harnack inequality

(5.4)
$\sup_{\Omega_{k}}u\leqq h\cdot\inf_{\Omega_{k}}u$

,

where $h$ is a constant independent of $u$ and $k$ .
In the rest of this section we prove Proposition 5.3 step by step. We follow

the work of Bombieri and Guisti [3] who have modified arguments of Moser
[14]. Now let $X$ be a complete riemannian n-manifold satisfying $(*)$ and roughly
isometric to $R^{m}(m \geqq\max\{3, n\})$ . Also denote by $Z^{m}$ the set of lattice points in
$R^{m}$ , which we consider as a l-net in $R^{m}$ , and let $P$ be an $\epsilon$-net in $X$ with
$\epsilon\in(0$, inj $X/2$]. Then there is a rough isometry $\varphi$ : $Z^{m}arrow P$. We assume that
the image of $\varphi$ is $(\kappa+1)$-full in $P$ and $\varphi$ satisfies the inequality

(5.5) $a^{-1}\delta(z_{1}, z_{2})-b\leqq\delta(\varphi(z_{1}), \varphi(z_{2}))\leqq a\delta(z_{1}, z_{2})+b$ for all $z_{1},$ $z_{2}\in Z^{m}$ .
Put

$C_{k}=$ {$z=(z_{1},$ $\cdots$ , $z_{m})\in Z^{m}$ : $|z_{l}|\leqq\sigma k$ for $l=1,$ $\cdots$ , $m$ },

$S_{k}=\{p\in P:\delta(p, \varphi(C_{k}))\leqq\rho\}$ ,

$\Omega_{k}=\bigcup_{p\in S_{k}}B_{\epsilon}(p)$ ,

witb constants $\rho\geqq\kappa$ and $\sigma\geqq 1$ which will be suitably chosen in the following
discussions. Obviously $X=U_{k=1}^{\infty}\Omega_{k}$ holds. Also by definition we obtain

(5.6) $c_{1}^{-1}k^{m}\leqq vol\Omega_{k}\leqq c_{1}k^{m}$ ,
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where $c_{1}\geqq 1$ is a constant independent of $k$ . Now denote by $B_{\epsilon}(\Omega_{k})$ the $\epsilon$ -neigh-
borhood of $\Omega_{k}$ . From (2.6) and (5.5) we can choose the constant $\sigma$ so that
(5.7) $\overline{B_{\epsilon}(\Omega_{k})}\subset\Omega_{k+1}$

holds. Note that (5.7) implies especially that $\overline{\Omega}_{k}\subset\Omega_{k+1}$ and $\overline{B_{r}(\Omega_{k})}\subset\Omega_{2k}$ for all
$r\in(0, \epsilon k]$ .

To prove Harnack’s inequality (5.4), first we show a Sobolev-type inequality
for functions on $X$ with compact supports: Put $M=m/(m-2)$ .

CLAIM 1. There is a constant $c_{2}$ such that

(5.8) $\{\int_{X}|u|^{2M}dx\}^{1/M}\leqq c_{2}\int_{X}|\nabla u|^{2}dx$ for all $u\in H_{1,1}(X)$ .

PROOF. By Theorem 4.1, we have $I_{m}(X)>0$ . Moreover it is known that

$I_{m}(X) \cdot\{\int_{X}|v|^{m/(m-1)}dx\}^{(m- 1)/m}\leqq\int_{X}|\nabla v|dx$

for all $v\in H_{1,1}(X)$ (cf. [16; \S 3]). Apply this for $v=|u|^{2(m-1)/(n-2)}$ : Then with
the Schwartz inequality we get (5.8) with $c_{2}=4\{(m-1)/(m-2)\}^{2}I_{m}(X)^{-2}$ . $\square$

Next we prove the following fact by the inequality (5.8), the iteration argu-
ment and the abstract John-Nirenberg theorem due to Bombieri and Guisti. We

use the conventions that $\int_{\Omega}udx=\frac{1}{vo1\Omega}\int_{\Omega}udx$ , and that $B_{0}(\Omega)=\Omega$ , for a domain
$\Omega$ in $X$ and an integrable function $u$ on $\Omega$ .

CLAIM 2. For each $k$ and for each positive harmonic function $u$ on $\Omega_{2k}$ , we
have

(5.9) $\sup u\leqq e^{c_{3}g(u)}\cdot\inf_{\Omega_{k}\Omega_{k}}u$

with

(5.10) $g(u)= \sup_{0\leqq r\leqq\epsilon k}\inf_{\alpha\in R}\}_{B_{r}(\Omega_{k})}^{\wedge}|\log u-\alpha|dx$ ,

where $c_{a}$ is a positive constant independent of $k$ and $u$ .
PROOF. (We shall only give the outline of the proof; see, for detail, [14;

\S 4] and [3; \S 5].) Let $v=u^{p/2}(p\neq 0,1$ ; note that we do not restrict $p$ to being
positive) and $\eta$ an arbitrary Lipschitz continuous function on $X$ with compact
support. Then we obtain

$\int_{X}\eta^{2}|\nabla v|^{2}dx\leqq(\frac{p}{p-1})^{2}\int_{X}v^{2}|\nabla\eta|^{2}dx$ .

On the other hand, from (5.8), we have

$\{\int_{X}|\eta v|^{2M}d_{X}\}^{1/M}\leqq 2c_{2}\int_{X}(\eta^{2}|\nabla v|^{2}+v^{2}|\nabla\eta|^{2})dx$ ,
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and hence we get the inequality

$\{\int_{X}|\eta v|^{2M}d_{X}\}^{1/M}\leqq 2_{C_{2}}\{(\frac{p}{p-1})^{2}+1\}\int_{X}|\nabla\eta|^{2}v^{2}dx$ .

For $0\leqq r<r’\leqq\epsilon k$ , applying the above inequality to

$\eta(x)=\{\begin{array}{ll}1 if x\in B_{r}(\Omega_{k})(r’-r)^{-1}\{r’-d(x, \Omega_{k})\} if x\in B_{r’}(\Omega_{k}) B_{r}(\Omega_{k})0 otherwise,\end{array}$

we obtain

(5.11) $\{\int_{B_{r}(\Omega_{k})}u^{Mp}d_{X}\}^{1/M}\leqq 2c_{2}\{(\frac{p}{p-1})^{2}+1\}(r’-r)^{-2}\int_{B_{r},(\Omega_{k})}u^{p}dx$

for all $p\neq 0,1$ . Now a standard iteration argument yields with (5.11) that

(5.12) $B_{\gamma}S(uP_{k)}^{u^{p}\leqq c_{4}\frac{vo1B_{r’}(\Omega_{k})}{(r-r)^{m}}f_{B_{\gamma},(\Omega_{k)}}^{u^{p}dx}}$

if $0\leqq r<r’\leqq\epsilon k$ , $p\neq 0$ and $|M^{i}p-1|\geqq 1/m$ for all $i=0,1,$ $\cdots$ , where $c_{4}$ is a
constant independent of $k,$ $u,$ $p,$ $r$ and $r’$ . From (5.6), (5.7) and (5.12) we have

(5.13) $B_{r}S(u\downarrow P_{k)}^{u^{p}\leqq c_{\overline{o}}(\frac{r’}{\epsilon k}-\frac{r}{\epsilon k})^{-mM}\int_{B_{r},(\Omega_{k})}u^{p}dx}$

for all $p\neq 0$ and $0\leqq r<r’\leqq\epsilon k$ , where $c_{5}$ is a constant independent of $k,$ $u,$ $p,$ $r$

and $r’$ . APplying the abstract John-Nirenberg inequality (see [3; \S 4]) to (5.13)

we conclude (5.9). $\square$

Now, for the proof of the Harnack inequality it is sufficient to estimate
$g(u)$ . To do this we need the Sobolev inequality of Neumann type (Claim 6),

and it is derived from an isoperimetric inequality. So for a while we concen-
trate ourselves on the proof of the isoperimetric inequality. First we prove a
combinatorial isoperimetric inequality for $C_{k}$ (Claim 3), and next for $S_{k}$ (Claim 4).

Then we will be able to prove an isoperimetric inequality for $\Omega_{k}$ by the discrete
approximation method (Claim 5). In the following discussion, $c_{6},$

$\cdots$ , $c_{11}$ are
positive constants independent of $k$ .

CLAIM 3. For any non-empty disjoint subsets $D_{1}$ and $D_{2}$ of $C_{k}$ such that
$C_{k}=D_{1}\cup D_{2}$ , we have

(5.14) $\max\{\frac{\#(\partial D_{1}\cap C_{k})}{(\# D_{1})^{(m- 1)/m}},$ $\frac{\#(\partial D_{2}\cap C_{k})}{(\# D_{2})^{(m- 1)/m}}\}\geqq c_{6}$ .

PROOF. For $z=(z_{1}, \cdots, z_{m})\in Z^{m}$ , let $\Gamma_{z}=\{x=(x_{1}, \cdots , x_{m})\in R^{m}$ : $|x_{l}-z_{l}|\leqq 1/2$

for $l=1,$ $\cdots$ , $m$ }. Define a domain $\Omega$ in $R^{m}$ by $\Omega=int\bigcup_{z\in C_{k}}\Gamma_{z}$ , and two disjoint
open subsets $\Omega_{l}(1=1,2)$ of $\Omega$ by $\Omega_{l}=int\bigcup_{z\in D_{l}}\Gamma_{z}$ , where the notation int denotes
the interior. Also denotes by $H$ the piecewise smooth hypersurface $\partial\Omega_{1}\cap\Omega=$

$\partial\Omega_{2}\cap\Omega$ in $\Omega$ . Then the isoperimetric inequality for $\Omega$ suggests that
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$\frac{areaH}{[\min\{vol\Omega_{1},vo1\Omega_{2}\}]^{(m-1)/m}}\geqq c_{7}$ .

By definition, obviously vol $\Omega_{l}=\# D_{l}(l=1,2)$ holds. On the other hand, area $H$

$\leqq 2m\cdot\#(\partial D_{l}\cap C_{k})(l=1,2)$ since $H \subset\bigcup_{z\in\partial D_{l}\cap C_{k}}\partial\Gamma_{z}$ . Hence we get (5.14) with
$c_{6}=c_{7}/2m$ . $\square$

CLAIM 4. For all non-empty disjoint subsets $T_{1}$ and $T_{2}$ of $S_{k}$ with $S_{k}=T_{1}\cup T_{2}$ ,

the isoperimetric inequality

(5.15) $\max\{\frac{\#(\partial T_{1}\cap S_{k})}{(\# T_{1})^{(m-1)/m}},$ $\frac{\#(\partial T_{2}\cap S_{k})}{(\# T_{2})^{(m-1)/m}}\}\geqq c_{8}$

holds.
PROOF. Put $D_{l}=\varphi^{-1}(T_{l})\cap C_{k}(1=1,2)$ . The proof is divided into two cases.
Case 1: $D_{1}=\emptyset$ or $D_{2}=\emptyset$ . We consider the case when $D_{1}=\emptyset$ . In this case

$\varphi(C_{k})\subset T_{2}$ . For $p_{1}\in T_{1}$ there is $p_{2}\in\varphi(C_{k})\subset T_{2}$ such that $\delta(p_{1}, p_{2})\leqq\rho$ by the
definition of $S_{k}$ . Now let $p$ be a path from $p_{1}$ to $p_{2}$ in the net $P$ with length
$\leqq\rho$ . Then, again by the definition of $S_{k},$ $p$ is contained in $S_{k}$ , and therefore,
there is a point of $\partial T_{1}\cap S_{k}$ on $p$ . Hence $p_{1}\in\{p\in P:\delta(P, \partial T_{1}\cap S_{k})\leqq\rho\}$ . This
implies $T_{1}\subset\{p\in P:\delta(p, \partial T_{1}\cap S_{k})\leqq\rho\}$ , and with (2.1), we get $(\# T_{1})^{(m-1)/m}\leqq\# T_{1}$

$\leqq\#\{p\in P:\delta(P, \partial T_{1}\cap S_{k})\leqq\rho\}\leqq\lambda^{\rho}\cdot\#(\partial T_{1}\cap S_{k})$ . Thus in the case when $D_{1}=\emptyset$ or
$D_{2}=\emptyset$ we have

(5.16) $\max\{\frac{\#(\partial T_{1}\cap S_{k})}{(\# T_{1})^{(m-1)/m}},$ $\frac{\#(\partial T_{2}\cap S_{k})}{(\# T_{2})^{(m-1)/m}}\}\geqq\lambda^{-\rho}$ .

Case 2: $D_{1},$ $D_{2}\neq\emptyset$ . Let $z\in\partial D_{1}\cap C_{k}$ . Then we have $\delta(\varphi(z), T_{1}\cap\varphi(C_{k})\rangle$

$\leqq a+b$ by (5.5), and $\varphi(z)\in T_{2}\cap\varphi(C_{k})$ since $z\in D_{2}$ . Thus we can find a path $p$

in $P$ of length $\leqq a+b$ from a point in $T_{1}\cap\varphi(C_{k})$ to $\varphi(z)$ . Now choose the con-
stant $\rho$ in the definition of $S_{k}$ as $\rho\geqq(a+b)/2$ , then $p$ is contained in $S_{k}$ . Thus
an element of $\partial T_{1}\cap S_{k}$ lies in $p$ , and consequently $\varphi(z)\in\{p\in P:\delta(p, \partial T_{1}\cap S_{k})$

$\leqq a+b\}$ ; that is, $\varphi(\varphi D_{1}\cap C_{k})\subset\{p\in P:\delta(P, \partial T_{1}\cap S_{k})\leqq a+b\}$ . This shows with
(2.1) and (2.2) that

(5.17) $\#(\partial D_{l}\cap C_{k})\leqq\lambda^{a+b}\mu\cdot\#(\partial T_{l}\cap S_{k})$

for $1=1,2$ . Now let $p_{1}$ be a point in $T_{1}$ . Then there is a point $q\in\varphi(C_{k})$ such
that $\delta(p_{1}, q)\leqq\rho$ , and combining $p_{1}$ and $q$ by a path of length $\leqq\rho$ , we can
show that

$p_{1}\in\{p\in P:\delta(P, \partial T_{1}\cap S_{k})\leqq\rho\}$ if $q\in T_{2}\cap\varphi(C_{k})$ ,
and that

$p_{1}\in\{p\in P:\delta(P, T_{1}\cap\varphi(C_{k}))\leqq\rho\}$ if $q\in T_{1}\cap\varphi(C_{k})$ .
Hence we obtain

$T_{1}\subset\{p\in P:\delta(P, \partial T_{1}\cap S_{k})\leqq\rho\}\cup\{p\in P:\delta(p, T_{1}\cap\varphi(C_{h}))\leqq\rho\}$ .

Thus we have
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$\# T_{l}\leqq\lambda^{\rho}\{\#(\partial T_{l}\cap S_{k})+\#(T_{l}\cap\varphi(C_{k}))\}\leqq\lambda^{\rho}\{\#(\partial T_{l}\cap S_{k})+\# D_{l}\}$

for $l=1,2$ , and putting $i_{l}=\#(\partial T_{l}\cap S_{k})/(\# T_{l})^{(m-1)/m}(1=1,2)$ , we obtain
$\# T_{l}\leqq\lambda^{\rho}\{i_{l}\cdot(\# T_{l})^{(m-1)/m}+\# D_{l}\}\leqq\lambda^{\rho}\{i_{l}\cdot\# T_{l}+\# D_{l}\}$ .

This shows that

(5.18) $\# T_{l}\leqq 2\lambda^{\rho}\cdot\# D_{l}$ if $i_{l}\leqq 2^{-1}\lambda^{-\rho}$

for $l=1,2$ . Then, by (5.17), (5.18), and the isoperimetric inequality (5.14) for
$C_{k}$ , we obtain in the case of $D_{1},$ $D_{2}\neq\emptyset$ that

(5.19) $\max\{\frac{\#(\partial T_{1}\cap S_{k})}{(\# T_{1})^{(m-1)/m}},$ $\frac{\#(\partial T_{2}\cap S_{k})}{(\# T_{2})^{(m-1)/m}}\}\geqq c_{9}$ if max $\{i_{1}, i_{2}\}\leqq 2^{-1}\lambda^{-\rho}$ ,

where $c_{9}=2^{-(m-1)/m}\lambda^{-a-b-\rho(m- 1)/m}\mu^{-1}c_{6}$ . Now from (5.16) and (5.19) we complete
the proof of (5.15) with $c_{8}= \min\{2^{-1}\lambda^{-\rho}, c_{9}\}$ . $\square$

The following isoperimetric inequality for $\Omega_{k}$ will be proved in a way
similar to Lemma 4.5 by the local isoperimetric inequality. Denote by $\Omega_{k}’$ the
$\epsilon$-neighborhood of $\Omega_{k}$ .

CLAIM 5. Suppose that $H$ is a smooth hypersurface in $\Omega_{k}’$ which divides $\Omega_{k}’$

into two disjoint domains $D_{1}’$ and $D_{2}’$ . If both $D_{1}=D_{1}’\cap\Omega_{k}$ and $D_{2}=D_{2}’\cap\Omega_{k}$ are
non-empty, then we have

(5.20) $\frac{areaH}{[\min\{volD_{1},vo1D_{2}\}]^{(m-1)/m}}\geqq c_{10}$

PROOF. Without loss of generality we may assume $vol(D_{1}\cap B_{\text{\’{e}}}(p))\neq$

$vol(D_{2}\cap B_{\epsilon}(p))$ for all $p\in S_{k}$ . Put $T_{l}=\{p\in S_{k} : vol(D_{l}\cap B_{\text{\’{e}}}(p))>volB_{\epsilon}(p)/2\}$

$(l=1,2)$ ; then the assumption says that $S_{k}$ is the disjoint union of $T_{1}$ and $T_{2}$ .
As (4.6), we get

(5.21) $\sum_{p\in T_{2}}vol(D_{1}\cap B_{\epsilon}(p)),$ $\sum_{p\in T_{1}}vol(D_{2}\cap B_{\epsilon}(p))\leqq\{\nu_{j_{m}^{-1}}$ area $H\}^{m/(m-1)}$ ,

where $\nu=\nu(n, K, \epsilon, \epsilon)$ is the constant (see Appendix). We proceed by dividing
the proof into two cases.

Case 1: $T_{1}=\emptyset$ or $T_{2}=\emptyset$ . When $T_{1}=\emptyset$ , we have

$( volD_{1})^{(m- 1)/m}\leqq\{\sum_{p\in T_{2}}vol(D_{1}\cap B_{\epsilon}(p))\}^{(m- 1)/m}$

$\leqq\nu]_{m^{1}}^{-}$ area $H$

from (5.21), since $S_{k}=T_{2}$. Hence in this case we obtain

(5.22) $\frac{areaH}{[\min\{volD_{1},vo1D_{2}\}]^{(m- 1)/m}}\geqq\nu^{-1}]_{m}$ .

Case 2: $T_{1},$ $T_{2}\neq\emptyset$ . Put $i_{l}=areaH/(volD_{l})^{(m-1)/m}(l=1,2)$ . Then from (5.21)

we get
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vol $D_{1} \leqq\sum_{p\not\in T_{1}}vol(D_{1}\cap B_{\text{\’{e}}}(p))+\sum_{p\in T_{2}}vol(D_{1}\cap B_{\epsilon}(p))$

$\leqq V(\epsilon)\cdot\# T_{1}+(\nu]_{m}^{-1}i_{1})^{m/(m-1)}volD_{1}$ ,

and consequently we have

(5.23) vol $D_{l}\leqq 2V(\epsilon)\cdot\# T_{l}$ if $i_{l}\leqq 2^{-(m- 1)/m}\nu^{-1}]_{m}$ ,

for $l=1,2$. On the other hand put $G=\{x\in\overline{\Omega_{k}} : vol(D_{1}’\cap B_{\epsilon}(p))=vol(D_{2}’\cap B_{\epsilon}(p))\}$ ;
then as in the proof of Lemma 4.5, we obtain that $B_{\epsilon/2}(p)\subset B_{5\epsilon/2}(G)$ if
$p\in(\partial T_{1}\cap S_{k})\cup(\partial T_{2}\cap S_{k})$ . Let $Q$ be a maximal $\epsilon$-separated subset of $G$ . Then
again as (4.9) we have

(5.24) $( \frac{\epsilon}{2})^{n}V_{0}\{\#(\partial T_{1}\cap S_{k})+\#(\partial T_{2}\cap S_{k})\}\leqq 2\nu j_{\infty}^{-1}\frac{V(7\epsilon/2)}{V(\epsilon)}$ area $H$ .

From (5.23), (5.24), and (5.15) we have

(5.25) $\frac{areaH}{[\min\{volD_{1},vo1D_{2}\}]^{(m-1)/m}}\geqq c_{11}$ if max $\{i_{1}, i_{2}\}\leqq 2^{-(m-1)/m}\nu^{-1}j_{m}$ ,

where $c_{11}=2^{-(2m-1)/m}(\epsilon/2)^{n}\nu^{-1}V_{0}V(\epsilon)^{1/m}V(7\epsilon/2)^{-1}]_{\infty}C_{8}$ . Now (5.20) follows from
(5.22) and (5.25). $\square$

CLAIM 6. For every $v\in H_{1.1}(\overline{\Omega_{k}’})$ , the following inequality holds;

(5.26) $\inf_{\alpha\in R}\{\int_{\Omega_{k}}|v-\alpha|^{m/(m-1)}d_{X}\}^{(m-1)/m}\leqq c_{10}^{-1}\int_{\Omega_{k}’}|\nabla v|dx$ .

PROOF (cf. [16; \S 3], [3; \S 2]). It is sufficient to consider only the case
when $u$ is a smooth Morse function on $\overline{\Omega_{k}’}$ (cf. [1; \S 3]). Put $\Omega_{+}(t)=$

$\{x\in\Omega_{k} ; v(x)>t\},$ $\Omega_{-}(t)=\{x\in\Omega_{k} : v(t)<t\}$ and $H(t)=\{x\in\Omega_{k}’ : v(x)=t\}$ . Then $H(t)s$

are smooth hypersurface for all but finite number of $f$ . Moreover by adding a
suitable constant to $v$ , we may assume vol $\Omega_{+}(0)=vol\Omega_{-}(0)$ . Then we have

(5.27) $\int_{\Omega_{+}(0)}v^{m/(m- 1)}dx=\frac{m}{m-1}\int_{\Omega_{+}(0)}dx\int_{0}^{u(x)}t^{1/(m- 1)}dt$

$= \frac{m}{m-1}\int_{0}^{\infty}dt\int_{\Omega_{+}(t)}t^{1/(m- 1)}dx$

$= \frac{m}{m-1}\int_{0}^{\infty}t^{1/(m-1)}vol\Omega_{+}(t)dt$ .

On the other hand, since the function $tarrow vol\Omega_{+}(t)$ is monotone decreasing, we

have $t \{vol\Omega_{+}(t)\}^{(m-1)/m}\leqq\int_{0}^{t}\{vol\Omega_{+}(s)\}^{(m-1)/m}ds$ , and consequently we get

$\frac{m}{m-1}t^{1/(m- 1)}vol\Omega_{+}(t)$

$\leqq\frac{m}{m-1}\{vol\Omega_{+}(t)\}^{(m-1)/m}[\int_{0}^{t}\{vol\Omega_{+}(s)\}^{(m- 1)/m}ds]^{1/(m-1)}$
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$= \frac{d}{dt}[\int_{0}^{t}\{vol\Omega_{+}(s)\}^{(m-1)/m}ds]^{m/(m-1)}$

This implies, with (5.27) and the isoperimetric inequality (5.20), that

$\int_{\Omega_{+}(0)}v^{m/(m- 1)}dx\leqq[\int_{0}^{\infty}\{vol\Omega_{+}(t)\}^{(m-1)/m}dt]^{m/(m- 1)}$

$\leqq[c_{10}^{-1}\int_{0}^{\infty}$area $H(t)dt]^{m/(m-1)}$

since vol $\Omega_{+}(t)\leqq vol\Omega_{-}(t)$ for $t\geqq 0$ . Also in the same way we get

$\int_{\Omega-(0)}(-v)^{m/(m-1)}dx\leqq[c_{10}^{-1}\int_{-\infty}^{0}areaH(t)dt]^{m/(m- 1)}$

Thus we conclude

$\{\int_{\Omega_{k}}|v|^{m/(m-1)}d_{X}\}^{(m-1)fm}\leqq c_{10}^{-1}\int_{-\infty}^{\infty}areaH(t)dt$

$=c_{10}^{-1} \int_{\Omega}b|\nabla v|dx$ . $\square$

Now we are in position to complete the proof of Proposition $5.3.|$ Let $u$ be
a positive harmonic function defined on $\Omega_{4k}$ , and $g(u)$ be the quantity defined by
(5.10). In the discussion below $c_{12},$

$\cdots$
$c_{15}$ denote positive constants independent

of $k$ and $u$ . Put $v=\log u$ . Then from (5.6), the H\"older inequality, (5.26), (5.7)

and Schwarz’s inequality we get

(5.28) $g(u) \leqq c_{1}k^{-m}\inf_{\alpha\in R}\int_{\Omega_{2k}}|v-\alpha|dx$

$\leqq c_{1}k^{-m}(vol\Omega_{2k})^{1/m}\inf_{\alpha\in R}\{\int_{\Omega_{2k}}|v-\alpha|^{m/(m- 1)}d_{X}\}^{(m- 1)/m}$

$\leqq c_{12}k^{1- m}\int_{\Omega_{2k}’}|\nabla v|dx$

$\leqq c_{13}\{k^{2-m}\int_{\Omega_{3k}}|\nabla v|^{2}d_{X}\}^{1f2}$

Moreover we have

$\int_{X}\eta^{2}|\nabla v|^{2}\leqq 4\int_{X}|\nabla\eta|^{2}dx$

for an arbitrary Lipschitz function $\eta$ with compact support, since $u$ is harmonic
(cf. [14]). Especially applying this inequality for

$\eta(x)=\{\begin{array}{ll}1 if x\in\Omega_{3k}1-(\epsilon k)^{-1}d(x, \Omega_{3k}) if x\in B_{\epsilon k}(\Omega_{3k}) 0 otherwise,\end{array}$
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we obtain with (5.6) and (5.7) that

$\int_{\Omega_{3k}}|\nabla v|^{2}dx\leqq 4(\epsilon k)^{-2}vol\Omega_{4k}\leqq c_{14}k^{m-2}$ .

Thus with (5.28) we have $g(u)\leqq c_{15}$ , and consequently we conclude the Harnack
inequality (5.4) by (5.9). This completes the proof of Proposition 5.3.

Appendix. Local isoperimetric inequality.

Here we generalize the local isoperimetric inequality of Buser [6] to the
following form, which has been used in the proofs of Lemma 4.5 and Claim 5
in \S 5. Recall that we have adopt the convention that $(m-1)/m=\infty$ when $m=\infty$ .

LEMMA. SuPpose that $X$ is a complete riemannian n-manifold satisfying $(*)$ ,

and that $p\in X,$ $\epsilon\in(0$ , inj $X/2$] and $m\in[n, \infty]$ . If $H$ is a smooth hypersurface
in the geodesic ball $B_{\text{\’{e}}}(p)$ dividing it into two non-empty disjoint domains $D_{1}$ and
$D_{2}$ , then the isoPerimetnc inequality

(6.1) $\frac{areaH}{[\min\{volD_{1},vo1D_{2}\}]^{(m- 1)/m}}\geqq j_{m}$

holds, where $j_{m}=j_{m}(n, K, \epsilon)$ is a posztive constant.
PROOF. We consider the case when $volD_{1}\leqq volD_{2}$ . Also since $volD_{1}\leqq$

$volB_{\epsilon}(p)/2\leqq V(\epsilon)/2$, we get $(volD_{1})^{(m-1)/m}\leqq(V(\epsilon)/2)^{(m-1)/m-(n-1)/n}(volD_{1})^{(n-1)/n}$

for $m\in[n, \infty]$ . This guarantees that we may only give the proof in the case
$m=n$ and that $j_{m}\geqq(V(\epsilon)/2)^{(n-1)/n-(m-1)/m}j_{n}$ for $m\in[n, \infty]$ .

First, by Buser’s local isoperimetric inequality [6; \S 5], we get

(6.2) $volD_{1}\leqq c_{1}\cdot areaH$ ,

where $c_{1}=c_{1}(n, K, \epsilon)>0$ . Next, apply Croke’s isoperimetric inequality [8; Theo-
rem 11] to $D_{1}$ : Then we have

(6.3) $(volD_{1})^{(n-1)/n}\leqq c_{2}\{areaH+area\partial’D_{1}\}$ ,

where $\partial’D_{1}=\partial D_{1}-H$ and $c_{2}=c_{2}(n)>0$ .
Now let $\Theta=\Theta(\xi, r):U_{p}X\cross[0, \epsilon]arrow R$ be the positive function defined by

$\Psi^{*}dx=\Theta(\xi, r)d\xi\wedge dr$ , where $U_{p}X=\{\xi\in T_{p}X:|\xi|=1\},$ $\Psi:U_{p}X\cross[0, \epsilon]arrow B_{\text{\’{e}}}(p)$ ,
$(\xi, r)arrow\exp_{p}r\xi,$ $dx$ and $d\xi$ are the volume forms of $X$ and $U_{p}X$, respectively.
Put $U_{0}=$ { $\xi\in U_{p}X$ : exp $p\epsilon\xi\in\partial’D_{1}$ }, and for $\xi\in U_{0}$ let $\rho(\xi)$ be the supremum of
the distances between $p$ and the points of the intersection of $H$ with the geodesic
$\exp_{p}r\xi(0\leqq r\leqq\epsilon)$ ; here we define $\rho(\xi)=0$ when the geodesic exp $p^{\gamma\xi}$ does not
intersect with $H$.
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Figure 2.

By a comparison argument as (1.8), we get two inequalities

$\int_{\rho(\xi)}^{\epsilon}\Theta(\xi, r)dr\geqq\frac{V(\epsilon)-V(\rho(\xi))}{A(\epsilon)}\Theta(\xi, \epsilon)$ ,

$\Theta(\xi, \epsilon)\leqq\frac{A(\epsilon)}{A(\rho(\xi))}\Theta(\xi, \rho(\xi))$

for $\xi\in U_{0}$. Hence we have

$\int_{\rho(\xi)}^{\epsilon}\Theta(\xi, r)dr\geqq\frac{V(\epsilon)}{A(\epsilon)}\Theta(\xi, \epsilon)-\frac{V(\rho(\xi))}{A(\epsilon)}\Theta(\xi, \epsilon)$

$\geqq\frac{V(\epsilon)}{A(\epsilon)}\Theta(\xi, \epsilon)-\frac{V(\rho(\xi))}{A(\rho(\xi))}\Theta(\xi,$ $\rho(\xi\rangle$
$.($

$\geqq\frac{V(\text{\’{e}})}{A(\epsilon)}\{\Theta(\xi, \epsilon)-\Theta(\xi, \rho(\xi))\}$ ;

here the last inequality follows from the fact that the function $rarrow V(r)/A(r)$ is
increasing. Thus we have

vol $D_{1} \geqq\int_{U_{0}}d\xi\int_{\rho(\xi)}^{\epsilon}\Theta(\xi, r)dr$

$\geqq\frac{V(\epsilon)}{A(\epsilon)}\int_{U_{0}}\{\Theta(\xi, \epsilon)-\Theta(\xi, \rho(\xi))\}d\xi$

$\geqq\frac{V(\epsilon)}{A(\epsilon)}$ {area $\partial’D_{1}$ –area $H$},

$i.e.$ ,

(6.4) $area\partial’D_{1}$–area $H\leqq c_{3}\cdot volD_{1}$ ,

where $c_{3}=c_{3}(n, K, \epsilon)>0$ .
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Now (6.2) and (6.4) yield $area\partial’D_{1}\leqq(1+c_{1}c_{3})areaH$ ; then (6.3) and this
inequality imply $(volD_{1})^{(n-1)/n}\leqq c_{2}(2+c_{1}c_{3})area$ H. $\square$
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