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1. Introduction.

This note is a report on some phenomena suggested by numerical solution of
boundary value problems. Two conditions are given. If both hold for a given
problem then continuous constrained steepest descent converges to a solution.

Suppose that each of H, K and S is a real Hilbert space, F: H—K, B:H—S
and each of F and B has a locally Lipschitz derivative.

Consider the problem of constructively identifying u<=H such that

1) F(u)=0, B(u)=0.

Many boundary value problems in differential equations — ordinary, partial, func-
tional — can be cast as such problems where F(u)=0 represents a differential
equation and B(u)=0 represents boundary conditions.

Denote by P the function on H so that if x=H then P(x) is the orthogonal

projection of H onto N(B’(x)), the nullspace of B’(x). It is assumed throughout
that P is locally Lipschitz.
Define ¢ on H so that if x<H then

$(x)=IFl*/2, x€H
and denote by Vz¢@ the function defined on H so that
(Ved)(x)=P(x)Np)(x), xeH

where V¢ is the gradient function for ¢. Vgz¢ is called the B-gradient of ¢.
The following is intended to justify this terminology :

LEMMA 1. Suppose x=H and a, is the function with domain N(B’(x)) so that

a(k)=¢(x+k), keNB(x).
Then (Vp@)(x)=Naz)0).

LEMMA 2. If x=H there is a unique function z from [0, o) to H so that

2) z0)=x, ZN=—(sp)(z®), t=0.
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It will be seen that —Vj¢@ generates a nonlinear semigroup which is not
necessarily nonexpansive.
The following generalizes a result in to a constrained case:

THEOREM 1. Suppose that QCH and ¢>0 so that
3 Vel zc|F(ll, x€82.
Suppose also that x=Q, z satisfies (2) and
) R(z)c L2

where R(z) denotes the range of z. Then uzltlglo z(t) exists and satisfies F(u)=0,
B(u)=B(x).

Note that if B(x)=0, then u satisfies (1).

The following gives some insight into condition (3):

THEOREM 2. Suppose QCH, M>0 and

(5) for ge€K, |g|=1 and xR, there is heN(B'(x)) such that F'(x)h=g and
[hll=M.

Then (3) holds with c=1/M.

COROLLARY. Suppose RQCH, M>0, B=0and if x€2, then F'(x)*< L(K, H)
and |F'(x)*| =M. Then (3) is satisfied with ¢=1/M.
See ([22] p.268) for a discussion of the conditions in and the

THEOREM 3. Suppose QCH and
c=1inf sup <F'(x)h, F(x)>/|F(x)|>0.

zERQ REN(B'(Z)
F(z)+0 lhi=1

Then (3) is satisfied for this value of c.

THEOREM 4. Suppose that 2 is an open subset of H, wef2, F(w)=0, B(w)
=0 and (3) holds. There is r>0 such that if |x—w|<r and z satisfies (2), then
Rz Q.

If B(x)=0 for all xeH (and hence P(x)=I for all x=H) then problem (1)
is called unconstrained. Even in unconstrained cases [inear boundary conditions
may be built into (1) by restricting the domain of F to a suitable translation of
a linear subspace of H. Inclusion of Bz=0 gives the possibility of dealing with
nonlinear boundary conditions. It may be that extensive computer runs using
known techniques (modifications of [17], [18], for example) will reveal more of
the nature of such problems.

The method of steepest descent goes back to Cauchy [8]. For additional
background in methods related to steepest descent see (particularly see 3.2
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and 6.5), and the survey [22]. The paper deals with ¢ strictly convex as
does [6] under much less restrictive conditions. A sampling of other relevant

references is [15], [9], [11], [7], [24], [23], [10], [27]

In Section 2 there is an example to make more concrete intended use of our
results in differential equations. Section 3 contains a discussion of conditions
(3) and (4) as well as a discussion of certain invariants. Section 4 contains
proofs, Section 5 a further example. Section 6 discusses relationships between
semigroups of operators and steepest descent.

2. An example.

A simple example illustrates some intended use of above results (cf. asa
general reference for Sobolev spaces).

ExampLE 1. Take H=H*([0, 1]), K=L%([0, 1]), S=R? Suppose p: R—R,
pC? and that R(p’) is a bounded subset of [0, o). Pick f=K and define

Fu)=—u"+pu)—r, ueH
and B(u)=(u(0), u(l)), u=H. Hence ueH satisfies (1) if and only if
u(0)=0=ul), —u"+pu)=f.

Note that F'(u)h=—h"+p’(w)h, ucH, heN(B)=N(B'(u)). It is known that
there is M>0 such that if geK, u=H, then there is heN(B) so that

—h+pwh=g and  [R|=Mlg].

Hence the hypothesis of is satisfied for 2=H. Therefore (3) and (4)
are satisfied with 2=H.

Using estimates from ([2], sect. 12) one may extend this example to prob-
lems of the form

—Autpu)=f

with zero Dirichlet conditions on a bounded region.
It may be gathered upon examination of this example that if the expression
F(u)=0 represents a system of differential equations and 2CH, then

F'u)h=g, uef, gk, |gl=1

represents a family of [inear differential equations in AeN(B’(u)). Thus the
satisfaction of (3) rests upon a family of linear problems. Vast previous efforts

on linear problems (cf. [2], [12], [14], [28], to cite only a few possibilities)

can be brought to bear on the problem of verifying (3) in important instances.
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3. Observables and invariants.

In rather general circumstances it is possible to track numerically functions

z satisfying (2). Some computational details are given in [17], [16], [18], [21],
[137, [4], [23], for example. Condition (3) was first noticed from extensive
computations. Uniform bounds for approximations to [[(Vg@)(z()|/|F(z())| and
llz(#)|] were observed under increasingly fine discretizations and increasingly
larger .

It is suggested that (3) and (4) be taken as examples of computationally
observable conditions. We do not attempt to define this concept. Rather, for an
illustration it is suggested that the Palais-Smale condition (cf. [22]):

{¢(x:)} =1 bounded, lim (Vp@)(x;)=0 = {x;}7, has a convergent subsequence

does not seem to meet this criterion.
Suppose for a moment that F is linear and B is identically 0. Denote by @
the orthogonal projection of H onto N(F). Then if x=H and z satisfies (2),

Q®)=0Q(x), =0

since (Qz)'(1)=Q'(t))=—QF’(z(t))*F(z(t)))=—Q(F*Fz(t))=0 inasmuch as R(F¥)
=N(F)*=R(Q)*=N(Q). Hence Q provides an invariant for steepest descent based
upon . An adequate generalization of this phenomenon to nonlinear cases
would have far reaching consequences.

4. Proofs.

PROOF OF LEMMA 1. If x, heH, ¢'(x)h=<{F'(x)h, F(x)>=<h, F'(x)*F(x)>
and so (V@)(x)=F'(x)*F(x).
Suppose xH. Then,

ar(R)h=<{F'(x-+k)h, F(x+Ek)>
=<h, F'(x+R—)*F(x+k)>

=<h, P(x)F'(x+R)*F(x+k)>, k, heN({B'(x)).
In particular

az(Oh=<h, P(x)F'(x)*F(x)>,  heN(B'(x))

and so (Va:)0)=P(x)F'(x)*F(x)=(3¢)(x) since (Vep)(x) is the element in
N(B’(x)) which represents the functional (Va,)(0).

See [17], [18], for a discussion of calculating adjoints of linear trans-
formations from a Sobolev space to an L, space.

LEMMA 3. Suppose xH and z satisfies (2). If 0<a<b then
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lz(b)—z(a)| =(b—a)*"*¢(z(a))*/*.

PRrROOF OF LEMMA 3.

"=([L 1) s06-af 121

Note that if 120, ¢()()=((TP)®), —PEONTSEE)=—|PEOTHEDI=
— [(Ta)e)l'=—[®l* and so g(a(a)—gle(t)=—| ¢(z={ ||* and hence
Sl; Iz’ I’<¢(2(a)) and therefore |z(b)—z(a)|=<(b—a)/?@(z(a))'’2.

PROOF OF LEMMA 2. Since V¢ is a locally Lipschitz function it follows
from basic ordinary differential equation theory that there is >0 for which
there is a unique solution y on [0, d) to y(0)=x, »'(O)=— gd) (), 0=t<ad.
Suppose the conclusion to the lemma is false. Then the set of all § above has
a finite least upper bound «. Clearly there is a unique solution y to y(0)=x,
Y'()=—N5zd)(y(®), 0=t<a. But for such y, r:Itiir‘} y(t) exists by virtue of

Hence there is 6,>0 and w uniquely on [ea, d;) such that w(a)=r,
w'#)=—(3pd)w(t)), 6=t<a-+0, Define z on [0, a+d,) by

2y —z(@)=||’ #

Yy, O0=t<a
zB)=< r, I=a
Lw@), a<t<a-+o;.

Then 2(0)=x, z/(t)=—N3s@)(z()), 0=t<a-+0;, and z is unique with this prop-
erty. This is a contradiction and so the lemma is established. Proofs of
Lemmas 2 and 3 are nearly identical to arguments in the unconstrained case
given in [5], section 3.2 c.

PrROOF OF THEOREM 1. Note first that if t=0, B(z)'(t)=B’(z(#))z’({)=0 since
2(t)y=—Pz{t))(Vo)(z(t)) €N(B'(2(t))) inasmuch as P(z(t)) is the orthogonal projec-
tion of H onto N(B’(z(t))). Hence B(z) is constant at B(x)=B(z(0)).

Suppose now that ¢(z(t,))=0 for some ¢,=0. Since R(¢(z))C[0, o) and ¢(z)
is nondecreasing it follows ¢(z(t))=0, t=¢f, and hence 0=¢’(z(1))z’(t)=—|(Vz@)
(N5, (Nap)z(t)=0, z’(t)=0, t=t,. Therefore z is constant on [#;, ) s0 u=
ltig z(t) exists and satisfies F(u)=0, B(u)=DB(x).

On the other hand suppose ¢(z(¢))>0 for all ¢=0. Then
62 (O)=—Vd) )’ — | F(z)IP=—2c¢(2(1))
and hence

s _ .,
TeG =2 =0

So
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In(¢(z(t))/$(2(0))) = —2c*

and
¢(Z(l‘))§¢(2(0))e‘“2t , 1=0.

Therefore ltim o(z(t))=0.
From Lemma 3, if n is a positive integer,

[ 1 12 gtz gl e

and hence
S:’ 2= :ZOSZH 12| §¢(x)1/2 éﬂe‘ﬂ”:qi(x)”z/(l—e“cz) )

Therefore |z/| = L,([0, o)) and hence uz%im z(t) exists.
Now ¢(u)=0 and hence F(u)=0 since Or——%im ¢(z(t)). Since B(z(t))=DB(x),

t=0, it follows that B(u)=B(x).

PROOF OF THEOREM 4. Suppose wef2 and F(w)=0. Denote by s a positive
number so that if |[v—w| <s then ve£. Denote by » a member of (0, s) so
that if |x—w||<r then r+d¢@(x)"?<s where d=(1—e °*)"*. Suppose [|x—w|=r,
z satisfies (2) and suppose there is >0 such that ||z({)—w|=s. Denote by ¢,
the least such number t. Then for t<[0, ¢,), z()e2 and |z@)—w||Z||x—w|+

lz()—x|. As in the proof of [Theorem 1, if t<[0, t,), llz(t)—xHéS: 2| £ dg(x) 2

with d as above and so |z(t)—w|=r+d¢(x)"'*<s. Therefore |z({)—wl=
r+d¢(x)'*<s, a contradiction. Hence [z(t)—w|<s for all t=0, i.e., R(z)Cf
and the theorem is established.

PrOOF OF THEOREM 2. Note that if x, h€H then {((V¢)(x), h)=¢'(x)h=
(F'(x)h, F(x)>=<h, F'(x)*F(x)> so that (Vg)(x)=F'(x)*F(x). Hence if x&H,
heN(B'(x)), {Vsp)(x), h>={P(x)NP)(x), h)={(@)(x), hy=<F'(x)h, F(x)>. Sup-
pose x4 and F(x)#+0. Denote |[F(x)| *F(x) by g and denote by h, an element
of N(B’(x)) so that F’(x)h,=g and ||h,|<M. Then

Vs@)(x), hoy=<F"(x)h,, F(x)>=<(g, F(x))=[F(x)| .
Hence for A,=| k.| h,,

1(Vag)(x)]l= sup <k, (Vad)(x)> =< hy, (Vah)(x)

lI2ll=1

=<ho, (Ve@)(x) /N holl = F(O)I/ Aol Z I F(x)I/ M.

This completes a proof of the theorem.
PROOF OF THEOREM 3. If x=H then

[(T5)(x) 1= sup <k, (Tag)(x)

liRl=1
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=sup<h, P(x)F’(x)*F(x)>
it
= sup ))<F’(x)h, Fx)).

hEN(B'(x
Ihi=1

Hence if y=® and F(»)#0, [(Vsh)MI/IF(IZ inf 1(Ta@)(0)l/IF(x)Ze, us-
F(Z)#0

ing the hypothesis of the theorem.

5. A further example.

EXAMPLE 2. Suppose that m is a positive integer, a, bR, a<b and G is
a C® function from R™ to R™. Take H to be the H' Sobolev space of R™
valued functions on [a, b] and take K to be the corresponding L, space and take
S=R™. Pick »rR™ and consider the problem of finding u<H such that

ula)=r, w=Gu).

Define F': H—=K by F(u)=u’—G(u), usH. Define B: H—S by B(u)=u(a)—r,
usH. Suppose 2 is a bounded subset of H. Then the closure of 2 in C([a, b])
is compact. Note that F'(uh=h'—G (w)h, ucH, heN(B’'(1)). Now £ regarded
as a subset of C([a, b]) is bounded and equicontinuous and hence {G'(u):us £}
has the same property. From elementary considerations of ordinary differential
equations one has that (5) holds. Thus existence of a solution u=H of u’'=G(u),
u(a)=r is equivalent to existence of x=H, x(a)=v so that z satisfying (2) has
bounded range.

To see that R(z) need not be bounded consider the following: Take [a, b]
=[0, 4], H=HY{0, 4])), S=R, Fu)=u'—1+u*, Bu)=u(0), uH. Then (3)
holds for any bounded region 2 of H. But there is no solution u=H to F(u)=0,
B(u)=0. Hence (4) is violated for all xeH, (with x(a)=r) so that the corre-
sponding z satisfies (2).

6. Semigroups.

Using define a function 7 on [0, co) such that if »=0 then T(»)
is the transformation from H to H so that if xH then

TH)x=z{) where z satisfies (2).
The existence and uniqueness given by assures one that
T0)=I
TWOT(s)=T(+s), ¢, =20,

i.e., that T gives a semigroup of (usually nonlinear) transformations on H.
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It is known that if ¢ is convex (cf. [6]) then T is nonexpansive. In this
case there is a theory of asymptotic convergence (cf. [25], [3]). In there
is the condition that ¢=C® and for some &>0, ¢”(x)(h, h)=e|h|? x, heH.
Under this condition ¢ is convex and, for any x<H, uzlgg T#x exists and
satisfies (V¢)(u)=0.

For T nonexpansive it is known that the set of all fixed points of T is con-
vex (for V¢ Lipschitz, x is a fixed point of T if and only if (V¢g)(x)=0).

Semigroups T derived from the general construction of this note need not
be nonexpansive. To see this, take H=H*[0, 1]). F(u)=u'+u? B(u)=0, usH.
If T derived from this choice of F and B were nonexpansive, then the set FP
={xeH:T{)x=x, t=0} would be convex. But also FP={xeH:(Vpp)(x)=0}=
F-10). Now F-'(0)={feH:3¢>—1 such that f(t)=c/(1+ct), t<[0, 1]}, clearly
not a convex set.

Finally it is mentioned that a semigroup 7' from our general construction

need not be extendable to a group. For an example start with F(x)=e"7,
B(x)=0, xR.
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