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Introduction.

By a polarized manifold we mean a pair (M, L) of a projective manifold M
and an. ample line bundle L on M. Set n=dimM, d(M, L)=L™ and 4M, L)
=n+d(M, L)—h°(M, L). Then A(M, L)=0 for any polarized manifold (M, L)
(see [F2]). We have classified polarized manifolds with 4=0 in [F2] and those
with 4=1 in [F5] (as for positive characteristic cases, see [F6]). In this series
of papers we will study polarized manifolds with 4=2. However, because of
various technical reasons, we assume here that things are defined over the
complex number field C, although some arguments work in positive characteristic
cases too.

This series is an improved version of [F1], which contains most results here,
but, unfortunately, is hardly readable. We remark that Ionescu [I] obtained
independently the classification of (M, L) with 4=2 such that L is very ample.

§0. Outline of the classification.

In this section we give a brief account of the classification of polarized
manifolds with 4=2. We freely use the notation in [F2], [F5], [F6], etc.
The following result is used to reduce various problems to lower dimensional
cases.

(0.1) THEOREM. Let (M, L) be a polarized manifold with dimM=nz=3,
dM, L)=d=2 and A(M, L)=2. Then any general member D of |L| is non-
singular. Moreover, the restriction homomorphism r: H(M, L)—-H%D, Lp) is
surjective and A(D, Lp)=2.

Proor. [F7; (4.1)] shows that D is smooth. If » is not surjective, we
have HYM, ©y4)>0 and 4(D, Lp)<2. The latter implies H¥D, Lp)=0 by
and [F5]. This is absurd because we have an exact sequence H(M, —L)—
HYM, Oy)—HYD, O0p) and H*(M, — L)=0 by Kodaira’s vanishing theorem. Thus
r is surjective and hence 4(D, Lp)=2.

(0.2) THEOREM. Let (M, L) be a polarized manifold with dimM=n=2,
AM, LYy=2 and g(M, L)=<1, where g(M, L) is the sectional genus. Then M=P(E)
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for an ample vector bundle E of rank two over an elliptic curve C and L is the
tautological line bundle on it.

Proor. We consider first the case d(M, L)=d=1. Then A°(M, L)=n-+d—4
=n—1, while dimBs|L|=1 by [F2; Theorem 1.9]. Therefore, if D,, -, Dy,
are general members of |L| and if C=D,N--- N\D,-;, then Bs|L|=Supp(C) is
a curve. Moreover LC=L"=1. Hence the scheme theoretic intersection C is
an irreducible reduced curve. By [F2; Proposition 1.3] we have A C, O¢)
=g(M, L)<1.

Assume that H (M, Oy)=0. Then we claim HYV,, (1—i)L)=0 for each
Jj=1, -, n and i=1, -+, j—1, where V;=D;N\D;,;N\ - N\Dy_; (set V,=M and
V,=C). Indeed, this is true when j=n by the assumption and Kodaira’s vanish-
ing theorem. In case j<n, we use the exact sequence H(V i, (1—i)L)—
HYV; (1—#)L)»H"*YV ;4,, —iL) and the descending induction on j from above
to prove the claim. Thus we have HY(V; ©)=0 for each j=2, which implies
AM, L)y=4V,, L)= - =4V, L)=4(C, L). However 4(C, L)1 because
hYC, 0c)<1. This contradiction shows that HY(M, O)+0.

On the other hand, by a similar argument as above, we get H¥V,;, —tL)=0
for any ¢ <j, >0 by the descending induction on ; and hence H'V ;;;, O)=HV;, O)
is injective for each j=1. Therefore AY(M, Ox)<h'(C, O¢c)<1. So we conclude
that H'(M, Oy4)—H(C, O¢) is bijective and g(M, L)=h*(C, 0;)=1.

Since hY(M, Oy)=1, the Albanese variety A of M is an elliptic curve. Let
a:M—A be the Albanese morphism. Then a(C)=A because H! (A, O,.)—
HYM, 045)—HYC, 0¢) is bijective. In view of h'C, ©;)=1, we infer that C is
a non-singular elliptic curve.

Now, when n=2, we apply [F5; (1.11)] to prove the theorem. So we will
consider the case n=3 by induction on n. Let = :M’—M be the blowing-up
with center C, let E=z"(C) be the exceptional divisor, and let Dj and V; be
the proper transforms of D; and V; respectively. Since Cis the ideal theoretical
intersection of D,’s, we have DiN\ - \Dy-;=@. So Bs|z*L—E|=¢ because
Dje|n*L—E]|. This linear system gives a morphism p:M’—P"% whose
restriction to each fiber of E—C is an isomorphism. From this we infer E=
CxXP*2, DiNE=CXP"* and V;NE=CxP’-% This implies that V; is smooth
along C and V; is the blowing-up of V; with center C. Thus, by Bertini’s
theorem, V; is a submanifold of M. So, to prove the theorem, it suffices to
derive a contradiction assuming n=3.

When n=3, any general member D of |L| is a P*-bundle over A=AIb(M)
=~Alb(D) by [F5; (1.11)]. Hence a: M—A is a P%*bundle by [F4; (4.9)].
Moreover M=P &) for some ample vector bundle & of rank 3 on A and L is
the tautological line bundle on it. Then, as is well-known (cf., e.g., [I; Prop-
osition 3.11]), we have Ah°M, L)=h"A, &)=deg(det&)=L*=d, contradicting
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4(M, L)=2. Thus we complete the proof in case d(M, L)=1.

Next we consider the case d(M, L)>1. Using (0.1) and by similar arguments
as above, we reduce the problem to the case n=2. The case in which |L| has
fixed components will be studied in the next section (cf. (1.13)). Here we assume
that |L| has at most finitely many base points. Then a general member C of
|L] is a smooth curve by [F7; (2.8)]. So, similarly as in the case d(M, L)=1,
we infer h'(M, Oy)>0, H' (M, 0x)—H'(C, O¢) is bijective, g(M, L)=h*(C, O¢)=1
and hence [F5; (1.11)] applies.

(0.3) In case g(M, L)>1, since dimBs|L|<4(M, L)=2, we consider the
following cases separately :

a)y dM, L)=1.
b) dM, L)>1 and dimBs|L|=1.
¢) d(M, L)>1 and dimBs|L|=<0.

In case a), the precise structure of (M, L) is still a “mystery”. Similarly
as in (0.2), we can say that the scheme theoretic intersection C of general
members D, ---, D,., of |L| is an irreducible reduced curve of arithmetic genus
g(M, L) with LC=1. But we do not know whether C is smooth or not.

The main purpose of this part I is the study of the case b).

(0.4) In view of g(M, L)>1 we divide the above case c) in the following
subcases :

(c-i) d(M, L)y>4.
(c-ii) d{M, L)=4.
(c-iii) d(M, L)=2 or 3.

(0.5) In case (c-i), we have g(M, L)=2 and L is simply generated (hence
very ample) by [F3; Theorem 4.1, c¢)]. Moreover H*(M, tL)=0 for any 0<i<n
and any t=Z by [F6; (3.8)]. Using this we infer Bs|K+(n—1)L|=¢ for the
canonical bundle K of M by induction on n. This linear system gives the so-
called adjunction mapping f. Since g(M, L)=2, f is a mapping onto P It
turns out that &=f4(Oy[L]) is a locally free sheaf of rank n-1 with deg(dete&)
=d—3, and M is a member of the linear system |2H;+(6—d)H.| on P=P(&),
where H; is the tautological line bundle of P and H, is the pull-back of @pi(l).
Moreover L is the restriction of H; to M. We list up below all such polarized
manifolds (M, L). As for proofs of these facts, see or [T].

(I) The cases n=2.

(I-0) M is a blowing-up of P;x P} with center being 12—d points. L=2H;
+3H.—E, where E is the sum of 12—d exceptional curves over these points.

(I-1) M=X,=P(H;D0), a P-bundle over Py, and L=2H,4-2H;, where H,
is the tautological line bundle. It is well-known that X; is a blowing-up of P2
with center being a point, and that the exceptional curve C is the unique section
of Y,—P} with negative self-intersection number.
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(I-1’) M is a blowing-up of X, with center being a point p lying on C, and
L=2H,+2Hg—FE,, where E, is the exceptional curve over p.

(1-2) M=X,=P(2HsDO) and L=2H,+Hz, where H, is the tautological
line bundle.

(I The cases n=3. A

([I-1) €=0(1, 1,0, 0). This means that € is the direct sum of four line
bundles over P! of degrees 1,1, 0, 0. So d=5.

([1-2) €=061,1,1,0). So d=6. M is a double covering of P!XP? with
branch locus being a divisor of bidegree (2,2).

(II-3) €=0(1,1,1,1). d=7. M is a blowing-up of P? with center being a
complete intersection curve of type (2,2).

(II-4) &=02, 1,1, 1). d=8. M isablowing-up of a hyperquadric with center
being a smooth conic curve.

(II-5) ¢=02,2,1,1). d=9. M=P'x2,.

(Ill) The cases n>3. In this case we have:

e=0(1,1,1,1,1) and (M, L) is the Segre product of (P?, (1)) and (@3, O(1)).

Here, given polarized manifolds (M), L,) and (M., L,), by Segre product we
mean the polarized manifold (M;XM,, p¥L,+p%L,), where p; denotes the pro-
jection onto M,.

(0.6) In case (c-ii), we have Bs|L|=@ by [F3; Theorem 4.1, b]. In view
of [F9; (1.4)], we infer that there are three possibilities.
(1) g(M, L)=2 and (M, L) is the normalization of a singular hypersurface of
degree four. It turns out that this is possible only when n<4.
(2) gM, L)=3 and (M, L) is a smooth hypersurface of degree four.
(3) (M, L) is hyperelliptic in the sense of [F9]. Namely, p;, makes M a
double covering of a hyperquadric W. In view of Tables I and II in [F9;
p. 247, we infer that (M, L) is of type (II2), (X1, 1)i ), (2, 1)§) or (*II,) in the
notation of [F9]. In particular W is non-singular if n=3.

(0.7) In case (c-iii), there are various types which do not appear in case
(c-i) and (c-ii). For details, see or forthcoming parts of this series of
papers.

§1. The rational mapping defined by |L]|.

(1.1) From now on, throughout in this part I, let (M, L) be a polarized
manifold with n=dimM=2, d(M, L)=d=2, 4(M, L)=2 and dim Bs|L|=1.

(1.2) Set A=|L| and take a Hironaka model (M’, A’) of (M, A) asin [F7;
(1.4)]. We shall freely use the notation in [F7; (1.6)].

(1.3) By [F7; 4.2) & (4.13)] we have dimW=n—1, where W is the image
of the rational mapping M’—P"*¢-* defined by A’. Moreover, applying [F7;
(3.6)], we obtain w=degW=d—1, LX=1 and 4(W, H)=0 where X is a general
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fiber of p: M'—-W.

(1.4) By [F7; (4.5)], Y=Bs/ is an irreducible rational normal curve. There-
fore, the first blowing-up =, : M;—M of the sequence M'=M,—~M,_,— --- > M,—»M
may be assumed to be the blowing-up of Y. We claim Bs|z¥L—E,| =@, where
E, is the exceptional divisor lying over Y.

To see this we use the induction on n. When n=2, we have M,=M,
E.=Y and LE,=1 by [F7; 3.7)]. We have also E,X=1 and E,(L—E,)
=wE,X=d—1 by [F7; (3.10)]. So (L—E,;)?=0. On the other hand, using [F7;
(3.9) & (3.7)], we infer that |L—FE,| has no fixed component. Combining them
we obtain Bs|L—E,|=@.

When n=3, take a general member D of |L| and let D, be the proper
transform of D in M,. Then D is non-singular by (0.2) and hence D, is the
blowing-up of D with center Y. The restriction of 4,=|z¥L—E,| to D, is a
complete' linear system by (0.2). So this has no base point by the induction
hypothesis. Hence Bs|A;|=@ because D;=A4,. This completes the proof of
the claim.

(1.5) Thus we see that = : M’—M is the blowing-up with center ¥ =BsA=P?,
E=E, and A’=|n*L—FE]|. Since XE=r*L-X=1 for any general fiber X of
o0:M’—W, the restriction pr of p to E is a birational morphism onto W.
Moreover, pg is the rational mapping defined by |[p¥H|, or equivalently, the
natural mapping H°W, H)—HE, ptH) is bijective. Indeed, the injectivity is
obvious, while we have h%FE, Hgp)=dimE+d(E, Hg)=n+d—2=h°(W, H) since
E is a P"%bundle over P

(1.6) CLAIM. pg is an isomorphism.

By the above observation, this is equivalent to saying that p#H is ample.
When n=2, the claim is obvious.

(1.7) Here we prove (1.6) in case n=3 and d=3. If pg is not an isomor-
phism, then W is a cone over a Veronese curve of degree d—1 since 4(W, H)=0.
Since E is a P'-bundle over Y =P*, we have E=Py(0(d—1)P0O), the Hirzebruch
surface X;_;. The morphism pg contracts the unique section C. of E—Y with
C:i=1—d to a normal point v on W, and v is the vertex of the cone W. We
will derive a contradiction from this.

For any point w on W other than v, the fiber X, =p '(w) is an irreducible
reduced curve. Indeed, tz*L—FE is ample on M’ for t3»>0. The restriction of
this to X, is (t—1)Ex,, because L=F in Pic(X,). So the restriction of E to
X, is an ample divisor. On the other hand, ENX, is a point and EX=1.
Hence X, must be an irreducible reduced curve.

For yeY, let E, be the fiber of E—Y over y. Then (d—1E,+Cs is a
member of |pkH]|. Let H, be the corresponding hyperplane section of W and
set D,=p*H,. D, is an effective Cartier divisor on M’ such that the restriction
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to £ is (d—1)E,+C.. The prime decomposition of D, is of the form
(d-VF,+Z,, where p(F,)=H, and Z, is the sum of components contained in
o). If Z,=0, then D, is divisible by d—1 and hence so is the restriction
of D, to E. This contradicts the above observation. So Z,#0. Moreover, we
see easily that the restrictions of F, and Z, to E are E, and C. respectively.

Thus, the scheme theoretical intersection Z,NE is the non-singular rational
curve C... On the other hand, this is an ample divisor on Z, because Z,Cp~'(v)
and [E]=L in Pic(Z,). Since Z, is smooth along C., Z, is irreducible and
has at most finitely many singular points. Since every 2-dimensional component
of p~'(v) is a component of Z,, there is only one such component. In particular,
Z, is independent of the choice of yeY. Anyway, Z=Z, is normal by Serre’s
criterion. Now, [F2; Theorem 2.1, d)] applies since [E]c_=L¢_=0(1). Thus
we infer Z=P>

Now we claim that F,N\F,# @ for any y#y” on Y. Indeed, both F,NZ
and F,NZ are non-trivial effective divisors on Z=P* because F,NC.#* @ and
F,NCo#=@®. So F,N\F,NZ+g@.

Thus we see dim(F,NF,)=1. It is also clear that F,N\F, Cp~'(v). Hence
[E] is ample on F,NFy,. So FyNFyNE+#@. On the other hand we have
FNE=FE,, F,NE=E, and E,NE,=¢. This gives a contradiction, as
desired.

(1.8) Assuming d=3, we will prove (1.6) by induction on n. We should
consider the case n>3 here.

Let T be a general hyperplane section of W and let N be the corresponding
member of [L|. Namely N=x(N’) for N'=p*T. Then (N, Ly) is a polarized
manifold with 4=2 of the type under consideration. Therefore, by the induction
hypothesis, the restriction of p to Er=ENN’ is an isomorphism onto 7. Taking
s of the exact sequence 0—0y—0z[H 1-0g, [LH]—0, we get an exact sequence
0—-0y—&—F—0 of locally free sheaves on Y. & is ample by assumption. So,
if this sequence does not split, then & is ample (cf., e.g., [F4; (4.16)]) and
hence Hg is very ample. Therefore we may assume that the above exact
sequence splits. In this case E has a section C. such that p(C.) is a point v
on W. Moreover W is the cone over T with vertex v. We will derive a con-
tradiction from this.

Set Z=p~'(v). Then ENZ=C. is an ample divisor on Z. Hence dimZ=2.

For any point y on Y, let T, and E, be the fibers of E;—Y and E-Y
respectively. Then p(T,) and p(E,) are linear subspaces in P"*¢-*DOW and
o(E,) is the linear span of p(T,) and v. Let F, be the (n—1)-dimensional com-
ponent of p~*p(E,)). Clearly FyNE=E, and p~"(p(E,))=F,\JZ. Moreover
Z,=F,NZ is a curve in Z.

Take another point y” on Y. Then o(F,N\F,)Cp(E,)NpE,)=v. So
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F,NF,cZ. If F,NF,#@, then dim(F,NF, N\E)=n—3 because E is ample
on Z. But F,NF,NE=E,NE,=@. Hence F,N\F, =@, so Z,NZ,=Q.
Thus Z contains a one-dimensional family of curves. So dimZ=2. Moreover,
since C.=P" and [E]¢_=0O(1), the normalization Z of Z is isomorphic to P? by
[F2; Theorem 2.1, d)]. But Z, and Z, are curves on Z disjoint with each
other. This is impossible. Thus we get a contradiction.

(1.9) Now we consider the remaining case d=2. When n=2, we have
E(L—E)=1=LE and so E*=0. Since E=Y is a component of Bs|L|, we have
h*(M, E)=1. Therefore E is a fiber of a ruling a:M—A over an irrational
curve A. LF=LE=1 for every fiber F of «. Hence « is a P!-bundle. More-
over p: M—W=P' is an isomorphism restricted to each fiber F. So M=AXW
with a and p being the first and second projections respectively.

Next we consider the case n=3. For any general member S of |L|, (S, Lg)
is a polarized surface of the above type. So S=AXP! for an irrational curve
A. Using the Albanese mapping we can extend the morphism S—A to a
morphism g : M—A. Moreover, by [F4; (4.9)], ¢ is a P*bundle. Y is a line
in a fiber F=P*® of x. Combining p and yx we get a birational morphism M;—
AXP® One easily sees that this is nothing but the contraction of the proper
transform F’ of F toa point p. Thus, from the converse view-point, M’ is the
blowing-up of AXP?® at a point p. Now, let Z be the proper transform on M’
of the fiber of AXP*—P? passing p. Then ENZ=¢@ and H,=0=L,. This
is impossible because ?L—FE 1is ample on M’ for £>0. Thus the case n=3 is
ruled out.

In view of (0.1), we conclude n=2 if d=2. In particular, the claim (1.6)
is true in this case too. Thus we have completed the proof of (1.6).

(1.10) For every fiber X of p, Ex is an ample divisor on X and Ey is a
simple point. Hence X is an irreducible reduced curve. So p is a flat morphism.
In particular every fiber is of the same arithmetic genus g.

(1.11) The sectional genus g(M, L) of (M, L) is equal to (d—1)g. In order
to see this, we take general members of |L|, use (0.1) and reduce the problem
to the case n=2. When n=2, we have E*=FE(L—H)=LE—(d—1)XE=2—d
and KE=—2—E?*=d—4 for the canonical bundle K of M=M’. Using KX=2g—2
we get KL=K(d—DX+E)=2(d—1)(g—1)+d—4 and 2g(M, L)—2=(K+L)L
=2(d—1)(g—1)+2d—4. This gives g(M, L)=(d—1)g.

(1.12) We claim g=1. To prove this, we may assume n=2 as in (l.11).
If g=0, p: M>W=P"'is a P'-bundle. Then HYM, L—E)=H'M, (d—1)X)=0
and H'(M, L)—HE, Lg) is surjective. This contradicts ECBs|L]|.

(1.13) Now we complete the proof of (0.2). We should consider the case
dimBs|L|=1 here. By (1.11), we infer d=2 from g(M, L)=1 and d=2. So
the argument (1.9) proves (0.2).



716 T. Fuirra

(1.14) Summarizing the preceding arguments we obtain the following

THEOREM. Let (M, L) be a polarized manifold with dimM=n=2, d(M, L)
=d=2, AM, L)=2 and dimBs|L|=1. Then

1) Y=Bs|L| is an irreducible rational normal curve.

2) Let w: M'—M be the blowing-up of Y and let E be the exceptional divisor
over Y. Then Bs|n*L—E|=@.

3) Let W be the image of the morphism M’'—P"*%=% defined by |n*L—E|.
Then dimW=n—1, degW=d—1 and 4(W, 0y(1))=0.

4) E is a section of the morphism p: M'—W. So E=W and thisisa P"*-
bundle over Y.

5) p is flat and every fiber of p is an irreducible reduced curve of arithmetic
genus g=1. This number g is determined by the relation g(M, L)=(d—1)g.

6) If n=3, (D, Lp) is a polarized manifold of the above type for any general
member D of |L]|.

7 If d=2, then n=2 and M=AXP' for some curve A of genus g=l.
Moreover L=E+X where E (resp. X) is a fiber of the projection onto A (resp.
pPY),

(1.15) COROLLARY. There exists a morphism ¢: M—Y =P* such that ¢y is
the identity and that (M,, L,) is a polarized manifold with d(M,, L,))=4(M,, L,)=1
for any smooth fiber M,=¢ (y) over y€Y. Here L, denotes the restriction of L
to M,.

To see this, consider the morphism M’'—-W=F—-Y. It is easy to see that
this factors through M. So we have a morphism ¢: M—Y. Comparing (1.14)
and [F5; (13.7)], we infer d(M,, L,)=4(M,, L,)=1 for any smooth fiber M,.

(1.16) Here we consider the converse of (1.14).

Let W be a rational scroll in P*+¢~% with dimW=n—1, degW=d—1 and
AW, H)=0. So W is a P""*bundle over Y=P}. Suppose that we have a flat
morphism f: N'—W such that every fiber of f is an irreducible reduced curve of
arithmetic genus g=1. Suppose further that there is a section E of f with its
normal bundle [E]g being H,—H, where H, is the pull-back of Oy(1). Then,
the restriction of [E] to a fiber of E=W—Y =P} is O(—1) and hence E can be
blown-down smoothly to Y. Let =« : NN be the blowing-down morphism.
From the converse view-point, N’ is the blowing-up of N with center YCN and
E is the exceptional divisor. We have a line bundle L on N such that z*L
=f*H-E, because the restriction of f*H+FE to each fiber of E—Y is trivial.
Then (N, L) is a polarized manifold with d(N, L)=d, 4(N, L)=2 and Bs|L|=Y.

Indeed, the ampleness of L is proved similarly as in [F5; (13.7)]. Here the
irreducibility of every fiber of f is essential. We have L*=L*"YE-H)
== ... =2 H" =L EH" 2+ EH"*=14+(d—1)=d in the Chow ring of N’.
So d(N, L)=d. Since g=1, E is in the fixed part of |f*H-+E| and we have
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h(N, L)=h"(N’, f*H+E)=h"(N’, f*H)=h"(W, H)=n+d—2. Hence A(N, L)=2.
Moreover Bs|f*H+ E|=FE implies that Bs|L|=Y.

(1.17) THEOREM. Let things be as in (1.14). Then d>n. Moreover, if
d=n, then the fibration ¢: M—-Y =Py in (1.15) is trivial and (M,, L,)=(N, A)
for some fixed polarized manifold (N, A) with d(N, A)=A4(N, A)=1, g(N, A)=g.
Thus (M, L) is the Segre product of (N, A) and (P;, H,).

Proor. W=F is a P*%bundle over Y and F==,0z[ H] is an ample locally
free sheaf on Y. So d—1=degW=deg(detF)=rankF=n—1, proving the in-
equality.

We prove the assertion for the case d=n by induction on n. When n=2,
(1.9) shows our assertion. So we consider the case in which n=3.

Since deg(det%)=rankd, we infer that & is a direct sum of H,’s. So W
is a Segre variety =P}xP¢"* and H=H,+H, Let Z be a general member of
p*|He|. Then we have ENZ=P}xXP:™®, n(ENZ)=Y, n(Z) (denoted by T in
the sequel) is a non-singular member of |L—¢*H,| and 7z:Z—T can be viewed
as the blowing-up of the manifold T with center Y. Furthermore, in view of
(1.16), we see that (T, L) is a polarized manifold of the type (1.14) such that
d(T, Ly=d—1. The rational scroll associated to (7, L) is identified with the
member of |Hg| on W corresponding to Z. Applying the induction hypothesis
to (T, L), we see that the restriction of ¢ to T is a trivial fibration and T=YXF
for the fiber F. Note also that [T],=[L—H,]r is the pull-back of an ample
line bundle on F.

Now it follows that HXT, [mT])=0 and Bs|[mT]r| =@ for any m>0. So the
mapping H'M, imn—1)T)—HYM, mT) is surjective and A M, mT) is a non-
increasing function in m. Hence we have an integer my>0 such that A'(M, mT)
=h"M, m,T) for every m=m, Then HYM, mT)—»HYT, [mT]y) is surjective
for any m>m, This implies Bs|mT|=¢g for every m>0.

Now, applying (Al) in the Appendix, we obtain a fibration f: M—N over
a normal variety N together with an ample line bundle A on N such that
f*A=[T]. Define a morphism ¥ :M—-YXN by ¥(x)=(d(x), f(x)). Since
L=%*H,+A) is ample, ¥ is a finite morphism. Clearly Y XN is normal. We
have d=L"=(deg¥)-(H,+A)"{Y X N} =(deg¥)-n-A**{N}. So the assumption
d=n implies A" *{N}=deg¥=1. Thus ¥ is birational. Hence ¥ is an isomor-
phism by Zariski’s Main Theorem.

The rest of our assertion is now obvious.

§2. The case of elliptic fibration.

(2.1) Let things be as in (1.14) and we assume g=1 in this section. By the
method in [F5; §14], we study the structure of (M, L) in the following way.
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(2.2) Set D=0y [7*2L] and F=p49. Then F is a locally free sheaf of
rank two on W and the natural homomorphism p*F—9 is surjective. So we
have a morphism 3: M’'—Py(F)=V such that g*0,(1)=9. Of course V is a
P'-bundle over W and S=p(E) is a section of p: V—-W. 3 is a finite double
covering and hence M’=~Rz(V) in the notation in etc., where the branch
locus B is a smooth divisor on V. Furthermore, S is a component of B and E
is a component of the ramification locus of S.

(2.3) Let H, denote the pull-back of Op(1) (recall that W is a P"*-bundle
over Y=P;) and set H;=H—H,. Then Pic(W)=Pic(S)=Pic(E) is generated by
H, and H. The normal bundle of £ in M’ is [L—H]z=—H,;. Since *S=2E,
the normal bundle of S in V is —2H. Taking pi« of the exact sequence
0—0y[2H:]-0y[S+2H:]—0s—0, we get an exact sequence 0—-Oy[2H:]—>E—0y
—{0, where & is a locally free sheaf such that V=P(&).

If H; is the tautological line bundle of P(¢), we see Se|H;—2H;| and
[H]s=0s. Now, we have H'(W, 2H;)=0 since H=H:1+H, is ample on the
rational scroll W. Hence the above exact sequence splits and €=[2H:]D0Ow.

Write B=S-B*. Since B is non-singular, we have SN\B*=¢@. We may
set [B*]=zH;+xH;+yH,, because Pic(V) is generated by H:, H;and H,. Then
x=y=0 because [B*]s=0. Moreover z=3 since the restriction of 5 over weW
is the rational mapping X,,—V,=P' defined by |2F]|y, which is ramified over
four points. Thus B*< |3H|.

It is easy to see Bs|H;|=@ on V, since & is generated by global sections.
On the other hand, we have H¢HZ°H, {V}=c(&)HE*H,{W}=2HZ*H,{W}=2.
Hence dimpu,(V)=2 and H'(V, —3H;=0 by Kodaira-Ramanujam’s vanishing
theorem. So B* is connected.

(2.4) Summarizing we obtain the following

THEOREM. Let (M, L) be a polarized manifold of the type (1.14) and suppose
that g=1. Then M’ is a finite double covering of a P'-bundle V=Pg(OxPB[2H:])
over E=W, where Hy=Hg—Lg. The image S of E by the morphism B: M-V
1s the unique member of |H —2p*H:|, where H: is the tautological line bundle
on V and p is the morphism V—E. The branch locus B of B is of the form
B*+S, where B* is a smooth connected member of |3H;| and B*N\S=@.

(2.5) For further study of such polarized manifolds, see §4.

§3. The case of hyperelliptic fibration.

(3.1) Let things be as in (1.14) and we assume g=2 in this section. Let
w be the dualizing sheaf of M’ and set F,=p«(w®") for each positive integer
t. Similarly as in [F5; §15], &, is a locally free sheaf for each #=1 and the
natural morphism p*%,—w is surjective. So we have a morphism j3: M’'—P(ZF,)
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such that the restriction 8, of 8 to each fiber X, =p (w) over weW is the
canonical mapping of the curve X,. Let V be the image of }S.

(3.2) DEFINITION. We say that the fibration p: M'—W is hyperelliptic if
any general fiber X,, of p is a hyperelliptic curve.

From now on, throughout in this part I, we assume that p is hyperelliptic.
Then, by a similar reasoning as in [F5; §15], we infer that V is a P!-bundle
over W and B:M’—V is a double branched covering. The branch locus B of
B is a smooth divisor on V.

(3.3) Let 7 be the involution of M’ such that M’/i=V. Then we have
the following three possibilities :

a) (E)=E.
b) (ENE=Q.
c) (E)y+E and {(E)N\E+Q.
In case a) (resp. b), ¢)), (M, L) is said to be of type (—) (resp. (c0), (-)).

(3.4) REMARK. Let ¢: M—Y=P" be as in (1.15). Then p is hyperelliptic
if and only if (M,, L,) is sectionally hyperelliptic in the sense of [F5; III] for
any general point y on Y. In this case we will see that (M, L) is of type (—)
(resp. (o0), () if and only if (M,, L,) is of type (—) (resp. (co), (+)).

This is almost clear by the definition of ¢. But we should prove that (M,, L,) -
is of type (-+) if (M, L) is of type (+). See §6.

§4. Type (—).

In this section we assume that p: M ’-—»W is hyperelliptic and that (M, L)
is of type (—).

(4.1) Since #(E)=F, the restriction of : to E is the identity. So S=p(E)
is a component of the branch locus B of §: M’—V. By a quite similar method
as in (2.3), we obtain the following

THEOREM. Let things be as in (1.14) and assume that p: M'—W is hyper-
elliptic and of type (—). Then M’ is a double branched covering of a P'-bundle
V=POwD[2H:lw) over W, where H; denotes [p*H—r*L]g=Pic(E)=Pic(W).
The image S of E by B:M’'—V is a section of p: V—W and is the unique
member of |H.—2p*H:|, where H: is the tautological line bundle on V. The
branch locus B of B is of the form S-+-B*, where B* is a smooth connected
member of |(2g+1)H;| such that SNB*=g.

(4.2) Because of the similarity of this theorem and (2.4), the case g=1 may
be regarded as a special case of type (—). In particular, the following results
in this section are valid in case g=1 too.

(4.3) Conversely, let WcCP"?% be a rational scroll with degW=d—1,
dimW=n—1, let = : W—Y=P;] be the P"*-bundle morphism, let H:=H—r*0y(1),
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let V be the P*-bundle P(OwP[2H:]) over W with the tautological bundle H,
let S be the unique member of |H;—2H;| and let B* be a smooth member of
|2g+1)Hy| with g=1. Then, taking a double covering 3: N’—V with branch
locus B=S+B* we obtain p:N’'—W as in (1.16). So, by blowing-down
E="%S) to a smooth rational curve =Y, we get a polarized manifold (M, L)
of the type (4.1).

Note that the isomorphism class of (M, L) depends only on the type of the
rational scroll W and on the choice of B*.

(4.4) For any fixed (n, d, g), all the polarized manifolds of the type (4.1)
with n=dimM, d=d(M, L) and with g being the genus of general fibers of p
(or equivalently, with g(M, L)=(d—1)g) are deformations of each other.

This is clear if the rational scroll W is the same. In general, we prove
the assertion similarly as in [F9; (8.12)]. We sketch the outline of the proof.

Suppose that we have a family {€;} of vector bundles on Y=P; with
rank(€;)=n—1, deg(det(€;))=d—n parametrized by t=A!. Assume that the
tautological line bundle (Hg), on P(&,)=W, is semipositive (or equivalently,
H+-H, is ample on W) for every t. Set V,=PQ2H:POw,. Then {V;} is a
family of manifolds and A%V, (2g+1)[H]:) does not depend on ¢, where [H];
is the tautological line bundle on V,. So, all the pairs consisting of V, and a
smooth member of |(2g-+1)[H].| are parametrized by a connected (non-compact)
manifold, which is fibered over A!. Performing the construction (4.3) simultane-
ously we get a family of polarized manifolds of the type (4.1). Thus we see
that the deformation type of (M, L) depends only on the deformation type of
W. On the other hand, rational scrolls of the same (n, d) are deformations of
each other. Putting things together, we complete the proof.

(4.5) LEMMA. Let (M, L) be as in (4.1) and suppose that d>n. Then there
is a polarized manifold (M¥, L*) with dimM#*=n-1 of the type (4.1) such that,
for any smooth member D of |L¥|, (D, L}) is a polarized deformation of (M, L).

PrOOF. Obvious by (4.3) and (4.4).

(4.6) PROPOSITION. Let (M, L) be as in (4.1) and let ¢ : M—Y =P} be as in
(1.15). Then
1) HUM, Ou)=0 for any 0<qg<n unless g-+1=n=d.

2) M is simply connected if d>2.
3) The canonical bundle K™ of M is (2g—n)L-+(d—2—2g)H,,.
4) Pic(M) is generated by L and H, if d>3 and n=3.

ProOF. 1). Similarly as in [F9], we have h%(M, Oy)=h%(M’, O)=h¥(V, —F),
where F=B/2=(g+1)H;—H,. By Serre duality we have A%V, —F)
=h"4V, K"+ F)=h""4V, (g—1)H;—(n—2)H¢+(d—n—2)H,)=h""4(W, S¢-1(2H:D
Ow)QL—(n—2)He+(d—n—2)H,]). If this does not vanish, then A"~%W, jH,
+(d—n—2)H,)>0 for some j=0, because W is a P**bundle over P;. This is



Polarized manifolds 721

possible only when n—¢=1 and d—n—2=<-2 since H: is semipositive. From
this observation we deduce the assertion 1).

2). By virtue of (4.5) and Lefschetz we may assume n=>3. Let
2 be the singular locus of ¢: M—Y and set U=Y—2X. Then M,=¢ ' (y) is
simply connected by [F5; (16.6; 6)] for every y=U. Since ¢y: ¢~ (U)—U is
topologically locally trivial, we infer =,(¢~*(U))==,(U). Then, by the technique
in [F8; (4.19)], we obtain 7;(M)= {1} because L™ '{M,} =1 implies that every
fiber of ¢ is irreducible and reduced.

3). In general, for any locally free sheaf & of rank » over a manifold X,
the canonical bundle K¥ of P(F)=Pis K*—H-detF, where H is the tautological
line bundle ©4(1). So we infer K% =—2H,—(n—1)(H;4-H,)+(d—1)H,=—(n—1)H;
+(d—n—2)H, and K¥=—2H;—(n—3)H;+(d—n—2)H,. Hence K*'=K"+-[B]/2
=(g—1)H;—(n—2)H¢+(d—n—2)H,. On the other hand, we have K¥* =K%
+m—2)E while L=E+H:+H, and 2E=[S]=H;—2H; in Pic(M’). So K¥
+m—2)L=K"' -+ (n—2)(H:+H,)=(g—1)H;+ (d—4HH, = (2g—2) L+ (d—2—-2g)H,,.
From this we get 3).

4). We have h'(M, 0)=h*M, ©)==0 by 1). So Pic(M)=H*M;Z). Hence,
by virtue of (4.5), we may assume nz=4. Then, for any FePic(M), the restric-
tion of F to M,=¢ *(y) is mL, for some integer m by [F5; (16.6, 5)]. Then
F=¢(Ou[ F—mL]) is an invertible sheaf on Y and the natural homomorphism
*F—Ou[ F—mL] is an isomorphism. Therefore Fis an integral combination of
L and H,.

REMARK. The conditions in 2) and 4) are best possible. Indeed, M is not
simply connected if d=n=2. If d=n==3, M is isomorphic to Y XN for a surface
N by (1.17). So 4) is not true in this case unless Pic(N) is generated by Ly.

(4.7) THEOREM. Let (M, L) be a polarized manifold as in (1.14). Then the
following conditions are equivalent to each other.

a) The fibration p: M'—=W is hyperelliptic of type (—).
b) Bs|2L|=@.
¢) h'M, 2L)=n(n—1)/2+3d.

ProoF. Note first that (W, H) is a rational scroll and hence (W, H)
=(P(F), ©(1)) for some ample vector bundle F on Pj;. So h*(W, 2H)=h"(P*, S*F)
=rank(S*F)+c¢,(StF)=n(n—1)/243(d—1) since rank(F)=dimW=n—1 and ¢,(F)
=degW=d—1.

a)—c): By (4.1, we  have A'(M,2L)=h"(M’, 2L)=h"(M’, H+2H,)
=h"(V, Hg+2H,))=h"(W, 2H+-2H,)-+h"(W, 2H,)=h"W, 2H)+3=n(n—1)/2+3d.

¢)—b): Since E is a section of o': M’—W and g>0, E must be a fixed
component of |2H+E|=|L+H| on M’. So h"(M’, L+H)=h"(M’, 2H)
=n(n—1)/24+3d—3. In view of the exact sequence 0—~H*(M’, L+H)—H(M’, 2L)
—HE, 2Lg) and the fact Lg=H,, we infer that H°(M’, 2L)—>H%E, 2Lg) is
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surjective. So Bs'!2L|=Bs|2Lz|=@.

b)—a): For any general fiber X of p’, we have Bs|2Ly|=@. So X is a
hyperelliptic curve. Moreover, since Ly=FEy, ENX is a ramification point of
the canonical mapping of X. So (M, L) is of type (—) by the reasoning as in
§2.

§5. Type (-2).

(6.1) Suppose that p: M’'—W is hyperelliptic and that (M, L) is of type
(c0). Since ENi(E)=¢@, both E and 7(F) do not meet the ramification locus of
B:M'—V. Therefore S=p(E)=p(G(E)) is isomorphic to E and gives a section
of p: V—W. Moreover the normal bundle of Sis [Elg=Lz—Hg. Set H:=[—S]5
ePic(S)=Pic(W)=Pic(E).

Taking psx of the exact sequence 0—0y,[p*H:]—0,[S+p*H:]—0s[ S+ H:]—0,
we obtain 0—0Oy[H:]—»&—0Ow—0, where € is a locally free sheaf on W such
that V=P(£). Let H; be the tautological line bundle on V. Then S is a member
of |H;—p*H:| and [H;]s=0. Furthermore, since H: is semipositive on the
rational scroll 1V, we have H'(W, H:)=0. This implies &=0w[H:]E0w.

Let B be the branch locus of 3. We may set [Bl=zH;+xH:+yH, because
Pic(V) is generated by H; H, and H; Since [Bls=0, we have x=y=0.
Similarly as before, we have z=2g-+2. Hence B is a non-singular member of
|(2g+2)H,|. Moreover, similarly as in (2.3), we obtain HV, [—B])=0 from
HEHE*H, (V}=H;H,{W}=1. So B is connected.

Thus we obtain the following

(5.2) THEOREM. Let (M, L) be a polarized manifold as in (1.14) and suppose
that p: M'—W is hyperelliptic and that (M, L) is of type (o). Then M’ is a
double covering of a P'-bundle V=P(H:DOw) over W, where H;=H—H,. The
image S of E via B:M'—V is a section of p: V—W and is the unique member
of |Hy—p*H:|, where H: is the tautological line bundle on V. The branch locus
B of B is a smooth connected member of |(2g-+2)Hy| such that SNB=@.

(5.3) COROLLARY. Let (M, L) be as in (5.2). Then, any smooth fiber
(M, L,) of ¢: M—Y in (1.15) is a polarized manifold with A(M,, L,)=dM,, L,)
=1, gM,, L)=g which s sectionally hyperelliptic of type (co) in the sense of
{F5; §171.

(5.4) REMARK. Let & be the locally free sheaf on Y=P] such that
(P(F), o(1))=(W, H:). Then, V is the blowing-up of V’=P(FP0Oy) with center
C being the section corresponding to the quotient bundle @y of F&0Oy. More-
over, the exceptional divisor of this blowing-up is S. The pull-back of ©.(1)
to V is H.. So, by abuse of notation, Oy.(1) will be denoted by H:. Note that
B is mapped isomorphically onto a divisor B” on V”. It is now easy to see
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that M is a blowing-up of the double covering M” of V” with branch locus B”,
and the exceptional divisor of this blowing-up is z(¢(E)). The structure of such
a double covering M”—V” is studied in [F9; §5]. From these observations,
we obtain, for example:

(5.5) COROLLARY. M is simply connected (cf. [F9; (5.17)]).

(5.6) Applying [F5; (17.14)] to (M,, L,) in (5.3), we infer n—1=g+1. So
g=n—2 in case (5.2).

We will further analyse the case g=n—2 using the technique in [F5; §17].
B gives a section b of the bundle P((S*¢*2€)”) over W. On the other hand, we
have a natural morphism p: P((S#*€)")=G—P(S*4**¢”) defined by square. Then
we should have b(W)N\u(G)=@ (compare [F5; (17.7)]).

By a similar calculation as in [F5; (17.9)], we infer 0=Q2H.+H;)--
(2H.+(2g+2)H:) {G} for the tautological line bundle H. on G. This intersection
number is equal to d(W, Hy)-28%'-T1f,(2t+1) as in [F5; (17.11)]. Hence
0=H2 Y {W}=d—n. So (1.17) applies. Thus we obtain:

(5.7) COROLLARY. Let things be as in (5.2). Then n=g-+2. Moreover, if
the equality holds, then d=n and M is a product of Pj and a polarized manifold
of the type [F5; §17].
~ (5.8) Conversely, suppose that we are given a rational scroll WCPY with
n—1=dimW, d—1=degW. Set H.=H—H,, V=P(H:0w) and let H; be the
tautological line bundle on V. Then a general member B of |(2g+2)H;| is non-
singular because Bs|H;|=@. Moreover, if g=n—1, we easily see d(W)N\u(G)
=@, where b, p and G are as in (5.7). This implies that, on every fiber of
V—W, the restriction of B is not divisible by two as a divisor. So, if §: M'>V
is the double covering with branch locus B, every fiber of o: M'—W is an
irreducible reduced curve.

Let S be the unique member of |H.—H:| on V. Then S is a section of
p:V->W and S can be blown-down with respect to the mapping S=W—P;.
Since BNS=@, 7'(S) consists of two connected components, each of which
is isomorphic to S and can be blown-down to P*. So (1.16) applies and we get
a polarized manifold (M, L) of the type (5.2) by blowing-down one of these two
components of 37%(S).

(6.9) Similarly as in (4.4), we now see that polarized manifolds of the type
(5.2) form a single deformation family for any fixed triple (n, d, g). Using this
fact one can get an alternate proof of (5.5). Compare (4.7; 1).

§ 6. Type (+).

(6.1) Suppose that p: M'—W is hyperelliptic and that (M, L) is of type ().
Let 8: M’—>V and p: V—W be as in (3.2), and let B be the branch locus of



724 T. Funra

the double covering 8. The image B(E)=S is a section of p. We have SNB
#@ since ENi(E)+@. But E+#i(E). This is possible only when the restriction
of the Cartier divisor B to S is divisible by two. So we set Bg=2Z. Then
{Z]g=[i(E)]z. Hence the pull-back of the normal bundle [S]s of S in V to
Pic(E) is equal to [Z]+[E]z.

(6.2) When n=2, we have W=P; and M’=M. Therefore, replacing the
polarization suitably, M can be viewed as a hyperelliptic polarized surface in
the sense of [F9]. Moreover, one easily sees that it is of type (30F) or (7).

In fact, we actually find various polarized surfaces of this type.

(6.3) From now on, we consider the case n=3. First, by a similar argument
as in [F5; (18.3)], we have [S1z =[B]; for each prime component Z’ of Z.

Suppose that Pic(S)=Pic(W)=Pic(E) is generated (after tensored by @) by
the classes of components of Z. Then, by the above observation we infer [S]
=[B]=2[Z]. Hence [Z]=[E] by (6.1). But 0=ZF=FEF=—1 for any general
fiber F of E—Y. This contradiction shows that Pic(S) is not generated by
components of Z.

Suppose that Z has a component Z’ which is a fiber of S—Y. By the above
observation we infer that Z has no horizontal component. Hence [S]z =[Blz
=[2Z15=0. So the restriction of Z-+-FE to a fiber of E—Y is trivial by (6.1).
This is impossible because E is exceptional.

Thus we see that Z has no vertical component with respect to S—Y. So
Z has a horizontal component. From this we infer that any general fiber of
¢: M-Y in (1.15) is a polarized manifold with 4=d=1, which is sectionally
hyperelliptic of type (-) in the sense of [F5; §15]. In particular we have n=3
by [F5; (18.3)].

(6.4) Since n=3, W=S=FEF is a P'-bundle over Y=P; So we set
W=P([kH,]JT0O; for some k=0, and let H, be the tautological line bundle on it.
Note that, if %2>0, W has a unique section Y. such that Yi=—Fk and [H:ly_
=0. If k=0, then W=P};xP;.

Set [Z]s=xH;+yH, and [Elg=—H:+aH, Then [Bls=2xH;+2yH,.
Moreover, in view of the results in [F5; §18], we infer [S]s=0¢H, for some
. Then [E4*(E)]=p*[S] implies x=1 and y+a=¢. From x=1 we infer
that Z is a section of S—Y because Z has no vertical component. Furthermore,
the relation [S],=[B], gives 6=2(k+2y). Hence y+a=2(k-+2y), or equivalently,
2k+3y=a.

Recall that H+-E=Lg=H,. So Hy=H.~(a—1)H,. As we have seen before,
Hy—H,=H.—aH, is semipositive. Hence 0=(H;—aH,){Z} =k—a+y=—k—2y.
When k=0, we obtain y=0 from this. When %£>0, we obtain y<0, which
implies Z=Y.. because ZY.=y<0. Therefore y=—Fk. In either case we have
y=—k, and hence a=—*F%, 6=—2k. So d—1=H%=k—-2(a—1)=3k12.
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(6.5) Since [S]s=—2kH,, the exact sequence 0—0y[2kH,1—0,[S+2kH,]
—0s—0 gives an exact sequence 0—Oy[2kH,]—E—0y—0 on W, which splits
because H'(W, 2kH,)=0. Hence V=Py([2kH,]DOw). Moreover, letting H
denote the tautological line bundle on it, we have Se|H;—2kH,| and [H;]s=0.
Since [Bls=2Z, it is now easy to see [(Bl=Q@2g+2)H+2H,—2kH, in Pic(V).

Combining these observations (6.3), (6.4) and (6.5), we obtain the following

(6.6) THEOREM. Let (M, L) be a polarized manifold as in (1.14) and suppose
that p: M'—W is hyperelliptic and that (M, L) is of type (4) in the sense (3.3).
Then n=dimM=3. If n=3, one has d=3(k+1) for some non-negative integer k.
Moreover, in this case, we have W=P([kH,1D0), V=Py([2kH,1D0Ow), S=pS(E)
€|H—2kH,| and Be |(2g+2)H+-2H:—2kH,|, where H; and Hy are tautological
- line bundles on W and V respectively.

REMARK. V is isomorphic to a fiber product of W .and P([2kH,]0D0O) over
P;.

(6.7) COROLLARY. In the above case n=3, M is simply connected, uniruled
and HYM, 0x)=0 for any ¢>0. Moreover HX (M, L)=0 if £>0.

PrOOF. Any general fiber of ¢: M—Y is a rational surface by [F5; (18.12)].
So M is uniruled. Similarly as in (4.6; 2), we infer that M is simply connected.
Moreover, using [FR; Proposition 6.7], we obtain HYM, 0y)=0 for ¢>0. In
order to show HYM, L)=0, we recall Hyp=H:+(k+1)H,. So h'(M’, H)
=h\(V, H)+h'(V, H—(g+1)H;— He+kH,)=h'(V, —(g+DH+Q2k-+1)H,))=h"(2,4,
—(g+1)H+Q@2k+-1)H,))=h"(2ss, (g—1)H;—3H,), where 3,,=P([2kH,]1D0y) and
H; is the tautological line bundle on it. This is equal to 2 unless £=0. Now,
using the exact sequence 0—H°(M’, H)—-HM’, L)->HYE, Lgp)—~H*(M’, H)
—HM’, Ly-»H'E, Lg) and Lyz=H,, we infer that A%E, Lg)=2, h"(E, Lg)=0
and AY(M’, L)=h'(M’, H)—h*(E, Lg)=0. This implies h*(M, L)=h*(M’, L)=0.

REMARK. When k=0, (M, L) is the Segre product of (P?, ©(1)) and a po-
larized manifold (N, A) with 4=d=1 of the type [F5; §18]. See (1.17).

(6.8) Let things be as in (6.6). Then every fiber V., of V over x& W meets
B at some point with odd multiplicity. Indeed, otherwise, the fiber of p: M'—W
over x would not be irreducible.

Conversely, given (g, k) with g=2 and kz=1, let Y, W, V, S, H,, H;, H; be
as in (6.6). Then any general member B of |(2g+2)H;+2H,—2kH,| is non-
singular and satisfies the above condition. So, via the process (1.16), we can
construct a polarized manifold (M, L) of the type (6.6).

Indeed, since Bs|B—S|=@, the singular locus of B is contained in BNS.
Next let T=p *(Y«), where Y. is the unique member of |H,—kH,| on W. Then
T=3,, and [Blr=02g-+2)H;—2kH,. It is easy to see that HV, [B])
—HT, [B]y) is surjective. Therefore By is of the form Sr+B’, B’ being a
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member of |(2g+1)H;|. In particular B is non-singular along Supp(Sy)=SNT.
Since Supp(BNS)=SNT, we conclude that B is non-singular.
Other assertions are easy to verify.

(6.9) COROLLARY. For any fixed (g, k), polarized threefolds (M, L) of the
type (6.6) form a single deformation family.

§ 7. Deformations.

(7.1) By a deformation family of polarized manifolds over a complex mani-
fold T we mean a proper smooth morphism f: #—T together with an f-ample
line bundle .£ on #. Then (M,, L,) is a polarized manifold for every t<T,
where M,=f"'(t) and L, is the restriction of £ to M,. Each (M,, L,) is said
to be a member of this family.

From now on, we usually consider the case in which T is the disk
{zeC||z| <e} with radius ¢ being a small positive number. (M,, L,) is called a
special fiber of this family. We say that any general fiber has a property (#)
if there exists a positive number ¢ such that (M;, L,) has the property (¥) for
every t with 0<|¢t|<d. If so, we say that (M,, L,) is a specialization of po-
larized manifolds having the property (%).

Given a polarized manifold (M, L), we say that any small deformation of
(M, L) has the property (£) if, for every deformation family of polarized mani-
folds over the disk T with special fiber being isomorphic to (M, L), any general
fiber of this family has the property ().

(7.2) For any deformation family of polarized manifolds over the disk T as
above, d=d(M,, L;) is independent of t. So we have A(M,, L)=4(M,, L,) for |
any general ¢ by the upper-semicontinuity theorem. Moreover we have the
following

(7.3) LEMMA. If HY(M,, Ly)=0, then h®(M,, L,)=h"(M,, L,) and 4(M,, L,)
=4(M,, L,) for any general t.

(7.4) LEMMA. If A(M,, L,)=4(M,, L,) for any general t, then dim Bs|L,|
=dim Bs|L,| for any general t.

Proor. Since h%(M,, L;) is a constant function in ¢, fx.L is locally free at
0. Moreover, we have Bs|L;|=M,N\Supp(Coker(f*f«.L—.L)). From this we
obtain the inequality.

(7.5) THEOREM. Suppose that there is a deformation family of polarized
manifolds over the disk T and that A(M,, L,)=2 for any general t. Then
A(My, Ly)=2 unless d(M,, Ly)=1.

Proor. By (7.2) we have 4(M,, Ly)=d4(M,, L,)=2. 1If 4(M,, L,)=1 and if
d(M,, Ly)>1, then H'(M,, L,)=0 by [F6; (3.8)] and [F9; (3.1)]. This is impos-
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sible by (7.3).

(7.6) COROLLARY. Suppose that (M,, L,) is of the type (1.14) for any general
t. Then (M,, Ly) is also of the type (1.14).
For a proof, use (7.4).

REMARK. In this case, as a consequence, we see that {Bs|L,|}, {Mi}, {E.}
and {W,} become (smooth) deformation families of manifolds.

(7.7) 'THEOREM. Suppose that (M, L,) is of the type (1.14) and that p.:
M{—=W, is hyperelliptic in the sense (3.2) for any general t. Then p,: M;—W,
is also hyperelliptic.

PrROOF. Let M’ and W be the total spaces of the deformation families {M}
and {W,} respectively. Then the natural morphism p: M’'—W is a fibration,
whose general fibers are hyperelliptic curves. So every fiber of p is hyperelliptic.
Hence p, is also hyperelliptic.

(7.8) THEOREM. Let things be as in (7.7). Suppose that (M,, L;) is of the type
(—) (resp. (<o), (+)) for any general t and that n=dimM,=3. Then (M,; L,) is
of the same type (—) (resp. (o), (+)).

PrOOF. V., is a P'-bundle over W,. So {V;} is a smooth family of manifolds.
Moreover, {S;} gives a family of sections of {V,—»W,}. Comparing (4.1), (5.2)
and (6.6), we infer that V, must be a P*-bundle of the same type as V,. Hence
(M,, L,) must be of the same type as (M;, L;).

(7.9) Thus, under certain mild conditions, we have seen that these types
(—), (c0), (+) studied in this article are stable under smooth polarized speciali-
zations. We will next study small deformations.

(7.10) THEOREM. Let (M, L) be a polarized manifold of the type (4.1) and
suppose that d=d(M, L)=5 or n=dimM=3 and d=4. Then any small deformation
of (M, L) is of the same type (4.1).

To prove this, we use the following

(7.11) LEMMA. Let (M, L) be of the type (4.1). Then
1) H'M, L)y=0 if d=3.

2) HXM, 2L)=0 either if d=5 or if n=3.

Proor. 1). The involution ; of M’ acts on the sheaf B4+(On-[—FE]). Con-
sidering the decomposition with respect to eigenvalues +1 of 7, we see
Bx(Ow [~ EY)=0,[—S1D0y[— B/2]=0y[2H;— H DO, [ —(g+DH,+H;].  Since
L=2E+H:+H,—E=H;—H:--H,—E, we have h'M, L)=h"(M’, L)=h'(V, H;
+H,)+h(V, —gH-A+H,). Moreover ANV, H:+H,)=h' (W, H;+H,)=0 and
WV, —gH+H,)=h""(V, (§—2)H;—(n—3)He+(d—n—3)H,)=353h" (W, (2j—n
+3)H+-(d—n—3)H,). This is zero unless n=2. When n=2, we have W=P;
and [H;lw=(d—2)H,. Then deg((2j—n-+3)H:+(d—n—3)H,)=2j(d—2)+2d—T=—1.
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Thus in any case we have A'(M, L)=0.

Next we prove 2). Similarly as above, we have h'(M, 2L)=h'(M’, 2L)
=hV, H+2H,)+h(V, —gH;+H;+2H,). Clearly h'(V, H+2H,)=h*(W, 2H;+2H,))
+h (W, 2H,)=0. By duality we have AV, —gH;+H+2H,)=h""(V, (g+2)H;
—(m—2)H;+(d—n—4)H,). If this is not zero, we have n=2 and d—n—4=-—2.
This is impossible if d=5. .

(7.12) Proor ofF (7.10). By (7.11; 1), we can apply (7.3) to infer 4(M,, L;)
=2 for any small deformation (M,, L;) of (M, L). Moreover, by (7.4), we have
dim Bs|L,| =1.

Assume that Bs|L,| is a finite set. Then, if d>4=24, we have g(M,, L;)
=2 by [F3; Theorem 4.1, ¢)]. But we have g(M, L)=(d—1)g=d—1=4 by
(1.14; 5). This contradicts the deformation invariance of the sectional genus
g(M, L). We will derive a contradiction in case d=4, n=3 too. Indeed, we
have g(M;, L;)=g(M, L)=d—1=3 similarly as above. By (0.6), (M;, L;) is a
smooth hypersurface of degree four or a double covering of a non-singular hyper-
quadric. Then b,(M;)=1 by Lefschetz theorem (cf. [F9; (3.11)1). On the other
hand we have b,(M)=2 by 4.1).

Thus, from this contradiction, we infer dim Bs|L;|=1. So (M;, L;) is of
the type (1.14). Moreover, by virtue of (7.11; 2), we infer A°(M;, 2L,)=h"(M, 2L).
So, by the criterion (4.7), (M,, L;) is of the type (4.1).

(7.13) THEOREM. Suppose that (M, L) is a polarized manifold of the type
(5.2) and that n=dimM=3. Then any small deformation of (M, L) is of the
same type (5.2) unless n=d=3.

REMARK. When n=d=3, we have M=NXP* for a certain K3-surface N
(cf. (1.17)).

Proor oOF (7.13). As we saw in (5.4), M is a blowing-up of M”, which is
a double covering of a P*"'-bundle V” over Pj. By virtue of the theory of
Kodaira [K; Theorem 5], any small deformation of M is a blowing-up of a small
deformation of M”. Furthermore, by [F9; (7.12) & (7.13; 3)], the double cover-
ing structure of M” is stable under small deformation except when V”=P}X P}
and the branch locus of the mapping M”—V” is the pull-back of a hypersurface
of degree 6 on PZ In this exceptional case M has the structure described above.
Moreover g=2.

(7.14) THEOREM. Suppose that (M, L) is a polarized manifold of the type
(6.6) and that n=3, k=1. Then any small deformation of (M, L) is of the same
type (6.6).

PrROOF. (7.3) applies by (6.7). We have g(M, L)=(d—1)g=(3k+2)g=10.
Recalling (0.5), we infer dim Bs|L,|=1 for any small deformation (M,, L;) of
(M, L). So, by (1.14), we obtain a famiy {M{} of deformations of M’. We
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should show that the double covering structure M’—V is stable under small
deformation. Similarly as in [F9; (7.12)], it suffices to show HV, 6,[—(g+1)H,
—H¢+kH,])=0 where the notations are as in (6.6) and €, denotes the sheaf
of vector fields on V.

Using the exact sequence 0—[2H;—2kH,]—0y—p*Op—0, we get
MOy[—(g+1)H;—H;+kH, ) <h(V, p*Op[—(g+1)H;—H;+kH,])
=h"(W, R'ps(Oy[—(g+1)H ROy [—H,+kH,]) because (g—1)H;+-H:+-kH, is
very ample on V and hence AWV, —(g—1)H;—H;—kH,)=0. By duality
R'py(Oy[—(g+1H]) is the dual of pylwywl(g+1)H])=px(Oy[(g—1)H;+2kH,])
=P5.Ow[2kjH,]. Hence it suffices to show (W, Ow[—H:—k(2j—1)H,])=0
for each j=1, -, g. We have an exact sequence 0—[2H,—kH,]—Oy—[2H,]
—0 on W. Therefore h*(On[—H.—k(2j—1)H,))<h"(W, H:—2kH,)=0. This
completes the proof.

Appendix.

THEOREM (Al). Let L be a line bundle on a variety V. Then the following

conditions are equivalent to each other.

a) There is an integer m such that Bs|tL|=@ for every t=m.

b) There is a morphism f:V—-W and an ample line bundle A on W such
that L=f*A.

ProoF. Clearly b) implies a). So we show that a) implies b). For each ¢,
let W, be the image of the rational mapping p. defined by |tL]. Let X be the
image of the mapping g: V=W, XWy,,, given by p, and pns+:. Let VoW—X
be the Stein factorization of g. So, f«O0y=0y for f:V—-W and zn:W—-X is
finite. Let H, and H,., be pull-backs of hyperplane sections on W, and W,
respectively and set A=H,+,—H,. We claim that (W, A) has the desired
property b).

In fact, f*A=f*H,.,—f*H,=(@m-+1)L—mL=L. Furthermore, by
(A2) below, we have mA=H,, and H,,,=(m-+1)A. Since 7 is finite, Hp-+Hpni:
is ample on W. Hence so is A. Thus we prove the claim.

LEMMA (A2). Let f: VoW be a morphism of schemes such that f+Op=0w.
Then f*:Pic(W)—Pic(V) is injective.

PROOF. Suppose that f*F=0, for some F<Pic(W). Then the natural
homomorphism F—f,f*F is an isomorphism. So F=0.

REMARK (A3). In case (Al), W can be taken to be normal if V is normal.
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