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Introduction.

Throughout this paper, “n-manifold” and “embedding” will mean closed con-
nected differentiable manifold of dimension n and differentiable embedding, re-

spectively. Let [MCR™] denote the set of isotopy classes of embeddings of a
manifold M into Euclidean m-space.

It is known that for an n-manifold M, ;

(1) (Whitney [24]) the set [MC R?*"**] consists of only one element if n=1,
(2) (Wu [25]) the set [MC R®*"*'] consists of only one element if n=2,
(3) (Haefliger [6], Bausum [1], Rigdon etc.) if n=4, then, as a set,

H"XM; Z) for n=1(2), w,(M)=0,
H"YM; Z,) for n=1(2), w,(M)+0,

or 1n=0(2), w,(M)=0,
ZXpH" M; Z) for n=0(2), w,(M)+#0.

The purpose of this paper is to inquire into the question of whether or not
the set [MC R?"-'] for an n-manifold M, if it is not empty, can be described in
terms of the cohomology of M, its characteristic classes and the cohomology
operations. We shall study [MC R?**~'] along the lines of Haefliger [6].

Let X* be the product XX X of X and let 4X be the diagonal in X% The
cyclic group of order 2, Z,, acts on X? via the map ¢: X?— X2 defined by i(x, v)
=(y, x), where 4X is the fixed point set of this action. The quotient space

X*=(X*—4X)/Z,

[MCR™]=

is called the reduced symmetric product of X. Let P™ denote the real projective
space of dimension m (m=<oo) and let

E: X¥— P>

denote the clas'sifying map of the double covering X*—4X— X*, Then the first
Stiefel-Whitney class of this double covering is given by
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v=E&%(u) (u being the generator of H'(P~; Z,)).
For a finitely generated abelian group G, let G’ denote the new abelian

group associated with G defined as follows: A given group G is of the form

G= i}lZm-Kai}-{—Go (direct sum),

r(i)= ,

where Z,{c)> denotes a cyclic group of order r (r<oo) generated by ¢ and G,
denotes the odd torsion subgroup of G. Then G’ is defined by

b
G'= Elzzr(i)<<1/2)ai>+60.

Under these notations, we shall prove the following theorem.

THEOREM 1. Let n=6 and let M be an n-manifold. Assume that M is orien-
table or n is even and that there exists an embedding of M into R*"~*. Then, as
a set, it follows that

[MC R V]=(14+(—1)*)(H" (M ; Z)YRH"(M; Z))xCoker 6
CH™ (M ; Z)YXH"*M; Z) if nis even and w,(M)=0,
X [HYM; 2)YXH"¥M; Z,) if nis even and w,(M)+0,
H"*M; Z,) if nis odd and w,(M)=0,

where

O=(Sq+(*" WY pur MR Z0]) —> HE M 2,
v s the first Stiefel-Whitney class of the double covering M2*—AM— M*, Z[v] is
the sheaf of coefficients over M¥*, locally isomorphic to Z, twisted by v, and p, is
the reduction mod 2 twisted by v. The following information is sufficient to deter-
mine Coker® :

(1) the integral cohomology groups H (M ; Z) for n—3<i<n,

(ii) the actions of Sq* on H M ; Z,) for i=n—3, n—2,

(iii) the action of wi(M) on H**(M; Z,) for n=2 (4).

REMARK. (1) For an n-manifold M (n>4), there is an embedding of M into
R*"-1 if M is orientable or if n is not a power of 2 (cf. [10, (1) and (2) in §17).
(2) It is known (see (2.5) below) that

, { (wo(M)+w,(M)*)x if xeH"*M; Z,),
x=
(wo( M)+ w;(M )2 +w,(M)Sqgh)x if xeH"3*M; Z,).



Enumerating embeddings 557
The following corollary is an immediate consequence of the theorem, since
H2-YM*; Z,) is isomorphic to H* (M ; Z,) by Thomas [17, § 2].
CorOLLARY (Haefliger [6]). If H\(M; Z)=0, then
[MCR““]:{ H,M; Z) for even n,
H,(M; Z,) for odd n.
Further, Propositions 2-4 will be shown as corollaries to the theorem.
PROPOSITION 2. If M is a spin n-man_z'fold (n=6), then
MC R ]=1+(=D"*H"(M; Z)QH"Y(M; 2))
H™*(M; Z)X[H" (M ; Z)I'XH"XM; Z,)/Sq¢H"*(M; Z;) n=0(4),
Xy H**(M; Z)YX[H™YM; ZYY XH"M; Z,) n=24),
H™>*M; Z)xH" XM; Zy) n=1(2).

PROPOSITION 3. If M is an orientable n-manifold (n=6) and if either
Sq*p.H"*(M; Z)#0 or Sq*p.H"*(M; Z)=H"*M; Z,), then

[MC R ]=(1-+H(—1)*(H" (M ; Z)RH" (M ; 2))
CH*YM; Z)YXH"*M; Z)  for n=0(2),
X{ H"M; Z,) for n=1(Q2).
REMARK. It has been shown by Thomas [17, §4] that if M is orientable

and if either w,(M)+0, or w,(M)#0 and H,(M; Z) has no 2-torsion, then
Sq*p.H" (M ; Z)+0.

PROPOSITION 4, Let n be even and assume that an unorientable n-manifold
M (n=6) is embedded in R**~1, Then

[MC R ]=(1+(—1D"*H"M; ZYQH" (M ; Z))
X[H™ XM ; ZYI'XH"*(M; Z,),

if one of the conditions (1), (ii) and (iii) is satisfied:

(i) Sg*p.H"*(M; Z)=H"'(M; Z,),

(ii) Sq*H"3M; Z,)=H"*M; Z,) and  either wMBE=w,(M) or
Sq*p.H**(M; Z)=0,

(ili)) n=24) and wM)p ,H"*(M; Z)=H"*M; Z,).

As an example, we shall consider [P(m, n)C R*™*+"*-1] for the Dold manifold
P(m, n) of type (m, n) of dimension m+2n.

PROPOSITION 5. Let m, n=1 with m-+2n=6 and assume that either m=0(2)
or n=0(2) holds. Then
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16 if n=34) and either m=2 or n=0(4),
8 if m=0@2), n=14) or

[ P(m, n)CR*™™""1]= if m=4, m=24), n=34),

4 1if n=0(2), m=2,

2 if n=0(@2), m=1,

where $S denotes the cardinality of the set S.

REMARK. For all the other Dold manifolds P(m, n) with m-+2n=6, the
cardinality of [P(m, n)C R*™***~!] are given as follows:

oo if m=0 or n=1(2), m=1,

8 if n=1(2), m=3, m=1(2),

4 if n=0, m=3(4),

2 if n=0, m=£=34), m=2" (r=3).

In fact, $[P(m, n)C R*™**"-1] for m=1(2), n=1(2) is calculated in and
that for n=0 or m=0 is calculated by Bausum [1], Larmore and Rigdon [9],

Yasui [18], and Haefliger and Hirsch [6], [7], because P(m, 0) and P(0, n) are
the real and the complex projective spaces, respectively.

#[P(m, n)C REmin-1]=

REMARK. The set [MC R?**"1] in case n=1(2) and w,(M)#0 is not treated
in this paper but this set has been studied in under the condition that
H,(M; Z) is isomorphic to a direct sum of some copies of Z,.

The remainder of this paper is organized as follows: In §1, we state the
method for computing [MCR**"']. In §2, the action of S¢* (/=1, 2) on the
mod 2 cohomology of M* is studied. The morphism 7*: H*(A*M, AM ; Z,)—
H*(M*; Z,) is determined in §3. Here (A%M, 4AM) is the pair of quotient spaces
(M?/Z,, AM/Z,). The cohomology groups HZ" *(M*; Z[v]) and p,H*"*(M*;
Z[v]) are given in §4, whose proofs for even n and for odd n are given in §5
and §6, respectively. §7 is concerned with computing Coker . In the last
section, §8, we give the proofs of the results stated in the introduction.

§1. Method for computing [MCR“*:I.‘

We now recall Haefliger’s theorem [5, Théoréme 1’]. Let S*— P> be the
universal double covering. Then the bundle S*X,S™-— P> is homotopically
equivalent to the natural inclusion P™— P>, Therefore Haefliger’s theorem can
be restated as follows, where

[X, P™; a]l=[X, S®Xz,S™; a] for a : X— P~
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denotes the homotopy set of liftings of a to S®Xz,S™:

THEOREM 1.1 (Haefliger). If 2m>3(n-+1), then for an n-manifold M, there
is a bijection
[MCR™]=[M*, P™%; &].
In particular
[MCR* ]=[M*, P*"%; £] if n=6.

As for the right-hand side of this equation, we know

PropoOSITION 1.2 (Bausum [1], Larmore and Rigdon [9], Yasui [18] etc.).
Let n=6 and assume that there is a lifting of &: M*— P> to P*""% Then, as
a set,

[M* P*-%; E]=H?*-*(M*; Z[v])xCoker®,
where

@:(Sq2+(2n2_1>v2>p'2 C HTN M Z[v]) —> HE N M*: Z),

v is the first Stiefel-Whitney class of the double covering ME*—AM — M* and
Z[v] is the sheaf of coefficients over M*, locally isomorphic to Z, twisted by v.

The mod 2 cohomology of M* has been studied by Thomas [17], and Bausum
[I]. Therefore it is important for our purpose to study the groups H?" *(M*;
Z[v]) and g, H**(M*; Z[v]), and the action of Sg* (i=1, 2) on H*(M*; Z,).
For a manifold M, let PM denote the projective bundle associated with the
tangent bundle of M and let

j i PM—> M*

be the inclusion, which is given by the Z,equivariant map j of the tangent
sphere bundle SM to M2—A4M defined by j(w)=/(exp (), exp(—v)), the Z,-action
on SM being induced from the antipodal map on each fibre. The Z,-action on
M?, which is defined by interchanging factors, determines the quotient spaces

AEM=M*/Z, and AM=(UM)/Z,.

Therefore, it follows that
M*=A*M—A4M .
Let
w (M2 AM) —> (A*M, 4AM),
i M*— (A°M, AM)
be the natural projection and inclusion, respectively.

LEMMA 1.3 ([19, Lemma 1.4]). For a manifold M and a cyclic group G,
there 1s an exact Sequence
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0 7*
o —> H*=YPM; *G[v]) —> HY{(AM, AM ; G[v]) —> H¥M*; G[v])
-

J
—> HY(PM ; j*G[v]) —> -+,

where G[v] is a sheaf of coefficients over M*, locally isomorphic to G, twisted
by v.

This lemma will play a dominant role for studying H*""*(M*; Z[v]) and
§:H*™3(M*; Z[v]), since the twisted integral cohomology groups of (A2M, AM)
is investigated by Larmore (cf. [19, §5]) and so is PM by Rigdon [13, §9]
and since the mod 2 cohomology groups both of (A2M, 4M) and M* are in-
vestigated in [8], and [1], [17], respectively, and that of PM is well-known,
and moreover the morphism ;* and 0 are given by [17, § 2] and [19, Lemma
1.5]. From now on, we shall make much use of notations introduced in [17]
and to represent elements of the mod 2 cohomology of M * and of the coho-
mology of (A*M, AM), respectively. For example, let

J¥fv=veHY PM; Z,).

Then there are the following relations in the mod 2 cohomology :

{1.4) 7¥o(u'@x?)= i}ov“r‘squx for xeH™(M; Z,),
(1.5) oWix)=v*'Ax for xeH*M; Z,).

§2. Actions of S¢° (=1, 2) on the mod 2 cohomology of AM*.

First, we shall study, along the lines of Thomas [17], the mod 2 cohomology
of M* more exactly than and so we assume that the reader is familiar
with [17]. Moreover we shall quote the properties referring to M* and to
spaces related to M* mainly from [17] rather than [4].

THEOREM 2.1 (Haefliger). For an n-manifold M, there is a commutative

diagram, in which each row is exact (1=0):

0—>H""M; Z,) _ Hi(M?; Z,) —> H(M*—A4M ; Z,) —> 0

r*T y Tq* TP*

0= Hi-"(P*xM; Z,) —> H(I'M; Zz)——p-+ HiM*; Z,) >0 (I'M=S"Xz,M?

|k

0= H="(P X M ; Zs) —=» H{(P=XM; Z5)—> H(PM; Z;) = 0.
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Here, the maps r, ¢, £, j are inclusions and p is a projection. ¢;, ¢, can
be thought of as Gysin maps. p is an H*(P*~; Z,)-module homomorphism defined by

(2.2) p=7p" ¥ li'*
where
P S*X g, (MP—AM) —> M* and ¢ : S*Xg,(M*—AM) —> S®X ;,M*=I'M

are the natural projection and inclusion, respectively. »* is the obvious projec-
tion. Moreover, the morphisms ¢, ¢, ¢*, k* and the mod 2 cohomology of I'M
are given in [17, §2]. To determine Ker p=Im¢, consider the certain opera-
tions Q° (:=0) introduced by Yo [21, p. 1481].

PROPOSITION 2.3 (Yo). For an n-manifold M, there exist operations
Q' : H(M; Z,) —> H®™'M; Z,)  for =0,

with the following properties:

(i) if xeHYM; Z,), then Q'x=0 for i>(n—q)/2,

(ii) @Q° is equal to the identity,

(ii) for any zeH M ; Z,) and xeH*M; Z,), {(Sq¢'x, z>=<{xQ*P.D.2),
[M71>, where <, > denotes the Kronecker pairing, P.D. is the Poincaré duality
and [M]eH,(M; Z,) is the generator.

These operations Q* (;=0) are related to the squaring operations S¢’ (7=0)
and the Stiefel-Whitney classes w,(M) of M (k=0) by the equation ([21, Corol-
lary 4, p. 1485))

(2.4) iéksquf(x):xwk, (wr=w,(M)).

(From now on, w, will stand for w,(M).) From it follows that
Q*=Sq¢*+w,, Q*=S¢*+wi+w,+w,Sq*,
Q*=0on H*M; Z,), Q*=0 on HY(M; Z,) for i=n—3.

PROPOSITION 2.6. Let x€H"(M; Z,) and let UsH"(M?*; Z,) is the mod?2
Thom class of M. Then the following relations hold:

(2.5)

-r=1)/2]

M) $U@0= " 5 wTHRQ U,

Ul@x)el* (=(Q1+t"YH*M?; Z,) if n—r=1(2),
U(1Qx)+1R(Q ™ " 2x) e [* if n—r=0(2);

[(n=-r)/2]

@) ¢WQx)= X wTTHRQQ)?  for j>0.

PrROOF. By [17, Theorem 2.4], ¢(u/@x) is of the form
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PWRx)=X,+X,, X €HXP>; Z,)QK*,  X,=I*,

where K*=(Ker(1--*))/I*. From [2.4) and [17, Proposition 2.5 (iii)] it follows
that

;’e*(Zuz—r)/z:uj+n_r—2i®(Qix)2): 2w TRQA W,
& mz0

and from the fact that ¢*¢=¢, and [17, Proposition 2.5 (v) and (2.3)], it follows
that

k¥ Xy)= Eou””‘m@xu'm.

Hence we have

T(n=-1r)/2]

Xi= % ultnrH@Qin)e,

1=0

since k*|(H*(P~; Z,)QK*) is injective by [17, Proposition 2.5]. If ;j>0, then
$r*(uw'@x)=0 and so X,=0 follows from [17, Proposition 2.5]. On the other
hand, if 7=0, then
0:7*(1QRx)=U(1X®x) in H*M?; Z,)

by [17, (2.2)] and therefore

X, for n—r=1(2),

U(lRx)r=
Xo+1R(Q 7 /2x)2 for n—r=002).

This completes the proof.

As a corollary to the proposition, the property of [17, (7.2)] holds and hence
we have

PrOPOSITION 2.7 (Thomas). Let B* be the Z,-vector subspace of H k(FMﬁ Zy)
generated by all the elements of the form w'®x®> with 2(dimx)+7=F and
jHdimx<n=dim M. Then

(1) Kerj*=p(I"),

(2) j*p : B*—Imj* is an isomorphism,

3) p : B¥-I*—~ H¥M*; Z,) is an isomorphism,

) vp(I%)=0

In consequence of (2.5), Propositions and 2.7, we have

LEMMA 2.8. Let x,=H"(M; Z,). Then the following relations hold :
D) pu@(x-*)=o0U(1Qxn-1)),
2) p(u*@(x ;= oU1Q(Sg*+wi)xy-s)),
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@) p(PR(x4-5)")=pU(1Rxx-5)),

@) p(’@(x7-2)")=p(uQUSg'+w)xn-3)* +FUAQx1-3)).

Lastly, we study the actions of Sq* (=1, 2) on H*M*; Z,).

LEMMA 2.9. Let x,cH"(M; Z,). Then the following relations hold:

D) SgpQ(x2-))=p(S¢ xn-1 Q% n-1F %21 @S¢ x0-1)  iT n=1(2),

2) Sg'o(u@(x4-2))=(n—D)pU(1Qxx-5)),

pU(1Qw1x4-2)) iy n=0,34),
p(U(1®Sg'x4-5)) if n=l,204),
@) Sg*p(1Q(x5-2)")=npUQ(xn-2)")+ P(SG X 1 -:@ X 1 -2 X n-2@SG X n-3),

(5) Sq'p(u’@(xn-5))=(n—1)puQR(Sg'"+w)xn-3)* +U(1RQxn-s)).

PrROOF. The relations (1)-(5) are seen to be immediate consequences of
Lemma 2.8 and the following fact, which is shown by Bausum [1, Lemmas 11
and 24] : if xeH"(M; Z,), then

(3) qup(u@)(xn-z)Z):{

. @+ruttQx® for >0,
Sgr(u'@x%)=
ru@x*+Sqg*x@Qx-+xQSq  x for /=0,
J(’;r)ui”@x%ui@(sqlx)i for >0,

Sg*(u'@x?)=
l (g)u2®x2+1®(Sq1x)2+qux®x—}—x®Sq'3x for /=0.

REMARK. This lemma, essentially, overlaps with the results of Bausum [1].
But his relations are not in pH*(I'M; Z,)=H*(M*; Z,) and we would like to
describe the actions of Sg¢* in terms of the elements in o H*(I'M; Z,).

§3. On the morphism i*: H*A2M, AM ; Z,) — H*M*; Z,).

By [8, Theorem 117, as an algebra over Z,[v], H*(A*M, AM ; Z,) is generated
by Ax for all xeH*(M; Z,) (k>0), where Ax satisfies the condition

(3.1) ¥ Ax)=xR1+1Rx in H*M? AM; Z,).

The purpose of this section is to determine the morphism *: H*(A*M, AM ; Z,)
— H*(M*; Z,). Since

(3.2) *tAx)=0 for >0
by Lemma 1.3 and (1.5), we prove the following

LEMMA 3.3. Let M be an n-manifold.
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p(xR1+1Qx) if dimx<n,
o(x@1+1Qx+2U) (4=0 or 1) if dimx=n.
2) If dimx-+dimy<2n, then

K AxAy)=p(xQ@y+y@x+xy@1+1Qxy).
PrROOF. Let

¢ ITM=SXz,M*?* —> A*M=M*/Z,C(A*M, 4M)

e8] z'*(/lx):{

be the composition of the natural projection and inclusion. Then the following
diagram is commutative :

(M2, AM) — M? f—) M2—AM
al § 2
3.4) x / TM «—— S*x ; (M*—AM) X )
(A°M, AM) € : M*.

Since p=p"*"""* by [2.2) it follows that

*=pqg'*.
Moreover it follows that
(3.5) pg' *(Ax)e p(I¥),

because Imi*=Ker j*=p(/*) by Lemma 1.3 and [Proposition 2.7l If k<n, then
p: H¥I'M; Z;)—~ H*M*,; Z,) is an isomorphism by Theorem 2.1, and so

g ¥ Ax)el* if dimx<n.

Now, the relation ¢*¢"*(Ax)=¢*(x®1+1Rx) holds by [3.1), (3.4) and [17, Prop-
osition 2.5] and ¢* is an injection on I* by [17]. Therefore we have
¢ Ax)=xQRL+1K x if dimx<n
and so
¥ (Ax)=pq" (Ax)=p(xR1+1Qx) if dimx<n.

If xeH"M; Z,) is the generator, then there is an element z<I[* such that
¢’ *(Ax)=pz by [3.5). Since Kerp=Im¢ and ¢H"(P*XM; Z,)=Z, generated
by ¢(1Q1), ¢'*(Ax) is of the form

¢ Ax)=z+26(1R1)  (A=0 or 1).

Hence
xRl +-1Rx=g*¢"*(Ax)=z+2U in H*M?; Z,)

by (3.4) and [17], and so
z=x@1+1QQx+AU (A=0or 1).
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Thus we have

M Ax)=pz=p(xQ1+1Qx+2U) (=0 or 1)

and the proof of (1) is complete. The proof of (2) follows immediately from (1)
and the relation U(x®1)=U(1Qx) (cf. [11, Lemma 11.8]).

§4. Groups H*"*((M*; Z[v]) and g, H***(M*; Z[v])).

We begin this section by explaining notations.

Z.{a)y denotes the cyclic group of order » (r=co) generated by a.

For ve HY(X; Z,), Z,[v] denotes the sheaf of coefficients over X, locally
isomorphic to Z,, twisted by v (»<oc0), and

pr t H(X; Z,[v]) — HYX; Z,[v]) (s=0(r) or s=o0)
and
B, H(X; Z,[v]) — H¥(X; Z[v]) (r<oo)

denote the reduction mod » and the Bockstein operator, respectively, twisted by
v. Then 5, and B, for v=0 are the ordinary ones p, and B, respectively.
Moreover, the following relations are well-known ([3] and [14]):

4.1 p2B:=Sq*,  pafe=S¢*+v.

Assume that the integral cohomology groups H*M; Z) for an n-manifold
M are of the form

Z<M> (p2M=M) if M is orientable,

HM; Z ):{
ZLBM"> (S¢'M’'=M) if M is unorientable,

4.2)
H™(M; Z)=T_(Z;n)1)Z,(m,i)<xm,i> (direct sum)  for m<n—I,

xm,i:ﬁr(m,i)ym.i (ym,iEHm_1<M; ZT(m,i))) for a(n1)<1§7(m):

where the order »(m, 7) is infinite for 1=/=<a(m), a power of 2 for a(m)<i=< p(m)
and a power of an odd prime for B(m)<i=y(m), and if a(m)<i<j=<y(m) then
either (r(m, 7), (m, 7))=1 or »(m, 7)|»(m, 7) holds.

For brevity,

(4.2) denote a(m), B(m), y(m), r(m, i), xm,; and y, ; in (4.2), respectively, by
a, B, 7, r@@), x; and y, when m=n—1,
a,: ‘8,: 7,5 r,(i)) X% and y; when m=n—2.

Using the above notations and the symbols Ax and 4(x, y) introduced
in [8], we have the theorems, postponing the proofs till §§5-6.
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THEOREM 4.3. Let M be an n-manifold (n=4) and assume that M is orien-
table or n is even. Then
H=(M*; ZD)=(+(— Lo H (M 5 Z)QH M 2)
[H*XM; 2)+H"*M; Z) if n=0(Q2), w,=0,
+ [H*YM; 2)Y+H"*M; Z,) if n=0(2), w,#0,

H"*M; Z,) if n=1(2), w;=0,
Gi+Gs if n=0(2), w,=0,
=G;+G;+4 Gi+G, if n=0(02), w,#0,
Gs if n=1(Q2), w,=0,

where

Gézlg,s“Z((l/z)i*A(xi, xXi))
+aéper(i)<(1/2>i*,§r(i)d(yiy Orci Xi)
+ 2 Ziya* ey d(yi, prayx)y (2[H*YM; 2)]),
B<isy

Gi= X Z{&*A(xi x5,

1gijsa

Go=( X 4+ 3 VZ,p<¥Erp Ay prpxi)y,

1gisa<lj<r a<lj<isy

Ge= 2 Zr’(k)<i*5r'(k)d<yl,ey Pr’(k)M)>+1 Ea Z<Z‘*A(xl:: M)

a'<ksy! <k=za’
(=H"*M; 2)),
Gr={fop(xQM'+M'Q@x)|xcH"*(M; Zo)} (=H"*M; Z,),
Ge={Bop(u@x*) | xeH" (M ; Z)} (=H"*M; Z,),

and t : M?*— M? is the map defined by interchanging factors. (The definition of
G’ for a group G is given in the introduction.)

THEOREM 4.4. Under the same condition as in Theorem 4.3, there holds the
following equation:

H,+H,+H;+H, if n=0(2), w,;=0,
g (M*; Z[v])={ Hi+H,+H+H,+H,  if n=0(2), w,#0,
H,+H;+H;+H,; if n=1(2), w,=0,

where
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Hy={pa(px@M)|xcH"*(M; Z)},
Hy={p0(0:xRQp:y) | x€cH"*M; Z), yeH" (M ; Z)},

Hy= Y ZxXpa(p:x:Qp:3)+()/r(@)po(psy:iQp2x,),

a<i<js 3

H= Y Z,Xpo(p:9:QM~+Sq'p.y:QM")>,

a'<ks S
Hy= a<2i§ﬁZ2<P0'(,02yi®szi>> ,

H={p(u@x*+0(Sqg'xQ@x))|xeH"*(M; Z,)},
H={pu@(Sq'x*+U(1Qx) | xeH"*(M; Z,)},
and o=1-+1*,

REMARK. In Theorems and 4.4, G’s and H’s, except G,, Gs, H; and H,,
are isomorphic, by 7%, to those in [19, §5].

§5. Proofs of Theorems 4.3 and 4.4 for even n.

Assume that n is even in this section and consider the exact sequence of
Lemma 1.3 for G[v]=Z[v], in which the twisted integral cohomology of (A%M,
4M) is given by [19, §5] (cf. [8]) and that of PM is given by Rigdon [13, §9]
as follows :

(5.1) (Rigdon) If n is even, then there are isomorphisms
0 2 HYM; Z) —> H(PM; Z[v]),  0(0=F0" "),
6’ : H**(M; Z)+H"M; Z,) —> H*»3%(PM; Z[v]),

0’ (x, y)=F(w" 2x+v" ).

The morphism ¢ on H®*""*PM ; Z[v]) has been studied in [19, Lemma 3.2] while
d on H®"¥PM; Z[v]) is given in the same way as before, i.e., by using (1.5),
(5.1) and [8], as follows:

03" *M)=3,(w"* AM),
8 Bx(v™2x)= F(w"* ASq%x) for xeH"*(M; Z,).
Therefore, the exact sequence in [Lemma 1.3 leads to the lemma.

LEMMA 5.2, There are two exact sequences
K “k
(1) 0— H*2(A*M, AM ; Z[v])/Imé N Her-2(M*; Z[v]) EAR (Z,) >0,

(@) o H(EM, AM; ZTo]) ——> Ho(M*; Z[v]) > (Z,)F'+5-2 0,
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such that
3) Imo=Z:B.v"*AM),
@) (Z)P={f:v"*psx) | xeH" M ; Z)},
5) (Zo)F +E-a={F,("2x+v"4Se*x) | x e H™ (M ; Z,)}.

LEMMA 5.3. In the exact sequences in Lemma 5.2, the following properties
hold :

(1) For any subgroup Z, of (Z,)? in Lemma 5.2 (1), there does not exist a
subgroup Z, of H¥*(M*; Z[v]) such that j*Z,=Z,.

2) *Bp(I®x?) = Bs(v" 2x+v"4S¢*x) for x=H" ¥ M; Z,) and so j* in
Lemma 5.2 (2) is a split epimorphism.

ProOF. To prove (1), it is sufficient to show that j*F,H?"*(M*; Z,)=0.
Now, it is shown, by |Proposition 2.7, that

H (M *; Z)=p(B*~)+p(I*"%),
Bi= (u@xt | x e H (M ; Zp)},  j*p(I™")=0.

If xeH"*M; Z,), then

7*Bp(u@x%)=fF2p: 80" 2x+v""1Sg?x)=0
by (1.4) and and hence (1) is established. On the other hand, (2) is ob-
tained in the same way as above.

PrROOF OF THEOREM 4.3 FOR EVEN n. Consider the group extension of the
short exact sequence in (1), in which the group HZ2* *(A2M, AM;
Z[v])/Imé is determined by (3) and [19, Proposition 5.4]. By using
the Gysin exact sequence of the double covering M*—AM — M* (cf. [19, (5.6)]),
it is shown that

p2Brn A5 propxi)—p:24(x5 x)€Imd for 1SiSa<j=<p or a<j<i<f.
Therefore, the g,/*-images of the generators of H2" *(A*M, AM; Z[v])/Imd are
given, by using and [19, Lemma 1.5], as follows:
pat*d(xs, x:)=0 for 1<5i<a,
pot*Brpd(y 5 prepx)=0 for a<j=8,

and the p.s*-images of the other generators of H*"~*(A*M, AM ; Z{v])/Imd, mod

odd torsion, are linearly independent in p(/**~%). Hence, from this result, Lemma

5.2 (1), (3) and Lemma 5.3 (1), [I'heorem 4.3 is established when n is even.
ProOOF OF THEOREM 4.4 FOR EVEN n. By Lemmas and £.3 it is seen that

G H23(M*; ZTv])=0*p,H* ¥(A°M, AM ; Z[v])
+1{6:5:01Qx) | xeH XM ; Z,)},
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in which the relation
ﬁzﬁzpﬂ@xz):p(u@‘xz—i—a(Sq‘x@x)) for xeH"*M; Z,)

holds by Lemma 219 and [4.I). Therefore, [Theorem 44 for even n is verified,
since *p,H?*"%(A*M, AM ; Z[v]) is determined by and [19, Proposi-
tion 5.5].

§6. Proofs of Theorems 4.3 and 4.4 for odd n.

For an orientable n-manifold M, there is an exact sequence

o*
6.1) 0—-H*"*M; Z)ﬂHi(MZ; Z) —> H{M?*—-4AM; Z)—0,

(1: M2—AMcCM?),
where

(6.2) 0(x)=U1Qx) for xeH"™M; Z)

and U=¢,(1) is called the Thom class or the diagonal class of M, e.g., by
Milnor [11]. Notice that

(6.3) ¥ (x)=(—1"¢:(x) for x=H*M; Z)

(e.g., [16, P. 305]) and that

6.4) U=xMQQL+-(—D"1QM)

mod (S H* (M ; ZYRHM ; Z)+ 5 H (M ; Z)sH"(M ; 2)).

=1 T

In the rest of this section, assume that n is odd and that M is an orientable
n-manifold.

LEMMA 6.5. The odd torsion subgroup of H*"*(M*; Z[v]) is equal to

( >+ Z Gy 3* Brny A0y, OriH X)) .

<7

> )
sisa B<i<isr

._.
i

!

3
ProOOF. By the spectral sequence argument for M*—AM—> M*— P> (cf.
[15, Theorem 2.97), the odd torsion subgroup of H**~2(M*; Z[v]) is isomorphic,
by p* to that of {xeH?"*(M*—4M ; Z) | t*x=—x}, which is easily shown to
be equal to
(12 + X )Zr(j)<{*(xj®xi_xi®xj)>

<7 i<is
;s<j°§ B<i<isr

by (6.1)-(6.4). Now, there hold the relations
pri* B dy;, pT(j)xi):{*(xj®xi—xi®xj)

for 1SiSa<j<7 or a<j<iZy,

WA
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by [19, (5.9)] and the property of being B, (v;Qpr»x:)=x;Qx;, and so the
lemma is established.

Consider, next, the Bockstein exact sequence associated with 02 [v]ﬁ
Z[v]—Z,—0. In [Proposition 2.7, it is shown that

H2 WM™ 5 Zs)={po(MQx)(=pU1Qx)) | x€H"*(M; Z,)},
H2 3 M*; Zo)={p(1Qx*)|x€H" (M ; Zp)} + Ay,
A={pU0Qx)) | xeH" M ; Z,)} +1§]_<‘2{§ﬂ22<p0(p2x;®p2xi)>
since for xeH"*(M ; Z,),
U(1@x)=1R(Sq'x)*+o(M®x) moda(H" (M ; Z,)QH" (M ; Z,)),

by (2.5), Proposition 2.6| and (6.4). Moreover, it is easily verified by Proposition
2.7 (4), Lemmas and 2.9 and that

uB0(I@x)=po(M@x)  for xeH™(M; Zy),
F2B:0u@x*)=pU(1Qx))  for xeH"*M; Z,),
F2B200(0:% R p2x:)=0 for 1=<j7<i<p.

Therefore, it follows that

g H* 2 (M*; Z[v])=A,.
On the other hand, it is shown in the same way as in proving that
p¥i*d(x;y, x)=1%(x ,Qx;— x,Qx) for 1=/<iZa,
P*l'*ﬁr(j)A(yj’ pr(j)xi>:{*(xj®xi—xi®xj)
for 1SiSa<j=f or a<j<i<f,

and by the argument similar to that used in proving for even n,
it is shown that

pot*d(x;, x)=po(px;Qpex;)  for 1=5j<i<a,
5ai* Brnd(35 0y 20)=p0(0:%,Qp2%1)
for 1sisa<j=f or a<{j<i=f.

Therefore, *4(x;, x;) is of infinite order for 1=j<i<a and *§,;,4(3j, prijXs)
is of order 7(j) for 1SiSa<j=f or a<j<i<pf, since the same is true of
*(x;Qx;—x:Qx;) for 1=i<j<B by (6.1)-(6.4). From the argument made above,
we have the following lemma :

LEMMA 6.6. There holds the following congruence mod odd torsion:
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H*2(M*; ZIv])= 3 Z<a*A(xi, xy)»

1gijsa

Zon %5  Or X))
+(1§i§a<j§ﬁ+a<]%§ﬁ) i< 13r<;)A(yJ Pr(;)x)/

+{f.p(u@Rx%) | xcH"*(M; Z,)} mod odd torsion.

Thus for odd n is given by Lemmas and
We continue to prove for odd n. at once leads to

an isomorphism
Bt Ay —> BH™ 3 (M*; Z,),
6.7) As={ou@x») | xe H*(M; Z,)}

+( > + )Zz<‘00'(szj®szi\)> ’

1siga<jsf  a<j<is$
since
25 Brn A5, pripx0)=Fai*52d(35, 0resy x0)
=F2p0(0:y;Qp2x4)

by ‘ and [19, Lemma 1.5]. On the other hand, by [Proposition 2.7,
H2*=3(M*; Z,) can be described as

H " (M*; Zy)= Ayt Ay,

A= {pU(1Qx)+uR(S¢'x)*) | xc H" (M ; Z,)}
+{00(0:2Rp:3) | x€H"*(M; Z), ye H" (M ; Z)}
+ 3 ZXpa(0:x:Q0:3;+ () r@)(0:3:Qp2x 7))

ali<js B

+a<EisﬁZz<pa(pzyi®pzxi)> .

By Lemmas 2.8, £.9 and and [19, Proposition 5.5], it is easy to see that
AsCpH?*™3(M*; Z[v]) and hence

Ag=pg.H*"*(M*; Z[v])
by [6.7). This completes the proof of [Theorem 4.4 for odd n.

§7. Coker©.

The purpose of this section is to study the condition for computing Coker®,
where

O=(sq+(*"y Yt)g o B 20 > B 2,
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Here g,H®"*(M*; Z[v]) is given by [Theorem 44, and H*""(M*; Z,) is given
by Thomas [17, §2] as follows:

LEMMA 7.1 (Thomas). There exists an isomorphism

G HY M ; Z,) —> H™3(M*; Z,)
defined by
H(x)=po(x@M)= p(x@M+MRx) .

LEMMA 7.2. Let M be an n-manifold (n=4) and assume that n is even or M
is orientable. Then ImO is a Z,vector space genmerated by the elements listed
below :

(1) pa(Sg?p:x@M) for xeH" (M ; Z) if n=0(2),
(2) po(S¢?0:xRp:y)  for xeH**M; Z), yeH" M, Z),
(3)  p0(0:2:5¢%0:;+(1)/r@))NS¢*0:y:Rp2x;)  for a<i<j=S,

(4)  pa(S@p:9:QM+Sq*Sq 0.3:QM")  for o/ <k=p’
if n=0(2) and w,+#0,

(5) p0(S¢°0,y:Qp2x:)  for a<i=p if n=1(Q2),
6) { p(0(Sq*xRS¢*x)+U(1RSq" x)) for xeH"*M; Z,) if n=04),
p(0(Sq*x@S¢*x)+U(1Qw; x)) for x€H™?*M; Z,) if n=24).

2n—1
2

and the element in (7) in the lemma appears for 1=/=<6, while S¢*H,=0 is

verified by using [Proposition 2.6/(1), Lemma 2.9 and the equation (cf. [11])

PROOF. On calculating <Sq2+( )vz)Hi with the help of Lemmas

SqU=U1Qw;) in H¥M?; Z,).

REMARK. The elements of (1) for odd n (not necessarily w,=0) always
belong to Im® and so do those of (4) and (5) for odd n and w,#0. For these
elements belong to Sq%*§,H*"~*(A*M, AM ; Z[v]) by Lemma 3.2 and [19, Prop-
osition 5.5].

COROLLARY 7.3. Assume that the integral cohomology groups H'(M ; Z) for
n—3=i=n are given as (4.2). Then, with the assumption of Lemma 7.2, the
following information suffices to determine Coker® :

(i) The action of Sq* on H(M ; Z,) for i=n—2, n—3,

(ii) The action of w, on H**(M ; Z,) for n=2(4).

Proor. This is an immediate consequence of Lemmas and [7.2, because
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the action of S¢* on H¥(M ; Z,) is determined by the structure of the integral
cohomology group of M.

REMARK. The action of S¢* on Hi(M ; Z,) (i=n—2, n—3) is given by (2.5)
above as follows :

(wy+whx for xeH"*M; Z,),
S¢*x=
(wet+wi+w,Sq") x for xeH"3M; Z,).

COROLLARY 7.4. Let M be an n-manifold (n=4). If one of the conditions
(i), --+, (iv) below is satisfied, then Coker @=0:

(1) Sq*p.H"M; Z)=H""M; Z,),
(ii) w,=0 and S¢*p.H"*(M; Z)+#0,
(i) w,#0, SPH"*(M ; Z,)=H" M ; Z5)
and either wi=w, or Sq*p.H"*(M ; Z)=0,
(iv) n=214), w,#0 and w,p.,H"*(M; Z)=H" M ; Z,).

PrROOF. By Lemma 7.1|, the conditions (i), ---, (iv) imply that @ is surjective
by the elements in (1), (2), (1) and (4), and (6) of respectively.

REMARK. By and the remark following this corollary
is valid for the case when n=1 (2) and w,=+0.

§8. Proofs of results in the introduction.

Let n=6 and let M be an n-manifold such that n=0(2) or w,=0. Assume,
further, that there exists an embedding of M in Euclidean (2n—1)-space R*"~'.
As is stated in §1, there is a bijection, as a set,

[MC R Y]=H**M*; Z[v])XCoker 6 .

Therefore, follows from [Theorem 4.3 and [Corollary 7.3 If M is a
spin manifold, then w,=w,=0 and so S¢*=0 on H¥M ; Z,) for i=n—2 and n—3
by the remark following Therefore by Lemmas [7.1 and [7.2, it is

shown that
! { {pa(Sqg*'x@M) | xeH"*(M ; Z,)} if n=004),
me&—=

otherwise,
and hence that

HXM; Z,)/S¢*H"*(M ; Z,) if n=004),

Coker ® = { ]
H™™YM; Z,) otherwise .
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This and [Theorem 43 lead to Propositions 3 and 4 are obtained
from Theorem 4.3 and Corollary 7.4.

We conclude this paper with proving Proposition 5. The Dold manifold
P(m, n) of type (m, n) of dimension m-2n is obtained from S™XCP™ by identi-
fying (x, z) with (—x, 2), S™ and CP™ being the m-sphere and the complex
projective space of complex dimension n, respectively. In particular, P(m, 0)
and P(0, n) are the real and the complex projective spaces. Dold [2] has stated that

(8.1) P(m, n) is given a cell decomposition with z-cell (C;, D;) for every pair
@, 7 @, j=0), for which i+2j=k=<m-+2n, and the boundary operator
satisfies

(1+(_1)i+j)(ci—1, Dj) for l>0,
0(Cs, Dj):{

for 7=0.
Let C'D’ denote the cochain which assigns 1 to (C;, D;) and 0 to all the
other (7+42j)-cells or its integral cohomology class if it is a cocycle, and let c?d’

denote the mod 2 cohomology class defined by C:D’. Then, in [2], it is shown
that

H*(P(m, n); Zs)=Z,[c]/(c™)RZ.Ld]/(d"*"),
S¢'d=cd, w,(Pm, n))=@m+n-+1c,

8.2)

where ¢=c'd’ and d=c"d".
The integral cohomology group of P(m, n) is determined, by using (8.1), as
follows :

(8.3) If m, n>0, then
Z o Boc™2d™)> for m+n=1Q2), m=2,

H™2r=YP(m, n); Z)=y ZLLC™ D™ for m+n=1(2), m=1,
0 for m+n=0(2);
Z K Bole™ 1™ for m+n=1Q2),

ZLCTM DM+ Z o Bale™2d ™))
for m+n=0(2), m=3,

Z{C™mD Y+ ZLCm2 D"y
for m+n=0(Q2), m=2,

H™2=2(P(m, n); Z)=

ZLCmpr-ty for m+n=0(@2), m=1;
( Z,{c™3d™) for m-+n=1(2), m=3,
e H™ =3 P(m, n); Z)=3 0 for m+n=1(2), m=1, 2
1 Zlemdnty for m+n=002).
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From [Theorem 4.4 and (8.3), we see easily that, under the condition
(%) m=1, n=1 and either m+n=1(2) or m=0(2),
there hold the relations
8.4) g H*™H¥(P(m, n)*; Z[v])
=Zpo(c™ 1 d"Rc™d" 1))+ Zp(u@(c™d™ 1))
+Z:p(u@(c™2d")+a(c™ 1 d Q™2 d™M))
+{ ZLpa(c™*d™Qc™d™)) for m=0@2), m=4, n=12),

0 ' for m=2, n=1(Q2),
Spa(c™d ' Qc™d™) for m=0(@2), n=0(2),
Spo(c™1d"Qc™d™ 1) for m=12), n=02).

By Lemmas 2.8 and 7.1, (8.2) and (8.4), it is easy to see that if the condi-
tion (%) is satisfied then

Z, for n=3(4) and either m=0{4) or m=2,
(8.5) Coker@=
0 otherwise .

Therefore, follows from Theorems 1 and 4.3, (8.3) and (8.5).
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