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Introduction.

The present study deals with the problem whether, given a function f (or
a vector field v) on a closed subset Y of a manifold X, there exists a function
F (or a vector field V) on the manifold X such that the restriction of F (or V)
to Y coincides with f (or v) itself. In general, the function F (or the vector
field V) may not be unique, and hence this problem requires an additional condi-
tion in order that F (or V) is unique.

An interesting example concerning this problem is the celebrated Chevalley
isomorphism with respect to the complex simple Lie algebras. This turns out
more clearly if we employ Kostant’s identification: When X=g, a complex simple
Lie algebra and Y =&, a transversal slice at a given regular nilpotent element
Z of the G-orbit of Z (G denotes the adjoint group of g), there exists, for any
polynomial f on Sz a unique G-invariant polynomial F on g such that the restric-
tion of F to Sz coincides with f. Here, according to Kostant [7], S, can be
identified with the quotient space §/W of a Cartan subalgebra §) of g under the
action of the Weyl group W. Hence the above statement is readily paraphrased
as the Chevalley isomorphism

ITg]=CLy/W].

Here I[g] denotes the algebra of G-invariant polynomials on g and C[§/W]
denotes the coordinate ring of )/W=S,. It should be noted that §/W is isomor-
phic to the affine space C' (/=rank g) and therefore C[%/W7] becomes a polyno-
mial ring.

The above example suggests us to inquire to what extent the isomorphism
holds even if the functions are replaced by the vector fields.

In this paper, we shall show that it is possible to define the vector fields on
g such that 1) they are invariant under the adjoint action and 2) the restrictions
of them to §/W=S, form a system of generators for the Lie algebra of vector
fields on §/W logarithmic along the discriminant set of §/IV. As for the loga-
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rithmic vector fields on §/W, see for detail where we were mainly con-
cerned with the microlocal structure of a complex power of the discriminant
polynomial on §)/W and examined such vector fields in greater detail. Such vector
fields are also considered by several authors from several points of view: for
example, Solomon [12], Arnol'd [1], Saito [10], Givental’ [4]

The organization of this paper is as follows. In §1, we give preliminaries
on the simple Lie algebras and introduce a transversal slice of a regular nilpotent
element along the line of Kostant [7]. In §2, we discuss on the centralizer of
any element of the transversal slice which is the main tool to obtain the main
results stated in §3. In §4, we end with supplementary results and concluding
remarks.

§1. A standard transversal slice of a regular nilpotent element.

(1.1) We begin with giving standard notations concerning the simple Lie
algebras. Let g be a complex simple Lie algebra of rank / and let g, be its
normal real form. If g,=%,+p, is a Cartan decomposition of g,, where ¥, is a
maximal compact subalgebra of g,, and f:f0(§)0 and p:pO@C, then g=f+p isa

direct sum decomposition of g. The adjoint group of g is denoted by G and B(-, )
denotes the Killing form of g. For any X<g, let Z,(X) be the centralizer of X
in g.

(1.2) Let b denote a Cartan subalgebra of g contained in p (this is actually
possible because g, is a normal real form of g). Let 2 and W be the root system
and the Weyl group of (g, %)), respectively. We fix an order on 2.

(1.3) We denote by C[g] (resp. C[h]) the algebra of polynomials on g (resp.
%) and by C[g]¢ (resp. C[H]") the subalgebra of C[g] (resp. C[§]) consisting of
G-invariant ones (resp. W-invariant ones). Then, as is known, C[g]¢ is generated
by [ algebraically independent homogeneous polynomials P,, ---, P;,, and the
restrictions of these polynomials to Y are also algebraically independent and
generate C[Y)J%. If d;=degP; (1=i<[), it is always possible to assume that
di=2<d,< - =d;.,<d; (cf. [3]. The maximal number d, is often called the
Coxeter number of W.

(1.4) We consider the characteristic polynomial of any element X of g:

P(4, X)=det (A ,—ad, (X)) (n=dimg),

which is always divisible by 2%, and hence D(X)=[2"'P(, X)],-, is a polynomial
on g and has the following properties:

(1.4.1) D(X)eC[g]°,
(1.4.2) D(H)= Hs a(H)  for any He).
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It follows from that D(X) is written as
D(X)=F(P\(X), ---, P(X))

with a polynomial F(P,, ---, P,) of Py, ---, P,.

(1.5) Let X, be a regular nilpotent element of g contained in p. Such an
X, actually exists (cf. [8]. Then it follows from [8, Prop. 4] that there exist
H,=t and Y,=p such that

(L.5.1) LH,, Xo1=2X,, [H, Y,]=-2Y,, [X, Y.l=H,.

The relation implies that a=CX,+CH,+CY, is a subalgebra of g isomor-
phic to 8l(2, C). Note that Y, is also a regular nilpotent element of g. The
following lemma is also known and useful (cf. [8, Prop. 8]).

LEMMA (1.5.2). (1) dim Z(Xy)=dim Z (Y ,)=L.

(2) Z(X)CThp, Z(Y)Th.

The adjoint action of H, leaves Z,Y,) invariant and the eigenvalues of
ad (H,)|Z,Y,) are given by —n,, ---, —n;, where n,+1, -+, n,+1 are the dimen-
sions of the irreducible components of g as an a-module. If we assume n,=n,

< .- =n; then di:%nﬁ-l (1=:=l), where d; is the degree of P; (cf. (1.3)).

In particular, each n; is even. We choose a basis uy, -+, u; of Zy(Y,) in sucha
way that each u; is an eigenvector of ad(H,) with the eigenvalue —n; Put
vi=ad (Xo)"(u;) (1=i=[). Then vi, -, v; span Z,(X,). We can choose u;, -, u;

so that B(u;, v5)=0 ({#s) and B(u;, vi)#0. Then v;= vi 1=/ also

1
B(u, vi)
form a basis of Z X, and B(u; v;)=0;; (Kronecker’s delta). We may take
1 5

B(X,, Yo) "

For the results of this paragraph, see [7]

(1.6) Put Sx,=X,+Z,Y,). Then the following result is fundamental.

u1:Yo and V1=

THEOREM ([7, Th. 0.107). Let g, be the totality of the regular elements of g.
Then Sx, is contained in g,. Moreover, for any element X of g,, the G-orbit of
X intersects with Sy, at one and only one point.

We note that for any XeSx,, Z,X) is abelian (cf. [6, Prop. 117]), and, in
addition, if X is regular semisimple, Z,(X) is a Cartan subalgebra of g.

(1.7) Consider the invariant morphism X:g—)/W defined through U(X)=
(PyX), -+, Pi(X)) (cf. (1.3)). It follows then from (1.6) that the restriction of X
to Sx, is a bijection between Sy, and §/W. This tells us that we may take
Py, ---, P, such that

(1.7.1) Pi<X0+j§Zjuj>:2i (1=i<))
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for any (4, ---, 4,)=C"'. Accordingly, A=(4,, ---, 4,) is regarded as a coordinate
system of both Sy, and f)/W. Hereafter we use the notation:

4
X=Xk, -+, )=Xort 3 Ak

Then, for instance, the discriminant polynomial D(X) on g is written on Sy, as
D(X(D))=F ) (cf. (1.4)).

§2. The centralizer of an element of Sy,

In this section, by regarding 4, ---, 4; as indeterminates commuting with any
element of g, we look for the elements of g®C[A] which commute with X(A).
This kind of centralizers will play a basic role in the next section.

(2.1) Let us define an affine ring ® by R=C[4,;, -+, 4,] and a vector field
l

E by E= Z:dizi’agw. For any integer d, let Ry={f€R;Ef=df}. Then R=
=1 i
> Ra.

az0

By assuming that each 4; commutes with g, we extend g to a Lie algebra
@:g@ﬂ over the ring R. Since ad(H,) is naturally extended to an endomorphism
of §, we decompose § into eigenspaces of ad(H,) such that @z@}@(k) with §(k)=
{Z(AHed:ad (H)Z(A)=kZ(A)}.

We now turn to a determination of Z(X()={Z)<=d:[XQ), Z(2)]=0}.

PROPOSITION (2.2). (1) For any i (1=i=l), there exists a unique element
Xi(2) of Zy(X(R)) satisfying the condition B(Xy(4), u;)=0d;.

(2) The element X;(A) has the following properties.

2.2.1 (5 2d (H)+E) X(D=(d—DXD),

@22 BUXR), XM= gy dede,

(2.2.3) XA Ep(?.CR .

(3) The Lie algebra Z(X(2) is abelian and is spanned by X,(A), -, Xi,(A)
over R.

Proor. (1) Let T;(A)=d(y) for any f, and consider an element X;(2) of the
form '

XiD=v;+ 2 T,
J<ng

with the proviso that
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(2.2.5) T;AelY,, il for any 7.

We first show that such an element X,(2) actually exists. Since [v,, v;]=0, the

equation [(2.2.4) is written as
4 l
2 [Xo, THO1+ 2 Aluw, v+ 2 2 2elur, T5A)1=0.
<ni k=1 E=1j<n;

Inspecting the §(;j+2)-components of the equation, we readily have

226)  [X, TW)=_ 3 Al ud= 3 Wlus, Ta@].

i~Np= N p=j+2

Suppose that for a fixed j, Tx(1) (k>j) have already been given. Then since
ad (H,) : [ X,, §1—LY,, 3] is bijective, it follows from [2.2.5) and [2.2.6) that T ;(2)
for the fixed ;j is determined uniquely. Thus all of T (1) are determined uniquely
by induction. Accordingly, X; commutes with X(A1). By definition, we have
T 2)=0 for any j so that X;(0)=v,;. Then, because of the choice of u;, -, u,
and v,, -+, v; in (1.5), we have B(X;(4), u;)=DB(v;, u;)=0;;. 'The uniqueness of
1

v obs B, Vo)~ %

(2) Let E=—2—ad (Hy)+E—1. If we decompose X;(2) into the sum of the

X,(2) is nearly obvious. We note that X,(1)=

eigenvectors of E :

X=X  such that EXH)=EX%A),

then it follows from EX()=0 (cf. [L7.1) that E(CX(), XX =E[XQ), X4A)]
and therefore [X(A), X%(A)]=0 for any k. Since Eviz(di—Z)vi (cf. (1.5)), we
have X$:-%(2)#0. Then the uniqueness of X;(1) implies that X;(A)=X?%:"%2). By
the same token, we can justify by noting that @zf(%).% +p(§)ﬂz is a direct

sum decomposition.
Next we go to a calculation of B(X,(), X;(1)). We first write X,;(1) as_

@2.7) XD=vit 2 fa@ust Xi(h

with f;:AeR, XiAHelX, §IJNLY, . Then the condition [ X,(2), X;(A)]=0is
paraphrased as

2.2.8) 2 fulvs usl+ 2 Fu®luy, v+ o, X1

+ 3 f(Wwp, XiAI=0.

On the other hand, by direct calculation, it is easily seen that



152 J. SEKIGUCHI

B(lvs, usl, H)=0:n4,
(2.2.9) B([v,, Xi(A)], H)=0,
B([u;, Xi(A)J, H)=0,
which, together with shows that
(2.2.10) nyfi(A)—n;f1:(A)=0.

Using this and the expression [(2.2.7), we can eventually obtain

B, XiW)= 2 FuDBs, u)+ B f1e@Blus, v2)

:fm(lz)’f‘fli(z)
1
=——0——d;4;.
B(XO) YO)
Here we have made use of the relations f”('z)zﬁ(_}(_l‘?')"zf' n;=2 and d;=
(12} 0
—;—m—{—l.

(3) For any given Z(A)eZ(X(4)), we consider
Z'N=Z(0)— BBZW, 2)X).

Then Z’(4) is contained in [Y,, §] which is the orthogonal complement of Z(X,)
with respect to the Killing form B. On the other hand, it is possible to write

A '(2)=§ Zy2)

with Zj3(A)<d(j). It follows from the above definition that each Zj(4) is contained
in [Y,, §]. Suppose now that 2 is the number such that Zj(2)=0 for j>% and
Zi(A)+#0. Then from the condition Z’(2)&Z(X(4)), we must have [Z,(2), X,]=0.
This contradicts the assumption. Therefore Z,(X(4)) is spanned by X;(1), -+, Xi(2)
over R. Lastly, Z,(X(2)) is obviously abelian (cf. (1.6)). Q.E.D.

PROPOSITION (2.3). For any Z(A)eZ(X(A), we can assert that
(1) There is a unique element U(X) of f(?.CR such that

(2.3.1 Z()= T BEZQ), XWue+[XD), UD].

(2) If B(Z(A), Xi(A)=0 for i=1, ---, I, then Z(2)=0.

PROOF. (1) Due to 2.2), X:(), -, Xu(A) span Z,(X(2) over R,
and hence it suffices to show for each X,(1) (1=/=[). Let us take an
element U,(2) of f@ﬂ of the form

V==LV o vl 3 QU
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with Q;(2)={( j)f\f@fR, and consider the equation

XiD= oW, +LXD), U]

with A;;()€R. By an argument similar to the one used in the proof of Proposi-
tion (2.2) (1), we can determine U;(1) and h;;(4) uniquely. We shall next show
that h;{(2)=B(X(A), X;(A)). Since B(u, Xj(A))=0; (cf. Prop. (2.2)) and since

B([X(4), Ui(A)], X()=—BU;(4), [X(Q), X;()]=0,
we have
B(Xi(4), X{))= é)lhik(l)B(uk, X))+ B(LXW), U], X))
:h“(l) .

(2) It is sufficient to show that if U(2) is an element of f@gz such that
[XQ), UQ)IeZ(X(2), then U(A)=0. We write U(2) as U(Q)=2U;() in terms
of U j(x)Eg(]‘)mf@R for all ;. We now assume that for some k, U;(A)=0 (> k),
and U,(A)#0. Then the equation

LX), LX), UW)T]=0
implies that

[Xo, [Xo, Ux(2)11=0.

Then U,(2) is contained in Z,(X,). Since ad(X,):[d, Y,]—[d, X,] is bijective
and U,D)elg, YV,], we have

Ui)=ad(Yo)( 2 . FADX ()
nj—2—
for some f;(A)®R. Then
U'(A=UA)—ad (Y ,)( Z_kf A X(4))
nj-2—

is contained in f@ﬂ, and if we write U'(A)=2Uj) with U J-(Z)e@ﬂf(%)gl, the
J

assumption implies that Uj(4)=0 (;=k). Continuing this process, we finally ob-
tain that U(2)=ad (Y ,)Z(2) for some Z(2)Z,(X(4)), and hence

LX), UWI=LLX(), Y], Z(D)]
=[H,, Z(2)].

Since for each ¢ (1=/=/), [H,, X;(A)]—n;X;(2) is not zero and is contained in
[Y, @], (2.2) (3) implies that [H,, Z(4)] is not contained in Z4(X(4)).

This contradicts the assumption. Hence the claim. Q.E.D.
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§3. Main results.

In this section, we shall show that there is a natural bijection between the
centralizer Z,(X(2)) of X(2)€Sx, and the Lie algebra of the vector fields on
h/W logarithmic along the discriminant set of /.

(3.1) Asin §1, we regard 1=(4,, ---, 4;) as a coordinate system on the
quotient space S=§/W of § by the Weyl group W. If f(X) is a G-invariant
polynomial on g, we put f(A)=f(X(2) for any X(A)eS x, ldentifying Sy, with
S (cf. (1.7)), we regard F(2) as a polynomial on S. In particular ﬁ(l):D(X(Z))
=F(4) (cf. (1.7)).

(3.2) We denote by &r the totality of the vector fields L on S with polyno-
mial coefficients such that LF(A)e R F(2). Then the following facts are available
(cf. [12, 117):

(3.2.1) For each 7 (1=5i<1), there exists a vector field Li=g&r of the form

5
Aigg+ Zmi 5 az :

where m;;(A) e R.

(3.2.2) The Lie algebra ¢y is a free ®-module of rank /, spanned by L1, -+, L;
over R.

(3.3) Let Z(A) be an element of Z,(X(4)). Then we associate with Z(1) a
vector field

: 5
La= 3 BEZQ), XD)55

on S. For the sake of simplicity, we put L;=Ly, (1=/=/). Note that B(X,, Y,)L,

=__é1d¢21—aaT:E (cf. (2.1), (2.2)). One of our objectives is then to show that

L, -, L, span Gz over R.

THEOREM (3.4). Let f(X) be a G-invariant function on g. Then for any
Z(A) e Z (X)), we have

(3.4.1) L XDHZWD)|_=(Lf)D).
PrROOF. It is easy to show that if f(X) is contained in C[g]% we have
(3.4.2) L fxry, x| =
t=0

for any X, Yeg. Then this together with (2.3) justifies the follow-
ing calculation :

(Lo D= fXD+ 3 BEZ@, X))
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:_d‘% FXDH+HZN)—TXWD, U

t=0

:?dt—f(X(Z)-{—tZ(X)) e Q.E.D.

LEMMA (3.5). For any Z(A)=Z(X(R)), there exists a polynomial CzA)ER
such that

(3.5.1) D(Z(A)=Cz(AHF(4).

PrROOF. We recall that X(4)€Sy, is regular semisimple if and only if F(2)
#0. Therefore, if F(4)=0, then X(4) is not semisimple and Z,(X(2)) is not a
Cartan subalgebra of g. Since dim Z,(X(4))=/, this means that not every element
of Z,(X(2) is semisimple. Let Z(A)=Z(4);+Z(A), be the Jordan decomposition
of Z(2) (€Z4(X())), that is, Z(2); (resp. Z(2),) is the semisimple (resp. nilpotent)
part of Z(2). Then in this case, Z(A4);is not regular. Since D(X) is G-invariant,
we have D(Z(A)=D(Z(A);)=0. Here we used the following fact: for any Xe<g
and feC[gl% f[f(X)=f(X,) (X, is the semisimple part of X). We have thus
proved that if F(1)=0, then D(Z(4))=0. Since F(A) is a reduced polynomial and
D(Z(A)) is also a polynomial, D(Z(2)) is divisible by F(1) and the lemma is
established.

(3.6) We are now in a position to state and prove the main theorem.

THEOREM (3.6.1). For any Z(A)=Z (X)), the corresponding vector field L,
is contained in Gr and the map Z(A)— Lz is a bijection between Z,(X(2)) and Gp.
In particular, L,, ---, L, span Gp over R.

PROOF. For any Z()eZ,(X(2), X(A)+tZ(4) also belongs to Z,(X(4)). Then
by use of the notation in Lemma 3.5, Cxy;z(4) is contained in ® and is also a
polynomial of f. Define

d

2 D=—CrrrizD)| _ -

Then it follows from (3.5) and (3.4) that

(LeF Y= DXD+ZD)| _

d
= - Cxeez WF (D)

t=0

=cz(DF(A).

This readily implies that for any Z(Q)eZ,(X(4)), L is contained in Gp.
(2.3) proves that the map Z(4)—L; is bijective. On the other
hand, L; defined in (3.3) can be written in the form
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Li:

1 a l a -

in view of (2.2), so that L,, -+, L, span @r over R as justified from
(3.2). The theorem is thus proved.

REMARK (3.7). The Lie algebra ¢ of vector fields does not depend on the
type of the corresponding simple Lie algebra but only on the associated Weyl
group. Since the Weyl group of type C; is isomorphic to that of type B, this
remark implies that the Lie algebra of the logarithmic vector fields for the simple
Lie algebra of type C, is isomorphic to one for the simple Lie algebra of type B,.

(3.8) We finally show a connection between the invariant vector fields on g
under the adjoint action and the logarithmic vector fields L, :--, L, defined
above.

Since the map ¢:GXSx,—g defined by ¢(g, X(1)=Ad(g)(X(4)) is regular
and its image coincides with g, (cf. (1.6)), we can define the basis {M,(X), -,
M(X)} of Z,(X) for any Xeg, in such a way that M,(Ad(g)(X(A))=Ad (g)(X;(2)
(1=:/=<!l). Noting that codimy(g—g,)=2, we conclude that M,(X), ---, M, (X) are
uniquely extended to the whole space g as holomorphic functions of X. In terms
of M,(X), we introduce the vector field M; on g by taking the tangent vector
of M; at X as M;(X). Then the following theorem is a direct consequence of
the definition of M, as well as (3.6.1).

THEOREM (3.8.1). (1) The vector fields M,, ---, M, are invariant under the
adjoint action and arve linearly independent over C[g]. Here C[g] denotes the
algebra of polynomials on g.

(2) Defining c(X)=cyx(P:(X), -+, Pi(X)) (cf. the proof of (3.6.1)),
we have

MD(X)=c(X)D(X) (1=i=]).

§4. Supplementary results and concluding remarks.

We here collect miscellaneous remarks, some of which are related with the
results in the main text and some with further outlook.

(4.1) First we note how M,, ---, M, given by (3.8) are realized in the case
of g=8l(n, C). Let us denote by M(X), ---, M (X) the centralizers of X=g

(!l=n—1 in this case). We also define Ni(X):X"»%(trXi)ln (1=:ZD). If X is

regular, then the set {N,(X), ---, Ny(X)} is a basis of Z4(X). It easily follows
from this and (3.8) that there are G-invariant polynomials p,;(X) and ¢;;(X) such
that

M(X)="5, piXIN;X),



Invariant vector fields 157

Ni(X)z;g]lqﬂ(X)Mj(X) .

It seems to be interesting to determine the polynomials p;;(X) and ¢;;(X), but
this remains unsolved.

(4.2) We here give a remark concerning the system of generators for C[§]%.
The subject of was to define uniquely a system of generators for C[H]¥
satisfying an appropriate condition. The condition adopted there is connected
with the theory of the primitive integrals developed by K. Saito (cf. [10]. On
the other hand, if 4, ---, 4, are as in (1.7), then under the identification Sy, =b/W,
they also form a system of generators for C[§]”. We must note here that the
system of generators for C[%]¥ in and the system {4,, ---, 4;} in this paper
are essentially different. But it is interesting to ask whether there is a significant
relation between these two systems of generators. In addition, what kind of the
structure on g corresponds to the linear structure on the quotient space §/W?
We should mention that to look for a breakthrough of these problems has been
one of motivations of this study.

(4.3) We give here a comment on the discriminant polynomial F(2) defined
at (1.4). If F(A) is regarded as a polynomial of A, we have

(4.3.1) FA=aoAi+a,(A)A7 - +ad),

where A’=(4,, ---, 4,-1) and a, is a constant. It was shown in and
(also in [2]) that a,#0. This fact is inevitable in introducing the linear structure
on §/W mentioned in (4.2). The proof in and employed an important
property of the eigenvalues of a Coxeter transformation of the Weyl group. We
remark however that the fact a,#0 can alternatively be proved in the case of
the Weyl group by use of a result of Kostant [7]:

PROPOSITION (4.3.2). If A,#0, then F(O0, ---, 0, A,)%0.

PROOF. It is shown in [7], by introducing the notion of a cyclic element of
g, that an element X of g is cyclic if and only if P/(X)=0 (1<:</—1) and
P(X)#0. Here P,, ---, P, are the fundamental invariant polynomials on g (cf.
(1.3)). Then, by definition, X(0, ---, 0, 4;) is cyclic. On the other hand, if X
is cyclic, then X is regular semisimple and in particular D(X)+0 (cf. [T).
Therefore F(0, ---, 0, 2)=D(X(0, ---, 0, 4;)) 0. Q.E.D.

(4.4) Finally a possible interpretation of Theorems (3.6.1) and (3.8.1) is added.
In his famous study on invariant eigendistributions, Harish-Chandra established
a method of separation of variables on differential operators on an open subset
of g. To explain briefly the idea in [5], let X be a general nilpotent element of
g and let Sy be a transversal slice at X of the G-orbit of X. Then for any
differential operator P(X, dx) on an open subset 2 of g containing X, we obtain
a certain differential operator on Sy/\2, which is called the radial component of
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P(X, 0y). In particular, Harish-Chandra obtained an explicit expression of the

radial component of the Euler operator on g. One thing we should like to stress

here is that since X1(2)=~B<—1—Y~)X(Z), B(X,, Y, M, is nothing but the Euler
0y 0

operator. Then using the notion of the radial component, we are led to restate
(3.6.1) (and (3.8.1)) as follows.

(4.4.1) Let X, be regular nilpotent with Sy, the transversal slice defined in
(1.6). Then the logarithmic vector fields L,, ---, L; in (3.3) are the radial com-
ponents on Sy, of the G-invariant vector fields M, -+, M, in (3.8).

It should be noted that the radial components L,, ---, L; here are just the
one we termed the restriction of the vector fields at the beginning of the In-
troduction.
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