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1. Introduction.

Let $P$ be a topologically embedded K\"ahler submanifold of compact closure in
a complete K\"ahler manifold $M$. Denote by $V_{P}^{M}(r)$ the volume of a tube of radius
$r$ about $P$. I shall give inequalities for $V_{P}^{M}(r)$ in terms of the Chern classes of
$P$ and $M$ that depend on the sectional curvature of $M$. These inequalities are
generalizations of Weyl’s formula [WY] for the volumes of tubes about submani-
folds of Euclidean space.

Let $F$ be the K\"ahler form of $P$ and denote by $\gamma_{c}(R^{P}-R^{M})$ the $c^{th}$ Chern
form of $R^{P}-R^{M}$ , where $R^{P}$ and $R^{M}$ are the curvature operators of $P$ and $M$.
Also let $K^{M}$ denote the sectional curvature of $M$, and let $n=\dim_{C}M,$ $q=\dim_{C}P$.

THEOREM 1.1. Suppose $r>0$ is not larger than the distance from $P$ to its
nearest focal Point.

(i) If $K^{M}\geqq 0$ then

(1.1) $V_{P}^{M}(r) \leqq\sum_{c=0}^{q}\frac{(\gamma_{c}(R^{P}-R^{M})\wedge F^{q- c})[P]}{(n-q+c)!(q-c)!}(\pi r^{2})^{n- q+c}\leqq\frac{(\pi r^{2})^{n-q}}{(n-q)!}$ vol $(P)$ .

(ii) If $K^{H}\leqq 0$ then

(1.2) $V_{P}^{M}(r) \geqq\sum_{c=0}^{q}\frac{(\gamma_{c}(R^{P}-R^{K})\wedge F^{q-c})[P]}{(n-q+c)!(q-c)!}(\pi r^{2})^{n- q+c}$ .

(iii) If $M$ has nonnegative holomorphjc bisectional curvature, then

(1.3) $V_{P}^{M}(r) \leqq\frac{(\pi r^{2})^{n-q}}{(n-q)!}$ vol $(P)$ .

COROLLARY 1.2. If $P\subset C^{n}$ is a Kahler submanifold and $r>0$ is not greater
than the distance from $P$ to its nearest focal Point, then

(1.4) $V_{P}^{c^{n}}(r)= \sum_{c=0}^{q}\frac{(\gamma_{c}(R^{P})\wedge F^{q-c})[P]}{(n-q+c)!(q-c)!}(\pi r^{2})^{n-q+c}$ .
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Corollary 1.2 is a consequence either of theorem 1.1, or Weyl’s tube formula
together with an algebraic lemma (Lemma 2.3) about powers of curvature tensor
fields of K\"ahler manifolds. Griffiths [GS] observed the form of the right side
of (1.4), but he did not determine the value of the coefficients.

The rest of the paper will be devoted to generalizing Corollary 1.2 to com-
plex submanifolds of K\"ahler manifolds of nonzero curvature. In Section 3 I shall
prove

THEOREM 1.3. Let $P^{2q}$ be a top0l0gically embedded complex submanifold (of

real dimension $2q$ ) with compact closure in a space $M(\lambda)$ of constant holomorphjc
sectional curvature $4\lambda$ . Then the volume $V_{P}^{M(\lambda)}(r)$ of a tube of radius $r$ about $P$

in $M(\lambda)$ is completely expressjble in terms of the Kahler form $F$ and the Chern
forms $\gamma_{1},$

$\cdots$ , $\gamma_{q}$ of P. More precisely when $\lambda>0$

\langle 1.5) $V_{P}^{M(\lambda)}(r)= \sum_{d=0}^{q}C_{d}(\lambda, F, \gamma_{1}, \cdots , \gamma_{d})(\sin\sqrt{\lambda}r)^{2(n- d)}$

where
$C_{d}( \lambda, F, \gamma_{1}, \cdots \gamma_{d})=\frac{(-1)^{d+q}}{(n-d)d!}(\frac{\pi}{\lambda})\sum_{a\Rightarrow 0}^{n- qq- d}D_{da}(-\frac{\pi}{\lambda})^{a}(q-a+1)$ ! $(\gamma_{a}\wedge F^{q- a})[P]$

and $D_{da}= \sum_{b=0}^{q- d- a}\frac{1}{b!(q-a-b+1)!(q-a-b-d)!(n-q+a+b}\overline{-1)!}$ When $\lambda<0$

one puts $\sinh\sqrt{|\lambda|}r$ in place of sin $\sqrt{\lambda}\gamma$ in (1.5). (Formula (1.5) reduces to (1.4)

when $\lambda=0$).

For theorem 1.3 the Chern forms of $R^{P}-R^{M(\lambda)}$ must be calculated in terms
of those of $R^{P}$ . This computation is carried out in Section 3. Katz [KA] has
performed similar calculations for complex hypersurfaces. It should also be
remarked that for the case $\lambda>0$ Flaherty [FL] and Wolf [WO] have obtained
tube formulas in which the tube coefficients are shown to be metric invariants.
The formulas in these papers are found by transferring Weyl’s formulas from
Euclidean space to complex projective space via the natural projection. The main
point of Theorem 1.3 is to establish the topological character of the tube coeffi-
cients for submanifolds (both in complex projective space and also in complex
hyperbolic space).

In fact

COROLLARY 1.4. Fix $\lambda$ and $f$. Let $P$ be any Kahler manifold for which

(1.6) $[ \gamma_{c}]=f(c)[\frac{\lambda}{\pi}F]^{c}$

for $c=1,$ $\cdots$ , $q$ . Then $V_{P}^{M(\text{\‘{A}})}(r)$ depends only on the volume of $P$ and is otherwise
independent of the Kahler metric (compatible with the given complex structure).
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In particular

COROLLARY 1.5. Let $P$ be a complete intersection in $CP^{n}(\lambda)$ . Then $V_{P}^{CP^{n}(\lambda)}(r)$

depends only on the degrees of the p0lyn0mials defining $P$.
Finally in Section 4 a comparison theorem for the case $K^{M}\geqq\lambda$ that partially

combines Theorems 1.2 and 1.5 will be given.

2. An identity for the $c^{th}$ power of the curvature tensor field of a K\"ahler

manifold.

In [GR4, Section 7] tensor fields having the same symmetries as the curvature
tensor field were considered. Such tensor fields will be called curvature-like.
One can form the $c^{th}$ power $R^{c}$ of a curvature-like tensor $R$ and also the com-
plete contraction $C^{2C}(R^{c})$ .

Now consider the case of an almost Hermitian manifold $P$ of real dimension
$2q$ . Let $J$ be the almost complex structure.

DEFINITION. A curvature-like tensor field $R$ on an almost Hermitian mani-
fold $P$ is said to be Kahlerian provided

(2.1) $R(wx)(yz)=R(JwJx)(yz)$

for all tangent vectors $w,$ $x,$ $y,$ $z$ to $P$.
For a K\"ahler curvature-like tensor field $R$ not only is there the contraction

(2.2) $C^{2C}(R^{C})=$ $\sum_{a_{1}\cdots a_{2C}=1}^{2q}$ $R^{c}(e_{a_{1}}\cdots e_{a_{2C}})(e_{a_{1}}\cdots e_{a_{2C}})$

(where $\{e_{1}\cdots e_{2q}\}$ is any orthonormal basis of a tangent space $P_{p}$); one also has
the contraction

(2.3) 2 $\sum_{a_{1}\cdots a_{C}=1}^{2q}$ $R^{c}(e_{a_{1}}e_{a_{1}}^{*}\cdots e_{a_{C}}e_{a_{C}}^{*})(e_{b_{1}}e\mathfrak{F}_{1}\cdots e_{b_{C}}e\_{c})$

$b_{1}\cdots b_{C}=1$

where $e_{i}^{*}=Je_{i}$ . When $c=1$ the K\"ahler identity (2.1) implies that (2.2) and (2.3)

coincide, the common value being the scalar curvature of $R$ . In order to express
the tube coefficients in terms of the Chern forms it will be necessary to know a
relation between (2.2) and (2.3) for arbitrary $c$ .

LEMMA 2.1 Let $R$ be a Kahler curvature-like tensor field on an almost Her-
mitian manifold P. Then (writing $a_{i}$ for $e_{a_{i}}$ )

(2.4) $\sum_{a_{1}\cdots a_{C}=1}^{2q}$

$R^{c}(a_{1}a_{1}^{*} .. . a_{c}a_{c}^{*})(b_{1}b_{1}^{*} . .. b_{c}b_{c}^{*})$

$b_{1}\cdots b_{C}=1$

$= \frac{(2^{c}c!)^{2}}{(2c)!}$ $\sum_{a_{1}\cdots a_{2C}=1}^{2q}$ $R^{c}(a_{1}$ ,.. $a_{2c})(a_{1} \cdots a_{2C})=\frac{(2^{c}c!)^{2}}{(2c)!}C^{2c}(R^{c})$ ,
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where $\{e_{1}\cdots e_{2q}\}$ is an arbitrary orthonormal basis of a tangent space $P_{p}$ to $P$.
PROOF. Put

(2.5) $b(i, j)= \sum_{:a_{1}\cdot.\cdot.a=1b_{1}b_{i}^{i}=1}^{2q}R^{c}(a_{1}a_{1}^{*}\cdots a_{i}a_{i}^{*}d_{2i+1}\cdots d_{2c})(b_{1}b_{1}^{*}\cdots b_{i}b_{t}^{*}d_{2i+1}\cdots d_{2c})$
.

From the K\"ahler identity (2.1) follows the generalized K\"ahler identity

(2.6) $R^{c}(x_{1}^{*}\cdots x_{2c}^{*})(y_{1}\cdots y_{2C})=R^{c}(x_{1}\cdots x_{2c})(y_{1}\cdots y_{2C})$

for tangent vectors $x_{1},$
$\cdots$ , $x_{2C}$ , $y_{1},$

$\cdots$ , $y_{2C}\in P_{p}$ . Then from (2.5) and (2.6) one has

(2.7) $b(i,$]) $= \sum R^{c}(a_{1}a_{1}^{*}\cdots a_{i}a\beta d_{2i+1}^{*}\cdots d_{2c}^{*})(b_{1}b\mathfrak{k}\cdots b_{f}bfd_{2i+1}\cdots d_{2c})$ .
There is also a generalized Bianchi identity [TH3]:

(2.8) $2c+1\Sigma(-1)^{k}R^{c}(x_{1}\cdots\hat{x}_{k}\cdots x_{2c+1})(x_{k}y_{2}\cdots y_{2c})=0$

$k=1$

for $x_{1},$
$\cdots$ , $x_{2C+1},$ $y_{2},$

$\cdots$ , $y_{2c}\in P_{p}$ . (See also [GR1, 2], [TH1, 2].) From (2.7) and
(2.8) it follows after some calculation that

(2.9) $b(i, j)=( \frac{2i}{2j+1})b(i-1, j+1)$ .

Repeated use of (2.9) yields $(2i)!b(i, 0)=(2^{i}i!)^{2}b(0, i)$ , which is just (2.4).

The rest of this section is devoted to showing how to express the tube coef-
ficients $k_{q}(R)$ for a K\"ahler curvature-like tensor field $R$ in terms of the Chern
forms of $R$ .

Let $F$ denote the K\"ahler form of the almost Hermitian manifold $P$, and let
$\wedge^{c}(P)$ be the space of c-forms on $P$. Thus $F(xy)=\langle Jx, y\rangle$ for tangent vectors
$x,$ $y$ to $P$. Also $F^{c}\in\wedge^{2C}(P)$ .

LEMMA 2.2. Let $\phi\in\wedge^{2C}(P)$ and let $\{e_{1}\cdots e_{2q}\}$ be any orthonormal basis of $P_{p}$

compatible with the orientation of P. Then

(2.10) $(\phi\wedge F^{q-C})(e_{1}\cdots e_{2q})$

$= \frac{(q-c)1}{2^{c}c1}\sum_{a_{1}\cdots a_{c}=1}^{2q}\phi(e_{a_{1}}e_{a_{1}}^{*}\cdots e_{a_{C}}e_{a_{C}}^{*})$ .

We omit the proof which is straightforward. (Note that the definition of
wedge product involving shuffle permutations is being used.)

According to [GR3] the $c^{th}$ Chern form $\gamma_{c}(R)\in\wedge^{2C}(P)$ of a K\"ahler curvature-
like tensor field $R$ is given by

(2.11) $(2\pi)^{c}\gamma_{c}(R)(x_{1}\cdots x_{2C})$

$= \frac{1}{2^{c}(c!)^{2}}\sum_{a_{1}\cdots a_{2c}=1}^{2q}R^{c}(a_{1}a_{1}^{*}\cdots a_{c}a_{c}^{*})(x_{1}\cdots x_{2c})$

for tangent vectors $x_{1},$
$\cdots$ , $x_{2c}$ to $P$. Therefore
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LEMMA 2.3. Let $R$ be a Kahler curvature-like tensor field on an almost
Hermitian manifold P. For $p\in P$ let $\{e_{1}\cdots e_{2q}\}$ be any orthonormal basi $s$ of $P_{p}$

compatible with the orientation of P. Then

(2.12) $(2 \pi)^{c}(\gamma_{c}(R)\wedge F^{q-C})(e_{1}\cdots e_{2q})=\frac{(q-c)}{c!(2c)}!C^{2C}(R^{C})$ .

Hence

(2.13) $k_{2C}(R)= \frac{(2\pi)^{c}}{(q-c)!}(\gamma_{c}(R)\wedge F^{q-C})[P]$ ,

provided the integrals in (2.13) exist.
PROOF. From Lemmas 2.1 and 2.2 together with equation (2.11) one gets

(2.12). Then (2.13) follows from (2.12) and the definition of $k_{2C}(R)$ ([GR4, for-
mula (7.6)]).

PROOF OF COROLLARY 1.2. In (2.13) we take $R=R^{P}$ . Thus from Weyl’s
tube formula [GR4, formula (1.1)] we obtain (1.4).

3. Tubes about submanifolds of spaces of constant holomorphic sectional
curvature.

Before proving theorems about Chern classes some preliminary facts about
complex differential forms will be needed.

LEMMA 3.1. Let $\alpha_{1},$
$\cdots$ , $\alpha_{c}$ be complex l-forms. Then

det $(\begin{array}{lll}\alpha_{1}\wedge\overline{\alpha}_{1} \cdots \alpha_{1}\wedge\overline{\alpha}_{c}\vdots \vdots\alpha_{c}\wedge\overline{\alpha}_{1} \cdots \alpha_{c}\wedge\overline{\alpha}_{c}\end{array})=c!\alpha_{1}\wedge\overline{\alpha}_{1}\wedge\cdots\wedge\alpha_{c}\wedge\overline{\alpha}_{c}$ .

PROOF. Since $\epsilon_{\sigma}\overline{\alpha}_{\sigma(1)}\wedge\cdots$ A $\overline{\alpha}_{\sigma(c)}=\overline{\alpha}_{1}\Lambda\cdots$ A $\overline{\alpha}_{c}$ it follows that $\epsilon_{\sigma}\alpha_{1}\Lambda\overline{\alpha}_{\sigma(1)}\wedge\cdots$

A $\alpha_{c}\wedge\overline{\alpha}_{\sigma(c)}=\alpha_{1}\wedge\overline{\alpha}_{1}\wedge\cdots$ A $\alpha_{c}\Lambda\overline{\alpha}_{c}$ . Write $a_{ij}=\alpha_{l}\wedge\overline{\alpha}_{j}$ . Then by deflnition of the
determinant,

det $(a_{ij})= \sum_{\sigma\in \mathfrak{S}_{C}}\epsilon_{\sigma}a_{1\sigma(1)}$
$a_{c\sigma(c)}$

$= \sum_{\sigma\in \mathfrak{S}_{c}}\epsilon_{\sigma}\alpha_{1}\wedge\overline{\alpha}_{\sigma(1)}\wedge\cdots$ A $\alpha_{c}\wedge\overline{\alpha}_{\sigma(c)}$

$=c!\alpha_{1}\wedge\overline{\alpha}_{1}\wedge\cdots$ A $\alpha_{c}\Lambda\overline{\alpha}_{c}$ .
Next let $P$ be any almost Hermitian manifold with almost complex structure

$J$, metric $\langle, \rangle$ and K\"ahler form $F$. Let $\{E_{1}\cdots E_{q}JE_{1}\cdots JE_{q}\}$ be a local ortho-
normal frame field preserved by $J$ and let $\theta_{1},$ $\cdots$ , $\theta_{q},$ $\theta_{1^{*}},$ $\cdots$ , $\theta_{q}$. be the dual basis
of l-forms. For $a=1,$ $\cdots$ , $q$ write $\phi_{a}=\theta_{a}+\sqrt{-1}\theta_{a}*$ . Then it is easy to see
that
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(3. 1) $\langle$ , $\rangle=\sum_{\iota\Rightarrow 1}^{2q}\theta_{i}^{2}=2\sum_{a=1}^{q}\theta_{a}^{2}=\sum_{a=1}^{\overline{\phi}_{a}}\phi_{a}q$

(3.2) $F= \frac{1}{2}\sum_{i=1}^{2q}\theta_{i}\Lambda\theta_{i^{*}}=\sum_{a=1}^{q}\theta_{a}\Lambda\theta_{a}*=\frac{\sqrt{-1}}{2}\sum_{a=1}^{q}\phi_{a}\Lambda\overline{\phi}_{a}$

(where $\theta_{(a+q)^{t}}=-\theta_{a}$ ). Furthermore an easy calculation using Lemma 3.1 shows

COROLLARY 3.2.

$\sum_{a_{1}\cdots a_{C}=1}^{q}$ det $(_{\dot{\phi}_{a_{c}}\Lambda\overline{\phi}_{a_{1}}\cdots\phi_{a_{C}}\overline{\phi}_{a_{C}}}^{\phi_{a_{1}}\wedge\overline{\phi}_{a_{1}}\cdots\phi_{a_{1}}\bigwedge_{\wedge}\overline{\phi}_{a_{C}}})=c$ ! $(-2\sqrt{-1}F)^{c}$

The Cartan structure equations will be written down in a convenient form.
Let $\nabla$ be the Riemannian connection of $P$. For $X,$ $Y\in \mathfrak{X}(P)$ put $\omega_{ij}(X)=\langle\nabla_{X}E_{i}$ ,
$E_{j}\rangle,$ $\omega_{ij^{s}}(X)=\langle\nabla_{X}E_{i}, JE_{j}\rangle,$ $\Omega_{ij}(XY)=\langle R_{XY}E_{i}, E_{j}\rangle$ and $\Omega_{ij^{s}}(XY)=\langle R_{XY}E_{i}, JE_{j}\rangle$ .
Then (as is well-known) we have the real structure equations

(3.3) $d \theta_{i}=\sum_{j=1}^{2q}\omega_{ij}\Lambda\theta_{j}$ ,

(3.4) $d \omega_{ij}=\sum_{k=1}^{2q}\omega_{ik}\Lambda\omega_{kj}-\Omega_{ij}$ $jj=1,$ $\cdots$ $2q$ .

Also put $\psi_{ab}=\omega_{ab}-\sqrt{-1}\omega_{ab^{s}}$ and $-ab-=\Omega_{ab}-\sqrt{-1}\Omega_{ab}$ . for $a,$ $b=1,$ $\cdots$ , $q$ . When
$P$ is a K\"ahler manifold,

(3.5) $\omega_{i^{*}j^{*}}=\omega_{ij}$ and $\Omega_{t^{*}j^{*}}=\Omega_{ij}$ , $i,$ $j=1,$ $\cdots$ , $2q$ .

Therefore from (3.3), (3.4), (3.5) follow the complex structure equations

(3.6) $d \phi_{a}=\sum_{b=1}^{q}\psi_{ab}\Lambda\phi_{b}$ ,

(3.7) $d \psi_{ab}=\sum_{C=1}^{q}\psi_{ac}\Lambda\psi_{cb}-\Xi_{ab}$
$a,$ $b=1,$ $\cdots$

$q$ ,

for a KAler manifold $P$. Using matrix notation (3.3), (3.4), (3.6) and (3.7) can
be written as

(3.8) $\{\begin{array}{ll}d\theta=\omega\Lambda\theta d\omega=\omega\Lambda\omega-\Omega,d\phi=\psi\Lambda\phi d\psi=\psi\Lambda\psi-\Xi.\end{array}$

From (3.8) one obtains the following form of the Bianchi identities

(3.9) $\Omega\wedge\theta=\Xi\wedge\phi=0$ ,

(3.10) $d\Omega-\omega\Lambda\Omega+\Omega\wedge\omega=d\Xi-\psi\wedge\Xi+\Xi\Lambda\psi=0$ .

In the sequel only (3.9) will be needed.
Next let $\tilde{\Xi}_{ab}=\Xi_{ab}-\lambda(\phi_{a}\Lambda\overline{\phi}_{b}-2\sqrt{-1}\delta_{ab}F)$ and let $\tilde{f\underline{f}}$ be the corresponding
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matrix. Note that the $\lambda(\phi_{a}\wedge\overline{\phi}_{b}-2\sqrt{-1}\delta_{ab}F)$ are just the complex curvature
forms of a space $M(\lambda)$ of constant holomorphic curvature $4\lambda$ . Although $\frac{\sim}{\underline\sim}$ is
defined abstractly, when $P$ is a complex submanifold of $M(\lambda)$ the matrix $-\underline{\sim}$ can
be interpreted as the difference between the matrices of complex curvature forms
of $P$ and $M(\lambda)$ .

The problem solved now will be the computation of Chern forms $\tilde{\gamma}_{a}$ of $\tilde{\Xi}$ in
terms of the Chern forms $\gamma_{a}$ of $--$ . By definition (see for example [GR3])

(3.11) $1+ \tilde{\gamma}_{1}+\cdots+\tilde{\gamma}_{q}=\tilde{\gamma}=\det(\delta_{ab}+\frac{\sqrt{-1}}{2\pi}\Xi_{ab})$ ,

and similarly for the $\gamma_{a}’ s$ .

LEMMA 3.3. We have

(3.12) $\tilde{\gamma}_{c}=\sum_{a=0}^{c}(\begin{array}{l}+q-a1c-a\end{array})(-\frac{\lambda}{\pi}F)^{c-a}$ A $\gamma_{a}$ , or more concisely

(3.13) $\tilde{\gamma}=\sum_{a=0}^{q}(1-\frac{\lambda}{\pi}F)^{q- \mathfrak{a}+1}\Lambda\gamma_{a}$ .

PROOF. From (3.11) follows

(3.14) $\tilde{\gamma}=\det((1-\frac{\lambda}{\pi}F)\delta_{ab}+\frac{\sqrt{-1}}{2\pi}(\Xi_{ab}-\lambda\phi_{a}\Lambda\overline{\phi}_{b}))$ .

One expands the right hand side of (3.14) and gets

(3.15) $\tilde{\gamma}=\sum_{c=0}^{q}(1-\frac{\lambda}{\pi}F)^{q- c}(\frac{\sqrt{-1}}{2\pi})^{c}\tilde{\psi}_{c}$ where

(3.16) $\tilde{\psi}_{c}=\frac{1}{c!}\sum_{a_{1}\cdots a_{C}=1}^{q}\det(\begin{array}{lllll}\Xi_{a_{1}a_{1}} -\lambda\phi_{a_{1}}\wedge\overline{\phi}_{a_{1}} \cdots \underline{ff}_{a_{1}a_{C}} -\lambda\phi_{a_{1}}\Lambda\overline{\phi}_{a_{C}}\underline{\sigma}_{a_{C}a_{1}} -\lambda\dot{\phi}_{a_{C}}\Lambda\overline{\phi}_{a_{1}} \cdots \Xi_{a_{C}\alpha_{C}} -\lambda\dot{\phi}_{a_{C}}\Lambda\overline{\phi}_{a_{C}}\end{array})$ .

In turn one expands the right hand side of (3.16) in powers of $\lambda$ and obtains

(3.17) $\tilde{\psi}_{c}=\frac{1}{c!}\sum_{a_{1}\cdots a_{C}=1}^{q}\sum_{\sigma\in \mathfrak{S}_{C}}\epsilon_{\sigma}\{\Xi_{a_{1}\sigma(a_{1})}\wedge\cdots\wedge\Xi_{a_{c}\sigma(a_{C})}$

$- \lambda\sum_{b=1}^{c}\Xi_{a_{1}\sigma(a_{1})}\wedge\ldots$ A $d_{J_{a_{b}}}\wedge\overline{\phi}_{\sigma(a_{b}})^{\wedge\cdots\wedge\Xi_{a_{C}\sigma(a_{C})}}$

$+\cdots+(-\lambda)^{c}\phi_{a_{1}}$ A $\overline{\phi}_{\sigma(a_{1})}$ A ... $\Lambda\phi_{\alpha_{c}}\Lambda\overline{\phi}_{\sigma(a_{C})}\}$ .

Using the first Bianchi identity (3.9) on (3.17) one finds

(3.18) $\tilde{\psi}_{c}=\frac{1}{c!}\sum_{a_{1}\cdots a_{C}\Rightarrow 1}^{q}\{\det(\begin{array}{lll}\overline{\Delta}_{a_{1}a_{1}} \cdots \Xi_{a_{1}\alpha_{C}}\Xi_{\dot{a}_{C}a_{1}} \cdots \Xi_{\dot{a}_{C}a_{C}}\end{array})$

$-c\lambda\phi_{a_{C}}\Lambda\overline{\phi}_{a_{c}}$ det $(\begin{array}{lll}\dot{u}a_{1}a_{1}-.. \cdots \Xi_{a_{1}a_{C-1}}-\dot{a}_{c- 1}a_{1}- \cdots uP_{\dot{a}_{C-1}a_{C-1}}\end{array})$
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$+$ $\cdot$ $+(-\lambda)^{c}$ det $(_{\phi_{a_{C}}\wedge\overline{\phi}_{a_{1}}\cdot\cdot\phi_{a_{C}}\wedge\overline{\phi}_{a_{C}}}^{\phi_{a_{1}}\wedge\overline{\phi}_{a_{1}}\cdots.\phi_{a_{1^{\wedge}}}..\cdot\overline{\phi}_{a_{C}}})\}$ .

From (3.18) and Corollary 3.2 it follows that

(3.19) $\tilde{\psi}_{c}=\sum_{b=0}^{C}(2\lambda\sqrt{-1}F)^{c- b}\psi_{b}$ ,

where $\psi_{b}$ is defined by (3.16) with $\lambda=0$ . From (3.15) and the dePnition of the
Chern classes of $--one$ gets

(3.20) $\gamma_{c}=(\frac{\sqrt{-1}}{2\pi})^{c}\psi_{c}$ .

Hence using (3.20) one can rewrite (3.19) as

(3.21) $\tilde{\psi}_{c}=(2\lambda\sqrt{-1})^{c}\sum_{b=0}^{c}(-\frac{\pi}{\lambda})^{b}F^{c-b}\wedge\gamma_{b}$ .

Substituting (3.21) into (3.15) and rearranging terms it follows that

(3.22) $\tilde{\gamma}=\sum_{b=0}^{q}\sum_{c=b}^{q}(1-\frac{\lambda}{\pi}F)^{q- c}(-\frac{\lambda}{\pi}F)^{c-b}\gamma_{b}$ .

Moreover

(3.23) $\sum_{c=b}^{q}(1-\frac{\lambda}{\pi}F)^{q-c}(-\frac{\lambda}{\pi}F)^{c- b}$

$= \frac{(1-\frac{\lambda}{\pi}F)^{q-b+1}-(-\frac{\lambda}{\pi}F)^{q- b+1}}{(1-\frac{\lambda}{\pi}F)-(-\frac{\lambda}{\pi}F)}$

$=(1- \frac{\lambda}{\pi}F)^{q- b+1}-(-\frac{\lambda}{\pi}F)^{q- b+1}$

Note that $F^{q-b+1}\wedge\gamma_{b}=0$ for all $b$ because it is a $q+1$ form on a q-dimensional
manifold. Therefore from (3.22) and (3.23) one obtains (3.13). This completes
the proof.

PROOF OF THEOREM 1.3. Let $A_{P}^{M}(r)$ be the $(2n-1)$-dimensional volume of
the boundary of the tube of radius $r$ about $P$. Then

(3.24) $\frac{d}{dr}V_{P}^{M}(r)=A_{P}^{M}(r)$ .

(See [GR4, Lemma 7.2].) Furthermore

(3.25) $A_{P}^{M(\lambda)}(r)$

$= \frac{2\pi^{n-q}}{\Gamma(n-q)}(\cos\sqrt{\lambda}r)^{2n}\sum_{c=0}^{q}(\frac{\tan\sqrt{\lambda}^{-}r}{\sqrt{\lambda}})^{2(n-q+c)-1}\frac{k_{2C}(R^{P}-R^{H(\lambda)})}{2^{c}(n-q)\cdots(n-q+c-1)}$ ,
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where $R^{M(\lambda)}$ denotes the restriction of the curvature tensor of $M(\lambda)$ to $P$. For-
mula (3.25) is proved in [GV, Corollary 7.5]; alternatively it follows from slight
simplifications of calculations in the next section. From Corollary 2.3 one has

(3.26) $k_{2c}(R^{P}-R^{M(\lambda)})= \frac{(2\pi)^{c}}{(q-c)!}(\gamma_{c}(R^{P}-R^{M(\lambda)})\wedge F^{q- C})[P]$ .

Also by Lemma 3.3

(3.27) $\gamma_{c}(R^{P}-R^{M(\lambda)})=\sum_{b=0}^{c}(\begin{array}{l}q-b+1c-b\end{array})(-\frac{\lambda}{\pi}F)^{c- b}\wedge\gamma_{b}(R^{P})$ .

From $(3.24)-(3.27)$ one gets (1.5).

The proof of Corollary 1.4 is obvious. Also Corollary 1.5 follows from Corol-
lary 1.4 and standard facts about the Chern classes of complete intersections.
For example, see Schwarzenberger’s appendix to Hirzebruch’s book [HI, p. 159].

4. Comparison theorems for the volumes of tubes in K\"ahler manifolds
of nonnegative or nonpositive curvature.

PROOF OF THEOREM 1.1. In [GR4] it is shown that if $P$ is a $2q$-dimensional
topological embedded submanifold with compact closure in a complete Riemannian
manifold $M$ of dimension $2n$ , then $K^{M}\geqq 0$ implies

(4.1) $V \beta(r)\leqq\frac{(\pi r^{2})^{n-q}}{(n-q)!}\sum_{c=0}^{q}\frac{k_{2c}(R^{P}-.R^{M})r^{2c}}{2^{c}(n-q+1)\cdot\cdot(n-q+c)}$ .

Furthermore if $P$ is a minimal variety of $M$ then the right hand side of (4.1) is
not greater than $\{(\pi r^{2})^{n-q}/(n-q)!\}$ vol $(P)$ . Now assume that $P$ is a K\"ahler sub-
manifold of $M$. In Lemma 2.3 take $R=R^{P}-R^{H}$ and substitute into (4.1).

The result is (1.1), because $P$ is a minimal variety of $\overline{M}$. This proves (i); (ii)

is proved in a similar way.
To prove (iii) the arguments of [GR4] must be generalized. Let $\gamma$ be a unit

speed geodesic in $M$ normal to $P$ with $\gamma(0)=p\in P$. Choose a holomorphic basis
$\{e_{1}e_{1}^{*}\cdots e_{n}e_{n}^{*}\}$ of the tangent space $M_{p}$ so that $e_{1}e_{1}^{*}\cdots e_{q}e_{q}^{*}$ are tangent to $P$, and
$e_{q+1}=\gamma’(0)$ . Also it may be assumed that $e_{1}e_{1}^{*}\cdots e_{q}e_{q}^{*}$ diagonalize the symmetric
bilinear form $(x, y)arrow T_{xyu}$ , where $u=\gamma’(O)$ and $T$ is the second fundamental
form of $P$. Let $\kappa_{1}(0),$ $\kappa_{1}^{*}(0),$ $\cdots$ , $\kappa_{q}(0),$ $\kappa_{q}^{*}(0)$ be the corresponding eigenvalues. Now
extend $e_{1}e_{1}^{*}\cdots e_{n}e_{n}^{*}$ to orthonormal vector fields $F_{1}F_{1}^{*}F_{n}F_{n}^{*}$ along $\gamma$ so that at
each point $F_{q+1}(t)=\gamma’(t)$ and the other $F_{a}(t)$ diagonalize the second fundamental
form of the hypersurface $P_{t}$ . Here $P_{t}$ is the tubular hypersurface at a distance
$t$ from $P$. Let $\kappa_{1}(t),$ $\cdots$ , $\kappa_{q}(t),$ $\kappa_{(q+1)^{*}}(t),$ $\cdots$ , $\kappa_{n}.(t)$ be the principal curvatures of $P_{t}$ .
In [GR4] it is shown that (except where the $\kappa_{a}(t)$ are nondifferentiable) the fol-
lowing differential equations are satisfied:
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(4.2) $\kappa_{\alpha}’(t)=\kappa_{\alpha}(t)^{2}+R_{\gamma^{J}(t)F_{\alpha}(t)\gamma’(t)F_{\alpha}(t)}^{M}$

for $\alpha=1,$ $\cdots$ , $n^{*},$ $\alpha\neq q+1$ . Since $M$ is a K\"ahler manifold it follows from (4.2)

that

(4.3) $\{\begin{array}{l}\kappa_{a}’(t)+\kappa_{\alpha}^{\prime*}(t)=\kappa_{\alpha}(t)^{2}+\kappa_{\alpha}^{*}(t)^{2}+R_{\gamma\prime(t)J\gamma^{l}(t)F_{\alpha}(t)JF_{\alpha}(t)}^{M}, \alpha\neq q+1,\kappa_{(q+1)^{*}}’(t)=\kappa_{(q+1)^{2}}(t)^{2}+R_{\gamma(t)J\gamma’(t)\gamma’(t)J\gamma’(t)}^{M_{!}}.\end{array}$

Then (4.3) and the assumption that $M$ has nonnegative holomorphic bisectional
curvature imply that

(4.4) $\{\begin{array}{l}\kappa_{\alpha}’(t)+\kappa_{\alpha}^{r*}(t)\geqq\kappa_{\alpha}(t)^{2}+\kappa_{\alpha}^{*}(t)^{2}\geqq\frac{1}{2}(\kappa_{\alpha}(t)+\kappa_{\alpha}^{*}(t))^{2}\geqq 0,\kappa_{(q+1)^{*}}’(t)\geqq\kappa_{(q+1)*}(t)^{2}.\end{array}$

Now because $P$ is a complex submanifold of $M$ it follows that

(4.5) $\kappa_{a}(0)+\kappa_{a*}(0)=0$ for $a=1,$ $\cdots$ , $q$ .

Furthermore

(4.6) $\kappa_{i}(0)=-\infty$ for $i=(q+1)^{*},$ $\cdots$ , $n^{*}$ .

Then (4.4), (4.5) and (4.6) imply

(4.7) $\{\begin{array}{l}\kappa_{a}(t)+\kappa_{a*}(t)\geqq 0, a=1, \cdots q,\kappa_{i}(t)+\kappa_{i^{*}}(t)\geqq-\frac{2}{t}, i=q+2, \cdots, n,\kappa_{(q+1)^{t}}(t)\geqq-\frac{1}{t}.\end{array}$

The second fundamental form of the real hypersurface $P_{t}$ at the point $\gamma(t)$ will
be denoted by $S(t)$ . Then $trS(t)=\kappa_{1}(t)+\cdots+\kappa_{n^{s}}(t)$ and so from (4.7) it follows
that

(4.8) $trS(t)\geqq-(2n-2q-1)/t$ .

By a continuity argument given in [GR4] this inequality holds even at points
where a $\kappa_{\alpha}(t)$ is not differentiable. Also one has [GR4, Lemma 6.1]

(4.9) $\frac{\theta_{u}’(t)}{\theta_{u}(t)}=-(\frac{2n-2q-1}{t}+trS(t))$ , $\theta_{u}(0)=1$ ,

where $\theta_{u}$ is the infinitesimal change of volume in the normal direction $u$ . From
(4.8) and (4.9) follows

(4.10) $\theta_{u}(t)\leqq 1$ .

Now there is the general formula (see [GR4, Lemma 7.1])
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(4.11) $A_{p}^{M}(r)=r^{2n-2q-1} \int_{P}\int_{S^{2n-2q-1_{(1)}}}\theta_{u}(r)dudP$ .

From (4.10) and (4.11) one obtains

(4.12) $A_{P}^{M}(r) \leqq\frac{2\pi^{n-q}r^{2n-2q-1}}{\Gamma(n-q)}$ vol $(P)$ .

Then (1.3) is obtained by integrating (4.12) from $0$ to $r$ .
In the rest of the section a comparison theorem that combines Theorem 1.3

with Theorem 1.1 (i) will be proved. For this it will be necessary to generalize
some of the analytical results of [GR4]. The following notion will be needed.

DEFINITION. Let $M$ be a K\"ahler manifold with sectional curvature $K^{H}$ , and
let $0\leqq\theta<2\pi$ . The $\theta$ -holomorPhic sectional curvature $K^{M}(\theta)$ is the restriction of
the sectional curvature $K^{M}$ to those 2-dimensional subspaces of tangent spaces
that make an angle $\theta$ with the holomorphic 2-dimensional spaces.

THEOREM 4.1. Let $P$ be a 2q-&memional topologically embedded Kahler sub-
manifold with compact closure in a complete Kahler manifold M. Assume that
the holomorPhic sectional curvature $K^{M}(0)$ satisfies $K^{M}(0)\geqq 4\lambda$ and that the antiholo-

morphic sectional curvature $K^{M}( \frac{\pi}{2})$ satisfies $K^{M}( \frac{\pi}{2})\geqq\lambda$ . Then

(4.13) $Vg(r) \leqq\{d=0\sum_{d=0}^{q}C_{d}(\lambda,F,\gamma_{1}\sum C_{d}(\lambda,F,\gamma_{1})^{n- q+d}q\ldots$ for $\lambda=0$ ,

... , $\gamma_{d}$ ) $(\sin\sqrt{\lambda}r)^{2(n- d)}$ for $\lambda>0$ ,

, $\gamma_{d}$ ) $(\sinh\sqrt{|\lambda|}r)^{2(n-d)}$ for $\lambda<0$ .
$d=0$

PROOF. Assume $\lambda>0$ . Let $p\in P$ and let $u\in P_{p}^{\perp}$ be a unit vector. Denote
by $\gamma$ the unit speed geodesic in $M$ with $\gamma(0)=p$ and $\gamma’(0)=u$ . The second fun-
damental form of the hypersurface $P_{t}$ at the point $\gamma(t)$ will be denoted by $S(t)$ .
Also let $R(t)x=R_{\gamma^{r}(t)x}^{M}\gamma’(t)$ . In [GR4, Corollary 4.2] it is shown that $S$ satisfies
the Riccati differential equation

(4.14) $S’(t)=S(t)^{2}+R(t)$ .

Suppose $E$ is a unit parallel vector field along $\gamma$ with $E(0)\in P_{p}^{\perp}$ and $\langle E(O), u\rangle$

$=0$ . Put cos $\theta=\langle E, J\gamma’(t)\rangle$ and let $f(t)=\langle SE, E\rangle(t)$ . Here $\theta$ is a constant and
$f(O)=-\infty$ . Using (4.14) and [GR4, Lemma 5.2] it follows that for $\theta=0,$ $\frac{\pi}{2}$ :

(4.15) \langle SE, $E\rangle$ $(t) \geqq\frac{\frac{\lambda 1\omega s^{2}\theta}{(+)}}{\tan(t\frac{\lambda 13\cos}{(+}2\overline{\theta}}))$
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Next take a parallel unit vector field $H$ along $\gamma$ with $H(0)\in P_{p}$ . Then $\langle H, \gamma’\rangle$

$=\langle H, J\gamma’\rangle=0$ . Put $g(t)=\langle SH, H\rangle(t)$ . Then

(4.16) $g(0)=T_{hhu}$ ,

where $T$ is the second fundamental form of $P$ in $M$ and $H(O)=h$ . Now (4.14)

and (4.16) together with [GR4, Lemma 5.1] imply

(4.17)
$\langle SH, H\rangle(t)\geqq\frac{T_{hhu}+\sqrt{\lambda}\tan\sqrt{\lambda}t}{1-\frac{\tan\sqrt{\lambda}t}{\sqrt{\lambda}}T_{hhu}}$

.

Let $\langle T_{u}x, y\rangle=T_{xyu}$ . Then (4.15) and (4.17) imply

(4.18)
$trS(t)\geqq tr(\frac{(\sqrt{\lambda}\tan\sqrt{\lambda}t)I+T_{u}}{I_{\sqrt{\lambda}}^{\underline{1}}--(\tan\sqrt{\lambda}t)T_{u}})-\frac{2(n-q-1)\sqrt{\lambda}}{\tan\sqrt{\lambda}t}-\frac{2\sqrt{\lambda}}{\tan 2\sqrt{\lambda}t}$

.

From (4.18) and (4.9) follows

(4.19) $\theta_{u}(t)\leqq(\omega s\sqrt{\lambda}t)^{2q+1}(\frac{\sin\sqrt{\lambda}t}{\sqrt{\lambda}t})^{2n- 2q- 1}$ det $(I- \frac{\tan\sqrt{}\lambda^{-}t}{\sqrt{\lambda}}T_{u})$ .

From (4.19) one obtains

(4.20) $A_{P}^{M}(r) \leqq(\cos\sqrt{\lambda}r)^{2q+1}(\underline{s}\frac{in\sqrt{\lambda}r}{\sqrt{\lambda}})^{2n-2q+1}$

$\int_{P}\int_{S^{2n- 2q- 1_{(1)}}}$ det $(I- \frac{\tan\sqrt{\lambda}r}{\sqrt{\lambda}}T_{u})dudP$ .

The right hand side of (4.20) can be integrated just as in the case of the Weyl
tube formula. See [GR4, Theorem 1.3] for details. The result is the first part
of (4.13). Similar proofs for the cases $\lambda\leqq 0$ yields the rest of (4.13).

Denote by $V_{m}^{M}(r)$ the volume of a geodesic ball of radius $r$ in $M$. By taking
$P$ to be a point in a K\"ahler manifold $M$ and integrating one gets

COROLLARY 4.2. Let $M$ be a complete Kahler manifold for which $K^{M}(0)\geqq 4\lambda$

and $K^{M}( \frac{\pi}{2})\geqq\lambda$ . Then if $r$ is less than or equal to the distance from $m$ to its

nearest conjugate pojnt,

$( \frac{\pi^{n}}{n!}(\frac{\sin\sqrt{\lambda}r}{\sqrt{\lambda}})^{2n}$ for $\lambda>0$ ,

(4.21) $V_{m}^{M}(r) \leqq|\frac{(\pi r^{2})^{n}}{n!}$ for $\lambda=0$ ,

$| \pi^{n}n!(\frac{\sinh\sqrt{|\lambda|}r}{\sqrt{|\lambda|}})^{2n}$ for $\lambda<0$ .
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Equation (4.21) is analogous to an estimate of Bishop [BC, p. 256] for real mani-
folds, but simpler.
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