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Introduction.

This paper is concerned with the stability theory for several properties of
linear operators in Banach and Hilbert spaces.

Let A be a linear operator with domain D(A) and range R(A) in a Banach
space X. Let B be a linear operator in X, with D(B)DD(A). Assume that

(i) there are constants a,, b,=0 such that for all u=D(A),

0.1) 1 Bull < aoflull+boll Aul .

In the perturbation theory it is frequently assumed that

(i) b, is less than one.

In fact, under these conditions the following three facts, for example, are well
known:

(P1) A+B is closed if and only if A is closed;

(P2) if A is m-accretive, with D(A) dense in X, and B is accretive then
A+B is also m-accretive, i.e., if —A is the generator of a contraction semigroup
on X then so is —(A-+B), too;

(P3) if A is selfadjoint and B is symmetric then A-+B is also selfadjoint
(when X is a Hilbert space).

The main purpose of this paper is to show that condition (ii) can be re-
placed by (indeed generalized to)

(iii) for every usD(A) there is g=F(Au) such that

Re (Bu, g)=—cllu|*—al Aullllu|—b] Aul®,

where a, b (b<1) and ¢ are nonnegative constants.

The appearance of the duality map F on X to its adjoint X* may be
somewhat unfamiliar in the theory of linear operators. But, we need only
elementary properties of the duality map. In this connection, we denote by

This research was partially supported by Grant-in-Aid for Scientific Research (No.
464055), Ministry of Education.



678 N. Okazawa

(w, g) the pairing between we X and g X*: (w, g) is linear in w and semilinear
in g. Noting further that if g=F(Au) then (Au, g)=|Aull?,, we see by (P1)
under conditions (i) and (iii) that 24=A+A is closed if A is closed. In this
case of B=A, however, we can not take b,<1 in [0.I). This point seems to be
an advantage of condition (iii).

In §1 we consider the stability of closedness and bounded invertibility. The
latter property is treated in a slightly generalized form. Namely, we introduce
the notion of deficiency of a closed linear operator A:def A=codim R(A), and
establish a stability theorem for invertible operators with closed ranges. §2 is
devoted to the preliminaries to § 3.

Now let A be a closed linear accretive operator in a Banach space. Then
by definition A+£ is invertible and R(A-+¢&) is closed for £>0. In §3 we con-
sider the perturbation of deficiencies of closed accretive operators. First we
show that def (A+B-+&=def (A+4£) for £>0 if A and B satisfy conditions (i)
and (iii) above, with some additional ones (Theorem 3.2). The same fact under
conditions (i) and (ii) is due to Behncke-Focke [1]. In order to prove the
fundamental lemma, we can apply the result prepared in §1. Furthermore, we
try to generalize (see Theorems and B.7). The main theorems
in Okazawa are special cases of these theorems. Nevertheless, the idea
for proofs is similar to that in [18] It may be a singular perturbation of the
case (I) in the sense of Kato [[1I]. But, we have not yet succeeded in proving
this. In other words, we can assert nothing about cores of the unperturbed
operator. In the same manner we can generalize Theorems 4.1 and 4.5 in
(cf. [1J, Theorem 4) although we shall not mention it.

§4 is concerned with the m-accretiveness of the sum of two linear m-accre-
tive operators in a reflexive Banach space. We shall generalize and unify the
theorems in Okazawa and Sohr [20], [2T]. The key lemma has already
been noted in Okazawa [16]. We collect in §5 several stability theorems for
(essentially) selfadjoint operators in a Hilbert space. They are applied in the
last § 6 to the selfadjointness problem for Schrodinger operators. We can prove

that if t>——iZ~(N—4) then A+tB=—A+t|x|"* with D(A+tB)=D(A)N\D(B) is

selfadjoint in L2(RY). Using the famous result of Kato [10], we shall recon-
struct the proof of the Faris-Lavine theorem (cf. and Reed-Simon .

§1. Stability of closedness and bounded invertibility.

Let X, Y be two Banach spaces. Let A be a linear operator from X toY.
Namely, A is a linear operator with domain D(A) in X and range R(A) in Y.
A linear operator B from X to Y is said to be A-bounded if D(A)CD(B) and
there exist nonnegative constants a, and b, such that for all u< D(A),
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(L. I Bull = aoflull+bol| Aull .

For the notion of A-boundedness we refer to Kato [8], IV-§1.1. Now let Y'*
be the adjoint space of Y. Then F denotes the duality map on Y to Y*: for

every yevY,
Fy)={gel*; (y, o=lyl*=llgl?.

We start with the following
LEMMA 1.1. Let A, B be linear operators from X to Y. Set D(A+B)=
D(AYND(B). Assume that for every us D(A+DB) there is g€ F(Au) such that

(1.2) Re (Bu, g)=—cllul*—alAul|lu|—b] Aul*,

where a, b (b<1) and c are nonnegative constants.
Then A is (A+B)-bounded :

(1.3) [Au| =(1—=b)"(A+Bu|+Klul, uweDA+B),
and hence B is also (A+ B)-bounded :
(1.4) [ Bul| SLA—=b)"+11I(A+Blul+Klul, weD(A+B),
where K=a(1—b)"*++/c(1—b)"~. Furthermore, for every h<F(A-+B)u) we have
(1.5) Re (Bu, h)z—b(1—b)""|(A+B)ul*—K[(A+B)ull[u] .
Proor. It follows from that
| Aul|>=Re (Au, g)
=Re (A+Bu, g)+clul*+allAullllull+bl Aul®.

So, we have
A=) Aul*=TIA+B)ul+alul I Aull +cllu]®.

Solving this inequality, we obtain and [(1.4).
Next, let he F(A+B)u). Then we have

I(A+B)ul*=Re (Au, h)+Re (Bu, h)

and hence Re (Bu, h)=|(A+B)ull>— || Aul||(A+B)ul. Therefore, follows

from [1.3}. Q.E.D.
REMARK 1.2. Let A, B be linear operators from X to Y. If Bis A-bounded,

then for every geF(Au) the inequality (with ¢=0) holds. In fact, since
Re (Bu, g)=—| BulllAull, it follows from that

Re (Bu, g)=—aol Aull|lu|—boll Aul®.

THEOREM 1.3. Let A, B be linear operators from X to Y, and B be A-
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bounded. Assume that for every uesD(A) there is g F(Au) such that (1.2) with
b<1 holds. Then A+B is closed if and only if A is closed.

ProOOF. Let A be closed. Then the closedness of A-+B follows from [1.3)
and To prove the converse, it suffices to note that [[(A+B)ul|Za,|ul+
(14+bp)l|Au| for u=D(A), where a, and b, are constants in (1.1). Q.E.D.

PROPOSITION 1.4. Let A, B be linear operators from X to Y, and B be A-
bounded. Assume that for every u< D(A) there is he F(Bu) such that

(1.6) Re (Au, h)z—clull>—alBullu|,

where ¢ and a are nonnegative constants.
If A is closed, then A+tB is closed for all t>0.
PrROOF. Let t>0. Then we see from (1.6) that

Re (Au, g)=—tclul*—altBulllul,

where g=theF(tBu). Therefore, it follows from (b=0) that A is
{A-+tB)-bounded :

1.7) | Aul| S2|(A+tBull+(a++to)ull,  ueD(A).
The closedness of A+tB follows from and (1.1} Q.E.D.

REMARK 1.5. In [Theorem 1.3 and [Proposition 1.4] the term “closed” can be
replaced by “closable”.

Let A be a closed linear operator from X to Y. Then A is said to be sem:-
Fredholm if R(A) is closed and at least one of nul A and def A is finite. Here
nul A and def A are the nullity and deficiency of A, respectively:

nul A=dim N(A), NA)={ueD(A); Au=0},

def A=codim R(A)=dim Y /R(A).
For a semi-Fredholm operator A the index is well-defined as

ind A=nul A—def A.

‘We note further that a closed linear operator A from X to Y has closed range
if and only if
_ 1l Aul
dist (u, N(A))

If A is invertible, i.e., N(A)= {0}, then |Aul=r(A)|ul for u= D(A). For these
facts we refer to Kato and Goldberg [5].

PROPOSITION 1.6. Let A, B be linear operators from X to Y, with D(A)C
D(B). Assume that for all t<[0, 1], A+tB is closed and invertible, with y(A+-tB)
>0. Then ind (A+1tB) is constant and hence ind (A4 B)=ind A.

r(A):inf{ : ueD(A>}>0.
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PrROOF. By assumption there are constants c(?), 2(¢)>0 such that for all
ues D(A),

(A+tBull=clAull,  |Aul=k®OI(A+IB)ull;

see Kato [8], IV-§1.1. Therefore, B is (A+tB)-bounded for t<[0, 1]: | Bu||<
Lc)+1JEONA+tB)ull, usD(A). Now set

M=1{t<[0, 1]; ind (A+tB)+ind A} .

We want to show that M is empty. Assuming the contrary, set f,=inf M.
Then it follows from the stability theorem for semi-Fredholm operators that
t,>0 and that ind (A+4¢B) is constant near t=t, (see Kato [8], Theorem IV-5.22).
But, since ind (A+¢B)=ind A for t<t,, this leads to a contradiction: ind (A+¢B)
=ind A near t=t,. Q.E.D.

REMARK 1.7. The above proposition generalizes both Theorem 1 in Wiist
[23] and Corollary 1 to Theorem 1 in Behncke-Focke [1].

LEMMA 18. Let A, B be linear operators from X to Y, with D(A)CD(B).
Let A be closed and invertible, with y(A)>0. Assume that for every u< D(A)
there is geF(Au) such that (1.2) holds and cy=*+4ar—*+b<l, where y=y(A).
Then A+ B is invertible, with the estimate

1
._aT"l__.

(1.8) [Aul= j— 5 I(A+Bul,  usD(A).

PrOOF. Since [u||=7~*||Au|, it follows from that
Re (Bu, g)=—(cy *+ar=+0b)| Aull?, ucsD(A).
So, we see that
Re ((A+B)u, g)=|Aul*+Re (Bu, g)
Z(1—cr*—ar'=b)|Aul*, ueD(A).

Therefore, we obtain [1.8) and A+ B is also invertible. Q.E.D.

THEOREM 1.9, Let A and B be linear operators from X to Y, and B be A-
bounded. Let A be closed and invertible, with y(A)>0. Assume that for every
ucs D(A) there is g=F(Au) such that (1.2) holds. If

cr(A ] +alr(A)]7+b<1,

then A+ B is closed and invertible, with y(A+B)>0 and ind (A4 B)=ind A.
Proor. It follows from [Theorem 1.3 and [Lemma 1.8 that for all t=[0, 1],

A+tB is closed and invertible, with y(A+42B)>0. Therefore, by [Proposition 1.6|

ind (A-+tB) is constant. Q.E.D.
Finally, let B(Y, X) be the set of all bounded linear operators on Y to X.
COROLLARY 1.10. Let A, B be linear operators from X to Y, and B be A-
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bounded. Let A be invertible and A< B, X) (so that A is closed). Assume
that for every us D(A) there is geF(Au) such that (1.2) holds and c||A~Y*+
al|lA~Y+b<1l. Then A+ B is invertible and (A+B) e B(Y, X) with

(1.9) [(A+B) Y =[l—cllA™Y*P—a| A~Y|—=b] | A~ .
ProoF. Since y(A)=| A", the assumption of [Theorem 1.9 1is satisfied and
follows from [(1.8). Q.E.D.

REMARK 1.11. and Corollary 1.10 are respectively generaliza-
tions of Theorems IV-1.1 and IV-1.16 in Kato [8].

§2. Preliminaries.

Let X be a Banach space and X* be the adjoint space of X. Let S be a
linear operator with domain D(S) and range R(S) in X. We denote by S* the
adjoint operator of S when D(S) is dense in X. Let S be a closed linear operator
in X. Following Kato [8], we denote by def S the deficiency of S:

def S=codim R(S)=dim X/R(S).

In this paper we shall assume that R(S) is closed.

The following lemma is simple but useful (see [8], Problem III-1.42).

LEMMA 2.1. Let Y and Z be subspaces of a linear space. If codim Y <dim Z
<o, then dim Y NZ)>0.

We denote by A the closure of A when A is closable.

PROPOSITION 2.2. Let S be a densely defined linear operator in X, with D(S*)
dense in X*. Let A be a closable linear operator in X. Let tS+A be closed for
all t=(0, 1]. Assume that

(i) there is £>0 such that R(A+E) is closed;

(ii) for every v(t)e R@S+A-+E) there is u@@)eD(S)ND(A) and a constan:
M>0 such that

@.1) tSu(t)+Au®)+Eu@®)=0v@), t<(0, 11,
and
(2.2) fu®l+Au@OI=Mlv@®)], t(O, iZ.

If def ¢S+A+E) is constant, then we have
def (A+&)<def ¢S+ A+5).

ProoOF. We may assume that def (S+A+&)=k<co. Consequently, R(¢S+
A+6) is closed (see e.g. [5], Corollary 1V-1.13). First suppose that def (A+&)=
[<co and {>Fk. Then there exist two subspaces Y (¢) and Y, such that

RS+ A+EDY )=X=R(A+&PDY,.
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Since dim Y (#)<dim Y, we can find v(t)e RGS+A+ENY, with |o@)|=1 (see
Lemma 2.0). Since Y, is locally compact, there are a sequence {t,} and v€Y,
such that t,—+0 and v(t,)—v (n—co0). We shall show that v=0 in contradiction
to |v(t,)|=1. Let feX* be an annihilator of R(XNH—E): (u, f)=0 for all us
R(A+8), with the property (v, f)=|v| and |f]|=|v|/dist (v, R(A+E)) (see e.g.
[8], Theorem III-1.22). Let x(t) be as in condition (ii). Then, since D(S*) is
dense in X*, it follows from that t,Su(t,)—0 (n—o0) weakly. Also, we see
from that (u(tn), f)=t.(Su(t,), f). Going to the limit n—oco, we obtain
(v, /)=0 and hence v=0 because of (v, f)=|v|.

Next, suppose that def (;1—&—5)::00. Let Y, be a (£+1)-dimensional subspace
such that R(ﬁ—{—&)r\YO:{O}. Arguing as above, we are led to a contradiction.

Q.E.D.

We note that we R(tS+A-+E) for all (0, 1] implies we R(A+&). In fact,
w—(A+Eu)=tSut)—0 (t—-+0) weakly and R(A+&) is weakly closed.

REMARK 2.3. The above proposition extends Theorem 2 in (see also
Remark 3.5 below).

§ 3. Stability of indices of closed accretive operators.

Let X be a Banach space. A linear operator A with domain D(A) and
range R(A) in X is said to be accretive if

WA+ ul| =& ul for all ueD(A) and £>0.

It is well known that R(A+&)=X either for every £>0 or for no £>0; in the
former case we say that A is m-accretive. Accordingly, an m-accretive operator
is necessarily closed.

Let F be the duality map on X to X*. Then a linear operator A in X is
accretive if and only if for every ue D(A) there is fe F(u) such that Re (Au, f)
=0 (see Kato [9]. In this connection, we note that if A is m-accretive and
densely defined then

3.1 Re (Au, /)=z0  for all feF(u);

see Tanabe [22], Theorem 2.1.5.

Now let A be a closed linear accretive operator in X. Then by definition
the nullspace N(A-+§) is trivial and R(A-+§) is closed for £>0. Namely, A+§&
is a semi-Fredholm operator, with

3.2) ind (A+§)=—def (A+§) .

A is m-accretive if and only if ind (A+£&)=0 for some £>0.
The following lemma, which was first noted by Behncke-Focke 717, is
fundamental.
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LEmMA 3.1. Let A, B be linear operators in X, with D(A)CD(B). Assume
that for all t<[0, 1], A+tB is closed and accretive. Then ind (A+tB-+€) is con-
stant. In particular, ind (A+B+&)=ind (A+€) for €>0.

Proor. By assumption (A-+&)+¢B is closed and invertible, with y(A-+£4tB)
=¢, for t<[0, 1] and £€>0. Therefore, the conclusion follows from

1.6. Q.E.D.
In view of this lemma and we obtain

THEOREM 3.2. Let A be a densely defined and closed linear operator in X.
Let B be a linear accretive operator in X, with D(B)DD(A). Let A+tB be ac-
cretive (0=t=<1). Assume that for every us D(A) there is g F(Au) such that

Re (Bu, g)=—clull>—all Aufl|ull—b] Aul®,

where a, b (b<1) and ¢ are nonnegative constants.

Then A+B is closed and ind (A-+B-+&)=ind (A-+€) for £>0.

Proor. It suffices to show that B is A-bounded. But, since D(B) is dense
in X, B must be closable (see Lumer-Phillips [13], Lemma 3.3). Applying the
closed graph theorem, we can conclude the A-boundedness of B. Q.E.D.

When X is a Hilbert space, it is easy to see that the above theorem is a
corollary of But, the details may be omitted.

THEOREM 3.3. Let A be a linear accretive operator in X. Let S be a densely
defined and closed linear accretive operator in X, with D(S)CD(A). Assume that

for every usD(S) [there is feF(u) such that Re(Su, f)=0 and Re (Au, f)=0.
Assume further that

(1) for every usD(S) there is he F(Su) such that
3.3 Re (Au, hy=z—cllul®>—a|Sulllul,

where ¢ and a are nonnegative constants;

(ii) D(S*) is dense in X*.

Then ind (A-+€)=ind (S+8&) for £>0.

If in particular X is reflexive, then condition (ii) is redundant.

ProoF. First we note that A is closable and R(A+&) is closed for &>0.
Now let ¢>0. Then it follows from that

Re (Au, g@)=—tcllull®*—altSulllul ,

where g(t)=the F(tSu). Therefore, by [Theorem 3.2, tS+A is closed and ind (¢S
+A+8)=ind (¢S+&)=ind (S+€) for £>0. Next, let v(t)e RS+ A+E) for t=(0, 1].
Then there exists a unique family {u(¢)} in D(S) such that

3.4 tSut)+ Aut)+Eut)=0v(t), te(, 17.
Taking a suitable A(t)eF(Su(t)), we see from [3.3) that
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tISu@®l*=Re (¢S+Au(t), )+ allSulu@®l+clu@)|?
=(lv®OI+E+ ) u@DISu® | +cllu@®|®.
Since flu@®)| =& v®)], it follows that

tlSu@®l*=C+a&HISu®l v@®] +c&*lv @]

Solving this inequality, we have |[tSu(t)|=[2+(a++/Tc)é"]|jv(®)|. Thus, we
obtain [2.2) with M=44+1+a++/¢)s"%. In view of the conclusion follows
from [Proposition 2.2. The final assertion is well known (see e.g. [8], Theorem
[11-5.29). Q.E.D.

COROLLARY 34. Let S be a densely defined and closed accretive operator in
X. Let B be a linear accretive operator in X, with D(B)DD(S). Assume that
for every us D(S) there is feF(u) such that Re(Su, f)=0 and Re (Bu, f)=0.
Assume further that for every ues D(S) there is he F(Su) such that

(3.5) Re (Bu, h)=z—c|ull*—al|Sullllu|—IISu|?,

where ¢ and a are nonnegative constants. Assume that D(S*) is dense in X* when
X is non-reflexive. Then

ind ((S+B)"+§)zind (S+&)  for £>0

In fact, implies with A=S+B.
REMARK 3.5. with ¢=0 is satisfied if

| Bul = a|ul+|Sul for all ueD(S)CD(B).

In this case the same conclusion can be obtained under the assumption that
D(B*), rather than D(S*), is dense in X* (see Behncke-Focke [1], Theorem 2).

Combining Lemma 3.1 with [Proposition 1.4 we obtain

PROPOSITION 3.6. Let A be a densely defined and closed linear operator in X.
Let B be a linear accretive operator in X, with D(B)DD(A). Let A+tB be ac-
cretive (0=t=1). Assume that for every us D(A) there is heF(Bu) such that
(1.6) holds.

Then A+B is closed and ind (A+B+&)=ind (A+&) for £>0.

In fact, the A-boundedness of B was noted in the proof of

Here, we present another application of Proposition 2.2,

THEOREM 3.7. Let A be a linear accretive operator in X. Let S be a densely
defined and closed linear accretive operator in X, with D(S)YCD(A). Assume that
for every usD(S) there is f&F(u) such that Re(Su, f)=0 and Re (Au, f)=0.
Assume further that

(i) for every usD(S) there is he F(Au) such that

3.6) Re (Su, )z —clull*—al Aul|ull,
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where ¢ and a are nonnegative constants;

(ii) D(S*) is dense in X*.

Then ind (A+&)=ind (S+&) for £>0.

If in particular X is reflexive, then condition (ii) is redundant.

PROOF. As noted in the proof of condition (i) of
2.2 is satisfied. Now let t>0. Then it follows from that

Re (tSu, h)=z—tc|ul*—tal Aul/llul .

Therefore, by [Proposition 3.6, tS+A is closed and
ind ¢S+ A+&)=ind (tS+&)=ind (S+§), £>0.

It remains to show that | Au(?)] is bounded by |v(¢)||, where u(¢f) is a unique
solution of [3.4). By virtue of there is g(t)e F(Au(t)) such that

I Au(®)|*=(Auls), g®))
=Re (¢S+Au®), gO)+telu@®l*+ia] Au@lu@®)l
=[ES+ADu®l+tallu@II Au®l +tclu®|*
=@2+1a& ) Au@dl vl +tcE2[v@)?,

where we have used [u@)|=&*v@®)|. Solving this inequality, we can obtain
with M=2-+1+a++/¢)é7t. Therefore, the conclusion follows from Prop-
osition 2.2. Q.E.D.

REMARK 3.8. The m-accretive version of improves
3.3 in in which D(A4%) is also assumed to be dense in X*.

REMARK 3.9. Let X be reflexive. Let A and B satisfy the assumption of
Then we have with S replaced by A. Therefore, by Corol-
lary 3.4,

ind (A+B+$&)zind (A+8), £>0;

note that A+B is closed (use [Theorem 1.3). On the other hand, [35) (with
S=A) implies with S replaced by A+B. So, by

ind (A+8)=zind (A+B+§), £>0.

Thus, the conclusion of holds. This means that
together with generalizes

For the later use, we want to state

THEOREM 3.10. Let X be reflexive. Let S and B be linear accretive operators
in X, with D(S)YCD(B). Assume that for every ue D(S) there is he F(Su) such
that

Re (Bu, = —clull®—al Sul[ul—blSul®,
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where a, b (b=<1) and c are nonnegative constants.

In the case of b<l, S+B is m-accretive if and only if S is m-accretive. In
the case of b=1, (S+B)~ is m-accretive if S is m-accretive.

Proor. First we note that an m-accretive operator in a reflexive space is
necessarily densely defined (see Kato or Yosida [24], VIII-§4). Suppose that
S is m-accretive. Then we see from (3.1) that S+¢B is accretive (0=t<1).
Therefore, the conclusion for the case of b<1 follows from and
By virtue of (3.1) the case of b=1 is contained in [Corollary 3.4

Q.E.D.

The following corollary is due to Nelson [14], Gustafson [6], Chernoff
and Okazawa [15].

COROLLARY 3.11. Let X be reflexive. Let S, B be linear accretive operators
in X, with D(S)CD(B). Assume that there are constants a, b=0 (b=1) such that
for all ueD(S), |Bu||=a|ull+bl|Sull. Then the conclusion of Theorem 3.10 holds.

§4. The sum of m-accretive operators in a reflexive space.

Throughout this section X is assumed to be reflexive. Let A be a linear
m-accretive operator in X. Then {A,} denotes the Yosida approximation of A:

A=A(1+ %A)“1 :n[l—(1+ —i—A)_l} eBX), n=12, -,

where B(X) is the set of all bounded linear operators on X to X. A is ap-
proximated by {A,} in the following sense:

NTAu—A,ull —> 0 (n — o0) for every uesD(A).

Let B be a linear m-accretive operator in X and consider the sequence {A,+ B}.

Since A, B(X), A,+B is me-accretive by [Corollary 3.11 Consequently, for
every v X there is a unique u,<D(B) such that

4.1 Apu,+Bu,+‘u,=v, n=l1, 2, ..

LEMMA 4.1. Let A and B be linear m-accretive operators in X, and u, be a
unique solution of the equation (4.1). Assume that for every velX, {|Anunl} is
bounded. Then A+ B is also m-accretive.

A proof of this lemma will be found in [16].

Let A be an arbitrary closed linear operator in X. Then a linear manifold
D contained in D(A) is called a core of A if the closure of the restriction of A
to D is again A: (A|D)y"=A.

Let F be the duality map on X to X*,

THEOREM 4.2. Let X be reflexivee Let A and B be linear m-accretive
operators in X. Assume that for every ues D(B) there is a sequence {f,} such
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that fr,eF(Ayu) and
(4.2) Re (Bu, fr)z—clull®—allAsulllull—bllAnull®,

where a, b (b=1) and c¢ are nonnegative constants.
If b<1 then A+ B is m-accretive and D(A+B) is a core of A. If in par-

ticular b=0 then D(A+B) is a core of both A and B. If b=1 then (A+B)~ is
m-accretive and

[(A+By+L]7=s-lim (A, +B+0™,  Rel>0.

Proor. First let b<1. Then it follows from that for every
ue D(B),
[Azull =(1—0)"(An+ Blul+Kllu|
=(1A-0)""NAru+Bu+ul+[K4+1—0)"][ull .
Now let u, be a unique solution of Then, since [u,|=|v|l, we obtain
lAzu | ELK4-2(0—0)~ vl for every veX.
Therefore, A-+B is m-accretive by Lemma 4.1l
Next, let b=1. Then can be written as

4.3 Re( 5 Bu, fa)2 5 lul =51 Awul | — - Awu .

Thus, A—l—%B is m-accretive as shown above and hence D(A-+ B) is dense in

X. Let ueD(A+B). Then, since |fal=[A-ul—|Auxl|, {f.} is bounded as n

tends to infinity. Consequently, there exists feX* such that f,,p—>f (p—o0)

weakly and |f]<lim inf IlfnpllzllAuH. On the other hand, | Au|?*=1lim (Anpu, fnp)
Do Do

=(Au, f) and hence ||[Au||=|fl. Namely, fe F(Au). Going to the limit in (4.3)
with n=n,, we obtain for every ue D(A-+B),

(4.4) Re(5-Bu, )= ——llullt= 3 | Aullul— 51 Aul?.

It then follows from that for every gEF«A—}—%B)u),

Re (—%Bu, g)2_~ ”(A-{—%B)u

"tV (At B)u]lul.

Applying we see that the closure of A+B=(A+—;—B)+ —12—~B
is m-accretive.

Here we mention the assertions on cores. It follows from that
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Re (A+Bu, fl)z—cllull’—allAulllull, feF(Aw).

Since A+B is m-accretive, D(A+B) is a core of A (see [18], [Theorem 3.3).
If 5=0 then we have

Re (Bu, f)z—cllul*—allAulllul, fEF(Au).
So, we see from that for every he F(A+B)u),
Re (Bu, h)z—(a+~/O(A+Bulllul .

Therefore, D(A+B) is a core of B (see [18], Theorem 3.1).

The final assertion follows from the fact that (A,+B)u—(A+B)u (n—co)
for every ue D(A+B) and D(A-+B) is a core of (A-+B)~ (see Kato [8], Theorem
VIII-1.5). , Q.E.D.

REMARK 4.3. Let A, B be as in Suppose that for every ue
D(B) there is feF(Bu) such that

Re (Au, flz—cllu|*—al Bulllu|—bIBul*,  n=1,2, .,

where a, b (b<1) and ¢ are nonnegative constants.

Then A+ B is m-accretive and D(A+B) is a core of B. If in particular
b=0 then D(A+B) is a core of both A and B.

In fact, by using again, we can show that {||Bu,|} (and hence
{lA,u.l}) in is bounded for every veX. The proof for the statement on
cores is similar to that in

In the assumption of the next theorem, the Yosida approximation is not
contained explicitly while the proof of it is based on

THEOREM 4.4. Let A and B be linear m-accretive operators in X. Let D be
a core of B such that 1+n"*A)*DCD (n=1, 2, ---). Assume that for every uc
D=0+ A)D there is fe F(Au) such that

Re (Bu, f)z—clull®—al Aull|ul—bl Aul?®,

where a, b (b=1) and ¢ are nonnegative constants.

Then the conclusion of Theorem 4.2 holds.

PROOF. We shall show that the assumption of Theorem 4.2%is satisfied.
Let veD and g,€F(A,v). Then

%gneF(v—O—l— %-A)_lu)
and we have

(4.5) Re (Bv, g.)

=nRe (Bv——B(1+ 711 A)‘lb, %gO—}-Re (B(1+ %Q,A)—lv, g,,)
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;Re(B(l—F%A)—lv, g,,) .

Noting that (1+n-'A)"'weD, we see by assumption that there is f,€ F(A,v)
such that

Re(B(1+--4) v, f2)

g~c‘|(1+—%—A>—lv|2—alIAnvIl|}(1+%A)~lv”——bllz4nvllz.

Setting g,=/f» in (4.5), we obtain with u replaced by veD. Now let ue
D(B). Then there exists a sequence {u,} in D such that u,—u and Bu,—Bu
as p—oo, Let f{PeF(A,u,). Then it follows that

(4.6) Re (Buy, fiP)z—cllupl®*—allAnuplllup|—bll Anu,l®.

In the same way as in the proof of we can show that there is
faneF(A,u) such that
fn:W'lime(ka) »

k—oo

where {f{P®} is a suitable subsequence of {f{?}. Going to the limit k—oco in

with p replaced by p. we obtain just (4.2} Q.E.D.
REMARK 4.5. As an example of D in the above theorem we have in mind

D(A“"):f;\ID(A”). In this case D,=(1+A)"'D=D(A>) is also a core of A.

REMARK 4.6. When X is a Hilbert space, the difference of the above
theorems from those in is the fact that a#0. This makes sense if b=1.
We note further that Satz 2.1 in Sohr corresponds to the case of #<1 and
¢=0 in our

If in particular X is a Hilbert space, then there is another corollary of

Let H be a Hilbert space. Then we have

THEOREM 4.7. Let A, B be linear m-accretive operators in H. Assume that
there is a constant a>0 such that Re (Au, w)=al|u|? for all usD(A). Assume
further that there is a nonnegative constant b<1 such that for all uw< D(B¥),

4.7 Re (B*u, A"'u)=—b{lul?,

where B* is the adjoint of B.

Then we have (4.2) with c=a=0 and f,=A,u.

PrROOF. Since A~! and B* are also accretive, it follows from that for
m=1,2, -,

4.8 Re(B*u, A‘l(l—}-_?%i—B*)u)g;_bllullz
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z-b”(1+i3*)u}|2.
- m

Let veH. Then (H—%B*)_IvED(B*); note that B* is me-accretive. Setting
— | S
u——(H—WB ) v in (4.8), we have

4.9) Re (B¥v, A~ %v)=—b|v|?, veH,
where B¥ is the Yosida approximation of B*.

Noting that An=A<1+71~A)—1 and Bn=B(1+ L )—lzm[1—(1+%3)"1],

-
we have A#:A“H—% and (B,)*=B%. Since B, is also accretive, it follows

that
1
-1, — -1
Re (v, Bn Az v)—Re(v, Bm(A +- )v)
gRe (B’Tlr(l.vy A_IU)Z“bHUHZ: UEHy
where we have used [49) Thus, for all uH we obtain
(4.10) Re (Anut, Buu)=—b| A, m, n=1,2, --.

Going to the limit m—oco in (4.10) with w<D(B), we obtain the desired in-

equality. Q.E.D.
REMARK 4.8. Going to the limit n—oo in with ueD(A), we obtain

an estimate of the form which is mentioned in Remark 4.3 (exchange A and B).

REMARK 4.9. generalizes a result of Sohr (see [21],
3.1) in which both A and B are assumed to be selfadjoint.

§ 5. Stability of selfadjointness.

Here we collect several stability theorems for (essential) selfadjointness.
l.et H be a Hilbert space. We begin with

THEOREM 5.1. Let A be a symmetric operator in H. Let S be a nonnegative
selfadjoint operator in H, with a core D. Assume that DCD(A) and

(1) there are constants a,, by=0 such that

lAul S aollull-+bollSull  for all ueD;
(ii) there are constants ¢, a=0 such that for all usD,
(5.D [Im(Au, Su)| =cllu|+alSuflllull.

Then A is essentially selfadjoint on D.
PrOOF. By virtue of condition (i) we can obtain condition (ii) with 4 and
D replaced by A and D(S), respectively. Thus, is equivalent to the in-
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equality
Re (£iAu, Sw)=z—allul®—b|Sullllull, ueD(S).

Therefore, A is selfadjoint and D(S) is a core of A (see [18], Theorem 4.5).
Namely, D is a core of A and A is essentially selfadjoint on D. Q.E.D.

THEOREM 5.2. Let S and B be symmetric operators in H, with D(S)CD(B).
Assume that there are nonnegative constants a, b (b<1) and ¢ such that for all
ueD(S),

Re (Bu, Su)z —clull*—allSullllu|—bl Sull*.

In the case of b<l, S+B is selfadjoint if and only if S is selfadjoint. In the
case of b=1, S+ B is essentially selfadjoint on D(S) if S is selfadjoint.

PROOF. Apply to the pairs of ¢S and +:B. A direct proof
for the case of b=1 will be found in Kuroda (see also [18], Remark 4.3).

Q.E.D.
The following corollary is the well known Kato-Rellich theorem supplemented

by Wiist [23].

COROLLARY 5.3. Let S, B be symmetric operators in H, with D(S)CD(B).
Assume that there are nonnegative constants a and b (b=1) such that for all
ue D(S), |Bull|Zallul|+b|Sul. Then the conclusion of Theorem 5.2 holds.

Here, we present a corollary of

THEOREM 5.4. Let A and B be nonnegative selfadjoint operators in H. As-

sume that there are nonnegative constants a, b (b<1) and ¢ such that for all
ue D(A),

(6.2) Re (Au, Bouw)z—clull®—alBaull[ull—blBaul*,

where Bn—_—B(l—{- %B>_1 is the Yosida approximation of B.

If b<1 then A+B with D(A+B)=D(A)N\D(B) is also selfadjoint. If in
particular b=0, then D(A+B) is a core of both A and B. If b=1 then A+Bis
essentially selfadjoint on D(A-B).

COROLLARY 55. Let A, B be nonnegative selfadjoint operators in H. Assume
that there are constants ¢, a=0 and k>—1 such that for all wus D(A),

(5.3) Re (Au, Bru)z k| Baul*—clull*—alBaul|ull .

Then A-+tB is selfadjoint for —k<t=<1 and A—FkB is essentially selfadjoint
on D(A+B). '

PROOF. implies with b=—k<1. Therefore, A+B is selfadjoint.
Going to the limit n—oco in (5.3) with ue D(A+B), we have

6.4 Re (Au, Bu)= k|| Bul*—c|ul*—al|Bu|/[|u| .
So, we see that for all usD(A+ B),
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| Bul =1+ k)" A+ B)ul+ Kllul,

where K=a(1+k£)'+[c(14+£)"*]2 (cf. Lemma 1.1). Let t<1. Then we have

6= DBl = e ICA+ Byl +1—0K] ]

Since (1—)(1+£%)"*=1 for —k<t<]1, the conclusion follows from [Corollary 5.3:
A+tB=(A+B)+(t—1)B is selfadjoint for —k<t<1 and essentially selfadjoint

for t=—%. Q.E.D.
REMARK 5.6. If in particular £2>0 in then B must be A-bounded. In
fact, it follows from that

k| Bu|*=Re (Au, Bu)+a| Bul |lu|+cllu|?
=(l Aul+-allu DIl Bul +cllu|® .
Solving this inequality, we have for all u = D(A+ B),
(5.5) I Bull =k~ Aul+Lak+(ck)""Illul .

But, since D(A+B) is a core of A, we see from that D(A)CD(B) and
hence holds for all u= D(A).

The following theorem is concerned with the essential selfadjointness of the
difference of two nonnegative symmetric operators.

THEOREM 5.7. Let S and C be nonnegative symmetric operators in H. Let

D be a linear manifold on which S+C is essentially selfadjoint: D is a core of
[(S+C)|D]~. Assume that for all usD,

(.6) I Sull+-1ICull = aollu | +boll(S+Cull,
(5.7) [Im (Cu, Sw)| =clull*+all(S+COulliul,

where ay, by, ¢ and a are nonnegative constants.
Then S—C is also essentially selfadjoint on D.

Proor. It follows from that S—C is (S+C)-bounded. Also, we have

Im ((S—C)u, (S+C)u)=2Im (Su, Cu)
and by

[Im (S—COu, $+COu)| =2c|ul*+2al|[(S+COulllull, ueD.
Therefore, the conclusion follows from [Theorem 5.1l Q.E.D.

§6. Applications to Schrodinger operators.

In this section we consider the (essential) selfadjointness of some simple
Schrodinger operators in L2=L* RY).
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Let V(x)>0 be locally in L%(R¥\{0}) and set
Vn<x)=V(x)[1+niV(x)]", n=1,2, -
Let B be the maximal multiplication operator by V(x):

Bu(x)=V(x)u(x) for ueDB)={u, Vx)uesl?.

Then B is a nonnegative selfadjoint operator in L% Let A be the minus
Laplacian :

Au(x)=—Au(x) for ueD(A)=H*R").

Then A is also selfadjoint and nonnegative in L2

First we consider the (essential) selfadjointness of A+B=—A+V(x) with
D(A+B)=H*R")ND(B).

THEOREM 6.1. Let A and B be as above. Assume that V,(x) is a function
of class C{RY) and

6.1) |grad V,(x)|2=cV o (x)+alVa(x) 1246V u(x)]?, xeRY, nz=l,

where a, b (b=4) and ¢ are nonnegative constants.

If b<4 then A+B=-—A+4V(x) is also selfadjoint in L% If b=4 then A+ B
=—A-+V(x) is essentially selfadjoint on D(A+ B).

PrROOF. We shall show that for all ueD(A),

6.2) Re (A, By)=——[ull*—-3-(u, Byu)— | Buul®.
4 4 4
So, we can apply Let u(x)eCHRY). Then, since Bju(x)=
Va(x)u(x), we have
Ny . { ——= X 9V, ou
(Au, Bua)=|_  Valo)lgrad ulo)|®dx+|, ulx) % o oy 0%

and hence
Re (Au, Byu)— | Va(x)|grad u(x)|*dx

N | oV,

j=

Ou_

axj

dx

1 2
;_gRN V.(x)] grad “(x>|2d"_ZSRN"!;i2I> |grad V,(x)|%dx.

Therefore, (6.1) implies (6.2). Q.E.D.
Let W(x)>0 be locally in L2(R¥\{0}). Then we have
COROLLARY 6.2. Let A and B be as in Theorem 6.1. Let C be the maximal
multiplication operator by W(x). Assume that V,(x) and W,(x) are functions of
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class CY{RY) satisfying (6.1) with b<A4.
Then A+B+C=—A+V(x)+W(x) is selfadjoint in L2
In fact, we have (6.2) with A and B replaced by A+ B and C, respectively.
Next, we present a sufficient condition which guarantees the estimate (6.1).
COROLLARY 6.3. Let A and B be as in Theorem 6.1. Assume instead of (6.1)
that V(x)=0 is of class C(RY) and

(6.3) |grad V(x)|*=c+b[V(x)]*, x€RY,

where b (b=4) and ¢ are nonnegative constants.

Then the conclusion of Theorem 6.1 holds. If in particular b<4, then C3(RY)
is a core of A+B.

ProoF. It suffices to show that A-+B-+1 is (essentially) selfadjoint. So, we
may assume that V(x)=1. In fact, V(x) in can be replaced by V(x)+1.

Noting that Vn(x):n—n[l—l——nLV(x)]ﬂ, we see from that (6.1) with a=0

is satisfied:

lgrad Va(x)|* _ |grad V(x)|® [1+%V(X)]—3

Valx) V(x)
3 -
< LT 14 Ly setbrvar.
V(x) n
Since V(x)=0 is locally in L*(RY), the latter assertion follows from the famous
result of Kato (cf. also Reed-Simon [19], Theorem X. 28). Q.E.D.

It should be noted that the case of <4 in is nothing but the
main result in Everitt-Giertz [3] (the case of G=R¥). In [3], however, the
result is not formulated as an application of the perturbation theory for self-
adjoint operators.

REMARK 6.4. The proof of (the case of b<4) can be easily
completed also by applying in Sohr (cf. Remark 4.9 above);
this observation is due to the referee.

EXAMPLE 65. Let V(x)=|x]|%= éx?. Then |grad V(x)|?=4V(x). So, we
~
have Re (Au, B,u)=—|u|? for uc H*R"Y). Therefore, —A-+|x|? is selfadjoint
in L2,
EXAMPLE 6.6. Let V(x)=pf|x|"% where =1 is a constant. Then V,(x)=

‘B(lez-{——‘g—)—l and

6.4) |grad V(o)== x %] x|+ %)“ é—g-[Vn(xﬂ?' ,
*LHBnullz for ueHXRY). Therefore, A+B=

B

So, we have Re (Au, Bou)=—
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—A+Blx|% (B>1) is selfadjoint in L* and —A-|x|~* is essentially selfadjoint
on D(A+B). We note that in the case of 8> N the selfadjointness of —A+4- | x| 2
was proved by Sohr (see [21], Folgerung 2.4).

To improve this result we prepare

LEMMA 6.7. Let A and B be as in Theorem 6.1. If V,(x)>0 is a function
of class CN(RY), then we have for all usCPRY),

6.5) Re (4w, Buw)=|_, |grad [u(x)v/ V2 (@1 1"dx
1 2
—ZSRN—]‘% | grad Va(x)|%dx .
Furthermore, if N=2 then we have for all u=C3(RY),
66  Re(du, Baoz " 2 (el -) Valul
——;—:SRNJI% [grad V,(x)|%dx .
If in particular N=1 then we have for all u<=C3(R),
oo 1 -1
6.7) Re (Au, Bnu)g-i—g_w(xur-n—) V() u(x) | 2d x
—zi—gl(x%—i—)_zh(x)lu<x)I”dx
1= [u()® o\
_—4—8_‘” Vn(X) [Vn(x)l dx.

ProorF. Let ueC¢(RY). Then we have

(Au, Bpw)=—{ WGV VWV @hu(x)dx

So, we see that

(Au, Bou)=1iIm SRNu x) i "’a’?’é}jd“SRn lgrad [u(x)/ V. (x)]]%d x

1 S LN | rad Vo) 12d x

T4 )Ry V(%)

Therefore, we obtain (6.5). Since is trivial for N=2, it remains to show
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that with N=3 and (6.7) hold. Let N=3. Then [6.6) is a consequence of
the well known inequality for ue HY(RY):

(N—2)* |u(x)|®
4 Snzv‘lxv dx

We note that follows from the identity:

N ou N-—-2
HSRN b, T2

(68) [y leradu(tdxz

xj]x[“zu(x)lzdx

(N—Z)ZS |u(x)|?
4 RN |x|?

Now, let N=1. Then we have for all uCJ(R),

o
-0

=y lerad u(o)|2dx— dx, weCiRY).

u’(x)*—;—x(xz—i— %)—lu(x) l der—gl |u/(x)|%dx

o —élfgo;(xz-%—%)—l |u(x)|*dx+ —%S:(ﬁ—}— %71)_2 lu)*dx.

So, we obtain (6.7). Q.E.D.

THEOREM 6.8. Let V(x)=|x|"% Then A+tB=—A+t|x|"? is selfadjoint for
t>—(N—4)N/4 and essentially selfadjoint on D(A+B) for t=—(N—4)N/4.
Furthermore, if N=5 then B is A-bounded:

|Bull< | Aull for all usHYRY).

- 4
(N—4)N

ProoF. First we note that if ¢>1 then A+4¢B is selfadjoint (see Example
6.6). Since Vn(x):(IxIQ-{—%)_1 is of class C*(RY), we can apply
Let N=3. Then by we have |grad V,(x)|2<4[V.(x)]®. Therefore, it fol-
lows from that for all u s H*(RY),

Re (Au, By)= 5 [(N~2)—41| B,

Next, let N=1. Then IVZ(x)12:4x2(x2~l— 711")“4 and we have

38 (.o, 1\ 1 Va@x)|*
717?("+;T> VOt 7y

Therefore, it follows from (6.7) that for all u < H?*(R),

=[Va(x)1®.

Re (Au, Bu)=—| Byl

So, in the case of N#2, we obtain (5.3) with
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k:iZ-(N—4)>—1 .

Therefore, the (essential) selfadjointness of A-+tB follows from Corollary 5.5;
for all u D(A-+B),

4

<.
[Bul= N=2) I(A+Bul, N#2.
The case of N=2 has already been treated in Example 6.6. Noting that (N—4)
N/4>0 if N=5, we see from Remark 5.6 that B is A-bounded. Q.E.D.

In connection with the above theorem, it should be noted that if ¢=
—(N—4)N/4 then —A-+t|x|~? is essentially selfadjoint on C5(R¥\{0}) (see e.g.
[19], Theorem X.11). Consequently, CF(RY\{0}) is a core of A-iB=
—A+t]|x|7% for t>—(N—4)N/4.

In the rest of this section we shall present an application of

Let U(x)=0 be a function in L?(R¥), where we assume that p=2 if N<3,
p>2 if N=4 and p=N/2 if N=5. Let B be the maximal multiplication operator
by U(x). Then B is selfadjoint in L? and, moreover, B is A-bounded with A-
bound zero, where A is the minus Laplacian (see e.g. Reed-Simon [19]). Hence
it follows that for any ¢>0 (0=<e<1) there is a constant ¢(¢)>0 such that for
all ue H(RY),

(6.9) [(u, Bu)| =(1—e)(u, Au)+c(e)llul?;

see Kato [8], VI-§ 1.7. Therefore, A+B-+¢(0) is nonnegative.
Next, let W(x)=0 be a function of class CYRY) and C be the maximal
multiplication operator by W(x). Then C is selfadjoint and nonnegative in L2
LEMMA 6.9. Let A, B and C be as above. Assume that there are constants
¢y, €320 such that

(6.10) |grad W(x)|2=Zc+c.W(x), xERY.
Then for all ueC3(RY),
(6.11) 2Re (C+1Du, LA+B+c0)Ju)=—cllul?

where ¢(0) is a constant in (6.9) and c=(c,+cy)/2.
Proor. Let u=C$(RY). Then we see from (6.5) with B, replaced by C+1
that

1§ GO | orad W) 2dx

4R W(x)+1
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Since we can write (C+1Du, Bu)—:SRNU(x)Iu(x)«/W(x)+l|2dx, it follows from
with ¢=0 that

Re (C+1u, (A+Bu)z—cO)| 1wV W(m)+1|%dx

—Ferted,, lulidx.

So, we obtain [6.11). Q.E.D.

Now let V(x)=0 be locally in L%(R¥) and replace U(x) by U(x)+V(x) in
the definition of the operator B. Then it is obvious that Lemma 6.9 holds with
this change.

THEOREM 6.10. Let A be the minus Laplacian. Let B and C be the maximal
multiplication operator by U(x)+V(x) and W(x), respectively. Assume that (6.10)
holds.

Then A+B—C=—A+U(x)+V(x)—W(x) is essentially selfadjoint on C3(RY).

Proor. Since V(x)+W(x)=0 is locally in L*RY), A+B+C=—A+U(x)+
[V(x)+W(x)] is essentially selfadjoint on C5(RY) (see e.g. Reed-Simon [19],
Theorem X.29). Also, we see from that for all u=C2(RY),

ICA+B+cO)Jull*+IICH+DulP<cllul*+ LA+ B-+C+1+4c(0)Jul®.
So, we obtain ((5.6) with S and D replaced by A-+B-+c¢(0) and C3(RY), respec-
tively. On the other hand, we have

¥ oW ou
Im (Cu, Aw=Im | u(x) % 3"

— e o PPN
; axj dx; uECO(R );

and hence
|Im (Cu Au)l<lg ;gradW<x)|21u(x>|2dx+ig | grad u(x)|*dx
’ = 2 RN 2 RN g .

It then follows from that

Cz"l—l
2

|Im (Cu, [A+B-+eOTw)| =5 Jull*+ 25— (u, (A+Cpw).

Thus, we see from that for all u=CY(RY),

\Im (Cu, [A~+B+c(0)]w)] é[%ﬂ“i(ﬂ]llull%—igl

€

(u, LA+B+C+c0)Ju).

Therefore, the conclusion follows from Q.E.D.
As a typical example of W(x) in we have in mind W(x)=
a-tblx—c|? ceRY (cf. Example 6.5).
COROLLARY 6.11. Let V(x) be locally in L¥RY) and assume that V(x)=
—a—blx—c|? for some c=RY, where a, b=0 are constants. Then —A-+U(x)+
V(x) is essentially selfadjoint on CH(RY).
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In fact, V(x) can be written as

Vx)=[V(x)+a+blx—c|*]—(a+blx—c|?),

where the first term is nonnegative and locally in L*(RY).

REMARK 6.12. The case of ¢=0 in [Corollary 6.11is treated by Faris-Lavine
(see also Reed-Simon [19], the first corollary of Theorem X. 38).
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