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Introduction.

The main theme of this paper is the algebraicity of two types of numbers
occurring in connection with modular forms. One is the values at certain
integers or half-integers of a Dirichlet series

D(s, f, @)= §1a<n>b(n)n—s

obtained from two modular forms
flz)= ila(n)ezm'nz and g(z)= E)Ob(n)e““” ,

and the other is the inner product {f, g> of f and g, when they have the same
weight. These have been treated in our previous papers [12], [13], and
for the forms f and g of integral weight. Therefore the present investigation
concerns the cases in which either or both of f and g have half-integral
weight.

To describe the nature of the problems as well as of the results, we let m’
and m denote the weights of f and g, respectively, which are positive elements
of 2'Z. If m=m’, there is a well known relation between <f, g> and the
residue of D(s, f, g) at s=m, and therefore the second object has a character
similar to the first one. Setting this residue aside, we restrict, for some natural
reasons, the study of the values of D(s, f, g) to the case m<m’. If we exclude
the case in which both m and m’ are integers, there are three cases:

1. m&Z and m'eZ,
. meZ and m'«€Z,
M. meZ and m'& Z.

The first case was treated by Sturm [17], [18]. Therefore we consider here the
remaining two cases. Let m’=k/2 with an odd integer k, and assume that f
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is a cusp form which is an eigenfunction of the operators T'(p? introduced in
for almost all primes p; put f|T(p*)=c,f. The main theorem of [9] shows
that there is a modular form F of integral weight k—1 such that F|T(p)=c,F
for all such p, where T(p) is the ordinary Hecke operator of degree p and of
weight 2—1. To obtain the algebraicity, we naturally assume that a(n) and
b(n) are all algebraic numbers. We shall then show that both <{f, g> (when
m=m’'=k/2) and the values of D(s/2, f, g) (when m<m’) for certain integers
s are algebraic numbers times z"/*u_(F), where n is an integer depending on
s, m, m’, and u_(F) is a “period” of F. Actually we prove a stronger result
which tells the behavior of the algebraic numbers under automorphisms.

The methods of proof are, for the most part, the same as in our previous
papers [12], [13], and also in Sturm [17]. However, we are confronted
by a new difficulty, since no satisfactory theory of “ primitive forms” has been
developed in the case of half-integral weight. Such a theory in the case of
integral weight was needed in order to obtain the most general result without
any artificial conditions. Therefore one of the main technical objectives of this
work is to show that the concept of “ primitive form ” is unnecessary, at least
for our present purposes. In fact, we shall obtain our results for an arbitrary
eigenfunction f of T(p*) for almost all p. (We can assume, however, that F is
primitive.) The dispensability of the concept of primitive form is significant,
because it will make the study of the critical values of the zeta functions asso-
ciated with modular forms of other types practicable. In fact, our technique in
the proof of seems applicable, for example, to the Siegel modular
forms. As another technical necessity dictated by our methods, we have to
analyse carefully the behavior of modular forms under the action of auto-
morphisms of C on the Fourier coefficients.

Since both inner products and the values of zeta functions are natural
objects of arithmetic interest, their investigation hardly needs justification. It
may be added, however, that there is an interesting application of our results
to the theory of algebraic curves uniformized by automorphic functions of
arithmetic type, which the author hopes to treat in a subsequent paper. Though
the lemmas are of course preliminaries to the main theorems, some of them
(Lemmas 9 and 10, for example) may be of independent interest.

1. Statement of the main results.

We denote by GL3(R) the subgreup of GL,(R) consisting of the elements
a b
with positive determinant, and let every element a':( d) of GL(R) act on
¢

the upper half plane
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H={zeC|Im(z)>0}

by the rule a(z)=(az+b)/(cz+d). For every positive integer N, we define
congruence subgroups Iy(N), I'(N), and I'(N) of SL,Z) by

b
I’O(N):{( ¢ ) )ESLZ(Z) ' ¢=0 (mod N)} ,

c

b
11<N>:{( ¢ , )EFO(N)I a=d=1 (mod N)} ,
C

b
F(N)_:{ ( ¢ , )el’l(m | b=0 (mod N)} .
I\ C Y

We introduce a factor of automorphy j(7, z) of weight 1/2 for y=l,(4) by

(1.1a) 0G(2)=j(, 2)0(z)  (rel4),
(1.1b) 0(z)= i}we(nzz).

Here and throughout the paper, we put

e(z)=exp(2niz) (ze().
We recall that

c

_((a b) z>2=<;1)(cz+d) (see [9]
J J ’ d ‘ .

*

E3
Given a non-negative element A of 27'Z, an element 7’:( d) of SL,(Z), and

¢

a function f on H, we define a function f|;y on H by
fG2)cz+d)*  if 2eZ,

12) (Fla@=1"""" ‘
SfG2)ir, 27 if 1¢Z.

We naturally assume that y=l,(4) when 1€ Z. For a congruence subgroup I’
of SL,Z), which we assume to be contained in I',(4) if A& Z, we denote by
M2, I') the set of all modular forms of weight 1 with respect to I, that is,
holomorphic functions f on H such that

(1.3a) flar=f for all yer
(1.3b) f is holomorphic at every cusp.

We call such an f a cusp form if f vanishes at every cusp, and denote by
S, I') the set of all cusp forms of M(2, I'). The reader is referred to for
the precise meaning of these cusp conditions. We then put
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HA, Ny=302, T(NY), S, N)=8@4, [{N)),
D=0 M2, TNY),  SD=1 S0 TN

(4|N if 2= Z). Given a character X modulo N, we put
M, N, )={feM2, N) | Ud,) f=f|r for every rel(N},
S(A, N, =SA)NM, N, X).

Here and throughout the paper, d, denotes the lower right entry of 7. We
always assume

(1.4a) X—1)=(—1* if 1eZ,
(1.4b) (—1)=1 and 4[N if 2«¢Z,

because H(4, N, X)={0} otherwise.
Introducing an invariant measure du(z) on H by

dp(z)=y%dxdy, z=x-+iy,

we define, for two elements f and g of H(A), their inner product <{f, g> by
(1.5) <f, g>=#<@)‘lg Qf_(?)g@)y*dﬂ(z) ,

wO=| duz), O=IN\H,

where we take N so that both f and g belong to #(Z, ['(N)). To guarantee
the convergence of the integral, we assume that either f or g is a cusp form.
We note that

(1.6) pNONH)=(z /L) : (N){£1}].

We also define the symbol <{f, g)> by [1.5) for continuous functions f and g such
that f|:y=f and g|r=g for all yeI'(N), whenever the integral is convergent.
Every element f of #(2, I'(N)) has a Fourier expansion

f@)= 3 a(me(nz/N).

Let Aut(C) denote the group of all ring-automorphisms of the complex number
field C, and let s€Aut(C). Then we can define an element f? of #(2) by

f“(z-’):’g0 a(n)’e(nz/N).

Such an action can be defined even for Siegel modular forms of integral and
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half-integral weights (see [15]). If f is a cusp form, so is f°. This is proved
in [14, Proposition 1.8] when 1=Z. The case of half-integral weight can be
reduced to that of integral weight by taking the square of a given form. In
particular, we denote by p the complex conjugation, and we put thus

(w7) fo(@)= 3 almle(nz/N)=F(—%).
We see easily that

(1.8) ff g>=<g% f>.

We say that f is rational over a subfield L of C, or f is L-rational, if L
contains all the coefficients a(n). This is so if and only if f7=f for all o of
Aut(C) which give the identity map on L. Given modular forms f, g, --- and
Dirichlet characters %, ¢, ---, we denote by K(f, g, -, X, ¢, ---) the field gener-
ated over @ by the Fourier coefficients of f, g, - (at 700) and the values of

X &,
Suppose A= Z; let

1r~“(z).—:§1 c(n)e(nz)ENiJlS(R, N)

and let ¢ be a primitive character modulo a positive integer ». Then we put

(1.9a) D(s, F)= g c(mn-*,
(1.9b) DG, F, ¢>=§1 G(n)e(n)n=>.

We call F primitive if the following conditions are satisfied :

(1.10a) F is a common eigenfunction of Hecke operators T(p) for almost
all primes p (that is, for all except a finite number of p);

(1.10b) c()=1;

(1.10c) There 1s a positive integer N such that FES(A, N) and that
{F, h(tz)y=0 for all heS(A, M), tM|{N, M<N.

The reader is referred to Miyake for the basic results on primitive forms.
We recall in particular that such a form F is an eigenfunction of Hecke oper-
ators T(p) of level N for all primes p; F|T(p)=c(p)F; F is uniquely determined
by giving the eigenvalues c¢(p) for almost all p. Moreover, if F is a primitive
element belonging to S(4, N, X), then F? is primitive and belongs to S(2, N, X%)
(see [14, Proposition 2.6]).

Now let £ be an odd positive integer. In[9], we defined a certain operator
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T¥(p* on H(k/2, N, %), which we simply write T x(p*®) or T(p*) when there is
no fear of confusion. Suppose 2=3 and an element g of S(k/2, N, X) is an
eigenfunction of T xy(p?) for all primes p, and let g|T(p®)=b(p)g. Then the
main theorem of [9] shows that there is an element h of H(k—1, N’, ¥*) with
some N’ such that

(1.11) D(s, hy=11 [1=b(p)p=*+A(p)yp*—>-*1 .

Moreover, & is a cusp form if £=5. With this result in mind, we introduce a
new concept as follows.

Suppose £=3. Fix a primitive element F of S(¥—1) with eigenvalues c¢(p)
as above, or rather, fix a system of eigenvalues {c(p)}. We say that an
element f of S(k/2, N, X) corresponds to F, or to {c(p)}, if fIT(p»)=c(p)f for
almost all p. Then we denote by S(k/2, N, X, F) the vector subspace of
S(k/2, N, X) consisting of all the elements corresponding to F. In §2, we shall
prove that this subspace is spanned by K(X, F)-rational elements, and sent to
S(k/2, N, X°, F°) by o.

Given an arbitrary primitive element 4 of S(4) and a primitive character ¢,
we treated in our previous papers the values of D(s, 4, ¢») for certain integers s.
To recall the result, put

A(m, h, $)=Q2ri)""z($)"'D(m, h, ¢)

for every integer m in the range 0<m <4, where z(¢) is the Gauss sum defined
as usual by

()= é}l(ﬁ(n)e(n/r) (r=conductor of ¢).

If ¢’ is an imprimitive character associated with ¢, we define its Gauss sum
7(¢’) to be the same as z(¢). Now notice that the number of all different A°

with o= Aut(C) is [K(h): Q]. We proved in (see also [12], [14] that
there exist 2[K(h): @] complex numbers u.(A’) depending only on h? with the
following properties :

(L122)  A(m, h, )/u,(WYEK(h, §) if H—1)=(—D)m,
AOn, by §)/u-(REK(h, §) if ¢(—1)=(—1)m"1

for every positive integer m<A.

(1.12b) LA(m, h, $)/u.(h)]=A0m, h?, ¢°)/u.(h’) for every o< Aut(C),
where the choice between u. and u.- is given as in (1.12a).

(1.120)  *7'we(d)<h, Ry /Tus(hu-(h)]€ K(R).

After these preliminaries, our first main result can be stated as follows.
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THEOREM 1. Suppose k is an odd integer =3. For fe8(k/2, N, X, F) and
g€S(k/2, N), put
(1.13) I(f, g)=miz(O</, 8> .
Then I(f, g)/u-(F)e K(f°, g). Moreover, for every o< Aut(C), we have
LIS, &/u-(FYI=I(f°°*, g°)/u-(F).

In particular, if f is K(F, X)-rational, then I(f, g)/u-(F) belongs to K(F, X, g),
and we have, for every o< Aut(C),

LIS, @/u-(F)1=I(f?, g°)/u-(F°).

This will be proved in §4.
To state the second main result, we define, for two modular forms

f@= 3 ame(nz)=Son’, N, 1),

g2)= 3 bme(nz)€ Hm, N, $),
a Dirichlet series D(s, f, g) by

(1.14) D(s, f, g)zégl a(m)b(n)n=*.

This is convergent for sufficiently large Re(s), and can be continued to a mero-
morphic function on the whole plane. In [12] and [13], we examined the
critical values of D(s, f, g) when both m and m’ are integers and m<m’.
Sturm treated the case where m<m’eZ, m&Z (see [18]). We consider here
the following cases:

(1) m’=k/2 and m=[/2 with odd integers 2 and [; k>, £=5.

() m'=k/2, meZ, and m=Z(k—3)/2.

Let us now put, in Case (1),

Dyls, f, &)= Ly@s+2—(k+D/2, ®)D(s, f, g),
—1\4
where w(d):<7> 2d)g(d), 2=(k—1)/2, and

(1.15) Ly(s, w)=n> 2 w(mn™;

0,(n, N>

we put subscript N to emphasize the condition (n, N)=1. This notation Ly
applies to an arbitrary primitive or imprimitive character © whose conductor
may or may not divide N.
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THEOREM 2. Under assumption (1), ['(S)[(s+1—(/2)Dx(s, f, g) is an entire
function. Suppose moreover that feS(k/2, N, X, F); let n be an odd integer
such that

(1.16) | [En=Zk—-2,
and let
B(n, f, @=ic(p) 'zt y(n/2, f, g)/u-(F).
Then B(n, f, g)€ K(f, g). Moreover, for every o< Aut(C), we have
B(n, f, 8)°=B(n, f°, g°).

The existence of the factor I'(s4+1—(!/2)) shows that Dy(n/2, f, g)=0 for
every odd integer n less than /.

THEOREM 3. Let f€S(k/2, N, X, F) and geM(m, N, ¢) with an odd integer
k and an integer m<k/2. Put p=(k-+2m—1)/4 and

-@N(S) f} g)ZLN(4S~—4‘u+2: x2¢2)D(S7 f; g) .
Then

(s—) (S (s-+1—m)[(s—p+(1+4¢)/2)Dn(s, f, &)

is an entire function, where ¢ is 0 or 1 according as 2p is even or odd. The
factor s—p is unnecessary if 2u is odd or if X*¢* is nontrivial. Moreover, put

neZlm+(k—-1)/2=n=k—2, n=1 (mod 2)} if X*¢* is nontrivial
:{ neZ|m+(k—1)/2<n=k—2, n=1 (mod 2)} if X*¢? is trivial,
Le=neZ|2m=n=m+(k—3)/2, n=0 (mod 2)},
ir(XP?) Pt ARG v (n /2, f, g@)/u-(F) for ne ]y,
(P 1D y(n /2, f, @)/u-(F) for ne],.

Then C(n, f, g)°=C(n, f°, g°) for every o< Aut(C).
We see from the nature of the gamma factors that

C(n: f’ g):{

Dyn/2, f, g)=0 if n=1 (mod2) and n=m-+(k—3)/2,
or if n=0 (mod2) and »n=<2m—2.

Obviously [i\UJ. is empty unless #—2m=3. These two theorems will be proved
in §5. '

2. The behavior of modular forms under Aut(C).

Throughout the rest of the paper, we denote by Q the algebraic closure of
Q@ and by Q,, the maximal abelian extension of @, both embedded in C; A will
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denote the adeles of Q.
We introduce a group ¢ consisting of all couples (a, ¢(z)) where

a b

a= eGLI(R)
c d

and ¢ is a holomorphic function on H such that ¢(z)*=t-det(a) *(cz+d) with

a complex number ¢ of absolute value 1. The law of multiplication in & is

defined by

(a, (2)XB, ¢(2)=(a B, ¢(B(2))P(2)).

We denote by P the projection map of ¢ onto GL3(R) which sends (a, ¢) to a.
For §é=(a, p)€g, a function f on H, and an odd integer %k, we put

Fleng=fla(z)p(z)"*.

If feM(k/2), we shall often write f|,,.§ simply f|§. We can define an injec-
tion 7—7* of I',(4) into ¢ by

2.1) r*=@, i(r,2)  Gel4).

Our notation shows that f|,.y=/f|z2r*. Another type of injection can be
defined by using the well known function

2.2) p(@=e(z/24) IL 1 —e(n2)) .
In fact, if we put

(2.3a) P(r(@)=h(r, 2)n(2),
(2.3b) 7+=(, Wy, 2) (rel'l),

then 77 embeds I'(1) into ¢. We see that yy=r* for yel'(24), since %(z)
belongs to S(1/2, I'(24)) (see [9, p. 457]).

LEMMA 1. Let N be a multiple of 24 and let o= Aut(C). Then there is an
automorphism 7—7° of I'(1)/T(N) such that: (i) I'(M)/I'(N) is stable under o
for every divisor M of N; (i) folrow=(flr+)" and fol(r7)*=(flr*)° for all
feMkr/2, I'(N)); (iii) 7y and 7° have the same diagonal entries modulo N.

PROOF. As shown in [15, Proposition 2.1], M(k/2, '(N)) is spanned by
Q-rational elements. Therefore it is sufficient to prove the existence of an
automorphism with the required property (i) for all Q-rational f. For this
purpose we consider the action of the adele group G4, (which is the “ positive
part” of GL,(A)) on @Q,-rational modular functions defined in [8, Chapter 6]
(see also [14], [15)). Given o, take t=II,Z} so that the action of ¢ on @,
coincides with ¢. By the strong approximation theorem, we have
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10 10
32K 2
0 ¢ 0 ¢

with a=SL,(Q) and ucSLy(A4) such that u,=1 (mod NZ,) for all primes p.
Obviously a=I'(1). Given a Q-rational f of SH(k/2, ['(N)), put g=f/n* Then
10

0 t
acts as ¢~! on modular forms, we have (g|7)’=g’|a, and hence (f|74)° =/ | ax.

Similarly, considering f/6* instead of f/%* we find (f|r*)’=f"|a* when
rel'y(4). Obviously a modulo N is uniquely determined for y and ¢ by [2.4).
Writing 7° for a, we obtain our lemma.

The above technique is also applicable to the elements of ¢ whose projec-
tions do not necessarily belong to ['(1). For example, we can prove

LEMMA 2. For a positive integer M, define an operator &y acting on M(A) by

| {f(—l/MZ)(MZ)"’1 if AeZ,
| f—yMe—iMt if 2ez,

g is a Q-rational modular function of level N, so that g*=g. Since(

where (—iMz)~* is chosen to be positive on the positive imaginary axis. Let
g€ Aut(C). Then, for every fe M, N, X), we have

flew=107(2)" 11807

where s is an integer such that e¢(1/2N)°=e(s/2N), and <—§—) s the quadratic
residue symbol.

Here M may or may not be equal to N. We omit the proof, as this will be
necessary only for an alternative proof of certain facts in our proof of Theo-
rem 3.

LEMMA 3. Let X be a vector space over a subfield K of C with countably
many elements, and let U=XQxC. Let Aut(C/K) denote the group of all auto-
morphisms of C over K, and let Aut(C/K) act on U by (Zncaxa)’=20nC5%%n for
ceAut(C/K), c,€C, and x,=X. Suppose V is a ﬁm’te-dz'mensz'ondl C-linear
subspace of U stable under Aut(C/K). Then V=(XNV)KxC.

ProoOF. We can find a finite-dimensional subspace Y of X such that
VCY®xC. Then our assertion becomes a special case of a well-known fact
that every affine variety stable under Aut(C/K) is K-rational. One can also
prove our lemma in an elementary way.

LEMMA 4. For 0<A€271Z, the following assertions hold.

a b
(1) Let fESH(), a:( d)EGLz(Q), det(a)>0, and let g(z)=f(a(z))(cz+d) 2.
4
Then K(g)CQ..K(f).
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2) M, I') and S(A, I') are spanned by Q-rational elements, if I is either
I'i(N) or I'(N). »

3) M, N, %) and S(4, N, X) are spanned by K(X)-rational elements.

4) M, N, 0)°=MA,N,x%) and S(A, N,X)°=8(4, N, X%) for every o< Aut(C).

Proor. If 2= Z, assertions (1) and (4) are included in [14, Propositions 1.4,
1.6, 1.8]. Assertion (1) for A€ Z is proved in [11, Proposition 1.5] when K(f)
CQ.,; the same proof is obviously valid even if K(f)dQ,,. Assertion (2) for
;%(2, I) is included in [15, Proposition 2.1] if I'=I(N). The same proof is
obviously valid for I';(/N) also. Since S(4) is stable under Aut(C) as mentioned
in §1, we obtain assertion (2) for S, I') from Assertion (4) for
A=Fk/2 can be proved in a straightforward way by means of Lemma 1. Then
assertion (3) follows from

We now recall the definition of T7(p?). Fixing a multiple N of 4, put
I'=I(N) and denote by 4 the image of [’ under the map y—7*. Further we
consider an element & of & defined by

10
§=(a, p¥%), a=( )
0 p?

with a prime p and then a coset decomposition
a, b,
Fal'=11,1a,, a,= .
¢, d,

As shown in [9], we have 4£4=I1,4¢, with elements &, such that P(,)=a,.
Now, for feM(k/2, N, X), we put

(2.5) TN (pH=p* 2 X(a)f €, .
LEMMA 5. Let p be a prime not dividing N. Then
XOPHSIT (P, g>=<F. gl T(p*)>

for every f, g=S(k/2, N, X).
PrROOF. Observe that

(2.6) (f16, gy=Xf, gl6™>  for every d=g.
Therefore
SIT(PY, go=pH*P R X(a,)f|&, g=pH? X, 2X(a,) g|&D .

By [8, Lemma 3.5], we can choose a, so that I'al'=IT,]a,=I1,a,]. Then
AE- 1 A=TT, 485", Put

A )
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As shown in the proof of [9, Theorem 1.7], we have £ '{=y<4£4, and hence
d, *
AEA=AEEA=T1,4&;*C. Since P(E,‘lC):( ), we have

* a,

| T(PH=p P2 X(d,)g | & =pH® " A(p") L X(a,) g 1§,

which proves our assertion.

This shows that the operators X(p) *T(p* for p prime to N are hermitian
on S(k/2, N, X); since they commute, we can find an orthogonal basis of
S(k/2, N, X) consisting of eigenforms for all p prime to N. We also observe
that S(k/2, N, X, F) is orthogonal to S(k/2, N, X, F’") if F+F".

LEMMA 6. Suppose k is an odd integer >1. If S(k/2, N, X, F)+ {0} with a
primitive F, then F belongs to S(k—1, N’) with a divisor N’ of a power of N.
Movreover, if F|T(p)=c(P)F for pIN, then f|IT(p®=c(p)f for all fe
S(k/2, N, X, F) and all p } N.

PROOF. As remarked above, S(k/2, N, X) has an orthogonal basis {g1, ***, ga}
consisting of eigenfunctions of T y(p* for all p prime to N. We take it so
that g1, =+, gnES(k/2, N, X, F) and gn+1, -+, gnES(k/2, N, X, F). We see easily
that no nontrivial linear combination of g1, -, g» belongs to S(2/2, N, X, F).
Therefore g1, -+, gm span S(k/2, N, X, F). Let g.|T(p*)=b(p)g: for p }/ N, and
let S; be the set of all elements f of S(k/2, N, X) such that f|T(p®=b(p)f for
all pfN. Since S: is stable under T y(p? for all p, it contains an eigen-
function f, of Tx(p? for all p; let fo| Tx(p®)=b(p)f, for every p (including the
prime factors of N). The main result of shows that there is an element A
of M(k—1, N’, X*) such that D(s, h) is given by where N’ can be taken
to be a multiple of N which divides a power of N; heS(k—1) if £>3. Since
D(s, h) has an Euler product, 4 is an eigenfunction of all Hecke operators of
level N’; in particular h|T(p)=b(p)h for all p / N. Since F|T(p)=b(p)F for
almost all p, we see that & is a cusp form even when k=3. Therefore the
“exact level ” of F divides N’, and hence F|T(p)=b(p)F for all p / N. Apply-
ing this result also to g, -, gn, We obtain our assertion. Notice that if £>3,
the same reasoning shows that each of gp+1, -+, g» belongs to S(k/2, N, X, F’)
with some F”.

We mention here Shintani [16], Niwa [4], Gelbart and Piatetski-Shapiro [2],
and Flicker as investigations related to the correspondence between S(k/2)
and S(k—1).

LEMMA 7. (1) S(k/2, N, X, F) is spanned by K(X, F)-rational elements.

(2) S(k/2, N, X, F)°=S8(k/2, N, X°, F°) for every o< Aut(C).

(3) Let 9(k/2, N, X, F) be the orthogonal complement of S(k/2, N, X, F) in
S(B/2). Then 9(k/2, N, X, F)°=9(k/2, N, X°, F°).

4) If k=5, S(k/2, N, X) is the direct sum of subspaces S(k/2, N, X, F) for
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finitely many F’s.
ProoF. We first observe that

.7) SITPD) =77 1T .

This follows from [9, Theorem 1.7] and (4). Now take g, -+, gn as
in the proof of for a fixed F. Put

go<k/2y N: X; F>:8(k/2, N) X)ﬂg(k/z, N: X’ F)'

Then I4(k/2, N, X, F) is spanned by gm+1, ©+, gn. By [27) gf, -, g% are
eigenfunctions of T(p? for all p prime to N in S(k/2, N, X°), and obviously
gl, -+, g% belong to S(k/2, N, X°, F°). Let F|T(p)=c(p)F. If i>m, we have
2| T(pD=c'(p)g: with ¢'(p)#c(p) for infinitely many p. Then, by [2.7), g7 does
not belong to S(%k/2, N, X°, F?); moreover, gJ is orthogonal to S(k/2, N, X°, F7)
by virtue of Therefore g%.1, -+, g% span T4(k/2, N, X°, F?). This
proves (2) and I\(%k/2, N, X, F)°=9(k/2, N, X°, F°). Then (1) follows from
Assertion (4) follows from the remark at the end of the proof of
To complete the proof of (3), denote by U(k/2, M, X) the orthogonal
complement of S(k/2, N, X) in S(k/2, '(M)) for every multiple M of N.
Obviously 9(k/2, N, X, F) is the sum of T(k/2, N, X, F) and U(k/2, M, X) for
all multiples M of N. Thus our task is to show that U(k/2, M, X)’=
U(k/2, M, X°). Observe that U(k/2, M, X) is stable under [,(N). Taking a
basis {fi, -+, fm} of U(k/2, M, X), we can define a representation (a;;(y)) of
[o(N) (or rather, of Iy(N)/I'(M)) by fi:lr=22,a:i{r)f;. Since this does not
contain the representation y—X(d,), we have
2Xdp)fai(n=0 @ j=1, -, m),
TER

where R=I4(N)/['(M), and p denotes the complex conjugation. Given
s Aut(C), let y—7y° be the automorphism of Io(N)/I'(M) of Lemma 1. If
heS(k/2, N, X°), we have

LN : I(M)I<h, f‘%>=T§eX(dr)"”X(dr)"<h, o
= 2 UdN? <RI fO= 2 Md) <k, [T
TER TER

=2 2 Xd)*?ai(r)°<h, f=0.
j 1€R
Therefore f9, -+, f% belong to U(k/2, M, X°). This completes the proof.
LEMMA 8. Suppose 0+f=S(k/2, N, X). Then KMX)CK(f). If moreover
f€8(k/2, N, X, F), then KQ, F)CK(f).
This follows from (4) of and (2) of
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3. Eisenstein series and differential operators.

LEMMA 9. Let g be a C-valued continuous function on H such that glr,r=g
for every yel’ with a congruence subgroup I' of I'u(4). Suppose that {f, g>
defined by (1.5) is meaningful for all f€S(k/2). Then there is an element h of
S(k/2, I') uniquely determined by g, such that {f, g>=<f, h> for all feS(k/2, I').
Moreover this h satisfies {f, g>=<{f, hy for all f€S(k/2).

We call h the essential part of g.

Proor. The first assertion is obvious. Take N so that I'(N)cI. Then
there exists an element p of S(k/2, ['(N)) such that {f, g>=<{f, p> for all
f€8(k/2, I'(N)). Let rel. Then S(k/2, I'(N)) is stable under f—f|7, and
therefore '

for all feS(k/2, I'(N)). Hence plr=p, i.e., p€S(k/2, I'). By the uniqueness
of h, we have h=p, which proves our lemma.

REMARK. The same type of result obviously holds for the forms of integral
weight, and even for modular forms on a higher-dimensional domain. In fact,
it is a purely algebraic statement concerning a bilinear form on a vector space
on which a system of groups acts under some conditions.

For a congruence subgroup I of I,(4), define now a subspace &(k/2, I") of
M(k/2, I') by

e(k/2, I={geMk/2, I')|<{g, f>=0 for all fes(k/2, I')}.

Obviously HM(k/2, [=S(k/2, ["PBe(k/2, I'). Moreover, taking h=0 and g in
&(k/2, I') in the above lemma, we find that

3.1 e(k/2, y=(k/2, NE(R/2, Ty if I"CI'.

LEMMA 10. Suppose k+3. Then &(k/2, ['(N)) is spanned by its Q-rational
elements.

ProoFr. If k=1, this is a direct consequence of a result of Serre and Stark
[7, Theorem 6]. Suppose %.>3. Let us first prove our assertion for ['(N)
instead of I';(IN). Fix a positive integer N>2 and denote by R a complete set
of representatives of I'y \['(N), where

1 mN
32) rN,w:{( )fmez}.
0 1

Define h(y, z) by (2.3) and put
Gz)= X h(, 2)°%,
7TER
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Ga(2)=G(a2)h(a, 2)°*  (acI'(1)).

Also denote by My the set of all elements f of H(k/2) such that f(y(z))=
h(y, 2)*f for every yel'(N), and put Sy=HyNS(k/2). Now a standard argu-
ment (originally due to Petersson) shows that S} is orthogonal to G, and hence
to G, for all a=l'(l). Moreover G, vanishes at all cusps of I'(N) except at
a~'(c0); therefore every element of iy is a linear combination of G, plus a
cusp form. (For details, see Petersson [5, Satz 2], [6].) Therefore if we put

Ev={feMy|{f, Sy»=0},

then &y is spanned by G, for all a=I'(1). Suppose now 24|N, and put, for
every character w modulo N,

(3.3a) G(z, w)=y§, o(dp)ir, 2)7*,

(3.3b) G*(z, 0)=G(—1/z, w)(—iz) %%,

where W is a complete set of representatives of I\l o(&N). Obviously
vanishes if w(—1)=—1; so we consider only those characters w satisfying
w(—1)=1. Observe that the sum of G(z, w) for all such w is a positive integer
times G. Now the Fourier expansion of G* was studied in [107. In fact,

G*(z, w)=2¢(E/8)N-*2E*(z/N, 0, —k, w)
with the function E* of [10, p.86]. As shown on [10, p.89], if we put

C*(z, w)= E:}lB(n, w)e(nz/N)

and n=tm® with a square-free ¢, then
N*2[(k/2)Ly(k—1, 0*)B(n, w)
=2n*B 121 2 L y(4, w) Z; ula)w(a)w(b)a*b**,

where 1=(k—1)/2, p is the Moebius function, w, is a primitive character such
— 2
that w;(a):(Tl) (j—iv—)w(a) for (a, tN)=1, and the sum 3}, , is extended

over all positive integers a, b prime to N such that ab divides m. For Dirichlet
characters %, -+, X, put

(3.4) Xy, =, Xnd=1Xy) - tXn) /[eUa - X))
(3.5) Py(n, X)=Q2xi) "t(X) *Lx(n, %) for 0<neZ, X(—1)=(—D1"
It can easily be shown that, for every o= Aut(C),

(3-68') [Xl, ) Xm]a:[X({, ) X(;n] ’



664 G. SHIMURA

(3.6b) Py(n, X:1)’=Py(n, X)

j— 2
(see [14, Lemma 4.12, Proposition 3.1]). Putting %(a):(*ai) (—t—fli) we see
that
v 2 7(w)Py(22, *)B(n, w)

=A(k, N, n)lw, olle:, ] Py(2, wz)%#(a)wz(a)w(b)za'*bz‘k

with a rational number A(k, N, n) depending only on %, N, n. This combined
with (3.6a, b) shows that

(3.7 [V 2 7(0)G*(z, w)]°=+21(0*)G*(z, ®°)

for every o€ Aut(C). Now G(z, w) belongs to M(k/2, N); again a standard
argument shows that it is orthogonal to S(k/2, N, X) for every X, and hence it
belongs to &(k/2, I''(N)). Therefore G*(z, w) belongs to &(k/2, I'(N)). Since
ey=¢&(k/2, [(N)) if 24|N, -this shows that &(k/2, ['(N)) is generated by
G*(y(2), w)h(y, z)"* for all yel'(1) and all w. This combined with
and shows that &(k/2, I'(N)) is stable under Aut(C). So far we have
assumed 24|N. Given an arbitrary multiple M of 4, let N be a common multiple
of 24 and M. By we have

E(k/2, I(M)=Mk/2, [\ MNNE(k/2, [(N)),

and hence &(k/2, I''(M)) is stable under Aut(C). Therefore it has a Q-rational
basis by virtue of
The corresponding fact for all integral weights =1 can be derived by the
same (and actually easier) argument from the well known results of Hecke on
Eisenstein series. It is conjecturable that the above lemma is true also for 2=3.
We now introduce a differential operator d, and 67 for tC and 0<r=Z by

(3.8a) 07=0¢42r-2 *** 0420; ,

(3.8b) 0:=Qr0) [t2iy) *+(0/0z)] (cf. [12], [14].
We see easily that
o f1:N=002 ) 2+, .  (AE2T'Z, yely(4)).

Let A, denote the set of all functions g on H of the form

(3.9) g= 3 i.g,  with g,eNQm(z—zr, N).

_OéTSXIZ
Then the following facts can easily be proved (see [12]):
(3.10) The g, are unique for g.
(3.11) If fed, and g€ Ay, then fgEAriy
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For g€ Aut(C) and g as in (3.9), we define g° by
(3.12) g":; 0%-2-87 .

This can be defined also as follows: g has an expression

g@)= 3 (—4ny>-s7§0cs<n>e<nz>

0sssi/2

with ¢s(n)=C ; then

(3.13) g7 (D)=3 (—4z3)" T cn)’e(na).

Therefore we have (fg)’=f?g? for two such functions f and g.

LEMMA 11. Let feSQA) and g€ MA—2r) with 0<re Z. Then {f, 05-2,8>=0.

Proor. It is sufficient to prove the case where feS(4, N,X) and
g€ MA—2r, N, X). If A€ Z, this was proved in [12]. The case of half-integral
weight can be proved in exactly the same fashion.

LEMMA 12. For every g€ 4,, let [ g] denote the essential part of g in the
sense of Lemma 9. Suppose 2#3/2. Then [g]°=[g’] for every o= Aut(C).

PrOOF. Write g in the form (3.9), and let g,=p4¢ with p=S(4, N) and
g€, I'(N)) for some N. Then p=[g] by virtue of Lemma 11. If we change
g for g7, then naturally g, is changed into gi=p°+¢?. We know that p7€S(4),
and also, by that ¢g°e&(4, I(N)) (though, strictly speaking, we
proved only the case A& Z). Therefore we obtain our assertion.

4. Proof of Theorem 1.

Let %2 and / be odd integers such that 0</<k, and let feS(k/2, M, X) and
gEM(I/2, M, ¢) with Fourier expansions

f@)= 3 a(n)e(nz), g@)= 3 bin)e(nz).
For a typographical reason, let us denote the function f* defined by also

by f.,. By foES(k/2, M, X™). Now a straightforward calculation
shows that

(4D [0y Fe@e@dxdy=T)4m) DG, £, g)

for sufficiently large Re(s). The left-hand side can be transformed, by a well
known principle (see [9], [12], for example), to the form

(42) [ 78 Erne, s+1=(/2), @)y dp(2),
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where @=I(N)\H, N is any common multiple of M and M’, 2=(k—[)/2, and

E; vz, 8, w)= czl)z‘a)(a,’)(cz%-d)‘/2 lcz+d|™?°,

w(d):(—%l)z)((d)gb(d) ;

(¢, d) runs over the lower entries of the elements of a complete set of repre-
sentatives of [ {£1}/1 ]\ o(N); [}« is defined by [3.2). It is well known that

I'(s+2)Ly2s+2, w)E; y(z, s, ®)

can be continued to an entire function on the whole plane. Moreover, integral
(4.2) multiplied by I'(s+2)Ly(2s+2, w) is convergent by virtue of [9, Lemma
3.3], and therefore defines an entire function. This proves the first part of
Theorem 2

To prove [Theorem 1, we specialize the above consideration to the case
where /=1 and

g(2)=(l/2)n§wg0(n)e(tn"’z)
With a primitive character ¢ modulo 7 such that ¢(—1)=1 and a positive integer ¢.
By [9, Propositions 1.3 and 2.2], g belongs to M(1/2, 4t ¢) with &d(m)=

go(m)(—}%). The above computation specialized to this case shows that
43) T(s)dm)™t* 3 pmaltn®n~*

=\ Fog Eana s+1—(2/2), 0)y*dp(2),

—1\*

=k=1/2, w=gap, eom=(—")(--).

Suppose S(k/2, M, X, F)# {0} and F|T(p)=c(p)F for each prime p. By
we have f|T(p*)=c(p)f for all feS(k/2, M, X, F) and for all p } M.
We can also find the above character ¢ so that

(4.4a) every prime factor of M divides r,
(4.4b) g 1s a cusp form.
For example, let pi, -+, p» be the odd prime factors of M, and put

o =(Z), =8 pug

with an odd prime ¢ such that ¢=3 (mod4) and ¢ Y M. Then ¢ is not totally
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even in the sense of Serre and Stark [7, p.36], and therefore g is a cusp form
by virtue of [7, Theorem B]. Now take ¢ under the condition

(4.5) t has no square factor prime to r.

Let 0#f=S(k/2, M, X, F). With a fixed ¢, let N be the least common multiple
of M and tr% Then it follows from [9, Corollary 1.8, Theorem 1.9] that

(4.6) i:}lgo(n)a(tnz)n'Zsza(t)LN(25+l—2, ©)'D(@2s, F, ¢).

Put m=%k—2 and evaluate at s=m/2. Then we have
a@®)D(m, F, 9)=Rrx ™22 L y(R, )Xf*, g E:,n(z, 0)),

where R is a positive rational number which depends only on m, N, and ¢, and
is independent of f, and

4.7 E: vz, @)=E; n(z 0, 0).

If A#2 or w is non-trivial, E; y(z, ®) belongs to H(4, N, @ ') and therefore
g E; vz, )€S(k/2, N, X™"). 1f A=2 (and hence k=5) and o is trivial,
g E, x(z, w) belongs to A, for the same reason as on [12, p. 795], and therefore

g E, n(z, ®)=go+01/281

with gee M(5/2, N, X°') and gieM(/2, N, X°*). Since g is a cusp form, we
see that both g, and g: are cusp forms. (Actually g. is a constant multiple of
g.) Put ge=g-E; y(z, ) if 2#2 or o is nontrivial, and let gy=h-+h’ with

hes(k/2, M, x°, F*), h'e2(k/2, M, X°, F*),

where & is defined in[Lemma 7. Observing that i*t'/?z(¢,) is a rational number,
we obtain, in view of

(4.8) R'at)Alm, F, ©)=[¢:, X, o1 'Pn(4, @)zi-c(0)<h?, [,

where R’ is a nonzero rational number independent of f.

Since A=1, we have Py(4, w)#0. Suppose now £=5. Then we have
m=k/2, and hence D(m, F, ¢)#0 by [14, Proposition 4.16] (cf. also [12, Propo-
sition 2]). Write a(¢, f) for a(t) in order to emphasize the dependence on f.
Then the above relation shows that

(4.9) a(t, f)=0 if and only if <a®, f)>=0.

Let o= Aut(C), and take f°, F'?, and ¢ instead of f, F, and ¢, but with the
same t. By [12, Lemma 5], we have E; x(z, w)’=E; y(z, 0°) if 1#2 or o is
nontrivial. This is so even when 1=2 and w is trivial, if the action of ¢ is
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defined by [3.12). (In fact, it is @Q-rational.) Therefore we see from (3) of
that 4 is exactly the form which -plays the role of & for f?, F?, and
¢°. Thus we have

R’a(t, f9)A(m, F°, ¢°)=[¢:, X%, ¢°17'Py(4, 0”)wiz(X?){h°?, f°>.

Define I(f, g) by [L.I3); divide by u_(F) and apply ¢. Then we find, in
view of (1.12b) and (3.6a,b), that

(4.10) CIChe, £)/u(F)]°=I(h??, f)/u-(F°).

We have obtained & for each fixed t satisfying (4.5); now write h; for h*.
Observe that every positive integer can be written as tn® with ¢ satisfying (4.5)
and a positive integer n prime to ». Therefore and show that f=0
if <h;, f>=0 for all ¢ satisfying (4.5). It follows that the A, span S(k/2, M, X, F).

for k=5 now follows easily from this result. Changing the
notation in order to avoid confusion, let p=S(k/2, M, X, F) and q=8(k/2, M’).
Then we have p=2eybsh; and ¢=r-+2epc.h; with by and ¢, in C, » in
a(k/2, M, ¥, F) of and with a finite set V of positive integers
satisfying (4.5). Then

[(p; Q): Evgsctl(hs; ht)'

s, te

By and (3) of we have
(4.11) LI(p, @/u-(F)17=I(p?°?, q°)/u-(F°)

for every o= Aut(C). Now K(F) is either totally real or is a CM-field. There-
fore K(F, X\)=K(F*, X*)CK(p°) by and hence [4.11) shows that
I(p, @)/u-(F) belongs to K(p® q). If p is K(F, X)-rational, we have K(p)=
K(p?)=K(F, X) and pop=0c on K(p). This proves when £>3.

Next let us assume k=3. In this case we have m=1 and D(l, F, ¢) may
be 0, and therefore it is necessary to modify the above reasoning. We first
choose a character ¢: under conditions (4.4a,b). If D(1, F, ¢1)#0, then the
whole preceding argument is valid. (Since A=1, g-F; »(z, @) is always a cusp
form.) Suppose D(1, F, ¢:)=0, and put

F(z)zé}l c(ne(nz), F*z)= glgol(n)c(n)e(nz) .

Applying [13, Theorem 2] to F*, we find a character & whose conductor is a
prime not dividing Mt»?, and such that &(—1)=1, D(1, F¥, §)#0. Put ¢p=£&¢,.
Then

D, F, 9)=D(1, F*, £+0.

Therefore the above reasoning for £>3 is valid also in the case 2=3 with this
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choice of ¢. This completes the proof of [Theorem Il
REMARK. In the case k>3, we have employed a character ¢ such that
¢?*=1. Therefore the forms %, in the above proof are K(X, F)-rational.

5. Proof of Theorems 2 and 3.

We now go back to and with £>3. A direct calculation shows
that

_ TG=2r)
— I'QA—7)

(5.1) E; 5z, —7, 0 (—47y)0%-9,Ei-or v(z, ) (0=22r<2, reZ).

Let n be an odd integer such that
(5.2) (B+1—4)/2<n=Zk—2,

and let r=(k—n—2)/2. Then 0=<2r<2 and r=Z. Substituting n/2 for s in
and [4.2), we find that

(5.3) D(n/2, f, g)=Ja*"P/*f*, g0t-2,Es-sr.n(2, @),

where J is a rational number depending only on %, /, n, and N. Now assume
that feS(k/2, M, X, F). Let h be the essential part of go0%-o,F1-or, v(z, @) in
the sense of Observing that h=S(k/2, N, X°), decompose h into the
sum h=p+q with p in S(k/2, M, X°, F°) and ¢ in 9(k/2, M, ¢, F*) of Lemmal
7. We can now state a preliminary version to as
THEOREM 4. Let feS(k/2, M, X, F) and g= M(/2, M’) with odd integers
k and | such that 0<I{<k and k=5. For every positive integer n satisfying
(5.2), put
B'(n, f, ) =n®"P2iz(0)Dn/2, f, g)/u(F).

Then B'(n, f, g)°=B'(n, f°, g°) for every o< Aut(C).
To prove this, we may assume that g #(l/2, M’, ¢) with a character ¢
modulo M’. Then shows that

B'(n, f, ©=J-1(p*, ))/u-(F).

If we change f and g for f° and g7, then p is changed into p°. This follows
from and (3) of Thus

B'(n, 17, g)=]-1(p°°, f°)/u-(F°).

Hence our assertion follows immediately from [Theorem 1l
The assertion of for n satisfying is merely a restatement

—1\2
of this result. In fact, put go(d)=(~d—1) and observe that i*z(p) is a rational
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number, and that 0<n-+2—(k+10)/2=2 (mod 2). Then
B(n, f, & =J]'X, ¢, o1 *Py(n+2—(k-+1)/2, Xpp)I(p?, f)/u_(F)

with a rational number J’ depending only on £k, [, n, and N, and hence we
obtain the desired conclusion from and (3.6a, b).

Now let n’ be an odd integer such that /[<n’<(k-+[)/2. The transformation
s—(1/2)(k+1)—1—s sends n’/2 to n/2 with an odd integer n satisfying [(5.2).
Therefore our result for B(n’, f, g) can be obtained by using the functional
equation of E; y(z, s, ). The computation is exactly the same as what was
done on [13, pp.217-218]; we only have to take k/2, //2, and X¢¢ in place of
k, I, and X¢ there.

Finally, to prove we take g from H(m, M’, ¢) with an integer
m<k/2, and still f in S(k/2, M, X, F). In this case, a computation similar to
that of §4 shows that

@Ry *TODGs, f, @)=\, Fr8Cun(z 25+2—k, )y *dp(z)

where
Gen(z, s, w)zy*“TGZWw(dT)j(r, 2)7j(r, 2)17%,

k=h—2m, w(d):(;dl—)mX(d)g[)(d),

and W is a complete set of representatives of [{£1}]1.]\[s(N). Now
G. v(z, s, w) coincides with E(z, s, —k, o) of [10]; moreover, [10, Proposition
3] shows that

stk
2

(s+a— DI (STEN(T5E0) Lat2s+2a, 0IEG, s, =k, o)
is entire, where a=(x—1)/2, and ¢ is 0 or 1 according as « is even or odd; the
factor s-+a—1 is necessary only when @? is trivial and £=1 (mod 4). Therefore
the first assertion of follows from [10, Proposition 4] in exactly the
same fashion as in [10, § 5.

Now put ‘
{ {re2Z|0r<(k—3)/2} if &* is trivial,

{re2Z0<r=(k—3)/2} otherwise,

T,={reZ|(xk—1)/2=r <k, r=1(mod 2)},
H<Zy v, w):CT{LN(ZS_l—I—,Cy a)z)G/c,N(Z; S, Cl))} S==T )
{ z.(CUZ)--171.1—IC+(3'I‘I2) lf re T1 ,

r{w) g TR/2 if reT,.
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In [1I7], Sturm showed that H(z, r, w) belongs to A, and moreover that
H(z, r, w)’=H(z, r, ®°). These results can also be obtained by examining the
Fourier expansion of the function E*(z, s, —k, w) of at s=—r and apply-
ing Lemma 2 to it. This is similar to but somewhat more complicated than
the analysis of G*(z, w) in the proof of Anyhow, the arithmetic
part of can now be proved in the same fashion as for
by virtue of these properties of H(z, 7, w).

ADDENDUM. Some results of Reference are quoted at several points in
the present paper. We inform the reader that more than 20 misprints are in
that article, though they affect neither the main theorems nor the results
employed here. A full list of corrections has been sent to the Duke Mathe-
matical Journal for publication.
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