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1. Introduction.

Let G be a group, Z the ring of integers, m a positive integer and Z,, the
ring of integers modulo m. It is well known ([5], Proposition 5) that Yoneda
product in the cohomology ring Extf ¢(Zn, Zn) is anti-commutative. The aim
of the present note is to prove that this anti-commutative property does not
hold in the cohomology ring Ext};(Z., Z.). Recall that a, bExt*(A, A) of
degree r, s respectively are said to anti-commute if ab=(—1)"**ba.

2. Preliminaries.

Let G, Z, m and Z, be as in the introduction. The exact sequence

m a
2.1) 0 Z zZ Zm 0

of trivial G-modules where « is the natural projection determines an element e
of Extye(Zn, Z) ([(4], pp-84-85; [3], p.494). For ZG-modules A, B the connect-
ing homomorphisms

0" : Extyo(A, Z,) —> Exty(A, Z) and
5°: H'G, B) —> Ext$$(Zn, B)

are then giventby ([3], p.493)
0(a)=—ca, acExtys(A, Z,) and
5*(b)y=be, beH*G, B).

Here the product involved is the Yoneda product and observe that if
x€Exty (A, B), yeExtis(B, O), then yx eExty (A, O).
For a ZG-module B, let
ds d} d3

€p B B B
RB):0 —> B — RY(B) — RYB) —> -+ —> R"(B) — R"*Y(B) —> .-
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denote an injective ZG-resolution of B. Then there exists a homomorphism
¢=1{p*} : R(ZZ)—R(Z,) over the ZG-homomorphism «a:Z—Z, i.e. ¢*:R¥Z)
—R*¥Z,) are ZG-homomorphisms such that

(2.2) PFdy=d% o* for all k=0 and
Pez=¢z,a.

¢ then determines an element of H%(G, Z,) [2] which we again denote by ¢.
The natural projection « also induces homomorphisms

a*: Extye(Z,, A) — H"(G, A) and
ax: Extye(A, Z2) — Ext3e(A, Zn),
where A is any ZG-module, which are given by ([3], p.493)
a*(a)=a¢, acExthe(Zn, A) and
ax(b)y=¢b, beExty(A, Z).

3. The main result.
Consider the commutative diagram
m ‘ ort a*
o —> H" NG, Zy) —> Ext3e(Zm, Zn) —> HYG, Z ) —> -
3.1) g1 5" 57
m o" a*

- —> HYG, 2) — Ext}(Zn, Z) —> H**NG, Z) —> -

where the rows are long exact sequences for Extzs( , Z,) and Extzs( , Z) cor-
responding to the extension of Z by Z,. We claim that
(3.2) If the Yoneda product in Ext¥;(Z,., Z,) is anti-commutative, then
a*d’(a)a*o*(b)=0 for all a, beExt}s(Zn, Zn) of degree r, s respectively.
ProOF OF cLAIM. From the definitions of the maps a*, 0% and the assumed
anti-commutativity of Yoneda product it follows that

a*d"(a)a*5'(b)=(—eap)(—ebgp)=e(a(pe))bp)
=(—D"e((ge)a)bg)=(—1)"* (eg)(eabg).
Set (—1)*'eabg=c which is an element of H™***(G, Z). Then a*6"(a)a*s*(h)=
e¢kc:—(5”3“a*)(c) which is zero because the sequence H*(G, Z) ﬁ) H*G, Z,)

—> H**Y(G, Z) is exact.
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Now suppose that G is a cyclic group of order m. For n odd, H¥G, Z)=0
(1], p.251) and, therefore, in [3.1) a*:Ext3$(Zn, Z)—H"* (G, Z) is an iso-
morphism. Also 0" : Ext}3¢(Zn, Zn)—Ext36(Zm, Z) is an epimorphism. Hence
for any non-zero element A€ H"*YG, Z) we can choose a non-zero a&
Ext2e(Z ., Zn) such that A=a*3™(a). Since the integral cohomology ring
H*(G, Z) is non-trivial ([I], p.252) and the cup product coincides with Yoneda
product in this case ([5], Proposition 5), we can find 2, p€ H¥G, Z) both
non-zero such that Ap+#0. But then there exist a, b€Ext3s(Zn, Z,) such that
a*o(a)a*o(b)=Ap+#0. Observation (3.2), in view of this example, then shows that
Yoneda product in Ext¥;(Z.,, Z,) is not anti-commutative.

(3.3) REMARKS (i) Since the cup product in Ext¥,(Z., Z.) is anti-com-
mutative ([1], p.212), cup product in Ext¥¢(Z,, Z,) does not coincide with the
Yoneda product.

(i)* An explicit counter example for the anti-commutativity of Yoneda
product in Ext}¢(Z., Z,) can be constructed as follows.

Let G be a finite cyclic group of order m generated by ¢ (say) and let 7
denote the residue class a(r) of » mod mZ. Let a be the element of Ext}o(Z,, Z1n)
determined by the exact sequence

which is defined by the maps: 7—mr (mod m?) and s (modm?—S5, G acting
trivially on Z,2; and b€Ext;o(Z,, Z,) determined by the exact sequence

0—>Zp—>Zy XLy —>Zpm—>0

defined by the maps 7—(7, 0), (7, §)—§ and G acting on Z,XZ, by o(F, §)=
(7+5,35). It can then be proved (using arguments of sections 2 and 3) that
ab=0 while ba+0.
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*) The author is thankful to the referee for suggesting the present explicit counter-
example.
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