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0. Introduction.

Since E. Brieskorn found exotic spheres as a neighborhood variety of an
isolated singularity of a hypersurface defined by a certain type of polynomial,
various remarkable results have been obtained by many mathematicians. ([2],
[12], [10] [11] [1], 3] [5], etc.) However most of them treat only
isolated singularities of hypersurfaces and few results are known about the
topology of non-isolated singularities. For example, if an analytic function
f(zy, -+, z,41) has an isolated critical point at the origin, the local Milnor
fiber is (n—1)-connected by Milnor and a fair amount of information can
be obtained from the Milnor number (=n-th Betti number of the Milnor fiber).
But if f has a non-isolated critical point at the origin, the connectivity of
the fiber goes down so that we have no general method to determine the
respective Betti numbers or even the Euler-Poincaré characteristic of the
fiber.

In this paper we study the topology of the singularity of a weighted
homogeneous polynomial which has a non-degenerate Newton boundary. Our
main theorem is a kind of generalization of the above connectivity theorem
of Milnor. This paper is a continuation of and it consists of the
following sections.

Notations and main results.

Fundamental groups and monodromy maps.
Lifting principle.

A special case of (1.1).

Topology of a globally non-degenerate polynomial.
Proof of (ii) of (5.3).

Topology of F.
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1. Notations and main results.

We use the following notations throughout this paper.
Z : group of integers

N: non-negative integers

C : complex numbers, R: real numbers

c*: C—{0}

n+1
’=z1zy 2, vl= 2y for zeC™** where v=(vy, ***, Vni1).
=1

. RI:{x:(xl, e xn+1)€Rn+1; x]:() for ]e.:.l}
Cl={z=(zy, -+, Zp21)EC"**;2;=0  for je&l}

where I is a subset of {1, 2, ---, n+1}.
m-volume (P): m-dimensional Euclidean volume of a polyhedron P of R™
det N: the determinant of a matrix N

(n )ZJL_
J jlt(n—j)!

A:=B A is B by definition.
Let f(zlx Tty z"“):ueZ)

NT
the origin. We denote the Newton boundary of f by I'(f). (See or
for the definition.) f is called to be non-degenerate in the sense of the Newton

0fs _ .. _ 0fs

0z, 0Zn+1

face 4 of I'(f) where fA(z)ZZZc,Jz”. In this paper, we use “non-degenerate”
ve

167 be an analytic function in a neighborhood of

boundary if =0 has no solution in (C*)*** for any closed

in the above sense unless otherwise stated.
Now let f(2)= > c¢;2¥ (c;#0, j=1, -, m) be a non-degenerate weighted
j=1

homogeneous polynomial with the Newton boundary 4. Then 4 is a convex
polyhedron spanned by the vertices v, ---, v™ and dim d=rank {?, -, v™} —1
<n. We consider the canonical fibration f:(C*)**'—fY0)—C* which is
the restriction of the Milnor fibration f:C*""'—f"(0)—C*. Let F*=
{ze(C*)"*'; f(2)=1} and F={z=C"*'; f(z)=1} be the respective fibers and
let p: F*—(C*)**! be the inclusion map. Then F* is completely described by
the following theorem.
THEOREM (1.1). Assume that dim d=n. Then
(i) the Euler-Poincaré characteristic XF*) is (—=D"(n+1) ! (n+1)-volume
(4(0)) where 4(0) is the geomeiric cone of 4 and the origin in R™™!
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(ii) p is an n-equivalence, i.e. py: w(F*)—r,(C*)"*') is bijective for j<n and
surjective for j=n.
By Whitehead theorem, we get: .
COROLLARY (1.1.1). py: H{(F*; Z)—H,((C*)"*; Z) s bijective for j<n and
surjective for j=n.
Let (ay, -+, @py1; d)eN™1X N be the weight of fi.e.G.C.M(ay, -+, @per)=1

and (a, V)= :Zi}i awi=d for j=1,---, m where v'=(9, ---,v{,,). The monodromy
map h*: F*—F* of the above fibration is defined by h*(z)z(z1 exp %Zn\/ji, -,

Zp+1€XP ——(—1—3*—‘727:\/-7—1). Let &(h*;t) be the zeta function of h*. (See for

definition.)
COROLLARY (1.1.2). (i) (h*4:H(F*;Z)—>H{F*;Z) is the identity map
for j<n.

(i) Ch*; )=(1—t%)

COROLLARY (1.2). Let f(z) be a weighted homogeneous polynomial with a
non-degenerate Newton boundary 4. Assume that r:=dim 4<n. Then we can
find a non-degenerate weighted homogeneous polynomial fn(z,, -+, 2ye1) of (r-+1)-
variables such that F* is diffeomorphic to G*X(C*)* " where G*={(zy, -**, Zr41)
e(C**; fu(2)=1}. In particular (i) AF*)=0 and p is an r-equivalence and
(ii) ¢(h*; t)=L

(1.1) and the above corollaries are proved in §§2~6. The
topology of the Milnor fiber F is studied in §7.

XCF*)
a .

2. Fundamental groups and monodromy maps.

In this section we investigate the relation between the fundamental
group r,(F*) and the monodromy map (h*),: H(F*; Z)—>H,(F*;Z). Hereafter
the homology groups are assumed to have Z as the coefficient group. Let
f(z) be a weighted homogeneous polynomial of type (a,, -+, d..1; d) and we
assume :

(2.1.1) V*=f0)N\(C*)*! is not empty and

(2.1.2) F* is connected (or F is connected).

Let A* be the Laurent polynomial ring C[z,, 2z, -, Zn+1, Znu).  Then
{(2.1.1)4(2.1.2)} is equivalent to:

(2.1.3) f(2) is not a monomial and f=g™ for some g A* and meZ in A*
implies m=1 and f=g.

LEMMA (2.2). The following are equivalent.

(i) ={(C*™**—f-Y0)) is an abelian group.
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(i) 7w (F*) 1s abelian and (h*)y: H\(F*; Z)—H\(F*;Z) is the identity map.
Assume that f is irreducible in A*. Then the above conditions are equivalent to:
(ili) py: T (F*)—m,((C*)**) is bijective where p:F*—(C*)"*' is the inclusion
map.

ProOF. The proof is almost parallel to the proof of Proposition 5 of [14].
From the fibration f:(C*)"*'—f-}0) — C*, we get the exact sequence:

ks I+
2.2.1) 0 —> m,(F*) —> m,((C*)"* —f(0)) —> 7,(C*) —> 0

where £ is the inclusion map F* G (C*)**'—f~}0). In the following argument
we fix respective base points in a suitable manner.

(i)=(@i): Let o be the element of #,((C*)**'—f~%0)) which is represented by
[o.°0,] where o, is the orbit path of the base point * by the monodromy

map i.e. al(t):<*1 exp %—127c\/f1, o *nﬂexp—agﬂ—%ﬂ/:l) (0=t<1) and o,

is a fixed path joining A*(*) and * in F* ¢ induces a canonical cross-section
of fx in so that m,((C*)"**—f-%0)) is a semi-direct product of = ,(F*)
and 7,(C*) via 6. Thus to see the equivalence (i)e(ii), we need only the next
commutative diagram

ad(o)

w,(F)

(2.2.2) £ ) <

7 (F¥)

H(F*) (s H,(F¥)

where ad (o) is defined by ad (¢)-w=0"'wo and & is the Hurewicz homomor-

phism. (iii)=>(@i): For this direction, it is not necessary to assume that f is

irreducible in A*. Using the homomorphism ¢ which is the composition of
= -1

7, ((CH*)"1— f-10)) —’-)—#> 7 (C*)r1 f—#» n,(F*) where § is the inclusion map
(CH"1—f10)G(C*™, we get a splitting. of the exact sequence i.e.
¢-ky is the identity map. As ¢ is a homomorphism into an abelian group
n,(F*), we have that ¢(o 'wo)=¢(w) for any o€z ,(C*)**'—f~10)). In particular,
o commutes with kym,(F*) and =, ((C*)"**—f-%0)) is a free abelian group of
rank n+2. (i)=(iii): Assume that f is irreducible in A* By the Alexander
duality, =,((C*)"**—f~Y0)=H,(C*)"**—f~*0)) is freely generated by e, ---,
e.+1, ¢y which are defined in the following way (cf. §4 of [15]): Take a small
loop s; (j=1, -, n+1) (respectively s;) winding once around L;:={z,=0} at
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n+1
a regular point of \U L;U{f=0} (respectively around {f=0} at a regular point
J=1

in (C*)**') and take paths /; and [, in (C*)**'—f~%(0) which connect s; and s;
with the base point respectively. Put e;=[l;-s;-{7'] and e,=[l;-s;-I;']. See
Figure (2.2.3).

Figure (2.2.3)

We identify z,(C*)=Z and z,((C*)"*)=Z"*' in a canonical way. Taking
the orientations of s; and s, in a suitable manner, we may assume:

(2.2.4) fale)=1 and

i

(2.2.5) 5a(e)=(0, -, 1, -, 0) (j=1, 2, -, n+1) and @G.le,)=0.

Let m;=f4(e,) and put ej=e;—mje; (j=1, --- n+1). Clearly ej, -+, e,,; generate
a subgroup N of =,(F*). However e, ---, eny; and e, are still generators of
7,((C**—£-10)) and [2.2.1) and [2.2.4) implies N==,(F*). Now it is an easy

task to see that xl(F*)ﬁ*—)m((C*)"“) is bijective. Q.E.D.
REMARK (2.3). (iii) implies the irreducibility of f in A* In fact we
have shown in the argument (iii)=>(i) that =,((C*)"*'—f-%(0)) is a free abelian
group of rank n+2. On the other hand the rank of H,((C*)"*'—f~}(0)=n+1+r
where » is the number of irreducible components of {f=0} in (C*)"*! by the
Alexander duality.
LEMMA (24). Let f(z) be as in Theorvem (1.1). Then (2.1.3) is true for f.
ProoOF. By the assumption dim 4=mn, f is not a monomial. Assume that
f=g™ for some m>1 and g A*. Then it is not a unit element of A*. Thus
g 0N (C*™*! is not empty and any point z< g *(0)N\(C*)**! is a solution of
of _of _ _ of
0z, 0z,  0Znss

assumption for f. Q.E.D.

the equation =0. This contradicts the non-degeneracy
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REMARK (2.5). (1.1) and (1.2) imply that f is irreducible
in A* if f is a non-degenerate weighted homogeneous polynomial such that

dim 4>0.

3. Lifting principle.
In this section we study a technique to reduce (1.1) to the case
of homogeneous polynomials. Let f(z)= 3 ¢c;z” be as in (L.1).
=1

DEFINITION (3.1). 7 is called an effective vertex of 4 when the convex
polyhedron spanned by »* (1#J) is strictly smaller than 4. By the definition,
4 is spanned by effective vertices of 4.

LEMMA (3.2). The fibrations f:C"*'—f~Y0)—C* and f:(C*)""'—f~{(0)—C*
are uniquely determined by 4 and they do not depend on the particular choice
of the coefficients.

The proof is more or less a general nonsense argument and is given in
the Appendix. By virtue of this lemma, we may assume hereafter that
v, -, v™ are effective vertices.

Let N=(b%)=(b", -+, b™*') be a matrix in GL(n+1, Z) where &’ are column
vectors and define |det N|-fold covering ¢y :(C*)*"'—(C*)"*' by ¢y(2)=
(@, -+, 2""™"). For the sake of brevity, we assume that g’ : =Ny’ are contained
in N*** for j=1, ---, m. Here v/ is considered as a column vector. Putting

In(2)=f(pn(2)), we can easily see that fy(z)= f}lc,-z“j and that fy is a non-
£

degenerate weighted homogeneous polynomial with the Newton boundary N4
which is spanned by effective vertices g', -+, p™. Let F=/3(1N(C*)"** and
o F¥—(C*"*' is the inclusion map. Then

LEMMA (3.3). py:m(F*)—m,(C*"*Y) is bijective if and only if (pw)a:
7 (F¥)—r ((C*)"*Y) is bijective.

Proor. Note that p, and (py)s are always surjective because we can take
elements e, --- ¢,44, ¢ of 7,((C*)"*'—f~Y0)) (respectively of z,((C*)"*'— f3*0)))
satisfying and (2.2.5). The restriction ownlpx: FF—F* is also a |det N|-
fold covering map. Thus the assertion is an immediate consequence of the
Five lemma applied in the following:

00— 7,(F%) (s 7 (F) G, 0
(on)s @} O @) =
(on)s

m(C*)") G 0

0——=m,((C*)"*)
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where G; (=1, 2) are finite groups of order {det N| defined by the respective

cokernels. Q.E.D.
COROLLARY (3.3.1). (Lifting principle) Under the same assumption as above,

the assertion for f(z)in Theorem (1.1) is equivalent to the corresponding assertion

Jor fu(2).
ProOF. Use the equalities: X(F¥)=|det N|-2(F*) and (n+1)-volume N(0)
=|det N|-(n+1)-volume 4(0). Q.E.D.

Returning to the situation in [Theoreml (1.1), we take

a,

Apyr /.

Then fy is a homogeneous polynomial of degree d. Thus from now on we
can restrict ourselves to the case that f(z) is a non-degenerate homogeneous
polynomial of degree d. Let V={[z]eP"; f(2)=0} and L,={z]eP™;z;=0}
and Y*=P"—VUL,J---UL,,;. The monodromy map A* on F* is defined

. . . . e 2 — )
in this case by the coordinate-wise multiplication of exp% +/—1 and it

naturally induces a free Z/dZ-action on F*. Considering the restriction of
*

the Hopf fibration (C*)"*'—f ‘1(0)£—> Y*, we can see that the orbit space of

F* by the above Z/dZ-action is nothing but Y*. (Compare Proposition 1, §4

of [15]) The following lemma describes the relation between F* and Y*.
LEMMA (3.4).

(1) d-UY*)=X(F*).

(ii) =(Y*) is a free abelian group of rank n+1 if and only if =,(F*) is a
free abelian group of rank n—+1.

(iii) 7Y ®)=n (F*)  for i>1.

PrROOF. We prove only (ii) as the other assertions are obvious. Assume
that =,(F*) is a free abelian group of rank n+1. Then p,: n,(F*)—m,((C*)**?)
is bijective because p; is always surjective if dim 4=1. Thus by
(2.2) 7, ((C*)"**—f-%0)) is abelian which implies z,(Y*) is abelian by the exact
sequence :

7,(C*) —> m,((C*)*"'—f~40)) —> n(Y*) —> 0.
Then z(Y*)=H/(Y*)=Z"*! by the Lefschetz duality. The opposite direction

is obvious from the fact that =,(F*) is a subgroup of #,(Y*) of index d (cf.
Proposition 5, §2 of [14].) Q.E.D.
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4. A special case of Theorem (1.1).

In this section we study the case that 4 has (n+1) effective vertices in
the situation of [Theoreml (L1). Let f(z)=2 ¢,z and put M=()<GL(n+1, 2)
=

and put N=|det M|-M*eGL(n+1, Z). Then it is easy to see that fy(z)
=c¢,2P+ -+ +cpi12h4 where p=|det M|.
Let
Va={lz]eP"; fx(2)=0}, L;={[z]JeP™;z;=0}

and Y3¥=P"—VyUL\J .- \UL,,,. Itisclear that the hypersurfaces Vy, L, -,
L,,, are in a general position in the sense of [15]. Thus by Theorem 4 of
[15], =,(Y'}%) is an abelian group of rank n-+1 and n,(Y )=0 for 1<j<n. As
for the Euler characteristic, we get X(Y%)=(—1)"p" by a slight calculation

using X(VN)::(n+1)—%{l—i—(—l)"(p——l)"“} (cf. [13]). Combining Lemmal (3.4)
and (3.3.1), we conclude that (1.1) is true for the above

case.

This is the first step of the proof of (1.1) which is carried out
by the induction on the number of effective vertices in §§5-6.

5. Topology of a globally non-degenerate polynomial.

Let g(u)= il b,-u"j be a Laurent polynomial in » variables u,, -+, u,. The
P

support of g 1is the convex polyhedron in R"™ which is spanned by g’ for
which b;#0 and we denote it by S(g) We say that g is globally non-degener-
ate on 5 if the equation g:(u)~—An( )= :%is (#)=0 has no solution

n (C*)* where gz(u)= X bu#’. When the minimal plane L(Z) containing

pies
Z does not pass through the origin, gz(u) becomes a weighted homogeneous

polynomial and gg(u) can be written as E Ml aa for some m=(my, -, M)

€Q@"—{0}. Thus the global non-degeneracy on & is nothing but the non-
degeneracy on 5 in the sense of [7]. However if L(&) contains the origin,

the equat10n~—~( Y= = aa‘i” (u)=0 may have solutions in (C*)" for any

coefficients but 1t has no solution in (C*)*\gz'(0) for generic coefficients. (See
Lemmal (5.2) below and Theorem 6.1 of [7])

DEFINITION (5.1). We say that g is a globally non-degenerate Laurent
polynomial if g is globally non-degenerate on each face of S(g). Unless other-
wise stated, the face of a polyhedron is closed.
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m .
Let f(z):)icjz”’ be a homogeneous polynomial of degree d with the
P

Newton boundary 4. Define a polynomial zf(u) by = f(u,, ---, u,, 1). Then
we have

LEMMA (5.2). (i) f(2) is a non-degenerate homogeneous polynomial if and
only if wf(u) is a globally non-degenerate polynomial.
(i) n! n-volume S(zxf)=n+1)! (n+1)-volume 4(0)/d.

PrROOF. Let =:R""'—R™ be the projection (xj, -, Xnt)—(xy, ==, Xn)-
S(z f) is spanned by 7(v?) and = : 4—S(x f) is a piecewise linear homeomorphism.

Let & be a closed face of 4. Then fg(z)ziglzr%ffA and g.=z(u)=

1l agnE B afE _ - .
p 121 ui—-aui +7r< P )(u) where g=nf. Therefore (i) is obvious from the

definition. To prove (ii), we may assume by the linearity of the corresponding

volumes that 4 is spanned by (n+1) vertices vt ---, p™*2,
Then
v}, nnnnnn y V’n+1
(n+1)!(n-+1)-volume 4(0)=| det
Viz-#—lr trt Ty, ”Z-H
))}, Y V?-H
=| det| - because |v?|=d
Yy oty vt
d, -, d
=d-|det (Wi—vi™)|, 1=0, j<n
=d-n! n-volume rnd. Q.E.D.

Now using (3.4) and (3.3.1) we have no difficulty to show
that (1.1) is equivalent to the following:

THEOREM (5.3). Let g(u) be a globally non-degenerate polynomial such that
dim S(g)=n. Then
(i) xC*r—g 1(0)=(—D"n! n-volume S(g).
(i) If nz=l, =, (C**—g X 0)) is a free abelian group of rank n+1 and
7 ((C**—g~}0)=0 for 1<j<n.

Let g(u)= ﬁ)l bu* be as in (6.3). Let A be an affine transfor-
mation of R™ defined by Ax=Nx-+4 where Ne GL(n, Z) and A=Z™ and let
gaw)= 3 b,

j=1

LEMMA (5.4). The assertion for g(u) in Theorem (5.3) is equivalent to the
corresponding assertion for gi(u).
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ProOF. The parallel translation by 1 does not change the space in
(5.3) and the volume of the support. Thus we may assume 1=0. Let f(z) be
a non-degenerate homogeneous polynomial such that nf=g. Let Y*=(C*)"
—g70), Fr=f(DN(CH™, Y3=(C*)"—gy(0) and F*=/HDN(C*)* where
N= [é\,[’ (I)]EGL(n—I—l, Z). Then nfy=gy and the assertion is immediate from
(3.3.1) and Lemmal (3.4). Q.E.D.

DEFINITION (5.5). A Laurent polynomial g is said to be regular if for any
face £ of S(g) of dimension less than n, L(&) does not pass through the
origin where L(X) is the plane of dimension dim & containing Z.

LEMMA (5.6). For any Laurent polynomial g(u), we can find a vector A€ Z™
so that g;(u)=g(u)-u* is regular.

This is obvious from the definition.

LEMMA (5.7). Assume that g(u) is a vregular globally non-degenerate
polynomial such that dim S(g)=n. Then g(u) has n! n-volume S(g) critical
points tn (C*)* counting the multiplicity. The corresponding critical values are
non-zero. Moreover if we choose nice coefficients, all the critical points become
simple.

PrROOF. Let f(z) be a non-degenerate homogeneous polynomial of degree
d with the Newton boundary 4 such that nf=g. Let a=(C*)" be a critical
point of g i.e.

(5.7.1) _,g;gr(a)_—_ — aaf~(a):0 ,  as(CH".

Then by the global non-degeneracy of g, g(a)#0. The solutions of in
(C*)™ is obtained from the solutions of

0 of e
(5.7.2) 651 (B= =5 ~(®=0, pe(CH
by the correspondence B—a=(B:/Bn+1, -, Ba/Br+1). Let us consider the
equation

L (=0 and iyl —(B=t.

z

(5.72;1) ﬁlngl—(ﬁ): =0

The vector ¢,,,=(0, ---, 0, ) R"*! is regular for 4 in the sense of by
the regularity of g. By (4.3) and (4.3)" (in the Appendix) of
[16], (5.7.2;1) has (n+1)! (n+1)-volume 4(0) solutions in (C*)"*! counting the
multiplicity. However by the regularity of e,.;, all the solutions must be
contained in (C*)"*'. Let S={B%, ---, B4 be the solutions of (5.7.2;1). As S
is clearly invariant under the monodromy Z/dZ-action, let 8, ---, %% be the
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representatives of the respective orbits. We assert that 8!, ---, 87¢ correspond
to mutually distinct solutions of and this correspondence is surjective.
By the argument of (4.3) of [16], the solutions of (5.7.2;¢t) for t+0
are BC,(t) where j=1, ---, g/d and {,(t) (k=1, ---, d) are the d-th roots of t.
As BC4(t) corresponds to a’=(B{/Bi+, -+, Bi/Bi+1) and o’ are clearly mutually
distinct, the assertion is obvious. Now we assume the coefficients are suffi-
ciently generic so that 8%, ---, B¢ are simple and in particular g=(n+1)! (n+1)-
volume 4(0). The simplicity of o’ (j=1, -+, q/d) is obtained from the simpli-
city of B/ as follows.

0+det {8<zi—§—£—>/az k} (z=p%)

0*f

a0z, B Bl 5, (8D o
det] cc e i i e e . d_.a_;__ (8%
B 02,02, (8, B 02,02, (8%)
2
—det — 28 (0. 1n0n0-
=det Fuou, (a?)-non-zero complex number.
1 n+1 azf

To get the first equality, we have used the equality %——:A J=1 2% am0m
1 - = D) k

Thus @’ are simple. To show that the number of the solutions of is
independent of the coefficients, we note that the local sum of the multiplicities
is constant under a small deformation of the coefficients by virtue of Rouche’s
principle. Now [Lemmal (5.7) is an immediate consequence of Lemmal (4.3) and

(4.3)" of and (5.2). Q.E.D.
The following lemma is one of the key steps of the proof of
(5.3).

LEMMA (5.8). Let g(u) be as in Lemma (5.7) and we suppose, by a parallel
translation if necessary, that S(g) is included in {xeR";x;=1 for i=1, ---, n}.
Then the family of hypersurfaces {g~'(n)}, n€C*, are controlled by the spheres
Se={ucsC; |ul*=u,|*+ -+ +|u,|?*=R?% near the infinity in the following sense:
For any 0<e<1, there is a positive number R(e) so that g~'(») intersects trans-
versely with the spheres Sy for any e<|n|<e™* and R>R(e).

PrRoOF. Assume the non-existence of R(e) as above for some e. We apply
the Curve selection lemma ([10]) to the real algebraic variety W and an open
set U where U={[z]EP™; 2125 - 204170, €2 | 2,41|2¢<| f(2)|2<e7%| 2041]%¢} and

W={lz]leP™ ; ( aa; )t 8azf ) and (z,, -*+, Z,) are linearly dependent over
1 n
C}. Here f(z,, -+, za+1) is a fixed homogeneous polynomial of degree d such

that =f=g. It is clear that WU correspond bijectively to the set {us(C*)";
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e<|glu)| <e™!, g7%(g(u)) and S, are not transverse at u} by z—u=(2,/zn41, -
Zn/2Zn+1). We can find a curve u(s) (0=<s<1) expanded in a Laurent series

u(s):(alsal_i_ ey e, ansan+ )

such that (i) a=(a;, -+, a,)=(C*)", (ii) a,: =minimum {a,, ---, a,} is a negative
integer, (iii) e<|g(u(s))|<e ! for s+0 and

(iv) —gf—(u(s)):k(s)ﬁi(s) (1=1, -+, n)  for some A(s)eC.

(ii) say that |u(s)|—oo when s—0. By (iv) A(s) can be automatically
expanded in a Laurent series and A(s)#0 by [Lemmal (5.7). For a Laurent
series p(s)= X p;s’, pn#0, we call m the order of p(s) and denote it by

Jjzm

ord p(s). Let d(a)=minimum{(x, a)= éxjaj; x€S(g)} and let 4,={x=5(g);

(x, a)=d(a)}. d(a)is clearly an integer. Let I={1=i=<n;a;=a,}. Comparing
the orders of both side of (iv) we get:

(5.8.1) ord {ui(s>~§—j-(u<s))}:ord AS)42a;,  i=1, -, n.

On the other hand, ord {u(s) aaf (u(s)}=d(a) and the equality holds if and

only if 0g4./0us(a)+0. By the global non-degeneracy and the regularity as-
sumption for g(u), there exists an i, 1=i,<n, such that dg4,/0u(a)#0. From
these arguments and we get:

(5.8.2) d(a)=ord A(s)+2a, and
(583) azagAa/alh,(a):{ Zolazlz, 11
0 otherwise

where A, is the leading coefficient of A(s). Assume d(a)=0. Then we get

s Zi)/—aa;gf(u(s))-~é%§&:aolo %}I |a;|2-s~'+higher terms. Integrating

this, we get a contradiction to (iii). Thus d(a)#0 but in this case we get g(u(s))
:Zoﬁ Z; |a; |2 s +higher terms which contradicts (iii) again.
e
‘ Q.E.D.
Let ¢, (=1, 2, ---) be a monotone decreasing sequence such that 0<e,<1
and lim ¢,=0 and let R, be a monotone increasing sequence so that (e,, R,)

n—co

satisfies the assertion in (5.8). We can construct a controlled plane
field £ of the map g:C"—g ' (2)—C—2 in the following sense where 2 is the
set of the critical values of g. (i) dimg&(u)=2 and dg,:&u)—Tw(C—2)
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is bijective for ue C*—g~*(2) and (ii) §(u)C T S, for u such that e,<|g(u)| <e3!
and ||u||>R,. By the construction of & & is integrable over any paths and
therefore we get the following lemma using the same argument as in [4].
LEMMA (5.9). Under the same assumption as in Lemma (5.8), g:C"—g ()
—C—2 is a locally trivial fibration.
Let g(u) be as in Lemmal (5.8) and let Y*=C"—g~%0). Let p', -+, p? be

the points of S(g)"\N". Let U={c=(c,, -:-, ¢p); the polynomial _ﬁlcjuf‘j is
=

globally non degenerate with the support S(g)}. By a standard argument, U
is a non-empty Zariski open set of C?. (Theorem 6.1 of and [Lemmal (5.2).)
In particular U is connected. Thus the following lemma says that Y* is
uniquely determined by S(g) up to a diffeomorphism.

LEMMA (5.10). Let g,(u) (0=t=1) be an analytic family of polynomials such
that the corresponding coefficients stay in U. Then (i) the critical points of g,
m (C¥)" are contained in a compact set of (C*)*, independent of i, so that the
corresponding critical values stay uniformly in a compact set of C*. (ii) g;'(n)
(0=t=<1) are uniformly controlled by the spheres S, in the sense of Lemma (5.8).
(iii) C™—g7%(0) is diffeomorphic to C™—gi'(0).

Proor. (i) is derived from (5.7) because critical points of g, in
(C*)™ move continuously in ¢ by Rouché’s principle ([10]), (ii) is proved by
the exact same argument as in [Lemmal (5.8). (iii) is an immediate consequence
of (ii). (See also the proof of Lemmal (6.5).) Q.E.D.

Now we have sufficient information to discuss the topology of Y*. We
may assume that the critical points of g in (C*)® are all simple and let
S={a', ---, a’} be the critical points of g where r=n! n-volume S(g) and let
Y*={p,, ---, p} be non-zero critical values of g. Take ¢>0 so that the disks
D;={neC;|p—p;|=¢e} (j=0, 1, ---, ) are mutually disjoint where p,=0. Take
simple paths L; which join e=D, and D; so that [':=S,J(L,\IJD) ---\J
(L»\YD,) is contractible to S, where S;=0dD,={n| |p|=¢}. See Figure (5.11).
By (5.9), Y* is deformed into g-'(I"). Let us first consider the space

I' : Figure (5.11)
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g7 (D,). Let pj be the end point of L; lying on dD; and let I; be the line
segment p,p;. By virtue of the simplicity of a*, we can take a local coordi-
nate w=(w,, -+, w,) in a neighborhood of u=a* so that a* corresponds to the
origin of the coordinate w and g(w)=wi+ - +wi+g(a*). Let B,(5) be a
small disk {w;||lw|=0}. Assuming that ¢ is small enough and ¢ is sufficiently
smaller than 0, we can see that (i) S(a*):={w;wi+ - +wi=pj—p, where
0;=g(a*) and argument (w;)=argument (p;—p,) for i=1, ---, n} is an embed-
ded (n—1)-sphere in g7 (p;)N\ B:(0) and (ii) D(a*)={w ; g(w)E 1, and argument (w;)
=argument (pj—p; for i=1, -+, n} is an embedded n-disk in g~!(I;) which
bounds S(a*) in a canonical way.

D(a®)

B(9)

S(a¥)

Pj

Figure (5.12)

By the standard argument for the topology of the isolated singularities of
hypersurfaces (cf. [10]), g '(D;) is deformed into g~(I;) and g~%(/,) has the
homotopy type of the space g '(p))\V/(\UD(a*)) where the union is taken for
k such that g(a®*)=p; Let E=g (S,). Because g (L, is diffeomorphic to
g~ (e)X[0, 1], we obtain:

LEMMA (5.13). Under the above notations, Y* has the homotopy type of the
space which is obtained from E by attaching n! n-volume S(g) n-cells D(a*)
along S(a*).

COROLLARY (5.13.1). The Euler-Poincaré characteristic X(Y*) is (—1)"-n!
n-volume S(g).

This is an immediate consequence of X(E)=0 which is due to the fact that
E is a fibration over the circle. This proves (i) of (5.3). Let Y*(x)
be a generic fiber g7'(») (y+0, p& 2*). Then
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COROLLARY (5.13.2). w(Y*(p)=r (Y*) for j=2, .-, n—2.

PrOOF. Observe that =;(Y*(n))==,(E) for any j#1 and z,(E)=n,(Y*) for
j<n—1. Thus the assertion is obvious.

REMARK (5.14). The above argument can be displaced by Morse theory
using the Morse function &(u):=Ilog |g(u)|. The critical points of & are
exactly al, -+, a” and the simplicity of a’ implies that a’ is a non-degenerate
critical point of & having the Morse index .

6. Proof of (ii) of Theorem (5.3).

In this section, we prove (ii) of (5.3) by the induction on the
number of the effective vertices of S(g). Let g(u)= Q} c;u" be as in
(5.8). We assume that p', -+, p™ are effective verJt_ilces of S(g). The case
that m=n-1 is already proved by (3.4) and the section 4. Thus we
assume that m>n-+1. By the assumption that dim S(g)=n, we can find a
vertex, say u™, of S(g) so that the convex polyhedron in R™ which is spanned
by g, -+, p™" ' is of dimension n. Wemc_:lonsider an analytic family g,(u):
=go(u)+tc,ur™ (0<t<1) where go(u) is jgl c;u*’. We can assume that g,(u)
is non-degenerate for each (0=<¢=<1. Taking a suitable affine translation if
necessary, we may suppose :

(6.1) I'.(gncl-(g,) and

6.2) gou) and g, (u) (¢t+0) are regular

where I'_(g,) is the geometric cone of [(g,) and the origin of R".
The following pictures illustrate the necessary transformation.

|
[
m
“ |
|
rotate :
I > |
ﬂm
0
|
{
t
widening the angle
I1
¥ #m ——————
0
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The procedure II is done in the following manner. Take a n-simplex 4,
with vertices g™ and ', ---,v™ where v (j=1, -, n) are contained in

Q" {the interior of S(g)}. Let A be the affine transformation over Q defined
J

by Apm™=p™ and Av'=p™+e; where ¢;=(0, -, 1, -, 0. Taking a suitable
r
integer », we define an affine transformation over Z by rA:[ O ]-A. The
r

affine transformation defined by the composition of I and II satisfies the con-
dition (6.1). After this process we may choose a suitable parallel translation
to get an adequate transformation.

LEMMA (6.3). If we choose nice coefficients {c;}, g. has n! n-volume S(g,)
simple critical points in (C*)" for t+#0 sufficiently small so that (i) n! n-volume
S(g,) of them converge to the simple critical points of g, in (C*)" and (ii) the
rest converge to the origin when t goes to 0.

PrOOF. Remember the correspondence of the critical point g, in (C*)"

g]; = - :zn%ZZO and an—ag{i;:l where f,(z)=
g(z1/z001, -+, Zu/Zn41) 2%, 18 a fixed homogeneous polynomial of degree d. Let
4 and 4, be the respective Newton boundaries of f; (1+#0) and f,. Then
clearly 4,=5S(g,). Let ', -+, v™ be the corresponding vertices of 4 (mv/=p).
Let S={5 ;& is a closed face of I'(g,) of dimension n—1 such that 5 is not
contained in I'(g,) and let S be the set of the corresponding face of 4,. In the
proof of (4.3) of [16], we have proved that for any Fe3 there are
(n+1)! (n+1)-volume E(™) solutions of (5.7.2;1) for f, which disappear in
the infinity when #—0 and which are parametrized in a following Laurent
series:

(i) 2(s)=(Bys“t+-+, -+, Bnsas“»*14 =) and t=s" where a=(ay, -+, an4,) and
b are uniquely determined up to the multiplication of a positive integer by

(a, v*)= ;ﬁfajujzo for v*e & and b=—(a, y™=— 3 app>0. (i) =By -,
= Jj=1

and the solution of z

Br+1) moves in the solutions of (5.7.2;1) for f 5.m, where 5(»’”) is the cone
of 3 and v™ Remembering the correspondence of the solutions of (5.7.2;1)
and of we have no difficulty to translate (i) and (ii) into the words of
g:. Let & be the face of I'(g,) in S which corresponds E. Then there are
n! n-volume Z(p™) critical points of g, which are parametrized in the
following way.

(i) u(s)=(ays®1+ -+, =, ays’»+--) and t=s® where p=(py, ==+, pn) is
(a;—ansy, 5 Qn—anyy) and b=—(a, v™)>0 and (ii)’ a=(ay, -, a,) moves in

the solutions of (5.7.1) for gy, z¢.m).

n ~ n
The above condition (i) says that Zl) pyi=—au.d for v*€& and jZ; pT=
= <
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—aned—b. Thus the hypersurface: jzn‘{ Pjx;=—an+:d contains & and b>0

implies that p;>0 for i=1, 2, ---, n.
See Figure (6.3.1).

Figure (6.3.1)

LEMMA (6.4). The family of hypersurfaces {g.(n)} (0=t=1) are uniformly
controlled by spheres near the infinity in the sense of Lemma (5.8).

ProoOF. The proof is almost parallel to the proof of [Lemmal(5.8). Assuming
that the assertion is not true, we can use the Curve Selection lemma to find
Laurent series:

u(s)=(ays*14 -+, -, apsn+ ), t(s)=tos’+ -+ and A(s)=2,s°+ -+ such that
1) a=(ay, -, a,)=(C*", ,€C* and 0<¢t(s)<1i.e. b=0 and (ii) a,: =minimum
{a,, -+, a5} <0 and (iii) e< | g;(u(s))| <e~* for some 0<e<1 and (iv) @%&

=A(s)-#;(s) for i=1, ---, n.

2,#0 is due to (6.3). Assume that b=0. i.e. #(s)—t,#0. We get a
contradiction to (iii) by exactly the same argument as in the proof of
(6.8). Assume that b>0. Let d(a)=minimum {(a, g*), ---, (@, p™)} and let
d,={p;(a, pH)=d(a)}.

Assertion: u™ is not contained in 4,. Assume this for a while and let
I={1Zi<n;a;=a,}. By a similar argument as in Lemmal (5.8), we get:
(6.4.1) d(a)=b+a, and

Alag|t for il
@~

(6.4.2) Og

Q=
ou; 0 otherwise.

Proceeding as the proof of (5.8), the case d(a)=0 gives a con-
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tradiction ord {~é§—;§)—(u(s))}=—-l to (iii) and the case d(a)#0 induces a con-

tradiction ord {g;(u(s))} =d(a) again to (iii).
Now we prove the assertion. Let P={5 ;5 is a face of I'(g,) of dimension
n—1 containing p™}. For FeP, let a(&)x,+ - +a(8)x,=d(&) be the

equation of the hyperplane of R™ containing & such that a;(&) (i=1, ---, n)
are positive integers and G.C.M. (a,(&), -+, a,(8))=1. Let P* be the cone
spanned by the vectors a(Z)=(a,(&), -+, a,(&)) for £=P and let P'={a=R";

(a, p™)=(a, ¢) for j=1, ---, m—1}. By the definition of P*, P’DP* Because
P’ is a convex set, we can see easily that P’=P* Assume that p™ec4,.
Then the definition of 4, implies a=P’ hence a=P*. But this is impossible
by (ii). Q.E.D.

Now we are ready to prove (ii) of (6.3). Take 7,>0 so that the
absolute values of non-zero critical values of g, are greater than 2y, By
(6.3) we can take ¢>0 so that for any critical point 7, of g; in (C*)"
0=t=e), g:(1)#0, ., and 7, is simple. Let Y¥=(C*"—g;'(0) and Y¥ ,,
={us(C*; |giu)l=n} for i=0,s Y&, is a deformation retract of Y.
Let W={(u, t)eC"X[0, ¢]; |g.(u)|=7ns. Let », be a positive number such
that the critical values of g, (0={=¢) are contained in D, :={p€C; [n|=n.}.
Let 7,: W—CX[0, ] be the map (u, t)—(g.(u), t) and let =,: W—[0, ¢] be the
projection map. It is easy to see that (i) =, is a submersion and (ii) =, | owuw
is a submersion where W, =WnN{|gu)|=7%,}. Thus we can construct a
connection vector field v for =z, such that (a) dr.(v(u, t))=0/0t for (u, )=
W, \JOW where 0/0¢t is the unit vector of [0, ¢] in the positive direction and
(b) v(u, t) is tangent to S;,;X[0, ¢] when |u| is sufficiently large with respect
to |g,(u)|. Then it is obvious that v is completely integrable and therefore
Y¥,,, is diffeomorphic to Y¥ , via the integration of v. On the other hand
by the same argument as in (5.13), we can show without any difficulty
that Y¥ is homotopically obtained by attaching n! n-volume (S(g,)—S(g))
n-cells to Y¥,,,. Thus we get:

LEMMA (6.5). Y¥ has the homotopy type of the space which is obtained by
attaching n! n-volume (S(g,)—S(g,)) n-cells to Y¥.

COROLLARY (6.5.1). w(YF)—rm (V¥ is bijective for i<n—1 and surjective
for i=n—1.

Now (ii) of (5.3) is a direct consequence of the inductive as-
sumption and (6.5.1), (5.4) and (5.10). This also
finishes the proof of (1.1).

PROOF OF COROLLARY (1.1.2). (A*)y: H,(F*;Z)—H,(F*;Z) is the identity
map by (2.2). Thus (h*)*: H(F*; Z)—HF*; Z) is also the identity map
by the Universal Coefficient theorem. Because H’(F*;Z) is generated by
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HY(F*;Z) as an algebra for j<n, the monodromy action on H'(F*;Z) is
trivial for j<n. Again by the Universal Coefficient theorem, (h*)y: H,(F*; Z)
—H{F*; Z) is the identity map for j=<n—1, proving (i). Let F,(F*) be the
fixed points of (A*)’: F*—F* Then F/(F*)=0 for j#0 modulo d and F,(F¥*)
=F* for j=kd (k€N). Thus by the definition of [10],

X(F)

o k © aj
s =exp 3 - HFAF)=exp 34 AFH=(1— 9T

Q.E.D.
PrOOF OF COROLLARY (1.2). Let v', -+, v™ be the vertices of 4, and let
M be the subgroup of Z™*!' generated by »!, ---, v™. We can find a matrix

NeSL(n+1, Z) such that N maps M into the subgroup Z™"'={veZ"*!;y,=0
for j>r+41}. Then F% is diffeomorphic to F* by ¢y and F} clearly has the
desired property. Now (i) of (1.2) is obvious and (ii) is proved by
the exact same way as the proof of (1.1.2).

7. Topology of F.

Let f(z,, -+, z,+1) be a weighted homogeneous polynomial of type (a,, -,
G,+1;d) with a non-degenerate Newton boundary. In this section, we study
the topology of the Milnor fiber F={zeC"*'; f(z)=1} using the results in
§81-6. For a non-empty subset IC{l, ---, n+1}, put Ff=F\(C*) ! ={z€F;
z;#0 if and only if iel}. Then kIJFj}‘ gives a cannonical stratification of F.

By the additivity of the Euler-Poincaré characteristic and by (1.1)
we obtain the following theorem. (cf. [Theoreml (7.6) below):
THEOREM (7.1). X(F)=(—D™u(4(0)+1 where v(4(0)) is the Newton number

of 4(0).
For the definition of the Newton number, we refer to[7] or [16]. Recall

that the monodromy map h:F—F is defined by h(z):(z1 exp "%1*27'[\/——1, -,

Zn41 €XD f—a’é’fl—Zm/:i). The zeta function of 4 can be computed directly along
the definition of using (1.1). To make the computation easier,
we take the following viewpoint.

Let ¢: X—X be a diffeomorphism of a differential manifold X. The zeta

function of ¢ can be defined by an alternating product
Lp; )=Py(t) 1+ Py(t) -+ Py(t)- 0"

where n=dim X and PiX) is the determinant of the linear transformation
id—tox: Hi(X; R)—H{(X;R). Assume that X; and X, are ¢-invariant sub-
manifolds of X such that X=X,UX, and X;NX, is also a smooth submanifold.
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Let ¢,=¢|X; (i=1,2) and ¢;,=¢|X;NX,. Then the zeta function has the
following additivity property.
LEmMA (7.2).

Elo; )=Le1; 1) L(@e; 1)/ (a2 1)

ProoF. This is an immediate consequence of the following exact sequences
and commutative diagrams using a splitted short exact sequence technique.

----—=> H{(X\nX,; R)——>H/(X,; RDH(X,; R)——> H(X; R)—s>----

e () @) () ¢x

o= —> H(X,nX,; R)——H{X,; RGH(X,; R)—>H(X; R)—>----

Q.E.D.

By the definition of the monodromy map A and F¥, F¥ is invariant by A and
we put hf=h | Ff. By the same argument as in the proof of Corollary] (1.1.2),
we get from (1.1) and (1.2):

: %

LEMMA (7.3). C(h¥; 1.‘):(1—t"z’)‘l{?’ifll where d; is defined by d/b;, by being
the greatest common divisor of {a;}, i<].

In the case of dim 4;<|I|—1 (4d;=4~R"), the above lemma says {(h¥; t)=1
because X(F¥)=0 by (1.2). Now let F(k)={z€F;z;+0 for i<k} and
Fy(k—1)=F(k—1)—F(k). By the definition, F*=F(n+1)CF(n)C --- CF(1)CF(0)
=F and F,(k—1) is a codimension 1 submanifold of F(k—1) and we can write
F,Ak—l):ngﬁ where J moves in the subsets of {1, :--, n+1} containing

{1, 2, ---, k—1} such that /®k. Of course F,(k—1) is an empty set if f|,,-o=0.

LEMMA (7.4). F,(k—1) has a trivial normal bundle in F(k—1).

PROOF. As a polynomial function on a non-singular algebraic variety has
finite critical values (2.8) of [10]), we can take a positive number
R so that F¥ intersects the spheres S, (r=R) transversely for each /C{l, ---,
n+1}. Let F'=FNB(R), F(k—1)=F(k—1)N\B(R), Fy(k—1Y=F,(k—1)N\B(R),
etc. where B(R)={z=C™*'; |z|<R}. Because F¥, F.(k—1)Y, F(k—1) and F’
are deformation retracts of F¥, F,(k—1), F(k—1) and F respectively, we need
only prove that F,(k—1) has a trivial normal bundle in F(k—1). Let =,:
F’—C be the projection map z—z,. Take £>0 so that z;(n) (|n|=e¢) intersect
transversely with F¥ and oF¥=F¥~\Sp for which F¥ is not contained in
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7z%0). Now construct a smooth connection plane field & of =,:#z'(D.)—D:
where D.={peC; |n|=<¢}, satisfying (i) for F¥ such that F§¥dz;'(0) and
zeF¥, )T, F¥ and (ii) &&z)CT.,Sg for z€SzN\F’. By the integration of
&, we get a trivialization ¢:z;Y(D.)—=z'(0)X D, which preserves the closure
of each stratum F¥ such that F¥ ¢ x;'(0) invariant. Thus F(k—1) is invariant
by ¢ and the restriction of ¢ to N: ==, (D.)NF(k—1) gives a desired triviali-
zation ¢: N—F(k—1) X D.. Q.E.D.
As N and F,(k—1) are invariant by the monodromy map A, the map

hy:=¢ghd™: Fy(k—1)Y XD.—F(k—1) XD, can be written as hyz, 77):<a,](z),
exp f%é—&r\/:I) for (z, p)eFy(k—1) XD, where a, is a family of diffeomor-
phisms of F,(k—1)’ parametrized smoothly by n&€D,: so that ay=rh|p,cs-1>
where h|p,-1»- is the restriction of 4 to F,(k—1). Then clearly (a,)«
:(h‘Fk(k—l)')* for ﬁEDe. Thus we get

COROLLARY (7.4.1).

(1) Chly:O)=C(hlryce-1;1).
(i) &(nl N-FpCk-1); tH)=1.

PrOOF. (i) is obvious. (ii) is derived from the following commutative
diagrams where Il is due to the Kiinneth’s formula.

(] w-Feca-1)%

H{(N—F4(k—1)") Hi(N—F(k—1))
zlsb* ! | =9,
(hgﬁ)*

H(F(k—1)" X{D.—0)) > H(Fy(k—1) X (D.—0))
11

bk, \
Hy(F(k—1))DH,;_((F(k—1)") Hi(F(k—1))DH; ((Fi(k—1)")

where %; and k,., are induced homomorphisms by #A|p,cx-1» on H(F(k—1))
or H;_ ,(F«(k—1)) respectively. Thus the assertion (ii) is clear from diagram
1I. Q.E.D.
Applying (7.2.) to F(k—1Y=F(k)Y\UN, we obtain the following
inductive formula.
LEMMA (7.5).

CChlpcr-v; D=Ll rcw 3 1)-C( Ml - 1) -

Now we are ready to prove:
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THEOREM (7.6).
Ch; )= TI (1— ¢4y *&Prar
I+g

Here we assume that X(0)=0 for the empty set.
PROOF. We prove by the induction on (n+1)—% that:

(7.6.1) hlpew; )= I (1__td1)—xw7<>/d1_
ID(1,-, k}

Case k=n-1 is nothing but (7.3) for I={1, ---, n+1}. Assume that
is true for k=s. Then by (7.5) we get

LAl pes-v5 )=C(hlpw; 1)Ll pgs-1; 1)

~X (F¥ - *
— H (l_l‘dl) Z(lvl)/dl_ H (l—td']) X(FJ)/dJ
ID41,-, s} IO, 810

— 11 ’ (l-‘tdl)_x<F}k)/dI
1}

ID(1,, 8~

where the second equality is derived from the inductive assumption for
S zg=0- Q.E.D.
Now we consider the homological structure of F. Let e(d) be the rank
of the kernel of py: H.(F*)—H((C*)"*") where p: F*—(C*)"*' is the inclusion
map and r=dim 4. Then e(d) is (n+1)! (n+1)-volume 4(0)—1 if r=n and in
the case of r<n, e(d)=(@+1)! (r+1)-volume NA(0)—1 where N is as in the

proof of (1.2).
LEMMA (7.8). (i) px: H{F*)—H,(C*)**") is bijective for j<r and surjective

. ) . . ) . n+1 n—r
— = —
for j=v. For nzj>r, the image of px is of dimension ( i ) (j—r——1>'

(ii) The dimension of the kernel of ps: H(F*)—H,(C*)"*") is
0 for j<r
{ e(d) for j=v

t e(d)-(?:;) for n=j>r.

ProoF. The case r=n is an immediate consequence of (1.1).
Assume r<n and take a matrix NeSL(n+1; Z) as in the proof of
(1.2). As fy(2) is a weighted homogeneous polynomial of variables z;, -+, z41,

*=GEX(C*)" " where G¥={(z,, -, zr+1); fn(2)=1}. Then the assertion is
easily derived from the following diagram.
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(ow)s= -
Hy(GHxC*rT) H,(F*)
l(ﬂ.v)* O P
(99‘\,)*’__\:
H(CH™ Hy(C*)™*)
where oy is the inclusion map and ¢y is defined as in §3. Q.E.D.

Let 4,;=4"\{x;=0} and let I={1<i<n-+1;4;,+0}.

LEMMA (7.9). Assume that dim 4>1. Then =n(F) is a free abelian group
of rvank (n+1)—\I|. In particular, F is simply connected if and only if
I=11, 2, -+, n+1}.

ProoF. Note that ¢ is contained in [ if and only if F;:={zeF;z,=0} is

not empty. Let J={1, .-, n+1} —I and consider the commutative diagram
,(F*) ! 7(F)
P b
T, ((C*)™*) 2 > 7,((C*)”)

where b and ¢ are homomorphisms induced by the respective projection maps.
As ¢ is clearly surjective, b is also surjective. Let ¢; (1=1, ---, n+1) be the
%

canonical generators of z,(F*) as in §2 such that pye;=(0, -, T, -, 0). We
have that a(e;)=0 for il by the definition of /. Thus =,(F) is generated by
e; (j€]) which can not have any relation by the surjectivity of . Namely
b is a bijection. Q.E.D.

Assume that 4,.,#0 and let N be a tubular neighborhood of F¥,, as in
(74). (Ff=F,+.(n)). We identify oN with F¥, ;XS Let pg,: FFyxS?
—(C*)**! be the cannonical map defined by (z, p)—(z;, -+, 2z, 7) and let
k:F* xS'>F* be the inclusion map via the above identification. Then we
have:

LEMMA (7.10). ky: H(F¥ XSY)—H,(F*) is injective for j<dim d,.,. For
dim 4,,=j<dim 4, the kernel of (pn+1)x: H(F¥yXSH—H;((C*)™*) coincides
with the kernel of k.

ProoF. By the proof of (7.4), we have a commutative diagram
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k
Hy(F%:4% S : H(F*)
(Pn+1)* Px
H,(C*)"*)
Thus the assertion is obvious by (7.8). Q.E.D.

For {i;, -+, i} C{l, -+, n41}, we define 4;,,..s, by 4N {xij:O;j:l, o, s}
Now we have no difficulty in proving the following connectivity criterion.

THEOREM (7.11).  Assume that dim d;,..;>s—2j for any j=0 and
(iy, -+, 1)C{l, -+, n+1}. Then F 1is s-connected. (Here dim@=—1 by the
definition.)

ProOF. The case s=0 or 1 is due to (1.1) and (1.2)
and (7.9). Assume s>1. We consider the filtration

F*CF(n)CF(n—1)C --- CF(1)CF.

First we consider the exact sequence:
S
Ant o —> Hyol(F(n), F¥) —> H(F*) —> HF(n)) —> H(F(n), F¥) —> - .

Let N,;; be a tubular neighborhood of F},, in F(n) and we identify oN,,, with
F*,%S' as in (7.10). By the excision property, we get

Hjui(F(n), F*¥)=H;s:(Nn+y, ONps))=H ;o (F )@@ 1 CH j1(ON 141)

where ¢&,,, is the canonical generator of H,(S'). The last isomorphism is
obtained from the homology exact sequence of the pair (N,,;, 0N,,;) and the
Kiinneth’s formula. It is easy to see that 0;=Fk« | H;-;(F¥)®&,:; under the
above identification where £ is the composition of F}¥,;xXS'=gN G F*. There-
fore d; is injective for j<dim 4,.,+2 and H(F(n))=H;(F*)/ks«(H;-(F¥.)Q+1)
for j<s by (7.10). Let (C¥)*={zeC™"';2z;#0, 1<i<k and z4,,= - =
Zn+1=0} and let p,: F(k)—(C*)* be the canonical projection. Let e; (i1=1, ---,

J

n+1) be the canonical generators of H,((C*)"*') corresponding to (0, -, 1, -, 0)
under the identification H,((C*)**1)=Z™"*! via Kiinneth’s formula. Then the
image of H; ;(F}1)®&,+1 by (0n+1)« is the submodule generated by e; Qe;,& -
®ei;  Qensy, 151, <5, < -+ <i;.,=n for j<s. Thus (Pn)x t H(F(n)—H,(C*™)
is bijective for j<s.

Now we prove that (p)«: H;(F(k)—H{(C*)*) is bijective for j<s by the in-
duction on (n+1)—Fk. Consider the exact sequence

5j+1
Apor: oo —> Hyj ((F(k—1), F(k)) —> H(F(k)) —> H{(F(k—1)) —> -
Let N, be a trivial tubular neighborhood of F,(k—1) in F(k—1) so that dN,
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is diffeomorphic to F,(k—1)XS'. By the same argument as above, we have
a natural isomorphism H;,,(F(k—1), F(k))=H ;- (Fi(k—1))Q¢, which makes the
following diagram commutative.

5j+1
H; (F(R—1), F(k)) H(F(k))

9 b

Hj_l(Fk(k— 1))®é’k

IR

Here k is the inclusion map F,(k—1)XS'=oN,GF(k). Let q,:Fy(k—1)XS?
be the map defined by (z, )—(zy, -+, 24-1, 7). By the proof of (7.4),
the diagram

Fse
H(Fy(k—1)xS") H(F(k))

(g)s (pr)x
H,(C**)

is commutative. By the inductive hypothesis on F,(k—1), (¢r)x: H;-:(F(k—1))
Q&,—H;((C*)*) is injective for j—1<s—2. Therefore we get from A,_; that
Hy(F(k—1)=HF(k))/Image (0;.,) and (pr-x: H(F(k—1)—H,(C*)*) is bi-
jective for j=s. Here we have used the fact that (p,-,)« in the above dia-
gram is surjective for any j=<s-+1 by the following commutative diagram:

H(F(k—1)) H{F(k))
(Pr-Dx (Do)«
H(C*)*Y) Hi(C**)

Therefore H;_ ,(Fi(k—1))—H;-,((C*)*") is surjective for j<s by the induction’s
hypothesis on the dimension of the total space. This proves the assertion
and (7.11) by the Hurewicz theorem. Q.E.D.

REMARK (7.12). The conditions in (7.11) is not a necessary
condition. The necessary condition in the words of 4 is rather delicate and
we do not dare to clarify it in this papper. Here are a few examples.

n+1

EXAMPLE 1. Let flzy, =+, Zpe)= Elzlz2 v ZiZpy (n=2). Then F is

simply connected and H,(F)=Z if n>2. The Euler-Poincaré characteristic
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X(F) is (—1)"n.
ExaMPLE 2. Let f(z)= > 24.2;

i, 2y, and r<nu. Then dim d=n.
dim 4;,=n—1, ---, dim 4

124 <ig<l <ipEn+1
iyigeig,=7 and dim 4; ,..;,_,,,=0. Thus by
(7.11), F is 2n—2r+1)-connected for r>n/2+1. For r=n/2+1, Fis (n—1)-
connected.

EXAMPLE 3. Let f(zy, -, Zsn)=2122 2524+ =+ +2sn_122,. Then
(7.11) says only that F is (n—2)-connected. However F is in fact 2n—2)-
connected because F has the homotopy type of (2n—1) dimensional sphere.
Thus the condition in (7.11) is not a necessary condition.

Appendix.
ProoF oF LEMMA (3.2). Let f(z) be as in (3.2). Let v, ---, v? be
the integral points of 4 and for each c¢=(c,, ---, ¢,)=C?, we define a poly-

nomial f.(z) by ﬁ:‘ ¢;z”. Let U={ceC?;I(f.)=4 and f, is non-degenerate}.
i<

As U is a non-empty Zariski open set (Theorem 6.1 of and Appendix about
the non-degeneracy condition [16]), we may only prove the following lemma.

LEMMA A. Let p(t) (0=t=1) be an analytic path in U and let f.(2)=fpu(2).
Then the hypersurfaces f;\(n) (y=C*) are uniformly controlled by the spheres
S, near the infinity in the sense of Lemma (5.8). In particular we have equiv-
alences of the fibrations ¢, and ¢, :

. 0=
(C*)™*1—f510) (CH"—f110)

M fo fi q

C*
fo f1

n ~1 ¢2; n+1 ~1
C *fo (O> c “‘fl (0>

PROOF. Assuming that the assertion is not true, we can use the Curve
Selection lemma to find Laurent series z(s)=(a;,s"'-+ -+, -+, @ps S P4 -20),
t(s)=t,8°+ -+ and A(s)=2,s°+ -+ (0=s=1) such that (i) a=(a;, -, Ans)#0
and a,:=minimum {a,, -+, @1} <0, (ii) fi»(2(s)) converges to a non-zero

ft(s)

constant., (iii) —5—(2(s))=4A(s)z;(s) for j=1, ---, n+1 and (iv) 0=#(s)=<1. Let

d(a):minimum{ Z:}l a;x;; xEA}and let Aa:{xed; gaixiZd(a)}. Let I={1<:
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=n+1;a;=a,. By the non-degeneracy assumption of f,,, we get

Aolas|? for el

0fag ; \_
o]

and d(a)=c+2a,. Now the exact same argument as in the proof of
(5.8) gives a contradiction to (ii). Let W={(x, t)eC™*** X[ | fi(x)#0} and let
n: W—I be the projection map. Then we can construct an integrable connec-
tion vector field v on W such that (i) v(f(x))=0 for any (x, t)eW and (ii) v is
tangent to W,={(x, )eC’XI | f(x)#0} for any JC{l, ---, n+1}. Then the
assertion is obtained by the usual argument.

0 otherwise
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