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§0. Notations.

Throughout this paper, we use the following notations.

Z: the integers or an infinite cyclic group

(ny, ns, ==+, n,): the greatest common divisor of ny, n,, -+, n,

G, G, G,: groups

Z(G): the center of G

D(G): the commutator group of G

G.xG,, G*xG,xG : the free product of G, and G, or of G,, G,
and G respectively

Z,: a cyclic group of order p

F(p): a free group of rank p

{e} : the trivial group

¢: the unit element

G(p; )

Gp ) }: special groups. See the definitions in § 2.
45T

§ 1. Introduction and statement of results.

Let C be an irreducible curve in the projective space P? and let G be the
fundamental group of the complement of C. So far known, we have only two
cases: () G is infinite and the commutator group D(G) is a free group of a
finite rank (Zariski [8]; Oka [6]). (II) G is a finite group (Zariski [8]).

We do not know whether this is true or not in general. The purpose of
this paper is to give a theorem which says that, for a certain case, we have
only the case (I). Namely let

(1.1) C: _ﬁl(y—ﬁ]z)w— ﬁl (X—a;Z)*i=0
J= i=

where X, Y and Z are homogenous coordinates of P? and
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l

(1'2) n= 2 ’Jj: ;’:1 zi

Jj=1

is the degree of the curve C and {a;} (i=1, 2, ---, m) or {B;} (=1, 2, ---, ]) are
mutually distinct complex numbers respectively. C is not necessarily irreducible.
Let v=(vy, vy, -+, vy) and A=(4;, Az, '+, An). The result is this:

THEOREM (1.3). Assume that the singular points of C are contained in the

interseclion of lines: ﬁl(YﬂﬁjZ)”J:ﬁ(X—aiZ)li::O. Then the fundamental
j= i=1

group w,(P*—C) is isomorphic to the group G(v; A; n/v). Therefore the structure
of the group m,(P*—C) is decided by three integers n, v, A.

As a corollary of (1.3) and (2.12), one obtains

COROLLARY (1.4). (i) The center Z(x,(P*—C)) contains a cyclic group Z,
such that Z,N\D(x,(P*—C))={e} where a is defined by the integer ns/A-y,
s=(y, A).

(i) The quotient group of m,(P*—C) by Z, is isomorphic to

Zy/s * Z/l/s * F(S"' 1) .

(iii) Therefore the commutator group D(z,(P*—C)) is isomorphic to D(Z, s *
Zysx F(s—1)). In the case of s=1 (i.e. C is irreducible), this is isomorphic to
F(»—1(a—1)).

As for the geometric meaning of D(z,(P?*—C)), we refer to Oka [4]. Note
that Z, is equal to the center Z(x,(P?>—C)) if z,(P*—C) is not abelian.

|
§2. Combinatorial group theory.

In this section, we consider a certain group theoretical problems which we
encounter in the process of the calculation of the fundamental group.

DEFINITION (2.1). Let p and ¢ be positive integers. A group G(p;q) is
defined by

2.2) G(p; )=(w, a; (1€Z); ®=0a,-,0p-5 ** a5, Ry, Ry
where

2.3) R, (Periodicity) : a;=a;+, for 1eZ

and

(2.4) R, (Conjugacy): a;+,=waw™* for 1=Z.

(This group appears as a local fundamental group. See §3.)
PROPOSITION (2.5). Let r=(p, q) and let qg;=q/r. Then 0™ is conlained in
the center Z(G(p; q)).
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PrOOF. Let p,=p/r. Then
4i=0ispyg by (2.3)
———‘(u‘“aiw'ql by (24) .

This says that ? is contained in Z(G(p; q)).
PROPOSITION (2.6).

O=005-1 "+ Qi-pt1 for any ieZ.

ProoOF. This is proved by the two-sided induction on i starting at i=p—1.
Assume that this is true for 7. Then

Qip1@; " Qi ps2 =W pr1® Qi1 *** Qi pi1 Qi piy by (2.4)
=w

Ti-1Qi-2 *** ai-p:ai_l'aiai—l ai-p+l'w—laiw by (2.4)
=w.

Note that we need only (2.4) and w=a,-,a,-, - a, to prove the above proposi-

tion.
Now let q,, g5, -+, gm be positive integers and let

@27 Gp; qn g2 5 gu})={w, a; (€ Z); 0=0p_10y-2 - G0, R}, Ry
where R, is as before ((2.4)) and
2.8) R;: A=y q; for ieZ and 1=j=m.

PROPOSITION (2.9). G(p; {91, G2y =+, qu}) is isomorphic to G(p;q) for q=

(q» gz ***, Qm)
Proor. We can write ¢=k,q,+ksq2+ -+ +knpq, for some &y, ---, kpneZ. Then

by (2.8) we get
(2.10) , Aivq=0; for ieZ.

On the other side, (2.10) clearly implies (2.8).
DEFINITION (2.11). Let r be a positive integer. We define a group G(p; q;7)

by
G(p; q;1)=Xw, a; (EZ); 0=ap_1a5.2 - €0, Ry, Ry, 0"=0)
where R; and R, are as before ((2.3), (2.4)).

By the definition, G(p; ¢; r) is a quotient group of G(p, q). As is stated in
(1.3), G(p; q; ) appears as a global fundamental group. The following
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theorem describes the structure of G(p; q; 7).
THEOREM (2.12). Let s=(p, q) and a=(q/s, r). Then we have

(i) The center Z(G(p; q; v)) contains the cyclic group Z,, generated by w®
and Z.;aN\D(G(p; q; )= {e}.

The latter is equivalent to thal the composite homomorphism
Z1a @ G(p5q;1)—>G(p; ¢;n/DG(D; g5 1)
1S injective.
(i) The quotient group G(p; q; 1)/ Z,1a is isomorphic to Z,s* Zy * F(s—1).
Proor. Let H,(G(p; q;)=GC(p;q;r)/DG(p;q;r) (the abelianization).

Then it is easy to see that H,(G(p; q;r)) is an abelian group generated by 4,
a,, -+, ds_;, @ and they have two relations:

W r(p/9- Za=0 and () a=0/9 2

where 2 is the equivalence class of g=G(p; q; r)in H(G(p; q;r)). This homo-
logical consideration proves that w® is an element of order r/a and Z,,,N
D(G(p; q;r)={e} where Z,,, is the cyclic group generated by «® Write a=
ki(q/s)+ k. Then

w*=(w¥%)* by the relation w™=e.

Therefore by (2.5) w® is contained in Z(G(p; q; 7). The quotient
group G(p; q;N=G(p; q;1)/Z:, is represented by

G(p; q;=(w, a; (EZ); Ry, R1, Ry, Ry
where

Ry: w=ap-10p-2 " Q
R,: a;=a;., for ieZ

1 for ieZ

R,: i p=wa,0”
R,: w*=e.

We can write s=p,p+q.q for some p,, g;=Z. Then

Qi+s=0i+pip by R,
=wPla;w™ by R,.
Namely we get
(2.13) Ui s—0Pla,0 P for 1€Z.

By and R,,
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w:w(p/sﬂ)plas_lw-(p/s—1>p1.w(p/s—l)mas_zw—(p/S-l)px e g 1lgs e Ay
=w(w Pla,_1ag s -+ ag)P"* by R,.
Namely we get
(2.14) (W™ Pra,_ya,_y -+ ag)?*=e.
Conversely R, (2.13) and imply R, R,, R,:
R,: Ap1Gp s+ aozww/s-l)plas_lw-<p/s—1)p1w(p/s-l)plas_zw-(p/s—l)m
gyt Qg by (2.13
:w(w_l’las_l ao)p/s by R3
=w by
Ry @ivg=0isscqin
=@ WOP1g,q™ WP by
=a; by R,
R:t G4y =P/ P1g,07 PO by
=@ WD, IO
=wa,w" by R;.
Thus we get the representation
G(p; q;N=Cw, a; GEZ); R, (2.13), (2.14)).
By the elimination of generators, one gets:
(2.15) G(p:q;1)=Cw, G, a1, -, Qg1 (2.14), R,>.

Taking w, a4, ay, -+, a,., and b=w Pa,_,a,_, -+ a, a8 generators, we can rewrite

(2.15) as

G(b; q;1)=Xw, @y, @y, =+, Ay, b W*=DP=¢).
Therefore one obtains the desired isomorphism

Gb; q; 1) =Zyy Zyx Fs—1),
completing the proof.
COROLLARY (2.16). G(p; q;7r) ts abelian if and only if
(i) s=1 and a=1 i.e. (p, ¢)=1 and (g, r)=1
or

(i) p=1
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or
(i) s=2, a=1 and p=2.

Namely we get:
Zy if (p, =1, (¢, =1

G(psq;n=y Z; if p=1
ZBZ, if s=2, a=1 and p=2.

PROOF. Assume that (p, ¢)=(¢q, ¥)=1. Then by (2.12), w is con-
tained in Z(G(p; q; ). Therefore

G q;nN=<w, a; (EZ); 0=0p_10p-5 *** @1, Qi1 p=0i+q=0s
for i€eZ, w"=¢)

=, a,; 0=af, 0"=¢)

IR

Z,, .
Assume that p=1. Then w=a, and clearly we have
G(1l;q;7r=Z,.
Assume that s=2, a=1 and p=2. Then we can write ¢=2¢, and (¢, N=1. ®
is contained in Z(G(2, 2¢,, )) by (2.12).
G2;2q;n=w, a; (1€Z); 0"=e, ®=0,0,, Q; =019
for i1€Z, (o, a;1=wa,w™tai'=e for i€Z)
=lw, a,; w'=e, [ay w]l=e)
=ZDZ. .

(The last case corresponds geometrically to the case that C has two irreducible
components.)

COROLLARY (2.17). Assume thal p and q are coprime. Then D(G(p; q; 1))
1s 1somorphic to F(p—1)(a—1)).

PrROOF. By (2.12), we have the isomorphism

DG(p; q;N=DZ,x Z,)

because s=1. It is well-known that the latter is isomorphic to F((p—1)(a—1)).
In [6], we gave a geometric proof of this isomorphism.

Group theoretically, this is derived from the next fact:

Let G, and G, be abelian groups. Then D(G,*G,) is a free
group and generated by these elements [ g, g.1=g.gg7'gs" for
a.€G,, g.=G,. See for example [3], problem 34 (p. 197).
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§3. Model of the local monodromy relation.

We consider an affine curve
@.1 Vi yP=x1

in C%.. Let 7:C*—~V—C be the first projection map i.e. z(x, y)=x. Then =«
gives a locally trivial fibration over C—{0}. Take generators a,, a;, -, dp-; 0Of
m(x"*(1), %) as in Figure (3.2). (The base point * is chosen so that the absolute
value of its y-coordinate is large enough.)

z~(1)
Figure (3.2)

We consider 77%(y) (y=C) as a subset of C by the projection into the y-coordi-
nate. Let D be the unit disk {z, |z]=1} in the x-coordinate plane C. Then
7~ YD) is a deformation retract of C2>—V. Let D* or D~ be the upper or lower
closed half disk respectively.

/\‘ Dt
0

NS P

Figure (3.3)

Then z~(D*) or z7*(D~) can be deformed into z~*([0, 1]) by the rotation of the
argument. Again z7*([0, 1]) can be deformed into z~*(1).
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= ([0, IDN{ly[=2}
Figure (3.4)

Therefore we have isomorphisms 7,(zr~ (1), )Nz (" *(D"), *) and z,(zx (1), *)<
7z~ (D7), *). Applying the theorem of Van Kampen to the division 7 (D)=
z {(DHUx (D7) ; one obtains this:

7.(C*—V, %) is generated by the image of =,(z7(1), *) and the generating
relations are derived from the monodromy relations i.e. the relations which are
obtained by the deformation of the fiber 7 (1) along the circle |x|=1. (This
is exactly the situation which is considered in [2].) More precisely, we get:

a,=w"a,w ™

A =0"0, 0™

(3.5) Apr1=0W" Ay, 0™

ap_r:wm“aow' (m+1)

ap_lzwm+1ar_lw— (m+1)

where the integers m and r are defined by the equation: ¢g=mp+r, 0=r=p—1
and

(3-6) (l):ap__lap_g tee ao B

To understand these relations more systematically, we introduce infinite
elements a; (i€Z) by

3.7 Upprj=w*aw % for keZ and 0=j<p—1.
Then it is easy to see that (3.7) is equivalent to

3.8 Ajy p=wa ;0" for any jeZ.

Now [(3.5) can be written in the following simple form

(3.9 a;=a;, 0=j=p—1.

By (3.8), this implies

(3.10) ;=g for anv =4
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Thus we obtain

PROPOSITION (3.11). #,(C*—V, %) is isomorphic to G(p; q).

The next corollary is important.

COROLLARY (3.12). =,(C*—V) is abelian if and only if q=1 (or p=1) or
p=q=2.

(i) In the case of q=1 or p=1, x,(C*—V)=Z.

(ii) In the case of p=q=2, n(C*—V)=ZPZ.

PrROOF. Let r=(p, ¢) and let g,=q/r. Then by (2.5), w? is
contained in the center. Let N be the (infinite) cyclic group generated by w%.
Then the quotient group is isomorphic to G(p; q;q:). By (2.12),
G(p; q; ¢y is isomorphic to Z,,, x Z, * F(r—1). Thus for z,(C*—V, *) to be
abelian, it is necessary that p=1 or ¢=1 or p=g=2. The other direction is
immediate by the definition of G(p; ¢). Geometrically (ii) corresponds to the
case that V has an ordinary double point at the origin.

§4. Representation of the fundamental group =,(P*—C).

We return to the situation of (1.3) in §1. Let
(1) C: TL(Y—3,2)— T (X—az)u=0.
j=1 i

Consider the set U= {(a;, as, -**, @m, B1, ===, B)&C"™; the singular points of C
l

defined by are contained in the intersection of lines: I[(Y—pg,;Z)*i=
Jj=1

Il (X—a;Z2)*=0}. Here v, vy, ==+, vy, Ay, ==+, An are fixed. It is easy to see

i=1

that U is a Zariski open set. Therefore for a given C satisfying the assumption
in (1.3), we can arrange ai, as, ***, @m, B, B2 -+, B¢ at a suitable
position using the deformation of the following type:

Co: 1L (V=502 [T (X—aun2y=0

where (a,(f), ay(t), -, an(t), 8:(1), -+, B.()=U for each t. The topological type
of C, or P*—C, is constant under the deformation. We arrange ai, as, -, an,
B1, B2 =+, B, on the real line so that a,<a,< -- <an and B, <B,< =+ <fB;. U
contains such a point by the next argument. For the calculation, we use the
method of a pencil section (Zariski, [7]).

Namely we consider the pencil

4.2) L,: X=9Z, neC.

The center of the pencil is the point co=[0;1;0]. We take oo as a (fixed)
base point of P2—C. Let x=X/Z and y=Y/Z be the affine coordinates of the
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chart {Z+#0}. (Note that the line: Z=0 meets C at n distinct points.) In this
affine space C?, C is defined by

l m
(4'3> C: g(y_ﬁj)vj—g(x——ai>}‘i:: .
The singular points of C are these:
(4.4) P=(a;, B;), 1=i<m; 1=j=I such that A, v;=2.
In a sufficiently small neighborhood of P;;, C is topologically described by

4.5) (y—=PB)i=clx—ay*, (¢c#0, constant).

If a pencil line L,: x=7 meets C at (J, ») with the intersection multiplicity
=2, ¥ is a root of the following equations.

(4.6) ]ﬁ (v— 8= T ()
(47) 20— By IL—=0.

Considering the real function
!
(4.8) f(y):jI:Il (y—89"7,
one finds that there is at least a real root 7; of in the open interval

(Bj, Bj+1) for each j=1, 2, ---, [—1. Because the degree of f’(y)/.IlIl(y—ﬁj)“J‘“1 is
f=

I—1, 71, 72 ==+, 71-1 and B; such that v;=2, 1=j</, are the roots of (4.7). See
Figure (4.9).

Figure (4.9) (n: odd)
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By a slight perturbation of j3; if necessary, we can assume that {f(7,), f(72), -,

f(r:-)} are mutually distinct. (This is not essential.) Let g(x):ﬁ(x—ai)*i.
=1
By taking |«;| small enough, we can assume

(4.10) |g(0)| <minimum {[fG)I, |/GII, -, 1fGi-D1}

for a;—ey=x=an+¢e, (¢,: small enough). Then applying the same argument as
above to g(x), we can see that the roots of

(4.11) gO=f(r,) for 1=j=I-1

are mutually distinct for each j. In particular, this implies that («;, a,, =, an;
B+, Bu) is contained in U. Let 0;,4, 0;,2, -+, 07, be the roots of (4.11). At
each point (d;,,, 7;), C is topologically equivalent to

(4.12) C: (y—=1)=c(x—0j1) (¢#0, constant).

This says that the line: x=0, , is tangent to C with the multiplicity 2. (Note
that 7; is a simple root of [4.7))

Let = : C*~C—C be the projection into the x-coordinate. The fiber =~(y)
is C*NL,—CNC*NL, By the above consideration, r is a locally trivial fibration
over C—{ay, as, -+, ap; 0, 1=7=(—1, 1=k=n)}. By the theorem of Van
Kampen (see also §3), =n(P?*—C, ) is generated by the image of
m(L,—L,NC, o0) for any fixed neC—2 Q={a;, ay, -+, an; 0; I=j=1—1,
1=k=n)}) and the generating relations between fixed generators of =,(L,—L,N\C,
oo) are derived from (i) a torsion relation (see below) and (ii) the local mono-
dromy relations at (a;, 8;) or (0, 7'j)-

Take ¢>0 small enough so that we can find v; points of f7'(¢) on a small
circle centered at §8; (=1, 2, ---, [) and similarly 4; points of g7'(¢) on a small
circle centered at «a; (1=1, 2, ---, m). We take n,=g '(¢) on the circle with
center «; as a base point of C—2 and we take generators a;;, |<j<[, 0<k=<y,—1,
of ,(L,,—L,NC, =) as follows.

-

______________ ~+——e —————real line

Figure (4.13)
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{a,:} are oriented in the counterclockwise direction and are joined to oo along
the half line: {y; argument (y)=x/2}.
Let us define w; (=1, 2, ---, [) by

(4.14) W=y, 10 052 Q50 fOr 1Zj=L.
Then the torsion relation is this:
(4.15) WW, - w;=e.

See the following picture.

— ——-real line

L, ; Figure (4.16)

To avoid the complexity of the monodromy relations, we introduce a;
(1<j<l, k=Z) by

4.17) A, krin; =050, 05" for 1=j=/ and 0=k=y;,—1 and t=Z.
Once we define a; , by they satisfy
(418) aj,kﬂj:a)jaj, ];,(,()JTl for 1§]§l and kEZ.

First we consider the monodromy relation at x=«,. When x moves around a
small circle centered at a,, each small circle with center j3; in Figure (4.13) is
rotated by the angle 24,7/y;, Namely by the local argument in §3, we get

4.19) Aj k=0j, k1, for 1=j=! and k=Z.

Now let x=a;. Take a point »; of g '(¢) on a small circle with center «;.
Note that the picture of z7'(y;) is completely the same as in Figure (4.13).
Therefore let a;, ,(n:) (1=j=[; k=Z) be the elements of 7,(P*—C, o) represented
by the loops in 77'(%;)\J {co} corresponding to a;,. Then the same argument
as above gives the relation:
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(420) aj,k(m):aj,kﬂi(m) for keZ.

To translate into the words in aj,,, consider the following path P,. (The
circle centered at a; is mapped to the circle |z|=e¢ by g.)

S,
M - [{ Si-1 S;
I ‘ Ii.
0L LY AR W - f.\ ! m——-——real line
a, a; (4 2381 a; ‘(

7i
path P;: Figure (4.21)
The deformation along the arc S, is nothing but the rotation of the small circle
with center B3; of the angle 6./v; for j=1, 2, ---, | for some 6§, where 6, does
not depend on j but only on k2 and i. The deformation along the line segment

[, is trivial by [4.10). (Consider the points of f(»)=t, t: real) Thus the de-
formation along P; from %; to », is the rotation of the small circles with center

B; by 8/v;; 0———?1‘;,0,2 for j=1, 2, ---, I. Note that #=2z-a for some a=Z and
=1

the rotation of the above circles with center 8; by the angle 2z/y; for i=1, 2,
---, | corresponds to the transformation

Aj p —> Aj, ka1 for léjél, keZ.
Therefore the relation (4.20) is translated into
(4.22) aj,k:aj,k“i for kEZ and 1§]§l.

It is not necessary to calculate §, or € explicitly by virtue of the periodicity of
Thus gathering the monodromy relations at x=a; (i=1, 2, ---, m), one
obtains

(4.23) aj, r=0j g1, for 1=j=<[, 1=i<m and k=Z.

Now we must read the monodromy relations at x=d;., for j=1, 2, ---, [—1
and k=1, 2, ---, n. Let 7}, 75, -, 7, (0<7,< - <7,) be the positive numbers
of {f(rv), f(ro), -, fr,-)} and let &, &, -+, &, (0>§,>6,> --- >£,,) be the nega-
tive elements of them (r,+r,=[—1). We consider the following loops I, (s=1,
2, -+, ry) and m, (p=1, 2, ---, r,) in the complex plane (=the f-value plane).

33

& 0 ¢ T I .
O () et e

Ts
Figure (4.24)

Each loop is based at ¢ and the half circles are of radius e. Take 7, and assume
that f(7;)=rt, for example. The inverse image g (/,) consists of n loops which
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are not necessarily disjoint but meet only at d; such that g(d;)>0 where g; is
a root of g'(x)=0 such that a;<0;<a;.,, 1=1, -+, m—1. Let a;, ais =, Aiz
be the suitably ordered points of g7!(¢) on the small circle with the center a;.
Let ;. (=1, ---, 2;) be the corresponding loop which is based at a;,. Ata
d;-1 as above, [;_;,, and [;, ,, turns to the right. They are sketched as follows.

Qli—-l,z ;l) O Zi,p Q lm Q li+1.1
i-1.1

(\‘/« | ) g\/-,_/ﬁi--————“‘“i\—}*real line
SN R g
o o 9

li—l,li-l—l li—x,li_, li,z,»

(In the case of g(d;-)>0, g(3,)<0),
g Y(l,) in x-plane. Figure (4.25)

The inverse image 7 *(/,) consists of (n—2) disjoint loops and two paths on the
interval (3;, 3;:1) overlapping each other except the small circle part centered
at 7

a o9 2

o 4 1 “

(In the case of 0</f(r;+0)</(7,)
y-plane. Figure (4.26)

When x=7» moves along /; , starting at a;,,, each point of L,N\C are deformed

along f7'(l;). Therefore by [Proposition| (3.11) for (p, ¢)=(2, 1) and we get
4.27) aj,gﬂl(j)(ai,k):a-j+1,502(j)(a'i,k>: 1=k=4;

where ¢,(j) and ¢,(j) are integers depending only on the first ordering of a; ;.
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I TWRINC: T3Y)]

TR I —

~—7 -~ - real line
L(; 77:“12. %
Figure (4.8)

Using the deformation along the small circle centered at «;, we can transform
the relation (4.27) into the fiber x=a;,, where we may assume that «;,, is equal

to %, defined in [(4.20).
(4.29) ai;, gal(j)+h(ai,1):aj+1,g.az(j>+h<ai,1) , 0=h=4-—1.

Now applying the deformation along P; in Figure (4.21) considered in the argu-
ment at x=q«; and using the periodicity [(4.23), we obtain

(430) aj,¢1(j)+h:aj+1,¢2(j)+h for any heZ.

Because this relation is independent of ¢ (i=1, 2, ---, m), the monodromy rela-
tions at x=4;, (k=1, 2, -+, n) are in the existence of [4.23).
Applying the same argument for every f(7;); 1=j=</—1, we obtain

(4.31) Aj 0 (D+E=Ajt1, oo +k for 1=;=<[—1 and k=Z

where ¢,(j) and @,(j) are integers depending on j. (If f(7;) is negative, we use
the corresponding loop m,.) Thus the generating relations are gotten.

§5. Decision of the group structure.

Let G=r,(P*—C, c0). By the above argument, G is generated by w,, w..
-, and a;,, (1=<j=I, k=Z) and their complete generating relations are these :

(5.1) ©j=0j,0;-10,55-2 " Qj.o for 1551

(5.2) W1, W =e

(5.3 aj, kev;=0505,050  for 1=j=I, keZ

(5.4) aj p+2,—05%  for 1=j=[, 1=<i<m and ksZ
(5.5) A5 e =0js1,k4a; for 1<j<[-1 and k=Z.

(Here we put d;=¢,(j)—¢1(5).)
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By (2.9), is equivalent to
(5.6) Qj p+2=0j 1 for 1=j=|, keZ,

where 1=(4,, 4s, -*-, An). One can see that (5.3)+(5.5) is equivalent to (5.3)'+
(5.5) where

(53)/ aj‘kﬂp:wpaj,kw;‘ for 1§], ﬁgl and k7.
Let v=(y,, vs, -+, v;) and write v=Fkw,+ kw,+ --- +kw;. Then

kg |

-yt by (5.3).

_ N TN T k —ky,
A bty =0}, bt kot b —OC QT - @710 01 W}

Expressing w}lwfiit -+ it as a continuous product of a; , (j: fixed) by (5.5) and

(2.6), we have

(6.7 ofloftit - o =a;,, 10,5 - a;,,  for j=1,2, .-, 1[.
We put
(5.8) w:aj'y_laj,y_g b aj,g fOI' léjél .

Then by the above equation, one gets:

(5.9) aj, kv =w0a;, 0" for 1=j=/ and k=Z.

By (5.8), (5.9) and (2.6), we can write (5.1) and as
5.1y 0=

5.2y w"'’=e.

Thus we get the representation
G={w, wj, a;., 1=j=1; keZ); (5.1, (5.2, (5.3),
56), 55), B3, (5.9)>.

It is clear that (5.3)" is contained in (5.9)+(5.1)’. Using (5.5), [5.6), [5.8) and (5.9)
are recovered from (j=1) and (5.9) (j=1). Thus

C={w, w;, a;,» 1=j=1, k€Z); (5.1), [52}, (5.5),
for j=1, (56.8) for j=1, (5.9) for j=1>.

Now (5.1)" and (5.5) say that we can eliminate the generators w,, -+, w, and a;,,
(2<;=<I). Namely one obtains finally

 G=Xw, a1.x (kEZ); ®=01,4-101,4-2 *** 1.0,
for j=1, (56.9) for j=1 and w"/*=e)
=G(y; A; n/v) by the definition of G(v; 2;n/v).
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This completes the proof of (1.3). Now (1.4) is obtained
from (2.12), because (1/s, n/v)=21/s by where s=(v, 2).

§ 6. Examples.

In this section, we give some typical examples. By (1.3) and
(2.12), we have the criterion
(i) =, (P*—C) is abelian

& A=1 or y=1 (C: irreducible)
or
y=2, =2 (C: 2 components).
(i) Z(z,(P?*—C)) is non-trivial and =,(P*—C) is not abelian
e n>y, (A, v)=1 and A2#1, v+1 (C: irreducible)
or
s=(2, v)>1, ns>Av except v=2 and 2=2 (C: not irreducible).
(i) Z(z,(P*—C)) is trivial i.e. 7, (P?—C) is centerless
& (4, v)=1, n=2Av except 1=1 or v=1
or
s=(4, v)>1, ns=Av and n>2.

(A) Abelian.

ExAMPLE (6.1). Let C:X"+Y"+Z"=0. Then C is non-singular and
r.(P*—C)=Z,.

EXAMPLE (6.2). Let C:(Y™—Z")(Y'—2ZY)—¢e-(X*—Z5)(X™—2Z™)2=0 where
n=r—+2l=s+2m and ¢ is a positive small number. Then C has (n—r)n—s)/4
ordinary double points and is irreducible if r=1. =,(P*—C)=Z,.

ExXAMPLE (6.3). Let C be an irreducible curve of type satisfying the
assumption in (1.3) and assume that n (=the degree of C) is prime.
Then z,(P*—C)=Z, because i=1 or v=1. i

(B) Non abelian with a non-trivial center.

ExAMPLE (6.4). Let C: (X?P"™+Z?7)14+(Y 9"+ Z9)?=0 and assume that (p, ¢)
=1 and p=2, q=2, r=2. Then C is irreducible and

() mP*—=C)=G(p;q;qr)
(i) Z(m,(P*—C))=Z, and z,(P*—C)/Z(z,(P*—~C)=Z,*Z,
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(iii) D(z,(P*—C)=F(p—1)(g—1).

C has nr (=pqr?) singular points and each of them is topologically described by
yP+x9=0. For instance, take p=r=2 and ¢=3. Then

n,(P*—C)=G(2;3;6)
={a, b; a*=e, b*=ad*)
~SL2, Z).

EXAMPLE (6.5). Let C: (X?™4Z?") ¥4 (Y 274+ Z1)P*=0 and assume that (p, q)
=1 and p, ¢, r, s=2. Then C has s irreducible components.

) m(P*—C)=G(ps; gs; qr)
() Z(z,(P*~C)=Z, and r,(P*—C)/Z(zx\(P*~C)=Z,* Z,x F(s—1)

(i) D(z,(P*—C)=D(Z,* Z,* F(s—1)) (=a free group of infinite rank).

(C) Centerless.

ExAMPLE (6.6). Let C:(X?+Z?)?+(Y?+Z9?==0 and assume that (p, ¢)=1
and p, ¢g=2. Then C is irreducible and C has pg cusp singularities. We have

m(PP—=C)=Z,xZ, (=G(p;q;q)
and
D(z,(P*—C)=F(p—1)(g—1)).

This example was first studied by Zariski [8], in the case of p=2 and ¢=3.
(Then zn,(P?*—C)=Z,*Z;=PSL(2, Z)). In our previous paper [6], we studied
this example in general case.

ExaMpLE (6.7). Let C:(X?+Z?)U"(Y1+Z9P =0 and assume that (p, q)
=1 and p, ¢, r=2. Then C has r irreducible components and

2 (P*—C)=Z, * Z,* Fr—1).

REMARK (6.8). (1.3) says that C is irreducible if (v, 2)=1. Note
that this is not necessarily true if we omit the assumption on the singular
points of C. For example, consider the curve C:Y(Y—2)*—X(X—-2)*=0. C
has 2 non-singular irreducible components.

-
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